
Optimal detection



Detection problem 
frequentist approach

Detection statistic: is a rule that allows to construct a score based on which you 
can decide if a signal is present or not.


The likelihood  (and any monotonic function of it) is an optimal detection 
statistic 

Λ

data x(t) = h(t) + n(t)

Λ(x; signal) ≡
pdf (x| signal)
pdf (x|noise)

so also optimal  is an optimal statistic.log Λ



λ

fΛ(λ)

detection threshold
λ*

How do I decide if there is a signal based on the value of  ? I pick  a threshold  :   
If signal present. Else, signal absent.

Λ λ⋆

Λ ≥ λ⋆ →



Set detection threshold false alarm rateλ⋆ →

detection threshold
λ* λ

fΛ(λ)

false alarm probability

fΛ(λ; no signal)



detection threshold
λ* λ

fΛ(λ; signal)

false alarm probability

false 
dismissal 
probability

fΛ(λ; signal present)fΛ(λ; no signal)

Set detection threshold false dismissal for any given signalλ⋆ →



Neymann-Pearson optimal:
smallest false dismissal at fixed false alarm

detection threshold
λ* λ

fΛ(λ; signal)

false alarm probability

false 
dismissal 
probability

fΛ(λ; signal present)fΛ(λ; no signal)



The log-likelihood

For stationary, zero-mean Gaussian noise

log Λ(x; h) = (x |h) −
1
2

(h |h)

(x |h) ≃
2

Sn( f0) ∫T
dt x(t)h(t)

For observation , data containing noise with one-sided noise spectral density  
and a narrow-band signal with frequency  

T Sh( f )
≈ f0



The log-likelihood
with

h(t) = ∑
i=1⋯4

Ai hi(t)

log Λ = Aixi −
1
2

AiMijAj

antenna-pattern matrix  Mij( ⃗nsky) := (hi |hj) = γ

A C 0 0
C B 0 0
0 0 A C
0 0 C B

matched filters output  xi(λ) := (x |hi)

γ =
T
Sn

, A = < a2 > , B = < b2 > , C = < ab >

in Gaussian stationary noise

log Λ(x; h) = (x |h) −
1
2

(h |h)



The maximum log-likelihood 
With respect to the amplitude parameters

log Λ(x; Ai, λ) = Aixi(λ) −
1
2

AiMij( ⃗nsky)Aj

ℱ =
1
2

xiMijxj

re-plugging in the maximum likelihood estimators :̂Ai = Mijxj

maximising wrt 
Ai

ℱ(x; λ) := max
{Ai}

[log Λ(x; Ai, λ)]



The max likelihood ratio

2ℱ = 2D−1[BℱA + AℱB − 2CℱC]



The max likelihood ratio

2ℱ = 2D−1[BℱA + AℱB − 2C2ℱC]ℱA



The max likelihood ratio

2ℱ = 2D−1[BℱA + AℱB − 2C2ℱC]

ℱa = |FA |2 ∼ |x1 − ix3 |2

{ x1 = (x |h1) h1(t) = a(t)cos 2Φ(t)
x3 = (x |h3) h3(t) = a(t)sin 2Φ(t) FA = ∼ ∫T

x(t) a(t) e−i2Φ(t) dt
2

ℱA

xi ≡
2
Sh ∫T

dt x(t) hi(t)

remember:



The max likelihood ratio

2ℱ = 2D−1[BℱA + AℱB − 2CℱC]

ℱA = |Fa |2 = | (x1 − ix3)/γ |2

ℱB = |Fb |2 = | (x2 − ix4)/γ |2

ℱC = ℛ(F*a Fb) |

D = AB − C2

with



In practice

lalapps_ComputeFstat

•Data (also from various 
detectors)


•Signal model (template): 

α, δ, f0, f1, . . . , binary parameters

2ℱ(data; signal)

JKS: Jaranowski, Krolak and Schutz, PRD 58 (1998)
 more detectors: Cutler et al, PRD 72 (2005)



In practice

lalapps_ComputeFstat

•Data (Short-Fourier-
Trasforms, SFTs)


•Signal model (template): 

α, δ, f0, f1, . . . , binary parameters

2ℱ(data; signal)

You get “for free” the search and maximisation over the amplitude 
parameters. You just have to search explicitly over phase-evolution 
parameters.



lalapps_ComputeFstat

• Can combine data for more detectors [Cutler&Schutz, PRD72 (2005)]


• Can do more than a template. Various ways to specify the template bank.


• Input data, SFTs: specific format that code recognises [SFT specs]. Baseline: 60s-1800s, 
depending on searched signal. 


• Need Ephemerides data


• Assumptions of stationary Gaussian noise :


• Relaxed to noise stationary on SFT time baseline 


• Heart is computation of matched filters  that feature  that is estimated 
per-SFT from the data itself in a way that is insensitive to signals.

xi = (x |hi) 1/Sn( f0)



Distribution of 2ℱ
• Chi-square distribution with 4 degrees of freedom, χ2

4

sin, cos, + 2 polarisations

• When a signal at the searched parameters is present, a non-centrality 
parameter arises: , that JKS call the optimal SNR2ρ2

opt = (hsig |hsig)

depends on amplitude parameters, on relative source-
detector position, on detector noise, on amount of data

•E[2ℱ] = 4 + ρ2 VAR[2ℱ] = 8 + 4ρ2



The optimal ρ2

relation with  and Th0

With 1% false alarm the  in a 1-template search.hdetectable
0  with 10% false dismissal is ≈ 11.4

Sn

T

ρ2
opt =

h2
0

Sn [ 1
4

(1 + cos2 ι)2 ∫T
F2

+ dt + cos2 ι ∫T
F2

× dt ]
≃

h2
0

Sn
[G1(δ, ψ, ι)T + G2(α, δ, ψ, ι; T)]

< ρ2
opt >α,δ,ψ,ι ≃

4
25

h2
0 T
Sn



Mismatch

signal

ρ2 = (hsig |htempl) ≤ ρ2
opt ≡ (hsig |hsig)



Mismatch

signal

 .


The mismatch 

ρ2 = (hsig |htempl) ≤ ρ2
opt ≡ (hsig |hsig)

μ ≡
ρ2

opt − ρ2

ρ2
opt

→ ρ2 = (1 − μ) ρ2
opt



Mismatch

signal

μ ≡
ρ2

opt − ρ2

ρ2
opt

= gij δλi δλj + 𝒪(δλ3)

δλ i

δλ
j



Mismatch

signal

μ ≡
ρ2

opt − ρ2

ρ2
opt

= gij δλi δλj + 𝒪(δλ3)

δλ i

δλ
j LOCAL DESCRIPTION OF SNR2 LOSS


LOCAL: μ ≲ 5 %



Mismatch

signal

μ ≡
ρ2

opt − ρ2

ρ2
opt

= gij δλi δλj + 𝒪(δλ3)

δλ i

δλ
j

GENERAL CLOSED-FORM 
EXPRESSION FOR  DOES NOT 
EXIST


APPROXIMATION: PHASE METRIC

gij

LOCAL DESCRIPTION OF SNR2 LOSS


LOCAL: μ ≲ 5 %



Mismatch distribution

signal

closest 
template

signal

μ ≡
ρ2

opt − ρ2

ρ2
opt

 can be measured by computing 
 for different 

signals

μ
(hsignal |hclosest−template)



Mismatch distribution

signal μ(signal1)

. 

. 

.

μ(signal2)

μ(signalm)
μ(signalN)



Mismatch distribution all-sky search

signal μ(signal1)

. 

. 

.

μ(signal2)

μ(signalm)
μ(signalN)



Mismatch distribution targeted search

signal μ(signal1)

. 

. 

.

μ(signal2)

μ(signalm)
μ(signalN)

The grid is representative of the uncertainties in template parameters from EM 
observations.



The detector data is not always 
Gaussian noise



The data contains loud signals
… just not GW ones

• 


• When combining data from more than one detector, a disturbance in one detector 
can generate high values of the overall 


•  consistency veto [1]: if discard result. 


• Quite successful veto.


•     Gave idea on how to construct a more robust statistic

2ℱ = max
{𝒜i}

Prob(x; Hs)
Prob(x; HG)

⟶
Prob(Hs; x)
Prob(HG; x)

2ℱ

ℱ-stat ℱsingle ≥ ℱcomb.ed ⟶

[1] Behnke et al, PRD91 (2015)



Noise contains loud signals
… just not GW ones

•  


• Robust statistic:       

2ℱ ⟶
Prob(Hs; x)
Prob(HG; x)

Prob(Hs; x)
Prob(HGL; x)

Extended noise hypothesis: Gaussian noise or noise-line, 
with line defined as a high-value of the single-detector , 
only in one of the detectors.

ℱ

D. Keitel, PRD 93, (2016) , D. Keitel et al , PRD  89, 2014



Noise (real detector data): L1 in red, H1 in blue Detection probability for injected signals of 
different amplitudes in that noise.
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Frequency (Hz) Normalised signal amplitude h0/ Sn

Frequency (Hz) Normalised signal amplitude h0/ Sn

Thresholds for 
computing line 
priors



The future king’s sibling
The royal family decides to have two kids, and gets 
twins.


We know for sure that one of them is a boy, and will 
be future king. 


What are the chances that the future king has a 
sister ?


(Let’s assume that baby-boys and baby-girls are 
equally likely.)



The Bayesian approach



S O M E O N E  T O S S E S  A  C O I N  T W I C E

Sample space has 4 events:


H H 


H T 


T H


T T 

coins are fair

Probability
1/4


1/4


1/4


1/4



N E W  I N F O R M AT I O N :  1 S T  T O S S  W A S  TA I L S

N E W  U N I V E R S E :  
C O N D I T I O N E D  B Y  T H E  
I N F O R M AT I O N  T H AT  W E  
H AV E  G O T T E N



C O N D I T I O N E D  U N I V E R S E :

H H 


H T 


T H


T T 

H H 


H T 


T H


T T 

probability

1/4


1/4


1/4


1/4

1/2


1/2

conditional 
probabilities

P( TH | first toss=T)
P( TT | first toss=T)



A N O T H E R  E X A M P L E

A

B

3/6 2/6
1/6

P(A) = 5/6
P(B) = 3/6
P(A ∩ B) = 2/6



N E W  I N F O R M AT I O N :  B  H A S  H A P P E N E D

A

B

3/6 2/6
1/6

probabilities need to be revised -> conditional probabilities

• maintain same proportions


• has to add up to 1



N E W  I N F O R M AT I O N :  B  H A S  H A P P E N E D

A

B

3/6 2/3
1/3

probabilities need to be revised -> conditional probabilities

• maintain same proportions


• has to add up to 1



N E W  I N F O R M AT I O N :  B  H A S  H A P P E N E D

A

B

3/6 2/3
1/3

probabilities need to be revised -> conditional probabilities

• maintain same proportions


• has to add up to 1

=
P(A ∩ B)

P(B)
Pnew(A)
Pnew(B)



N E W  I N F O R M AT I O N :  B  H A S  H A P P E N E D

A

B

3/6 2/3
1/3

probabilities need to be revised -> conditional probabilities

• maintain same proportions


• has to add up to 1

=
P(A ∩ B)

P(B)
P(A |B)
P(B |B)

=1



N E W  I N F O R M AT I O N :  B  H A S  H A P P E N E D

A= one of the twins is a girl

B=one of the twins is a boy

GG
BG BB

probabilities need to be revised -> conditional probabilities

• maintain same proportions


• has to add up to 1

=
P(A ∩ B)

P(B)
=

1/4 + 1/4
3/4

= 2/3P(A |B)
P(B |B)

=1

GB



T O TA L  P R O B A B I L I T Y  T H E O R E M

A C

B

D P(D) = P(D ∩ A) + P(D ∩ B) + P(D ∩ C)



I N F E R E N C E  W I T H  B AY E S ’  T H E O R E M

P(Ai |D) =
P(Ai ∩ D)

P(D)

P(Ai |D) =
P(D |Ai) P(Ai)

P(D)

P(Ai |D) =
P(D |Ai) P(Ai)

∑j P(Aj) P(D |Aj)

and P(D |Ai) =
P(Ai ∩ D)

P(A)
⟶ P(Ai ∩ D) = P(A)P(D |Ai)



A1

(M Y   D A T A)

I N F E R E N C E  W I T H  B AY E S  T H E O R E M

A2

A3

Ai : different scenarios


D: the event that has happened, my data

D
some 
physical 
scenario, 
A1 or A2  
or A3

A measurement, 
an observation, 
my data D

measuring device,



A1

(M Y   D A T A)

I N F E R E N C E  W I T H  B AY E S  T H E O R E M

A2

A3

Ai : different scenarios


D: the event that has happened, my data

D
some 
physical 
scenario, 
A1 or A2  
or A3

A measurement, 
an observation, 
my data D

measuring device,
defined by P(D|Ai)

I have prior beliefs 
on the likelihood 
of these 
scenarios: P(Ai)

I want to infer 
something on the 
likelihood of the 
scenarios, given 
my data: p(Ai|D)

known known I want



I N F E R E N C E  W I T H  B AY E S  T H E O R E M

some 
physical 
scenario, A1 
or A2  or A3

A measurement, 
an observation, 
my data D

measuring device,
defined by P(D|Ai)

I have prior beliefs on 
the likelihood of these 
scenarios: P(Ai)

I want to infer 
something on the 
likelihood of the 
scenarios, given my 
data: p(Ai|D)

P(Ai |D) =
P(D |Ai) P(Ai)

∑j P(Aj) P(D |Aj)



L E T ’ S  U S E  T H I S  I N  T H E  C W  D E T E C T I O N  C O N T E X T
to estimate amplitude parameters

P(A |x, ℋs, λ)
we want the posteriors on the amplitude parameters:



L E T ’ S  U S E  T H I S  I N  T H E  C W  D E T E C T I O N  C O N T E X T
to estimate amplitude parameters

P(A |x, ℋs, λ) = P(A |ℋs, λ)
P(x |ℋs, A, λ)

P(x |ℋs, λ)

Bayes’ theorem

posteriors on the amplitude parameters:



L E T ’ S  U S E  T H I S  I N  T H E  C W  D E T E C T I O N  C O N T E X T
to estimate amplitude parameters

P(A |x, ℋs, λ) = P(A |ℋs, λ)
P(x |ℋs, A, λ)

P(x |ℋs, λ)

we use the 
likelihood to get 
this

Λ(x; ℋs, A, λ) =
P(x |ℋs, A, λ)

P(x |ℋN)

likelihood:



L E T ’ S  U S E  T H I S  I N  T H E  C W  D E T E C T I O N  C O N T E X T
to estimate amplitude parameters

P(A |x, ℋs, λ) = P(A |ℋs, λ)
P(x |ℋs, A, λ)

P(x |ℋs, λ)

we use the 
likelihood to get 
this

Λ(x; ℋs, A, λ) =
P(x |ℋs, A, λ)

P(x |ℋN)

likelihood:

→ P(A |x, ℋs, λ) = P(A |ℋs, λ)
Λ(x; ℋs, A, λ) P(x |ℋN)

P(x |ℋs, λ)



L E T ’ S  U S E  T H I S  I N  T H E  C W  D E T E C T I O N  C O N T E X T
to estimate amplitude parameters

P(A |x, ℋs, λ) = P(A |ℋs, λ)
P(x |ℋs, A, λ)

P(x |ℋs, λ)

we use the 
likelihood to get 
this

Λ(x; ℋs, A, λ) ≡
P(x |ℋs, A, λ)

P(x |ℋN)

likelihood:

→ P(A |x, ℋs, λ) = P(A |ℋs, λ)
Λ(x; ℋs, A, λ) P(x |ℋN)

P(x |ℋs, λ)

≡ k P(A |ℋs, λ) Λ(x; ℋs, A, λ)



L E T ’ S  U S E  T H I S  I N  T H E  C W  D E T E C T I O N  C O N T E X T
to estimate amplitude parameters

P(A |x, ℋs, λ) = P(A |ℋs, λ)
P(x |ℋs, A, λ)

P(x |ℋs, λ)

we use the 
likelihood to get 
this

Λ(x; ℋs, A, λ) =
P(x |ℋs, A, λ)

P(x |ℋN)

likelihood:

→ P(A |x, ℋs, λ) = P(A |ℋs, λ)
Λ(x; ℋs, A, λ) P(x |ℋN)

P(x |ℋs, λ)

≡ k P(A |ℋs, λ) Λ(x; ℋs, A, λ) ∫ dA P(A | . . . ) d4A = 1 → kwith



L E T ’ S  U S E  T H I S  I N  T H E  C W  D E T E C T I O N  C O N T E X T
to estimate amplitude parameters

P(A |x, ℋs, λ) = k P(A |ℋs, λ) Λ(x; ℋs, A, λ) ∫ dA P(A | . . . ) d4A = 1 → kwith

log Λ(x; Ai, λ) = Aixi(λ) −
1
2

AiMij( ⃗nsky)Aj =
remember:

= 2γ(A1Fℛ
A + A2Fℛ

B − A3Fℐ
A − A4Fℐ

B ) −
1
3

ρ2
opt(A, λ)



L E T ’ S  U S E  T H I S  I N  T H E  C W  D E T E C T I O N  C O N T E X T
to estimate amplitude parameters

P(A |x, ℋs, λ) = k P(A |ℋs, λ) Λ(x; ℋs, A, λ) ∫ dA P(A | . . . ) d4A = 1 → kwith

priors on

lacking prior 
information:

A = (h0, ι, ψ, Φ0)

P(cos ι) ∼ 𝒰[−1,1]
P(ψ) ∼ 𝒰[−π/4,π/4]
P(Φ0) ∼ 𝒰[0,2π]
P(h0) ???



L E T ’ S  U S E  T H I S  I N  T H E  C W  D E T E C T I O N  C O N T E X T
to estimate amplitude parameters

P(A |x, ℋs, λ) = k P(A |ℋs, λ) Λ(x; ℋs, A, λ) ∫ dA P(A | . . . ) d4A = 1 → kwith

priors on

lacking prior 
information:

A = (h0, ι, ψ, Φ0)

P(cos ι) ∼ 𝒰[−1,1]
P(ψ) ∼ 𝒰[−π/4,π/4]
P(Φ0) ∼ 𝒰[0,2π]
P(h0) ???

not so interesting 

physically, can marginalise 

it out by 

∫
2π

0

dΦ0 P(Φ0) Λ(x; ℋs, A, λ)



P R I O R  O N  G W  I N T R I N S I C  A M P L I T U D E

if from known pulsar

h0 ∈ [hmin
0 , hmax

0 ]

depends on specifics of the search

{hmax
0 = min[hspdwn

0 , hUL
0 ]

hmin
0 = h0(B)

if from unknown neutron star {
hmax

0 = min[hUL
0 , h0(εmax)]

hmin
0 = h0(B)



P R I O R  O N  G W  I N T R I N S I C  A M P L I T U D E

if from known pulsar

h0 ∈ [hmin
0 , hmax

0 ]

depends on specifics of the search

{hmax
0 = min[hspdwn

0 , hUL
0 ]

hmin
0 = h0(B)

if from unknown neutron star {
hmax

0 = min[hUL
0 , h0(εmax)]

hmin
0 = h0(B)

What about  ?P(h0)



P R I O R  O N  G W  I N T R I N S I C  A M P L I T U D E

if from known pulsar

h0 ∈ [hmin
0 , hmax

0 ]

depends on specifics of the search

{
hmin

0 = h0(B)
hmax

0 = min[hspdwn
0 , hUL

0 ]

if from unknown neutron star {
hmin

0 = h0(B)
hmax

0 = min[hUL
0 , h0(εmax)]

What about  ?P(h0)

{
P(log(h0)) ∼ 𝒰[log(hmin

0 ), log(hmax
0 )]

P(h0) ∼ 𝒰[hmin
0 , hmax

0 ]



P R I O R  O N  G W  I N T R I N S I C  A M P L I T U D E

if from known pulsar

h0 ∈ [hmin
0 , hmax

0 ]

depends on specifics of the search

{
hmin

0 = h0(B)
hmax

0 = min[hspdwn
0 , hUL

0 ]

if from unknown neutron star {
hmin

0 = h0(B)
hmax

0 = min[hUL
0 , h0(εmax)]

What about  ?P(h0)

{
P(log(h0)) ∼ 𝒰[log(hmin

0 ), log(hmax
0 )]

P(h0) ∼ 𝒰[hmin
0 , hmax

0 ]

more representative of our 

ignorance, even if yields 

slightly less conservative 

upper limits.



A M P L I T U D E  P O S T E R I O R S
Example

W/out noise With noise 



Using Bayesian h0 posteriors



LVC, ApJ Lett 902, L21 (2020)

Example posteriors
for the Crab and Vela pulsars

and actually h0 ⟶ Q22



LVC, ApJ Lett 902, L21 (2020)

Example posteriors
for the Crab and Vela pulsars

does this look like a signal ?



Establishing detection confidence

● Would it be significant in Gaussian noise ?


● can we exclude a noise disturbance (instrumental/environmental) in the data causing 
such result ?


● Does the result stay significant if we evaluate it against search results from real 
detector noise ?


● Estimating the background



LVC, ApJ Lett 902, L21 (2020)

“not disjoint from zero”
“not uncommon for pure Gaussian noise”



Establishing detection confidence

● Would it be significant in Gaussian noise ?


● can we exclude a noise disturbance (instrumental/environmental) in the data causing 
such result ?


● Does the result stay significant if we evaluate it against search results from real 
detector noise ?


● Estimating the background



Establishing detection confidence

“could also in part be due to 
spectral contamination”

(J0835-4510)



Establishing detection confidence

● Would it be significant in Gaussian noise ?


● can we exclude a noise disturbance (instrumental/environmental) in the data causing 
such result ?


● Does the result stay significant if we evaluate it against search results from real 
detector noise ?


● Estimating the background



The first GW detection 
Observation of Gravitational Waves from a Binary Black Hole Merger 
Phys.Rev.Lett. 116 (2016)

7x10-8 ≈ (1.4 x 107)-1

1.4 x 107 time slides corresponding to 608 000 yrs of simulated 
background.  

LVC, GW discovery paper

https://inspirehep.net/literature/1421100
https://inspirehep.net/literature/1421100


Establishing detection confidence
Background estimate

• For a search for emission from a known pulsar it should be possible to 
estimate the background:


• Repeating the same search many times “off-source”

• near-by frequencies (extensive literature)

• different sky positions, Isi et al, arXiv:2010.12612 (2020)


• Not so simple for other types of continuous wave searches

https://arxiv.org/abs/2010.12612
https://arxiv.org/abs/2010.12612
https://arxiv.org/abs/2010.12612
https://arxiv.org/abs/2010.12612


End lecture 2


