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Key issues:
1. Can we learn anything new from high-precision neutron star radius data?
Å Hadronic EOS
Å Likelihood of seeing twin stars
Å Hadron-quark transition and quark matter

2. How do we understand the role of observational data precision in inference?
Å Analogy with risk aversion in economics and noise-induced drift in nonlinear dynamics
Å Evidence for Jensen bias: nonlinear mapping + varying uncertainty in data = systematic inference shift

3. How should we extract the trace anomaly of cold dense matter from flow in heavy-ion collisions?
ÅWhat is trace anomaly?
ÅWhy is it useful for both neutron stars and heavy-ion collisions?



Strong -field gravity: Einsteinôs General Relativity (GR) or Modified Gravity
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Massive neutron stars

Gravity -EOS degeneracy 

Matter [nucleons, baryon resonances, hyperons, quarks,

mesons, leptons, gluonsé] or +[Dark Matter] + [X17]?
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Total Action S= Sgravity + Smatter  + their couplings

gravity

EOS

2020 Astronomy 

& Astrophysics 

Decadal Survey  

arXiv:1903.09221v3

IŀƳƛƭǘƻƴΩǎ variational principle

+ 5th force?

Even perfect data cannot fully disentangle gravity and EOS

https://arxiv.org/abs/1903.09221v3


Forward-modeling versus backward inference

A chosen microscopic 
or macroscopic EOS

Masses, radii, tidal deformations
of neutron stars

Non-exclusive, possible realizations consistent with experimental data

P( ) and its derivative survive, 
NOT a unique underlying Lagrangian or EOS model

Tolman-Oppenheimer-Volkoff (TOV)equations

Degeneracy Ą Universality or consistent patterns under vastly different conditions

Unique 

Coarse-graining

P( ) 



P(M): Some new, possibly crazy, but educated thoughts on the EOS P() of cold dense matter

Burn-in steps: why EOS matters

What is EOS? Why is it important? What have we learned about cold dense matter EOS? 

Why are we still working on it? What else can be learned? Do I have anything new to say?

P(D|M): ̝ ч-based Likelihood to convince you by trying millions of times (MCMC)

 

Using physics principles, theoretical arguments, model simulations, emulations and experimental data

P(M|D): Posterior thoughts about EOS with quantified uncertainties

My thought or model prediction
Your expert opinion or data D

Degree of democracy or combined errors

.ŀȅŜǎΩ ǘƘŜƻǊŜƳΥP(M᷄D) θ  P(D᷄aύtόaύ

A mathematically consistent way to update our believe about model parameters given new data

Data

EOS Model parameters

Outline



Empirical parabolic law of the EOS of cold, neutron-rich nucleonic matter
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symmetry energy

density

Energy per nucleon in symmetric matter

Energy in asymmetric nucleonic matter

Isospin asymmetry ŭ 

What is the EOS?
ÅwŜƭŀǘƛƻƴ ŀƳƻƴƎ tΣ ʶΣ ¢Σ ʵΣ ˃

ÅSymmetry energy is a key uncertainty



Rong Chen , Bao-Jun Cai, Lie -Wen Chen , Bao-An Li , Xiao -Hua Li , Chang Xu, PRC85, 024305 (2012)

A.M. Lane, PRL 8, 171 (1962)
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The direct term



Empirical parameterizations useful for meta -modeling (template) of EOS

Relatively well-known Poorly known

slope curvature skewness kurtosis

incompressibility

ÅExpansion near saturation density

ÅUncertainties grow at high density



(1) The proton ( electron ) fraction x(Ye) is determined by the Esym(ɟ) through 

charge neutrality and beta -equilibrium conditions :

(2) The pressure in the npe matter at beta equilibrium: 

(3) The crust -core transition density and pressure is determined by setting the

incompressibility of neutron star matter =0 (speed of sound becomes imaginary):

3 3

0 0(0.048[ / ( )] ( / )() 1 2 )symsymE Ex xr r r r-=

=0

coreCritical for the cooling mechanism of protoneutron stars and 

associated neutrino emissions, appearance of hyperons, kaon 

condensation, baryon resonancesé..

Lattimer  & Prakash, Phys. Rep., 442, 109 (2007)

Symmetry energy controls composition and affects pressure in neutron stars



Various analyses 

during 2 -years 
after GW170817

Current precision of neutron star radius measurements ůR~1.0 km

B.A. Li et al., EPJA 55, 117 (2019)

LIGO/VIRGO for GW170817:

Gravitational wave  results

X-ray results



Prior on L: Broad theoretical range [ Ғ сл ± 30 MeV with a few out-standing points

Nai-Bo Zhang and Bao -An Li, 

EPJA 59, 86 (2023)

Bao-An Li and Xiao Han, 
Phys. Lett. B727 (2013) 276

As of 2013, ~30 analyses

Even after 100 analyses, L remains broadly uncertain



Examples of recent theoretical predictions for Esym(2́ 0): 
(1) Chiral EFT, 
C. DrischlerΣ wΦ WΦ FurnstahlΣ WΦ !Φ aŜƭŜƴŘŜȊΣ ŀƴŘ 5Φ wΦ tƘƛƭƭƛǇǎΣ tw[125, 202702(2020) 

(2) Quantum Monte Carlo, 
D. Lonardoni, I. Tews, S. Gandolfi, and J. Carlson, Phys. Rev. Research2, 022033(R) (2020)

(3) Relativistic BHF in full Dirac space: 51.6 MeV
Sibo Wang, Hui Tong, Qiang Zhao, Chencan Wang, Peter Ring, Jie Meng, PRC 106(2022)2,L021305

(4) Relativistic BHF: ~ 53 MeV
Chencan Wang, Jinniu Hu, Ying Zhang, Hong Shen, Chin. Phys. C46(2022)6,064108

Bao-An Li, Euro Phys. Journal

Special Topic (2026)

P.J. Siemens, Nucl. Phys. A 141, 225 (1970)

Prior on Esym(2́ 0) and Ksym: Despite many studies, constraints remain broad
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Bayesian inference of EOS from neutron star observables

NS EOS

R-M relation

P(D|M)

TOV equations

Markov Chain Monte Carlo

         (MCMC)
Likelihood function
(prediction vs data)

Additional parameters 
for phase transition and quark matterPrior ranges of hadronic EOS

Generating randomly within

Meta-9h{ aƻŘŜƭ Ҧ 5ŀǘŀ Ҧ tƻǎǘŜǊƛƻǊ

Stiff Esym

soft

Using high-precision mock radius data here



N.B. Zhang and B.A. Li, APJ 902, 38 (2020)

Phenomenological Models

60 examples

Microscopic & ab initio Theories

11 examples

Why is the high -density symmetry energy still so uncertain? 

Predictions diverge at high density

Posterior 
Esym( )́

ü R is obtained from P®=0 at the surface, corresponding to an average density of about 2ɟ0 where Psym is 

larger than or compatible with PSNM, depending mostly on Ksym and L

ü Isospin-spin dependent Short-Range Correlations induced by tensor forces, many-body interactions

ü New particles and possible phase transitions are important but poorly known

Why did the available neutron star data not help much at high densities? 



eXTP: The enhanced X -ray 

Timing and Polarimetry mission

S. N. Zhang et al., arXiv:1812.04020v1

Ang Li et al. 2506.08104(2025 update)

Advanced Telescope for
High En ergy Astrophysics

NewATHENA

The NewAthena  mission concept 

in the context of the next decade 
of X -ray Astronomy, 
Nature Astronomy 9, 36 (2025)

Future promise

https://arxiv.org/abs/2506.08104


Stiff EOS

Soft EOS
Relative error

1-year Cosmic Explorer operation

Cosmic Explorer 

          +
Einstein Telescope

1-year joint operation

Number of loudest NS mergers

0.6%

0.1 km

Gravitational wave precision forecasts

0.1%



The proposed high -precision measurements of neutron star radii are SUPER-expensive  in Time & Efforts

Bao-An Li , Xavier Grundler , Wen-Jie Xie , Nai -Bo Zhang , PRD 110, 103040 (2024)

Skewness J0 of SNM Skewness Jsym of Esym 

Ksym L

Using mock radius data: R1.4=11.9 ± ů

What do we expect high-precision R to constrain?

R probes EOS ~2́є,
Jsym characterizes Esym 
at ́ >3́ є

NOT constrained 
by R data, regardless 
of its precision

Constrained by
MTOV & casualty,
not much by R

Ksym becomes bimodal 
as ̀  Ҩ Řǳƻ ƛǘǎ ŎƻǊǊŜƭŀǘƛƻƴ
with L and Jsym

L shifts systematically 
ǘƻ ƭƻǿŜǊ ǾŀƭǳŜǎ ŀǎ ˋ Ҩ

Strong EOS-parameter correlations 
appear at higher precisions

=̀0.2 

0.1

=̀1.0 km 

0.5
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Nonlinear mapping + uncertainty = systematic inference shift (Jensen bias)

Mas-Colell, Whinston and Green, Microeconomic Theory (Oxford University Press, 1995)

Jensen decision bias (economics, statistics),  noise-induced drift in nonlinear dynamics (biology, chemistry and physics) 

Mapping function f(x) (pressure or any EOS parameter):

Observable x (e.g., R1.4) fluctuating around its mean x0 like a Gaussian: 

The mean value of f(x):

Uncertainty in x doesn't just make answers about f(x) fuzzierτit actually shifts the most likely answer away from the center

Adopted in behavioral economics, decision theory, neuroscience: U(M)=log(Money) or ὓέὲὩώ (concave), not M itself, 
because most people make economic decisions based on the relative uncertainty of M, ɻ Log(M)=ɻ M/M, not Mɻ itself

Risk Aversion

Uncertainty in M lowers the expected utility even when the average wealth M0 remains unchanged, as M=M0 ± ̀

Jensen bias:

Example: Utility function of wealth = Happiness from wealth = psychological value of wealth: U(M)=Log(Money)

First proposed by Daniel Bernoulli in 1738: 

Mathematicalproof: Johan Jensen, Acta Math. 30, 175 (1906). 

ά{ǇŜŎƛƳŜƴ Theoriae Novae de Mensura Sortisέ (1738) translated as
ά9ȄǇƻǎƛǘƛƻƴ ƻŦ ŀ bŜǿ ¢ƘŜƻǊȅ ƻƴ ǘƘŜ aŜŀǎǳǊŜƳŜƴǘ ƻŦ wƛǎƪέ, Econometrica 22, 23 (1954)



TOV equations are highly nonlinear Ą Pressure(Radius) mapping function is highly convex at all densities 

Lattimer & Prakash, Phys. Rep., 442, 109 (2007)

Pressure P(R1.4,  ́) ~ [R1.4/c( )́]
4

IPAD-TOV

Bao- Jun Cai, Bao - An Li and Zhen Zhang, 

ApJ 952,147(2023); PRD 108,103041(2023)

IPAD-TOV: Intrinsic and Perturbative Analysis of Dimensionless TOV

(1) High-precision R-data can fix the combination of L, Ksym and Jsym, 

(2) after L is sufficiently fixed, Ksym can be constrained, and it may
show a bimodal structure because of its correlation with L and Jsym 

(3) Jsym is very weakly constrained by R data

The P(́  ) inferred from high-precision R-data can fix L 

At ns=2́ 0

Convex mapping shifts EOS parameters upward 
with an increasing radius uncertainty squarely

Analogy: 
iPad: Get online by touching without using a hard keyboard
IPAD-TOV: Get radius-pressure scaling without using any input EOS 

EOS

R
e

d
u

ce
d

 r
a

d
iu

s

Forward mapping
Inverse mapping



Highly nonlinear TOV equations Ą Unequal mapping of EOS population
Equal radius intervals ± R̀ on the two sides of R0
correspond to highly unequal volumes in EOS parameter space
 

Posterior PDF of R1.4

Largerobservationaluncertainty
biasesthe posteriorradiusupward

άƳƻǊŜ ƻǇŜƴέ 9h{ ǎǇŀŎŜ ǘƻǿŀǊŘ ƭŀǊƎŜǊ ǊŀŘƛƛ

physically restricted regions
-1 km

+1 km

With large ̀ , Bayesian integral samples 
disproportionately more stiff Esym, 
Ą large-radius configurations
Ąposterior R1.4 peaks upward

Constant-radius surfaces

Consistent geometric and analytical interpretation of R-precision-dependent Bayesian inference of EOS parameters

unless ̀ R=0

N.B. Zhang and B.A. Li, J PG 46, 014002 (2019)

B.A. Li et al., PRD 110, 103040 (2024)



Understanding the posterior PDFs of EOS parameters with varying precision ̀

Understanding qualitatively effects of R precision on PDF(L): 

(2) Inferred L probability distribution is skewed (1) Mean of L shifts upward with increasing 2̀,

James Lattimer, Particle 6, 30 (2023) 

Bao-An Li, et al., PRD 110, 103040 (2024)

PNM ǖπŜǉǳƛƭƛōǊƛǳƳ ŎƻǊǊŜŎǘƛƻƴ    лΦм

!ǎǎǳƳŜ [    wп όǾŀƭƛŘ ŀǎ ƭƻƴƎ ŀǎ ƛǘ ƛǎ ŎƻƴǾŜȄύ
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Nonlinear Filtering & Precision Dependence

Wealth M Radius R

Utility U(M)=Log(M) EOS P(R) 

/ƻƴŎŀǾƛǘȅ ŦǊƻƳ ƘǳƳŀƴ ǇǎȅŎƘƻƭƻƎȅ Ҧ ŘƻǿƴǿŀǊŘ ōƛŀǎ/ƻƴǾŜȄƛǘȅ ŦǊƻƳ ƴŜǳǘǊƻƴ ǎǘŀǊ ƴŀǘǳǊŜ ό¢h±ύ Ҧ ǳǇǿŀǊŘ ōƛŀǎ

Risk aversion Stiff-EOS preference under broad uncertainty

Economics Neutron star physics

~ [R/c(́ )]
4



Bayesian quantification of the observability of twin stars 
from future high-precision R data
Xavier Grundler and Bao-An Li, PRD 112, 103012 (2025)

Hybrid EOS with a 1st order hadron-quark PT
with a constant speed of sound model for QM

M.G. Alford, S. Han, M. Prakash, PRD 88, 083013 (2013)

(1) No confirmed observation yet, most analyses require low transition density
(2) Possible without a phase transition,R. Essick, APJ L 973, L50 (2024)

¦ǎƛƴƎ ŀ фπǇŀǊŀƳŜǘŜǊ ƳŜǘŀπƳƻŘŜƭ 9h{ 

¦ǎƛƴƎ ƳƻŎƪ ǊŀŘƛǳǎ ŘŀǘŀΥ R1.4=11.9 ± ů

Formation probability



BES/STAR indications on hadron -quark transition density in hot dense matter 

Onset of partonic collectivity in Au+Au  at 4.5 GeV

STAR: Phys. Rev. Lett. 135, 072301 (2025)



G.C. Yong, B.A. Li, Z.G. Xiao and Z.W. Lin, PRC 106, 024902(2022)

hot & dense
hadronic

The 1st order hadron-quark phase transition is unlikely below about 3.6ɟ0 in neutron stars

Modify the prior lower -boundary of the hadron -quark transition density 

VeronicaDexheimer et al.,IJMPE27(2018)11,1830008

BES/STAR Implications for hadron-quark transition density in cold neutron stars



Width/strength of transition Stiffness of quark matter

Bao-An Li, Xavier Grundler , W.J. Xie, N.B. Zhang, APJ 998, 262 (2026) 

/ŀƴ ǘƘŜ ƘƛƎƘπǇǊŜŎƛǎƛƻƴ w ǘŜƭƭ ǳǎ ŀƴȅǘƘƛƴƎ ƴŜǿ ŀōƻǳǘ ƘƛƎƘπŘŜƴǎƛǘȅ 9h{Κ

όмύ tǳǊŜ ǎǘŀǘƛǎǘƛŎǎ Ŏŀƴ bh¢ ǊŜǇƭŀŎŜ ǇƘȅǎƛŎǎ ƛƴǎƛƎƘǘΤ ŜȄƛǎǘƛƴƎ b{ Řŀǘŀ ŀǊŜ ƴƻǘ ǎǳŦŦƛŎƛŜƴǘ ǘƻ ŎƻƴǎǘǊŀƛƴ ŀƭƭ ǇŀǊŀƳŜǘŜǊǎ 

Consistent with indications of Beam Energy Scan Experiments at RHIC

(3) Deep core physics is largely invisible to R, 
      regardless of its precision

insensitive to ů

fake

Quark matter fraction

insensitive to ů

IƛƎƘπǇǊŜŎƛǎƛƻƴ w Řŀǘŀ ǇǊŜŦŜǊ ŘŜƭŀȅŜŘ ǉǳŀǊƪ ŘŜŎƻƴŦƛƴŜƳŜƴǘ 
5ƻ ƴƻǘ ǇǊƻōŜ ǘƘŜ ǉǳŀǊƪ 9h{ ƛǘǎŜƭŦ

[ƻǿ ́ǘ  ǇǊƻŘǳŎŜǎ ǎǘǊƻƴƎ 9h{ ǎƻŦǘŜƴƛƴƎΣ ƭŀǊƎŜ  ̀ǘƻƭŜǊŀǘŜǎ ǘƘŜǎŜ ǎƻŦǘŜǊ ǎƻƭǳǘƛƻƴǎΣ ŀƴŘ ǎƘƛŦǘǎ ǘƘŜ    
ƘŀŘǊƻƴƛŎ ǇǊŜǎǎǳǊŜ ǘƻ ƘƛƎƘŜǊ ǾŀƭǳŜǎ όWŜƴǎŜƴΩǎ ōƛŀǎύ

(2) Effects on hadron-quark transition density

P
D
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