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• New quantum-inspired simulation techniques

⟹ Tensor networks (TNs)
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Tensor network (TN)

• Simulation of large many-
body quantum systems 
with good approximation

• ⟩|𝜓𝜓 modelled as a  TN

• Entanglement described by 
the network structure

• Reduction of computational
complexity
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⟹ Efficient!
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wQED: Non-Markovian dynamics
• Collision model:

• Set a coarse-graining time interval: Δ𝑡𝑡 ≪ 𝛾𝛾−1

• Decompose the evolution: �𝑈𝑈 = ∏𝑘𝑘 �𝑈𝑈𝑘𝑘 = ∏𝑘𝑘 𝑒𝑒−𝑖𝑖
�𝑂𝑂𝑗𝑗

• Dynamical map:

⟩|𝜓𝜓 𝑡𝑡𝑘𝑘+1 = exp −𝑖𝑖 �
𝑗𝑗=1

𝑁𝑁𝑒𝑒
�𝑂𝑂𝑗𝑗 𝑡𝑡𝑘𝑘 ⟩|𝜓𝜓 𝑡𝑡𝑘𝑘
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�𝜎𝜎𝑗𝑗 �
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𝑒𝑒−𝑖𝑖(𝑗𝑗−1)𝜙𝜙 �𝐵𝐵𝑘𝑘− 𝑗𝑗−1 𝑙𝑙,𝑅𝑅
†

+ 𝑒𝑒𝑖𝑖(𝑗𝑗−1)𝜙𝜙 �𝐵𝐵𝑘𝑘+ 𝑗𝑗−1 𝑙𝑙,𝐿𝐿
† + H. c.

• 𝜙𝜙 = 𝑘𝑘0𝑑𝑑 = 𝜔𝜔0𝜏𝜏 5/11
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MPS model for Waveguide QED
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• 𝑁𝑁𝑒𝑒 = 4
• Initial emitter state:

| ⟩↑, ↑, ↑, ↑
• 𝜂𝜂 = 𝛾𝛾𝛾𝛾 = 𝛾𝛾𝛾𝛾Δ𝑡𝑡

• 𝛾𝛾 = 0.2
• Δ𝑡𝑡 = 0.1
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Results: Mean excitation population



Results: Field intensity profile

𝑁𝑁𝑒𝑒 = 4

𝜙𝜙 = 2𝜋𝜋  
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Results: Entanglement Entropy
Von Neumann Entropy

𝑆𝑆𝑒𝑒 𝑚𝑚𝑚𝑚𝑚𝑚 ⟶ 𝑁𝑁𝑒𝑒

• 𝑆𝑆𝑒𝑒 = −𝑇𝑇𝑇𝑇 𝜌𝜌𝑒𝑒𝑙𝑙𝑙𝑙𝑙𝑙2𝜌𝜌𝑒𝑒



Results: 6 emitters
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Conclusions

• Tensor Network methods efficiently address many-body 
quantum system time evolution

• Simulation of the non-Markovian dynamics of a 1D 
waveguide QED platform with 4 emitters via Tensor 
Network, varying 𝜂𝜂

• Formation of a Bound State in the continuum (BIC):
• Entanglement generation
• Photon trapping

• Entanglement entropy analysis
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Thanks for your attention!



Results: Entanglement Entropy
Von Neumann Entropy Von Neumann Entropy

𝑆𝑆𝑒𝑒 𝑚𝑚𝑚𝑚𝑚𝑚 ⟶ 𝑁𝑁𝑒𝑒

• 𝑆𝑆𝑒𝑒 = −𝑇𝑇𝑇𝑇 𝜌𝜌𝑒𝑒𝑙𝑙𝑙𝑙𝑙𝑙2𝜌𝜌𝑒𝑒 • 𝑆𝑆𝑜𝑜𝑜𝑜𝑜𝑜 = −𝑇𝑇𝑇𝑇 𝜌𝜌𝑜𝑜𝑜𝑜𝑜𝑜𝑙𝑙𝑙𝑙𝑙𝑙2𝜌𝜌𝑜𝑜𝑜𝑜𝑜𝑜



Results: Field auto-correlation functions

𝑔𝑔𝑎𝑎
𝑚𝑚 =

𝐺𝐺𝑎𝑎
𝑚𝑚

𝐼𝐼𝑚𝑚

𝑥𝑥 𝑥𝑥



MPS model for Waveguide QED

(2) Reverse

1 2

𝑥𝑥0 𝑑𝑑 𝐿𝐿𝑘𝑘 + 𝑙𝑙 …𝑘𝑘 + 2𝑙𝑙 𝑘𝑘 + 3𝑙𝑙… … …………… 𝑘𝑘

𝑘𝑘 − 𝑙𝑙 …𝑘𝑘 − 2𝑙𝑙 𝑘𝑘 − 3𝑙𝑙… … …………… 𝑘𝑘
3 4

𝑅𝑅

2𝑑𝑑 3𝑑𝑑

1 2

𝐿𝐿

𝑘𝑘 + 𝑙𝑙 …… 𝑘𝑘 − 2𝑙𝑙𝑘𝑘 𝑘𝑘 − 𝑙𝑙 ………𝑘𝑘 + 2𝑙𝑙𝑘𝑘 + 3𝑙𝑙 ...

3 4

𝑅𝑅𝑘𝑘 − 3𝑙𝑙

𝑘𝑘 + 𝑙𝑙 …… 𝑘𝑘 − 2𝑙𝑙𝑘𝑘 𝑘𝑘 − 𝑙𝑙 ………𝑘𝑘 + 2𝑙𝑙𝑘𝑘 + 3𝑙𝑙 ... 𝑘𝑘 − 3𝑙𝑙

(1) Waveguide QED

𝑘𝑘 + 𝑙𝑙
𝑘𝑘 + 4𝑙𝑙

…
…

…
…

𝑘𝑘 − 2𝑙𝑙
𝑘𝑘 + 𝑙𝑙

𝑘𝑘
𝑘𝑘 + 3𝑙𝑙

𝑘𝑘 − 𝑙𝑙
𝑘𝑘 + 2𝑙𝑙

…
…

…
…

…
…

𝑘𝑘 + 2𝑙𝑙
…

𝑘𝑘 + 3𝑙𝑙
…

...
…

𝑘𝑘 − 3𝑙𝑙
𝑘𝑘

(3) MPS model

2 3

1 4

�𝑈𝑈𝑘𝑘 = �𝑈𝑈𝑘𝑘,1 �𝑈𝑈𝑘𝑘,2



Numerical Convergence

𝑁𝑁𝑒𝑒 = 6, 𝜂𝜂 = 0.6 𝑁𝑁𝑒𝑒 = 8, 𝜂𝜂 = 0.3



• 𝑁𝑁𝑒𝑒 = 4
• Initial state:
1
6

(

)

| ⟩↑↑↓↓

+| ⟩↑↓↑↓ +| ⟩↑↓↓↑
+| ⟩↓↑↓↑ +| ⟩↓↑↑↓
+ ⟩| ↓↓↑↑
• 𝜂𝜂 = 𝛾𝛾𝛾𝛾 = 𝛾𝛾𝛾𝛾Δ𝑡𝑡

• 𝛾𝛾 = 0.2
• Δ𝑡𝑡 = 0.1



TN diagram for a Quantum State

⟩|𝜓𝜓 = �
𝑗𝑗1,𝑗𝑗2,…,𝑗𝑗𝑛𝑛

𝐶𝐶𝑗𝑗1𝑗𝑗2…𝑗𝑗𝑛𝑛 ⟩|𝑗𝑗1 ⨂ ⟩|𝑗𝑗2 ⨂…⨂ ⟩|𝑗𝑗𝑛𝑛

3/20

𝑑𝑑-level
quantum 
system

• 𝐶𝐶𝑗𝑗1𝑗𝑗2…𝑗𝑗𝑛𝑛 𝑗𝑗1,𝑗𝑗2,…,𝑗𝑗𝑛𝑛
→ 𝑑𝑑𝑛𝑛 complex numbers

• Coefficients of a tensorΨwith 𝑛𝑛 indices
taking 𝑑𝑑 different values⟹Overall size: 𝑑𝑑𝑛𝑛

• The indices 𝑗𝑗𝑖𝑖 are called physical indices
(physical dimension of the subsystem 𝑖𝑖)

… 𝑗𝑗𝑛𝑛𝑗𝑗2 𝑗𝑗3𝑗𝑗1

Ψ

# parameters: 𝑂𝑂(𝑑𝑑𝑛𝑛)
⟹ Inefficient!



TN diagram for a Quantum State
• Aim⟹ reduction of computational complexity

• How?⟹ replacing the «big» tensor𝚿𝚿with a TN of smaller-rank tensors

Physical index 

Bond index
(with dimension𝝌𝝌)

⟹

𝑛𝑛 = 4

# parameters: 𝑂𝑂(𝑑𝑑𝑛𝑛)

⟹ Inefficient

# parameters:  𝑂𝑂 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑛𝑛 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝜒𝜒
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TN algorithm for Quantum Simulations

• TEBD algorithm ⟹ simulation of the time evolution of quantum systems
with short-ranged Hamiltonian

• Key idea⟹ decomposing the evolution operator into local gates[1]

𝑈𝑈 𝑡𝑡 = 𝑒𝑒−𝑖𝑖ℋ𝑡𝑡

Suzuki-Trotter formula:

𝑈𝑈 𝑡𝑡 ≈ �
𝑒𝑒𝑣𝑣𝑣𝑣𝑣𝑣 𝑖𝑖

𝑒𝑒−𝑖𝑖ℎ𝑖𝑖,𝑖𝑖+1Δ𝑡𝑡 �
𝑜𝑜𝑜𝑜𝑜𝑜 𝑖𝑖

𝑒𝑒−𝑖𝑖ℎ𝑖𝑖,𝑖𝑖+1Δ𝑡𝑡
𝑛𝑛

with 𝜟𝜟𝒕𝒕 = 𝒕𝒕/𝒏𝒏

Hamiltonian:

ℋ = �
𝑒𝑒𝑣𝑣𝑣𝑣𝑣𝑣 𝑖𝑖

ℎ𝑖𝑖,𝑖𝑖+1 + �
𝑜𝑜𝑜𝑜𝑜𝑜 𝑖𝑖

ℎ𝑖𝑖,𝑖𝑖+1

[1] S. Paeckel, T. Köhler, A. Swoboda, S. 
Manmana, U. Schollwöck, C. Hubig;
10.48550/arXiv.1901.05824 (2019)



TN algorithm for Quantum Simulations

• Time evolution decomposed into «blocks» ⟹ quantum circuit representation

• Every quantum circuit is in one-to-one correspondance with a tensor network

⟩|𝜓𝜓 𝑈𝑈 𝑡𝑡 = 𝑒𝑒−𝑖𝑖ℋ𝑡𝑡

𝑈𝑈𝑖𝑖 = 𝑒𝑒−𝑖𝑖ℎ𝑖𝑖,𝑖𝑖+1𝑡𝑡



TN algorithm for Quantum Simulations

• Time evolution decomposed into «blocks» ⟹ quantum circuit representation

• Every quantum circuit is in one-to-one correspondance with a tensor network

Any 𝑛𝑛-qubit gate 𝐹𝐹 can be
reshaped into a rank-2𝑛𝑛
tensor 𝐅𝐅:

𝐹𝐹 ∈ ℂ2𝑛𝑛×2𝑛𝑛 ⟹
𝐅𝐅 ∈ ℂ2×2×⋯×2

⟩|𝜓𝜓 𝑈𝑈 𝑡𝑡 = 𝑒𝑒−𝑖𝑖ℋ𝑡𝑡

𝑈𝑈𝑖𝑖 = 𝑒𝑒−𝑖𝑖ℎ𝑖𝑖,𝑖𝑖+1𝑡𝑡
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series of contraction
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MPS contracted with 
one layer of the circuit

at each step
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Singular value decomposition (SVD)
• SVD of a matrix𝚨𝚨 ∈ ℂ𝑚𝑚×𝑛𝑛 ⟹ factorization of𝚨𝚨 into the product of 3 matrices

𝚨𝚨 = 𝐔𝐔𝐔𝐔𝐕𝐕†

such that:
1. 𝐔𝐔 ∈ ℂ𝑚𝑚×𝑚𝑚 unitary
2. 𝐕𝐕 ∈ ℂ𝑛𝑛×𝑛𝑛 unitary
3. 𝐒𝐒 ∈ ℝ𝑚𝑚×𝑛𝑛, 𝐒𝐒 ≥ 𝟎𝟎 diagonal in the computational basis:

𝐒𝐒 =
𝜎𝜎1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝜎𝜎min(𝑚𝑚,𝑛𝑛)

, with 𝜎𝜎1 ≥ 𝜎𝜎2 ≥ ⋯ ≥ 𝜎𝜎min(𝑚𝑚,𝑛𝑛)

singular values of𝚨𝚨
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