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Key issues:

1. Can we learn anything new from higprecision neutron star radius data?
A Hadronic EOS

A Likelihood of seeing twin stars

A Hadronquark transition and quark matter

2. How do we understand the role of observational data precision in inference?
A Analogy with risk aversion in economics and naiskiced drift in nonlinear dynamics
A Evidence for Jensen biagnlinear mapping + varying uncertainty in data = systematic inference shift

3. How should we extract the trace anomaly of cold dense matter from flow in he#ary collisions?

A What is trace anomaly? Offi
> . . V<5 Office of
A Why is it useful for both neutron stars and heaign colisions? // Science
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Gravity -EOS degeneracy
Even perfect data cannot fully disentangle gravity and EOS
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Matter [nucleons, baryon resonances, hyperons, quarks,
mesons, | eptons, gl uomXs7¢] or

Extreme Gravity and Fundamental Physics

s The nature of gravity. Can we prove Einstein wrong? What building-block principles
and symmetries in nature invoked in the description of gravity can be challenged?

s The nature of dark matter. 1s dark matter composed of particles, dark objects or modifi-
cations of gravitational interactions?

¢ The nature of compact objects. Are black holes and neutron stars the only astrophysical
extreme compact objects in the Universe?|What is the equation of state of densest matter? |
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https://arxiv.org/abs/1903.09221v3

Forwardmodelingversusbackward inference

A chosen microscopic Non-exclusive, possible realizations consistent with experimental d

or macroscopic EOS

Experimental Masses, radii, tidal deformations

Parameter of neutron stars

space

observation
space

Coarsegraining
P() and its derivative survive
NOT a unique underlyingagrangiaror EOS model
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fkatier contection MTAr-Eeamdy capae same as Newtonian | (Composition blindness/degeneracy of TOV equations: Regardless how and
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Newtonian eometry correction . . .
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Degeneracyh Universality or consistent patterns under vastly different conditions



Outline
P(M): Some new, possibly crazy, but educated thoughts on the EO$ #(cold dense matter
. FéeSaQ PHDPENEDEYt 6 av

A mathematically consistent way to update our believe about model parameters given new data

Burnin steps: why EOS matters
What is EOS? Why is it important? What have we learned about cold dense matter EOS?

Why are we still working on it? What else can be learned? Do | have anything new to say?

P(D|M): . #asedLikelihood to convince you by trying millions of times (MCMC)
Your expert opinion or data D

Data My thought or model predici&)‘n

v N
1 (Pw,j — Pp,j)
P[D|M (Ko, Jo, Zo)] = — —=
[D|M( DT 0 Zo)] H o 253, ]
EOS Model parameters i _
Degree of democracy or combined errors

Using physics principles, theoretical arguments, model simulations, emulations and experimental data
P(M|D): Posterior thoughts about EOS with quantified uncertainties



What is the EOSA WSt FGA2y FY2y3d (2 «3 ¢z 13 >

A Symmetry energy is a key uncertainty

Empirical parabolic law of the EOS of cold, neutron-rich nucleonic matter
symmetry energy

Isospinlasymmetry u

sr % E 1E’yu The Phases of QCD
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Energy per nucleon in symmetric matter

Energy in asymmetric nucleonic matter

Critical Point

>

Hadron Gas ;
Superconductor

Neutron Stars

900 MeV
Baryon Chemical Potential

Po = 0.16 fm™>

Saturation density



Single-nucleon potential in isospin-asymmetric nuclear matter

A.M. Lane, PRL 8, 171 (1962)
,7 for neutrons

U,,,p,0)=U (k,p)xU_ (k,p)o+U_  (k p)5"+0(5)

Isovector
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What are the fundamental physics behind the symmetry energy?
Um,p (k.p,0)=U (k,p)= Usyml(k,p)-é + L-"mz(a’c,p)-éi2 +0(6%)

» Isospin dependence of strong interactions and correlations
Tensor force due to pion and p meson

Vro =V, (n-p pair in the T=0 state) exchange MAINLY in the T=0 channel
Vr1 =V, =V, = Vo, (charge independence in the T=1 state) Vip(TO)#FVnp(T1)

In a simple interacting Fermi gas model:
: Isospin-dependent correlation function
The direct term v \ M.A. Preston and R.K.

| | 1 .
[ hoop) = — Virr (71 1"l P — Vo (71 10 " d3?.“ Bhaduri, Structure of the
Sym( F ,0) 410/ Tl( 'Lj)f ( Lj‘) TU( Lj)f ( 'lj)] ij Nucleus, 1975

Isospin-dependent effective 2-body interaction

Major issues relevant to high-density Esym, heavy-ion reactions and neutron stars

* Momentum dependence of the symmetry potential due to the finite-range of isovector int.
- Short-range correlations due to the tensor force in the isosinglet n-p channel

- Spin-isospin dependence of the 3-body force

- Isovector interactions of A(1232) resonances and their spectroscopy (mass and width)
 Possible sign inversion of the symmetry potential at high momenta/density



Empirical parameterizations useful for meta  -modeling (template) of EOS

iIncompressibility
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P G{P-DQ + 30 —I— o7 30 >

Relatively wetknown Poorly known \

// Jsym [ P ’ e 4
Eqym(p) = ESHTI'J(PD}‘|‘ ——] — E—'l +ﬁ(__]) +ﬁ}|:(a—]):|

slope curvature skewness kurtosis

AExpansion near saturation density
AUncertainties grow at high density



Symmetry energy controls composition and affects pressure in neutron stars

(1) The proton ( electron ) fraction Xx(Y.) is determined by the Eg,(} ) through
charge neutrality and beta -equilibrium conditions

x=0.048,, () /By, Yl H@- 2X.)3

Critical for the cooling mechanism of protoneutron stars and
associated neutrino emissions, appearance of hyperons, kaon
condensation, baryon resonance® . .

(2) The pressure in the npe matter at beta equilibrium:

dEq dEsym(p) - 1
P(p.) = p?| 220D | BormlP) g2y 251 5) sy

dp dp

(3) The crust -core transition density and pressure is determined by setting the
incompressibility of neutron star matter =0 (speed of sound becomes imaginary):
,d’Ey dEy

d*E dE
2 sym 9 sym QE—I 2 =0

Lattimer & Prakash, Phys. Rep., 442, 109 (2007)



Various analyses
during 2 -years
after GW170817

Ri4=120+1.13

Gravitational wave results
LIGO/VIRGO for GW1708%%:, = 11.940.875 km
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B.A. Li etal.,, EPJA 55, 117 (2019)

Current precision of neutron star radius measurements

U5~1.0 km

X-ray results

As of 2024, three neutron stars had their mass
and radius measured with NICER data.

JO740
] Update of
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Prior on L. Broad theoretical rangég

L{p,)/MeV

160

F+ 3@MeV with a few out-standingpoints

As of 2013, ~30 analyses

Analyses of Terrestrial Experiments Analyses of Astrophysical Obsarvations
120 - P
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0 | L=58+19MeV Mirror 5Ni->Fe, Pineda
-20 -
-40 . .
60 - Nai-Bo Zhang and Bao -An Li,

EPJA 59, 86 (2023)



Prior onk, (2 o) andK,; Despite many studies, constraints remain broad

80 — 1
i Symmetry energy at 2p, from analyzing terrestrial and astrophysical data | 12 independent analyses of neutron stars since GW170817
: 2021 fiducial value=51 + 13 MeV 100 as of 2021
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Examples of recent theoretical predictions fét, (2" o):
(1) Chiral EFT,Eqym(200) = 45 +3 MeV

C.DrischleE  VFdnstad Wad | & aSf Sy RSTIP5 2037822 wod t KAffALRI t w]

(2) Quantum Monte CarloEgmp(20g) ~ 46 £ 4

D.Lonardonj I. Tews, S. Gandolfi, and J. Carlson, Phys. Rev. Resdt233(R) (2020)

(3) Relativistic BHF in full Dirac spa&i.6 MeV

Sibo WangHui TongQiang ZhagChencan WandPeter RingJie Meng PRQ.06(2022)2,L.021305

(4) Relativistic BHF~ 53 MeV
Chencanwang JinniuHuy, Ying Zhangdong ShepChin. Phys. 46(2022)6,064108

Bao-An Li, Euro Phys. Journal

Special Topic (2026)
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Bayesian inference of EOS from neutron star observables
Meta9 h{ a2RSft Ih 5F0F M t2a80§SNRK2NJ

Additional parameters
for phase transition and quark matter

Generating randomly within
Prior ranges of hadronic EOS

Parameters Lower limit  Upper limit (MeV)

Ko 220 260
Jo -800 400
Keym -400 100
Jeym -200 800
L 30 90

Eeym(po) 28.5 34.9

matter correction matter-geometry coupling same as Newtonian
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Predictions diverge at high density

Phenomenological Models Microscopic & ab initio Theories
60 examples 11 examples
150 ' ' A R — BHF (Vidana) ! '
- -—---- NL-RMF{18) /"- . .
“.| —— BHF (Z.H.Li) i
/_- ----- DEHF (Fuchs) ]
120 T~ DBHF (Sammaruca) 1 LW. Chen, Nucl. Phys. Rev. 34, 20 (2017).
[ — Chiral EFT-N LO450 ] N.B. Zhang, B.A. Li, Eur. Phys. J. A 55, 39 (2019).
g\ — Chiral EFT-N"LOS00
E 20 | —— VMB-AFPR Lor L 7
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60 < —— VMB-WFF2* -]
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Why is the high -density symmetry energy still so uncertain?

U Isospinspin dependent SheRange Correlations induced by tensor forces, riaody interactions
U New particles and possible phase transitions are important but poorly known

Why did the available neutron star data not help much at high densities?

U R is obtained from P®=0 at the surface, corresponding to an average density of ghuntr@P,,, is

larger than or compatible withsfay depending mostly oK ,and L



e X TP: The enhanced X -ray

Timing and Polarimetry mission

Launch ~2030 o

Future promise nowATHENA

Advanced Telescope for
High Energy Astrophysics

aunch ~2037§

+/- 6% precision on radius
PSR 10740+6620

B XTP 1Ms 68%
—— eXTP 1Ms 95%
—— NICER+XMM 2.7Ms 68%
2.2F —— NICER-only 2.7 Ms 6G8%

2.0

o 10 i1 12 13 11
" [km]

S. N. Zhang et al., arXiv:1812.04020v1
Ang Li et al. 2506.08104 (2025 update)

+ Radius 1-sigma uncertainties

+/- 3% precision on radius

+ NICER 1600 ksec: ~10%
| ATHENA 500 ksec: ~3% average
(0.3 km)

The NewAthena mission concept
in the context of the next decade
of X -ray Astronomy,

Nature Astronomy 9, 36 (2025)


https://arxiv.org/abs/2506.08104

Gravitational wave precision forecasts

Precision constraints on the neutron star equation of state
with third-generation gravitational-wave observatories

. 12% - 3 g 23 . 45
Kris Walker®, ™ Rory Smith®,”" Eric Thrane®,™ and Daniel J. Reardon

PHYSICAL REVIEW D 110, 043013 (2024)
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Einstein Telescope
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0.1 km

Number of loudest NS mergers

THE AsTROPHYSICAL JoURNAL, 955:45 (8pp), 2023 September 20

@ A023. The Author(s). Published by the American Astronomical Soclety.

Prospects for a Precise Equation of State Measurement from Advanced L1IGO and

Cosmic Explorer

Daniel Finstad'*" , Laurel V. White™ , and Duncan A. Brown"

1-year Cosmic Explorer operation
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https:/ /doi.org /10,3847 /1 5384357 /acf12f
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The proposed high -precision measurements of neutron star radiiare = SUPER-expensive in Time & Efforts

What do we expect higkprecision R to constrain?

Bao-An Li, Xavier Grundler , Wen-Jie Xie, Nai-Bo Zhang , PRD 110, 103040 (2024)
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Using mock radius data: R, ,2=11.9+ u
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Nonlinear mapping + uncertainty = systematic inference shift (Jensen bias)
Jensen decisiobias (economics, statistics), noiseluced drift in nonlinear dynamics (biology, chemistry and physics)

Mathematical proof: Johan JenserActa Math. 30, 175 (1906)
Observable xg(.g., R,) fluctuating around its meangptike a Gaussian:z = zy + dx with variance o2,

§ 1 Y
Mapping function f(x)gressure or any EOS paramétef(x) = f(xo) + f'(x0)dx + rf"(aq;,)(@::zrf I

The mean value of (f(1)> ~ f(?'l-'(]) + %Jensen bIaS Convex functions (f” > 0) produce upward shifts.

e Concave functions (f” < 0) produce downward shifts.

Uncertainty in x doesn't just make answers about f(x) fuzzieactuallyshifts the most likely answer away from the center

Example: Utility function of wealth = Happiness from wealth = psychological value of wealth: U(M)=Log(Money)

Eg( { LIS OthevitagNovae de Mensur&ortig (1738) translated as
GOELRaAGAZ2Y 2F || bSé ¢KS FiaBometrnt22iow §954)S I

First proposed by Daniel Bernoulli in 173
Adopted in behavioral economics, decision theory, neuroscience: U(M):Iog(Monéjb) ére Qancave), not M itself,
because most people make economic decisions based orethve uncertainty of M{ Log(M)z M/M, not 1 M itself

72

U(M) = log M, mm) U'(M) = U? < 0, mmp (log M) == log My — m —> Risk Aversion

Uncertainty in M lowers thexpected utilityeven when the average wealthjvemains unchanged, as MfM"

Mas-Colell Whinstonand Green, Microeconomic Theory (Oxford University Press, 1995)



Reduced radius

Where P= P/e, and ¢, is the central energy density.

ff{any unit)
=}
LS

TOV equations are highly nonline#y Pressure(Radius) mapping function is highly convex at all densities

Forward mapping
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Lattimer & Prakash, Phys. Rep., 442, 109 (2007)

IPADTOV: Intrinsic and Perturbative Analysis of Dimensionless TOV

Analogy:

IPad: Get online by touching without using a hard keyboard
IPADTOV Get radiusoressure scaling without using any input EOS

Bao- Jun Cai, Bao

- An Li and Zhen Zhang,

ApJ 952,147(2023); PRD 108,103041(2023)

PS

L
At ns = po, P = Psym(p(}) & p%

The P{ ) inferred from highprecision Rdata can fix L
Atn=2'o a > b> c.
P(2pg) = Psnm + Paym ~ aL + DKy, + ¢ Joym,
(1) Highprecision Riata can fix the combination of K;,and L,

(2) after L is sufficiently fixe#s,,can be constrained, and it may
show a bimodal structure because of its correlation with L apgl

(3) Lymis very weakly constrained by R data

Convex mapping shifts EOS parameters upward
with an increasing radius uncertainty squarely

A
Uncertainty in R

(UIR)

Convex:
upward bias

fp>0

Concave:
downward bias

Jp. =0

Inverse map (EOS parameter p)

Ry R
Observable R



Consistent geometric and analytical interpretation gbri@cisiondependent Bayesian inference of EOS paramet
Largerobservationaluncertainty

Highly nonlinear TOV equatiord Unequal mapping of EOS population biasegshe posteriorradiusupward
Equal radius intervals ron the two sides of R 4 ; . . ; ;
correspond to highly unequal volumes in EOS parameter space ] ~=—o=1.0kn
3 KI\ —Rr__fﬂ.gm
Constantradius surfaces / .
Rl ¥ \Posterior PDF of R
800 o /
With large’ , Bayesian integral samples 1t /' '\
60or disproportionately more stifg;, .| " e '\_\
A largeradius configurations 0 "l \-_ .
_400r A posterior Fi.4 peaks upward 11.0 115 120 125 13.0 135 14.0
s R, ,(km)
| 1 km B.A. Lietal, PRD 110, 103040 (2024)
o physically restricted regions - ;
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-200
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N.B. Zhang and B.A. Li, J PG 46, 014002 (2019)



Understanding the posterior PDFs of EOS parameteith varying precision

120 [ 'within 90% CREX+PREX violates UG
re within 90% CREX+PREX 9

100 outside 90% CREX+PREX

—— Lattimer & Lim 2013
80 —— PREX+CREX

exp mean : ,’_/ N aEMSﬂ"f ]
NN N Pnsy(ns) = (HQ% ~ 1—
60 NN . v,"/// (_)”. -

L (MeV)

40|
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20 -2 Raaijmakers et al. (2021)

- Jamed.attimer Particle 6, 30 (2023)
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Understanding qualitatively effects of R precision on PDF(L)a & dzYWo @I £ A R

(1) Mean of L shifts upward with increasing (2) Inferred L probability distribution is skewec =
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Nonlinear Filtering & Precision Dependence

cave Nonlinear Filtering Bias

Economics C e Neutron star physics

Radius R
EOS P(RYR/c( )]

| 2y OPSEAGE FTNRY ySdziNRy al

Stif-EOS preference under broad uncertainty



Hybrid EOS with &tbrder hadronquark PT ¢
with a constant speed of sound model for QMK\

urlstable

. . Nuclear matter M M
1 AM core e Both A Disconnected

Quark é g
> Matter S -
R R, Slope = C&

5 EU,QM p QM
a I Ae
§ Erangf -~ - -~ - - - -~
[
[ =
w
Nuclear
Matter

Quark matter
'p core
'trans

Pressure

M.G. Alford, S. Han, M. Prakash, PRD 88, 083013 (2013)
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Radius

_ _ _ N _ Formation probability
(1) No confirmed observation yet, most analyses require low transition density

(2) Possible without a phase transitiol.Essick APJ L 973, L50 (2024) 102 Both EOS 12 Disconnected EOS
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Bayesian quantification of the observability of twin star: | E ‘EE% E: " iz E Zzéﬁg Eg

from future high-precision R data Zgwl ' %, '
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BES/STAR indications on hadron -quark transition density in hot dense matter
Onset of partonic collectivity in Au+Au at 4.5 GeV

STAR: Phys. Rev. Lett. 135, 072301 (2025)
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BES/STAR Implications for hadrguuark transition density in cold neutron stars
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Bao-An Li, Xavier Grundler , W.J.Xie, N.B. Zhang, APJ 998, 262 (2026)
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Consistent with indications of Beam Energy Scan Experiments at RHIC
n (3) Deep core physics is largely invisible to R,
E regardless of its precision
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(2) Effects on hadrofuark transition density
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