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Comparing my effective QM calculations with the numerical ones 
I check the sensitivity of femtoscopy to the strong interaction

Strong potential shape?

numerical fully analytical
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For example, it’s been well known for decades from phase shifts analyses that we are not sensitive to the 
shape of a short-range potential (as the strong one) at small energies (e.g. H. A. Bethe, Phys. Rev. 76, 38). 

And we see our femtoscopic peak in small energy (momentum) region!

The corresponding theoretical paper is being finalised and 

planned for submission by the end of winter!
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full analysis chain: 

• Event and track selection; 
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Results: comparison with Run 2

• The new Run 3 results are consistent with Run 2 data (obtained using CATS) proving the reliability 
of the theoretical model and the analysis framework we developed 

• More peripheral events are accessed w.r.t. Run 2 results 

• My results are preliminary. Precision is expected to improve.
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More results 12

The analysis chain we developed is successfully used not only in my work but in our Bologna group providing a 
detailed scan of proton-emitting source sizes in various colliding systems used at the LHC.
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I would love to continue my research career in Bologna (and already 
applied for an INFN Fellowship for foreigners). My plans: 

• Finalise my femtoscopic analysis of proton pairs in Pb-Pb collisions and publish within 
a year 

• Extend it with a three-dimensional source parametrisation (has never been done 
before!) 

• Engage in the studies of light (anti) nuclei production via coalescence already being 
carried out in our group 

• ALICE3: more precise measurements of proton-proton correlation — possible 
sensitivity to the strong potential shape (?) + 3D measurements (!) 

• ePIC (EIC): polarised colliding beams — possibility to study strong potential for a 
chosen spin-orbital pair configuration (?)
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Experimental measurement of proton-emitting source 
has never been done with a 3D source parametrisation. 

Main challenges: 

• Much more statistics is needed w.r.t. 1D (excited for 
the ALICE3 !). 

• Complex fitting procedure (need to fit a 3d 
hypersurface instead if 1d distribution). 

• Center-of-Mass frame is used in 1D for both source 
parametrisation and WF calculation. 3D uses the 
Longitudinally Co-Moving System (LCMS) for the 
source. Need to connect two frames.
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• Measurement of an asymmetric proton-emitting source in three dimensions 
• Sizes scale with mT and centrality — as it should be 
• I claim that such analysis is possible!

First ever for 
protons!
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Coalescence models describe light (anti) nuclei production. They 
employ Quantum Mechanical formalism to estimate the probability 
of nuclei formation from unbound nucleons. Main inputs: 

• Momentum distribution (given by event generators) 

• Spatial distribution of nucleon emission (provided by 
femtoscopy) 

• WF calculation
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Coalescence models describe light (anti) nuclei production. They 
employ Quantum Mechanical formalism to estimate the probability 
of nuclei formation from unbound nucleons. Main inputs: 

• Momentum distribution (given by event generators) 

• Spatial distribution of nucleon emission (provided by 
femtoscopy) 

• WF calculation

p

p

p

nd

Application of my research results: 

• Extracted proton-emitting source sizes are adopted straightaway 

• Adoption of my theoretical calculations for QM description of nucleon-nucleon system (already validated with 
femtosopy)
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Summary

• Femtoscopy is a useful tool for studying heavy-ion collision (HIC) physics 

• A novel analytical approach (publication soon) of treating the proton pair WF is 
successfully applied to the most recent ALICE Run3 data 

• Future plans of studying asymmetry of the proton-emitting source providing 
more information about the physics occurring in HICs at the LHC 

• Adoption of the results by coalescence models helps in understanding light 
(anti) nuclei production in HICs 

• Exciting perspectives to study physics with the upcoming ALICE3 and ePIC 
(EIC) experiments!
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The WF that satisfies the Schrodinger’s equation for the Coulomb potential is well known (here 
we already anticipate the partial wave expansion):

Adding here an additional phase shift one can 
obtain the analytical solution for a short-range 
potential in the asymptotic region

ψ reg =
∞

∑
l=0

(2l + 1)ileiσl
Fl(η, ρ)

ρ
Pl(cos θ) we need the solution to be regular at 0 so we close the regular Coulomb WF

ψ reg =
1

2ρ

∞

∑
l=0

(2l + 1) il+1(u−
l (η, ρ) − e2iσlu+

l (η, ρ)) Pl(cos θ)or

Albert Messiah, Quantum Mechanics, v1

ηl =
1

klaB

ρl = kl ⋅ r

Starting with the Coulomb 19



Let’s introduce a short-range potential as a square-well for each value of l.

d2R(I )
l

dr2
+ [k2 −

l(l + 1)
r2

−
2

aBr
−

2μ
ℏ2

Vl] R(I )
l = 0

k̃l = k2 −
2μ
ℏ2

Vl

Vs
l (r) = {Vl, r < dl (I )

0, r > dl (II )

Radial Schrodinger’s equation in (I) sector:

Substituting the sq.-well potential:
d2R(I )

l

dr2
+ [k̃2 −

l(l + 1)
r2

−
2

aBr ] R(I )
l = 0

But we already know the solution 
(here we put directly the total): ψ reg =

∞

∑
l=0

(2l + 1)ileiσ̃l
Fl(η̃, ρ̃)

ρ̃
Pl(cos θ)

Adding box potential 20



After matching the two WFs (within the box potential and the asymptotical one) one can get the final WF:

ψc+s(k , r) =
1
r

∞

∑
l=0

(2l + 1) ileiσl ul(k , r) Pl(cos θ )

ul(k , r) =

Fl(η̃l, k̃lr)

Fl(η̃l, k̃ld ) ( Fl(η, kd )
k + fl(k) (Gl(η, kd ) + i Fl(η, kd ))), r < d

( Fl(η, ρ)
k + fl(k) (Gl(η, ρ) + i Fl(η, ρ))), r ≥ d

C(k, Rinv) = ∫ d3r ⋅ S(r, Rinv) ⋅ |ψ ( ⃗k, ⃗r ) |
2

General expression for the CF:

— assuming Gaussian source

For a pair of protons with L=[0, 1]. Corresponding states:

Cpp(k * , Rinv) =
1
2

1

∑
S=0

2S + 1
(2sp + 1)2 ∑

L, J

ωLJ ∫ d3r S(r, Rinv) |ψ S
− ⃗k

( ⃗r ) + (−1)Sψ S
⃗k
( ⃗r ) |

2
ωLJ =

2J + 1
(2L + 1)(2S + 1)

S(r, ′￼Rinv) =
1

8π
3
2 R3

inv

exp(−
r2

4R2
inv

)

Final solution and CF 21



One can obtain them by fitting momenta(energy)-dependent 
phase shifts with our matching condition:

OK, we have an analytical WF for a square-well potential, but what 
are its parameters (depth and width)?

ctg δl =
Gl(η, kd)
Fl(η, kd)

k̃ fl(η̃, k̃d) − k gl(η, kd)
k fl(η, kd) − k̃ fl(η̃, k̃d)

fl(η, ρ) =
d
dr (ln (Fl(η, ρ)))

r=d

gl(η, ρ) =
d
dr (ln (Gl(η, ρ)))

r=d

Defining the potential parameters 22



2μ
ℏ2

V1s0 = − 0.0162 GeV 2

d1s0 = 2.3039 f m

2μ
ℏ2

V3p0 = − 0.00283 GeV 2

d3p0 = 4.03726 f m

2μ
ℏ2

V3p1 = 0.00374 GeV 2

d3p1 = 3.43222 f m

2μ
ℏ2

V3p2 = − 0.01023 GeV 2

d3p2 = 2.1868 f m
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Comparing different approaches
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Vth ⃗ T
mp

Longitudinally Co-Moving System (LCMS)

• No pressure gradient along the beam -> expands 

thermally ->  

• Explosive expansion in the transverse direction -> 
collectivity ->  

• Radii scale with particle transverse mass 

Rlong ∝ τBVth = τB
T

mT

V = Vth + Vcoll(r)

mT = E2 − p2
z = m2 + p2

T

3D sizes: 

•  — size and emission duration 

•  — size 

•  — emission moment

R2
out = γ2

T(R*out
2 + v2

Tσ2
τ )

Rside = R*side
Rlong = R*long

⃗pT,1
⃗pT,2

⃗pT,1 + ⃗pT,2

out

side

long
beam axis

rout = x2 − x1 = γT(x*1 + vTt*1 ) − γT(x*2 + vTt*2 ) = γT(r*out + vTΔt*)

* — corresponds to the PRF (at freeze-out)

S(rout, rside, rlong) ∝ e
− r2out

4R2out e
− r2

side
4R2

side e
−

r2
long

4R2
long

25



The definition of the PRF: 
1. boost along Z                      => 

2. “out” axis is along pair’s kT  =>

2 out of 3 components 
are already in the PRF

⃗p1 = − ⃗p2
The definition of the LCMS: p1 long = − p2 long

p1 side = − p2 side

Now if we remember that we deal with momenta differences we can connect the “out” component of 
the relative momentum in the LCMS with it’s component in the PRF:

qPRF
out =

qLCMS
out

γ γ — Lorentz factor between PRF and LCMS

The same way we can connect the “out” component of the source size:

RPRF
out = γ ⋅ RLCMS

out

Bridge between LCMS and PRF 26
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