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Lecture 2: Wave-particle
interactions

2.1 Motion of a particle in an ordered magnetic
field

Let us consider a particle with charge q moving in a spatially constant magnetic
field B⃗0, with B⃗0 = B0ẑ. The particle equation of motion reads:

˙⃗p = q
v⃗

c
∧ B⃗0 (2.1)

where p⃗ = mγv⃗ is the particle relativistic momentum and γ its Lorentz factor.
Since the force is orthogonal to v⃗, the particle momentum will not change in
magnitude, which also implies that the particle Lorentz factor will stay the
same. This allows us to rewrite Eq. 2.1 as:

mγ
dv⃗

dt
= q

v⃗

c
∧ B⃗0

which in components reads:
mγ

dvx
dt

=
q

c
vyB0

mγ
dvy
dt

= −q

c
vxB0

mγ
dvz
dt

= 0 ⇒ vz = const

Using the 1st of the above equations in the 2nd one:

d2vx
dt2

= −
(
qB0

mγc

)2

vx (2.2)

After defining the relativistic Larmor frequency

Ω =
qB0

mγc
(2.3)

1



the solution of Eq. 2.2 is easily seen to be:

vx(t) = vx0 cos (Ω t) ,

from which it also follows:

vy(t) = −vx0 sin (Ω t) .

In summary: 
vx(t) =vx0 cos (Ω t)

vy(t) =− vx0 sin (Ω t)

vz(t) =vz0 .

(2.4)

We now introduce the particle pitch angle, θ, namely the angle that its
direction of motion forms with the magnetic field direction. Defining the pitch
angle cosine, µ = cos θ, without loss of generality, we can write the initial
particle velocity as: {

vx0 =v0(1− µ2)1/2

vz0 =v0µ
(2.5)

and find: 
vx(t) =v0

(
1− µ2

)1/2
cos (Ω t)

vy(t) =− v0
(
1− µ2

)1/2
sin (Ω t)

vz(t) =v0µ

(2.6)

From Eq. 2.4 we then easily see that in an ordered magnetic field the
particle pitch angle does not change.

2.2 Motion of a charged particle in a disordered
magnetic field

Now let us consider:
B⃗ = B⃗0 + δB⃗ (2.7)

with
〈
δB⃗
〉
= 0 and |δB⃗| ≪ B0. Let us take:{

B⃗0 =B0ẑ

δB⃗ =δBxx̂+ δBy ŷ

This choice is inspired by the fact that energetic particles will mostly interact
with Alfvén waves in the ISM, and those waves, as we saw in the previous lecture
have exactly this property.

The particle equation of motion will read:

mγ
dv⃗

dt
= q

v⃗

c
∧
(
B⃗0 + δB⃗

)
,
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Figure 2.1: Circularly vs linearly polarized waves.

and in components: 
mγ

dvx
dt

=
q

c
(vyB0 − vzδBy)

mγ
dvy
dt

= −q

c
(vxB0 − vzδBx)

mγ
dvz
dt

=
q

c
(vxδBy − vyδBx) .

(2.8)

In the first two equations, the second term on the RHS is second order with
respect to the first one, given that δB ≪ B0. Hence, to first order, the particle
gyromotion is not affected by the perturbing magnetic field and one can still
assume that the solution in Eq. 2.6 is a good approximation:vx(t) =v0

(
1− µ2

)1/2
cos (Ω t)

vy(t) =− v0
(
1− µ2

)1/2
sin (Ω t) .

(2.9)

Now we need to specify some form of the perturbation. As we already mentioned
several times, a case that is especially important is that of Alfvén waves. In
general these will be circularly polarized waves (see Fig. 2.1) propagating along

the direction of the ambient magnetic field B⃗0. The wave electric and magnetic
fields will be orthogonal to one another and rotating in the plane perpendicular
to the propagation direction.

In terms of equations one can write, for example:
k⃗ =kẑ

δBx(t) =± δB sin (kz − ωt+ ϕ)

δBy(t) =δB cos (kz − ωt+ ϕ)

(2.10)
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Figure 2.2: An illustration of handedness of circularly polarized waves.

where the ± sign defines the mode of polarization of the wave (right-handed vs
left-handed, see Fig. 2.2).

Using the expressions in Eq. 2.10 in the equation for the z-component of the
velocity, one finds:

mγ
dvz
dt

=
q

c
v0δB

(
1− µ2

)1/2 × (2.11)

[cos (Ωt) cos (kz − ωt+ ϕ)± sin (Ωt) sin (kz − ωt+ ϕ)] .

The above equation can be simplified recalling that Alfvén waves are low fre-
quency waves. Their frequency is ω = kvA with

vA =
B0√
4πρ

= 3× 105
(
B0

µG

)( n

cm−3

)−1/2
cm s−1 . (2.12)

At the same time, for the particles we will have, to zeroth order, z ≈ v0µt, with
v0 ≈ c. Since vA ≪ v0, we have kz ≈ kv0µt ≫ kvAt = ωt, and hence:

dvz
dt

=
qδB

mγc
v0
(
1− µ2

)1/2
[cos (Ωt) cos (kv0µt+ ϕ)± sin (Ωt) sin (kv0µt+ ϕ)] ,

and finally:

dvz
dt

=
qδB

mγc
v0
(
1− µ2

)1/2
[cos (Ωt∓ kv0µt∓ ϕ)] . (2.13)

One important thing to notice is that neglect of ω with respect to kz is equiv-
alent to treat the problem in the frame in which the waves are at rest, namely
their phase velocity is zero. This is also equivalent to neglect the electric field
associated with the wave, which would be δE ≈ (vA/c)δB. This field may have
important effects in some cases, leading to the so-called second order Fermi
acceleration. We will discuss this fact in more detail later on in the course.

2.3 Pitch angle scattering and spatial diffusion

Going back to Eq. 2.13, recalling the definition of µ we can re-state it as an
equation for the variation of pitch angle induced by wave particle interactions.
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Since vz = v0µ, one finds:

dµ

dt
=

qδB

mcγ

(
1− µ2

)1/2
[cos (Ωt∓ kv0µt∓ ϕ)] . (2.14)

The next step is to ask ourselves how µ will vary on the long run, if the
particle propagates in the non-uniform field for many many orbits. Integrating
Eq. 2.14 over an infinite time-span the average value of µ will be ⟨µ⟩ = 0, as
one easily sees from the periodicity of the variation. But let us calculate the
quantity ⟨∆µ∆µ⟩ where the average is over a time ∆t = T .

For practical purposes it is actually easier in terms of mathematics to com-
pute ⟨∆θ∆θ⟩ and then derive ⟨∆µ∆µ⟩ from there. From Eq. 2.14 one then
derives an equation for dθ/dt, recalling that µ = cos θ and hence:

dθ

dt
=

qδB

mcγ
[cos (Ωt∓ kv0µt∓ ϕ)] . (2.15)

We can then write:

⟨∆θ∆θ⟩ =

(
δB

B0

)2

Ω2

∫ T

0

dt cos [(Ω∓ kv0µ) t∓ ϕ]×

×
∫ T

0

dt′ cos [(Ω∓ kv0µ) t
′ ∓ ϕ′] , (2.16)

where we have used the definition of Ω. Let us now use the trigonometric
equality:

cosA cosB =
1

2
[cos(A+B) + cos(A−B)]

and write:

⟨∆θ∆θ⟩ =
(
δB

B0

)2
Ω2

2

∫ T

0

dt

∫ T

0

dt′ {cos [(Ω∓ kv0µ) (t+ t′)∓ (ϕ+ ϕ′)] +

+ cos [(Ω∓ kv0µ) (t− t′)∓ (ϕ− ϕ′)]}

Averaging over phases only the second term survives with ϕ = ϕ′. This is easily
seen by writing each of the two cosine terms as the product of cosines and sines
and noticing that the average is non-zero only for cos(ϕ− ϕ′) = 1.

We then have:

⟨∆θ∆θ⟩ =

(
δB

B0

)2
Ω2

2

∫ T

0

dt

∫ T

0

dt′ cos [(Ω∓ kv0µ) (t− t′)] =

=

(
δB

B0

)2
Ω2

4
2π

∫ T

0

dt δ (Ω∓ kv0µ) =

=

(
δB

B0

)2
Ω2

4
2πT δ (Ω∓ kv0µ) (2.17)
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where in passing from the first to the second line we have used:

1

2π

∫ ∞
−∞

ds eisx = δ(x)

(and the implicit assumption that our time interval will then extend to infinity,
so that −∞ < (t− t′) < ∞). One final step is that of rephrasing the Dirac delta
in Eq. 2.17 in terms of k, using the well known property that

δ(f(x)) =
δ(x− xc)

|f ′(x)|xc

with xc such that f(xc) = 0. We finally obtain:〈
∆θ∆θ

T

〉
=

(
δB

B0

)2
π

2v0µ
Ω2 δ

(
k ∓ Ω

v0µ

)
(2.18)

In practice Eq. 2.18 is telling us that the pitch angle only changes due to
resonant scattering, namely due to the interaction of particles with waves
that have a wavelength comparable with the particle Larmor radius: k =
kres = 1/(µrL), where

rL =
mγcv0
eB0

=
v0
Ω
. (2.19)

This condition guarantees that the particle and the wave stay in phase for long
enough so that effective interaction can occur.

The fact that ⟨∆θ∆θ⟩ ∝ ∆t is a sign of a diffusive behavior. We can
define a pitch-angle diffusion coefficient

Dθθ = lim
t→∞

〈
∆θ∆θ

2T

〉
= Ω2

(
δB

B0

)2
π

4v0µ
δ

(
k ∓ Ω

v0µ

)
,

and in a more useful form:

Dθθ =
π

4

(
δB

B0

)2

Ω kres δ

(
k ∓ Ω

v0µ

)
. (2.20)

Dθθ has dimensions of a rate (1/time) and it represents the rate at which a
particle changes its pitch-angle.

The above expression for the pitch-angle scattering rate was obtained for a
monochromatic perturbation of wavelength k. If one deals instead with a whole
spectrum of waves, the result in Eq. 2.20 can be generalized as follows. Let us
define the normalized power-spectrum F(k) such that:(

δB

B0

)2

=

∫ ∞
kmin

F(k)dk . (2.21)

We can now rewrite Eq. 2.20 in its most general form:

Dθθ =
π

4
Ω kres F(kres) . (2.22)
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From Dθθ it is also straightforward to derive the rate of variation of the pitch
angle cosine, µ. One has dµ = − sin θ dθ = −(1− µ2)1/2dθ. Therefore:

Dµµ = lim
T→∞

〈
∆µ∆µ

2T

〉
= (1− µ2)Dθθ = (1− µ2)

π

4
Ω kres F(kres) . (2.23)

This is the version of the pitch angle diffusion coefficient that is more frequently
used in writing the transport equation.

At this point what is left to do is to relate the particle motion in space to
the pitch angle diffusion coefficient. Let us first define the pitch-angle autocor-
relation function as:

C(τ) =
⟨µ(t+ τ)µ(t)⟩

⟨µ(t)2⟩
. (2.24)

The scattering time can then be written as:

τdiff =

∫ ∞
0

dτC(τ) =
1

Dθθ
. (2.25)

Now we can compute the average displacement of the particle along the magnetic
field direction as:

⟨∆x2
∥⟩ = ⟨∆z2⟩ = v20

∫ t+∆t

t

dt1

∫ t+∆t

t

dt2⟨µ(t1)µ(t2)⟩ =

= v20

∫ t+∆t

t

dt1

∫ t+∆t−t1

t−t1
dτ ⟨µ(t1)µ(t1 + τ)⟩ =

= v20

∫ t+∆t

t

dt1 ⟨µ(t1)2⟩
∫ t+∆t−t1

t−t1
dτC(τ) =

= v20τdiff

∫ t+∆t

t

dt1⟨µ(t1)2⟩ =

=
2

3
v20τdiff∆t (2.26)

We can then define the spatial diffusion coefficient as:

D∥ =
⟨∆x2

∥⟩
2∆t

=
1

3
v20τdiff . (2.27)

Aside from mathematics, the physical interpretation of diffusive motion is maybe
more clearly understood as follows. The scattering time is the time it takes for
the particle to change its pitch angle by 1 radian:

τdiff =
1

Dθθ
=

4

πΩkresF(kres)
. (2.28)

with

kres =
Ω

v0
=

1

rL
.
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The particle will then travel along an almost straight line for a time τdiff and
then change its direction of motion (pitch-angle) and move along the new direc-
tion for a comparable time. The particle mean free path will then be:

λ = v0τdiff , (2.29)

and the particle will diffuse in space with a spatial diffusion coefficient:

Dzz =
v0
3
λ =

1

3
v20τdiff =

4 v20
3πΩkresF(kres)

.

Re-expressing Ω in terms of the particle Larmor radius one finally finds:

Dzz =
4

3π

rLv0
kresF(kres)

=
4rLv0
3π

(
B0

δB(kres)

)2

. (2.30)

It is worth mentioning the fact that often, in astrophysical applications, the
approximation 4/π ≈ 1 is made and the spatial diffusion coefficient is written
as:

Dzz = D∥ ≈
rLc

3

(
B0

δB(kres)

)2

. (2.31)

While the particle diffuses in the direction parallel to the background mag-
netic field under the action of Alfvén waves, it will also diffuse in the direction
perpendicular to the field. The perpendicular motion can be computed, within
quasi-linear theory, as:

D⊥ =
v30
3

∫ ∞
0

dτC(τ) cos(Ωτ), (2.32)

namely integrating in time the perpendicular velocity v0 cos(Ωt) weighed by
the autocorrelation function. The integral in Eq.2.32 can be easily performed
recalling the expression for the cosine in terms of imaginary exponentials, and
using for the autocorrelation function

C(τ) = exp(−τ/τdiff ) = exp(−Dθθτ), (2.33)

Eq.2.32 then becomes:

D⊥ =
v30
3

∫ ∞
0

dτe−t/tdiff
eiΩτ − e−iΩτ

2
=

v20
3

tdiff
1 + (Ωtdiff )2

. (2.34)

We now notice that

Ωtdiff = vtdiff
Ω

v
=

λ∥

rL
>> 1 (2.35)

and finally write:

D⊥ =
D∥

1 + (λ∥/rL)2
≈ D∥

(
rL
λ∥

)2

(2.36)
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One then has:

D⊥ =
π

4

crL
3

(
δB(kres)

B0

)2

, (2.37)

which shows the important fact that the parallel diffusion coefficient is expected
to decrease with the level of turbulence while the perpendicular one is expected
to increase. In addition, the two coefficients are expected to show a difference
energy dependence, except for the special case of Bohm’s scaling (equal power
at all scales) which will be further discussed below.

2.4 A few examples of diffusion coefficients rel-
evant for CR physics

As its is clear from Eq. 2.30, the properties of the diffusive motion of the parti-
cles depend on the particular spectrum of the turbulence that is causing their
scattering. The most commonly adopted model for the spectrum of turbulence
in the Interstellar Medium is the so-called Kolmogorov’s spectrum. This
particular spectrum was worked out by Kolomogorov for hydrodynamical tur-
bulence (no magnetic field) and there is no general theoretical consensus that it
should describe also magnetized turbulence.

The steady state spectrum of the perturbations in some given environment is
generally believed to be established by a cascading process: the energy density
of a perturbation injected at some large scale is progressively redistributed at
smaller and smaller scales, down to the dissipation scale, where it is converted
into heating of the plasma. Kolmogorov’s prediction for the turbulence spectrum
is

F(k) ∝ k−5/3 , (2.38)

so that the spectrum is isotropic in k⃗ and most of the power is at large scales.
Several studies, during the last 20 years or so have shown that in reality, in the
presence of a dynamically relevant magnetic field, the turbulent cascade has an
anisotropic development, different in the direction parallel and perpendicular to
the large scale magnetic field. In the Galaxy, the magnetic field energy density is
comparable with the thermal energy density and hence one expects the magnetic
effects to be important. This is the main objection against the adoption of a
Kolmogorov’s description of the turbulence spectrum in the Galaxy. However,
in a number of astrophysical contexts where measurements of the turbulence
spectrum have been possible, an excellent agreement with Kolmogorov’s theory
has been found.

An alternative spectrum, also observed in some laboratory experiments is
the Kraichnan’s spectrum

F(k) ∝ k−3/2 , (2.39)

which is still isotropic but flatter than Kolmogorov’s, namely with power more
evenly distributed between the different wavelengths.
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Finally, a spectrum that is very often invoked is the Bohm’s spectrum:

F(k) ∝ k−1 , (2.40)

which is even flatter and assumes that power is equally distributed among all
wavelengths. As we will see this is often invoked in the description of parti-
cle acceleration, while the former two are often assumed to describe particle
transport in the Galaxy.

The assumption of a particular turbulence spectrum reflects in a particular
energy dependence of the diffusion coefficient, as one can readily see by recalling
that kres ∝ p−1. Let us now see how the diffusion coefficient looks like for the
three spectra mentioned above.

We normalize the turbulence assuming some particular value

ξout =

(
δB(Lout)

B0

)2

at the turbulence injection scale Lout. For a generic power-law dependence of
the turbulence spectrum one has:

F(k) =


(α− 1)

ξout
kout

(
k

kout

)−α
if α ̸= 1

ξoutk
−1

ln(kmax/kout)
if α = 1

(2.41)

where kout = 1/Lout (do not worry about factors 2π). With this expression of
F we can rewrite the diffusion coefficient as:

D∥(E) =


4cLout

3πξout

(
rL(E)

Lout

)2−α

if α ̸= 1

4crL
3πξout

1

ln(kmax/kout)
if α = 1

(2.42)

The first thing one notices is the different scaling of D∥ with particle energy
in the 3 cases:

DKol ∝ E1/3 Kolmogorov diffusion

DKr ∝ E1/2 Kraichnan diffusion

DB ∝ E Bohm diffusion.

(2.43)

Another consideration concerns the typical value of the diffusion coefficient for
particle of a given energy, e.g. 1 GeV. In the Galaxy, it is generally believed
that the main source of turbulence is provided by Supernova Remnants, which
inject hydrodynamical turbulence at a scale Lout ≈ 100 pc. On that scale the
turbulent magnetic field is expected to have comparable energy density to the
ordered magnetic field ξout = 1. It is then straightforward to compute:

DKol(GeV ) ≈ 9× 1027 ξ−1out cm
2/s Kolmogorov diffusion

DKr(GeV ) ≈ 4.5× 1026 ξ−1out cm
2/s Kraichnan diffusion

DB(GeV ) ≈ 5× 1020 ξ−1out cm
2/s Bohm diffusion.

(2.44)
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2.5 Wave self-generation

In reality GeV particles are expected to efficiently generate turbulence in the
Galaxy through their streaming, by the same process that provides to their
(near) isotropization. We mentioned that the level of anisotropy detected at
GeV energies is of order:

δ ≈ 10−3 ≈ vA
c

,

which suggests a picture in which particles have a bulk motion that occurs at
the Alfvén speed, in agreement with a picture in which they are isotropic in a
frame moving with Alfvén waves int the ISM. This means that while interacting
with Alfvén waves particles must lose momentum density at a rate:

dPpart

dt
=

nCRmγ(vbulk − vA)

τdiff
(2.45)

where nCR is the number density of resonant CRs, γ is their Lorentz factor and
vbulk is the initial bulk velocity of the energetic particles.

This momentum density must have gone into waves, so that one can write:

dPwave

dt
=

1

vA

dEw

dt
= 2

Γw

vA

δB2

8π
=

dPpart

dt
, (2.46)

where in the first equality we have used the relation between wave energy and
momentum density Ewave = vphasePwave and in the second one the definition
of wave growth rate Γw = Im(ω) and δB ∝ exp[−i(ωt− kz)].

From Eq. 2.45 and 2.46 it is straightforward to derive:

Γw =
nCRmγ(vbulk − vA)

τdiff

8πvA
2 δB2

and after recalling the definition of τdiff and Alfvén speed:

Γw =
π

4

nCR

ni

(vbulk − vA)

vA
ωci (2.47)

where ni is the density of ions in the plasma and ωci is the non-relativistic
gyration frequency of ions. The above expression coincides within a factor of
order 1 with the one that can be derived through a more formal treatment of the
overall plasma made by ISM + Cosmic Rays, following the scheme of derivation
of the wave dispersion relation illustrated in Lecture 2.

Important things to notice:

• Γw will be positive and Alfvén waves will grow every time one has super-
alfvénic streaming of energetic particles

• the growth rate is independent of the unperturbed magnetic field strength,
except for setting the Alfvén speed (B0 disappears thanks to the ratio
between vA and ωci)
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• how fast the wave growth will be and whether it will be important depends
on the number of resonant cosmic rays: this implies that for a steep particle
spectrum the growth of large wavelengths will be effectively suppressed.

The last sentence deserves a few more words of comment. It is important to
realize that in the case of a steep particle spectrum, such as that of diffuse CRs
in the Galaxy (∝ E−2.7) the number of resonant particles quickly decreases with
increasing wavelength of the waves. What one then expects is that CRs will be
able to efficiently generate the turbulence to scatter them at reasonably low
energies, whereas they will scatter on externally generated turbulence at larger
energies. Such an effect is immediately seen to be a possible cause of a break
(change of spectral index) in the energy dependence of the diffusion coefficient
in the Galaxy. This offers a possible interpretation for the hardenings observed
in the spectra of protons and nuclei which we discussed in the introduction.
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Lecture 3: From the
Fokker-Planck Equation to
the Transport Equation

3.1 The Fokker-Planck equation

Our purpose in this section is that of deriving the Fokker-Planck equation,
which describes the changes in the particle distribution function due
to particle interactions that lead to diffusion in momentum space.
This process is obviously at the basis of any acceleration process.

Let us consider the particle distribution function in phase-space f(x⃗, p⃗, t)
such that the number of particles in the volume element centered around (x⃗, p⃗)
at time t is f(x⃗, p⃗, t) d3x⃗ d3p⃗. Let us assume, as is reasonable to do, that diffusion
in momentum space is a Markov process: this means that the probability that a
particle undergoes a change of its momentum by ∆p⃗ only depends on the current
position and momentum of the particle, while not on its previous history.

We introduce the probability function Ψ(p⃗,∆p⃗) that a particle with momen-
tum p⃗ changes its momentum by ∆p⃗. Being a probability the function Ψ is
normalized so that: ∫

d∆p⃗ Ψ(p⃗,∆p⃗) = 1 (3.1)

We can now write the distribution function at (x⃗′, p⃗, t+∆t) with x⃗′ = x⃗+ v⃗∆t
in terms of the distribution function at time t. These particles will come from
those that at time t were sitting at x⃗ and had a momentum p⃗−∆p⃗:

f(x⃗+ v⃗∆t, p⃗, t+∆t) =

∫
d∆p⃗ Ψ(p⃗−∆p⃗,∆p⃗) f(x⃗, p⃗−∆p⃗, t) (3.2)
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For small ∆p⃗ we can expand both f and Ψ:

f(x⃗+ v⃗∆t, p⃗, t+∆t) = f(x⃗, p⃗, t) +

(
v⃗ · ∂f

∂x⃗
+

∂f

∂t

)
∆t

f(x⃗, p⃗−∆p⃗, t) = f(x⃗, p⃗, t)−∆p⃗ · ∂f
∂p⃗

+
∆p⃗∆p⃗

2

∂2f

∂p⃗2

Ψ(p⃗−∆p⃗,∆p⃗) = Ψ(p⃗,∆p⃗)−∆p⃗ · ∂Ψ
∂p⃗

+
∆p⃗∆p⃗

2

∂2Ψ

∂p⃗2

Introducing these expressions in Eq. 3.2 we obtain:

f(x⃗, p⃗, t) +

(
v⃗ · ∂f

∂x⃗
+

∂f

∂t

)
∆t =

∫
d∆p⃗

[
f(x⃗, p⃗, t)−∆p⃗ · ∂f

∂p⃗
+

∆p⃗∆p⃗

2

∂2f

∂p⃗2

]
×

×
[
Ψ(p⃗,∆p⃗)−∆p⃗ · ∂Ψ

∂p⃗
+

∆p⃗∆p⃗

2

∂2Ψ

∂p⃗2

]
which can be expanded as:

f +

(
v⃗ · ∂f

∂x⃗
+

∂f

∂t

)
∆t =

∫
d∆p⃗[

fΨ−
(
f
∂Ψ

∂p⃗
+Ψ

∂f

∂p⃗

)
∆p⃗+

(
f
∂2Ψ

∂p⃗2
+Ψ

∂2f

∂p⃗2
+ 2

∂Ψ

∂p⃗

∂f

∂p⃗

)
∆p⃗∆p⃗

2

]
and using Eq. 3.1:(

v⃗ · ∂f
∂x⃗

+
∂f

∂t

)
∆t = −

∫
d∆p⃗

∂(fΨ)

∂p⃗
∆p⃗+

1

2

∫
d∆p⃗

∂2(fΨ)

∂p⃗2
∆p⃗ ∆p⃗ (3.3)

Now let us introduce: 〈
∆p⃗

∆t

〉
=

1

∆t

∫
d∆p⃗ ∆p⃗ Ψ (3.4)

and 〈
∆p⃗∆p⃗

∆t

〉
=

1

∆t

∫
d∆p⃗ ∆p⃗ ∆p⃗ Ψ (3.5)

then Eq. 3.3 becomes:

∂f

∂t
+ v⃗ · ∂f

∂x⃗
= − ∂

∂p⃗

[
f

〈
∆p⃗

∆t

〉]
+

1

2

∂

∂p⃗2

[
f

〈
∆p⃗∆p⃗

∆t

〉]
(3.6)

To make further progress, we now need to say a bit more about the RHS of
Eq. 3.6. A reasonable assumption is that of detailed balance, or symmetry in
momentum-space:

Ψ(p⃗,−∆p⃗) = Ψ(p⃗−∆p⃗,∆p⃗) (3.7)

which states that the probability that a particle of momentum p⃗ changes its
momentum by −∆p⃗ is the same as the probability that a particle of momentum
p⃗−∆p⃗ changes its momentum by ∆p⃗.
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Let us now rewrite the above equation, expanding the RHS:

Ψ(p⃗,−∆p⃗) = Ψ(p⃗,∆p⃗)−∆p⃗
∂Ψ

∂p⃗
+

∆p⃗∆p⃗

2

∂2

∂p⃗2
Ψ(p⃗,∆p⃗) (3.8)

If we now integrate in ∆p⃗, remembering the normalization of Ψ and the fact
that p⃗ and ∆p⃗ are independent variables, we find:

1 = 1−
∫

d∆p⃗
∂Ψ

∂p⃗
∆p⃗+

1

2

∫
d∆p⃗

∂

∂p⃗

[
∂Ψ

∂p⃗
∆p⃗2

]
and finally:

∂

∂p⃗

∫
d∆p⃗ Ψ ∆p⃗− 1

2

∂

∂p⃗2

∫
d∆p⃗ Ψ ∆p⃗∆p⃗ = 0 (3.9)

which means (recalling the definition in Eq. 3.4 and 3.5):

∂

∂p⃗

[〈
∆p⃗

∆t

〉
− 1

2

∂

∂p⃗

〈
∆p⃗∆p⃗

∆t

〉]
= 0 (3.10)

This means that the difference in brackets is a constant, and since for small
values of p⃗ both coefficients generally vanish (this approach is valid for small
∆p⃗/p⃗), one can safely write:〈

∆p⃗

∆t

〉
=

1

2

∂

∂p⃗

〈
∆p⃗∆p⃗

∆t

〉
(3.11)

Going now back to Eq. 3.6, we have:

∂f

∂t
+v⃗·∂f

∂x⃗
= −∂f

∂p⃗

〈
∆p⃗

∆t

〉
−f

∂

∂p⃗

〈
∆p⃗

∆t

〉
+
1

2

∂

∂p⃗

[
∂f

∂p⃗

〈
∆p⃗∆p⃗

∆t

〉
+ f

∂

∂p⃗

〈
∆p⃗∆p⃗

∆t

〉]
which, taking advantage of the relation among the coefficients in Eq. 3.11 implies

∂f

∂t
+ v⃗ · ∂f

∂x⃗
= −1

2

∂f

∂p⃗

∂

∂p⃗

〈
∆p⃗∆p⃗

∆t

〉
− f

2

∂2

∂p⃗2

〈
∆p⃗∆p⃗

∆t

〉
+

1

2

∂

∂p⃗

[
∂f

∂p⃗

〈
∆p⃗∆p⃗

∆t

〉
+ f

∂

∂p⃗

〈
∆p⃗∆p⃗

∆t

〉]
and further:

∂f

∂t
+ v⃗ · ∂f

∂x⃗
= −1

2

∂f

∂p⃗

∂

∂p⃗

〈
∆p⃗∆p⃗

∆t

〉
− f

2

∂2

∂p⃗2

〈
∆p⃗∆p⃗

∆t

〉
+

1

2

∂2f

∂p⃗2

〈
∆p⃗∆p⃗

∆t

〉
+

1

2

∂f

∂p⃗

∂

∂p⃗

〈
∆p⃗∆p⃗

∆t

〉
+

1

2

∂f

∂p⃗

∂

∂p⃗

〈
∆p⃗∆p⃗

∆t

〉
+

f

2

∂2

∂p⃗2

〈
∆p⃗∆p⃗

∆t

〉
Noticing that the 1st and 5th term on the RHS cancel and so do the 2nd and
6th,

∂f

∂t
+ v⃗ · ∂f

∂x⃗
=

1

2

∂2f

∂p⃗2

〈
∆p⃗∆p⃗

∆t

〉
+

1

2

∂f

∂p⃗

∂

∂p⃗

〈
∆p⃗∆p⃗

∆t

〉
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and finally:
∂f

∂t
+ v⃗ · ∂f

∂x⃗
=

1

2

∂

∂p⃗

[〈
∆p⃗∆p⃗

∆t

〉
∂f

∂p⃗

]
(3.12)

If we now define

Dpp =
1

2

〈
∆p⃗∆p⃗

∆t

〉
(3.13)

we are finally able to write the Fokker-Planck equation as:

∂f

∂t
+ v⃗ · ∂f

∂x⃗
=

∂

∂p⃗

[
Dpp

∂f

∂p⃗

]
(3.14)

What is Dpp? The answer is simple in the case of particles interacting with
Alfvén waves. When working out the motion of a particle in a magnetic field
perturbed by low frequency waves, we had found that the particle velocity was
mostly changing due to resonant interactions with the waves and worked out
the angular diffusion coefficient Dµµ, defined as:

Dµµ =
1

2

〈
∆µ∆µ

∆t

〉
(3.15)

where µ was the cosine of the particle pitch angle, namely the angle between its
direction of motion and the local unperturbed magnetic field direction:

p∥ = pµ . (3.16)

We then easily see that, if the only relevant change in momentum is due to
interaction with Alfvén waves:

Dpp =
1

2

〈
∆p⃗∆p⃗

∆t

〉
=

p2

2

〈
∆µ∆µ

∆t

〉
= p2Dµµ , (3.17)

where we have used the fact that the particle energy (and hence p) is conserved
in interactions with low frequency small amplitude magnetic perturbations. At
the same time we have:

∂

∂p⃗

[
Dpp

∂f

∂p⃗

]
=

∂

∂p∥

[
p2 Dµµ

∂f

∂p∥

]
=

=
∂

∂µ

[
Dµµ

∂f

∂µ

]
(3.18)

In this simple, but most useful, case the Fokker Planck equation simply
becomes:

∂f

∂t
+ v⃗ · ∂f

∂x⃗
=

∂

∂µ

[
Dµµ

∂f

∂µ

]
(3.19)
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3.2 Pitch angle scattering and spatial diffusion

Let us consider the one-dimensional distribution function f(z, p, t) of particles

immersed in a background magnetic field B⃗0 = B0ẑ. The Fokker-Planck equa-
tion will read, in this case:

∂f

∂t
+ vµ

∂f

∂z
=

∂

∂µ

[
Dµµ

∂f

∂µ

]
(3.20)

Let us average this equation in dµ:∫ 1

−1
dµ

∂f

∂t
+

∫ 1

−1
dµvµ

∂f

∂z
=

∫ 1

−1
dµ

∂

∂µ

[
Dµµ

∂f

∂µ

]
After defining, the pitch-angle average of the distribution function,

F (z, t) =
1

2

∫ 1

−1
dµf(z, µ, t) , (3.21)

we obtain:
∂F

∂t
+

∫ 1

−1
dµ

v

2
µ
∂f

∂z
=

1

2

[
Dµµ

∂f

∂µ

]1
−1

= 0 , (3.22)

where the last equality is due to the fact that Dµµ → 0 for µ → ±1 (remember
Dµµ ∝ (1− µ2)).

If we also define the current density associated with the particle distribution:

J(z, t) =
1

2

∫ 1

−1
dµ v µ f(z, µ, t) (3.23)

Eq. 3.22 becomes:
∂F

∂t
= −∂J

∂z
(3.24)

We now seek an expression for J(z, t). A convenient way to proceed is the
following:

J(z, t) =
1

2

∫ 1

−1
dµ v µ f(z, µ, t) =

= −v

4

∫ 1

−1
dµ f(z, µ, t)

d

dµ
(1− µ2) =

= −v

4

{[
(1− µ2)f

]1
−1 −

∫ 1

−1
dµ (1− µ2)

∂f

∂µ

}
=

=
v

4

∫ 1

−1
dµ (1− µ2)

∂f

∂µ
(3.25)

which makes explicit the fact that the dependence on µ of the distribution
function is what establishes the current.
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We now seek for an expression for ∂f/∂µ in terms of pitch-angle averaged
quantities. In order to do this we integrate Eq. 3.20 between −1 and µ and
obtain:

∂

∂t

∫ µ

−1
dµ′ f +

∫ µ

−1
dµ′ vµ′

∂f

∂z
= Dµµ

∂f

∂µ
.

This implies:

(1− µ2)
∂f

∂µ
=

1− µ2

Dµµ

∂

∂t

∫ µ

−1
dµ′ f +

1− µ2

Dµµ

∂

∂z

∫ µ

−1
dµ′ vµ′ f

We now assume nearly isotropy of the distribution function, which implies
f(x, µ, t) = F + µf1 with f1 ≪ F . We then obtain:

(1− µ2)
∂f

∂µ
=

1− µ2

Dµµ
(µ+ 1)

∂F

∂t
+

1− µ2

Dµµ

v

2
(µ2 − 1)

∂F

∂z

Integrating then between −1 and 1 as in the RHS of Eq. 3.25, we obtain:

J =
v

4

∂F

∂t

∫ 1

−1
dµ

(1− µ2)(1 + µ)

Dµµ
− v2

8

∂F

∂z

∫ 1

−1
dµ

(1− µ2)2

Dµµ
(3.26)

If we now define

Dtt =
v

4

∫ 1

−1
dµ

(1− µ2)(1 + µ)

Dµµ
(3.27)

and

Dzz =
v2

8

∫ 1

−1
dµ

(1− µ2)2

Dµµ
(3.28)

we can rewrite Eq. 3.26 as:

J = Dtt
∂F

∂t
−Dzz

∂F

∂z
.

Using the above result into Eq. 3.24 we obtain:

J = −Dtt
∂J

∂z
−Dzz

∂F

∂z

and
∂F

∂t
=

∂

∂z

(
Dtt

∂J

∂z
+Dzz

∂F

∂z

)
(3.29)

If we now assume that the degree of anisotropy of f is small, we can write
f(z, µ, t) = F (z, t) + f1µ with f1 ≪ F . An approximate estimate of the current
then gives:

J(x⃗, t) =
v

2

∫ 1

−1
dµ µ(F + f1µ) ≈

2

3

v

2
f1 ≪ vF (x⃗, t)

We can then neglect the first term on the RHS of Eq. 3.29, which reduces to:

∂F

∂t
=

∂

∂z

(
Dzz

∂F

∂z

)
. (3.30)

The evolution of the particle distribution function is seen to be determined by
a diffusive current, with Dzz the spatial diffusion coefficient.
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3.3 The transport Equation

We previously saw that in an inertial frame, the Fokker-Planck equation,

∂f

∂t
+ v⃗ · ∂f

∂x⃗
=

∂

∂p⃗

[
Dp⃗p⃗

∂f

∂p⃗

]
,

which can be written in 1D as

∂f

∂t
+ vµ

∂f

∂z
=

∂

∂µ

[
Dµµ

∂f

∂µ

]
, (3.31)

leads to a spatial diffusion equation:

∂F

∂t
=

∂

∂z

[
Dzz

∂F

∂z

]
(3.32)

where

F (z, t) =
1

2

∫ 1

−1
dµf . (3.33)

We now want to generalize this equation to a non-inertial reference frame in
motion with respect to the observer with velocity u⃗ = uẑ. The scattering can
be considered as elastic in the reference frame moving with the speed of the
scattering centers. If these are Alfvèn waves, they will move at a speed vA with
respect to the background plasma, with vA << u and also u << c.

Let us call f(x⃗, p⃗, t) the distribution function in the inertial frame, in which
Eq. 3.19 was derived. Let us then call f ′(x⃗, p⃗′, t) the distribution function in the
non inertial frame, moving with the scattering centers. Since the distribution is
a Lorentz invariant the following relation will hold:

f(x⃗, p⃗, t) = f ′(x⃗, p⃗′ = p⃗− (E/c2)u⃗, t) =

= f ′(x⃗, p⃗, t)− E
c2 u⃗ · ∂

∂p⃗′ f
′(x⃗, p⃗, t) ,

(3.34)

where we have used the Lorentz transformation of momentum.
Let us rewrite Eq. 3.19 for a 1-D case, to which we will restrict in the

following:
∂f

∂t
+ vz

∂f

∂z
=

∂

∂µ

[
Dµµ

∂f

∂µ

]
, (3.35)

now becomes:

∂f ′

∂t
+ (v′z + u)

[
∂f ′

∂z
− E

c2
du

dz

∂f ′

∂p′z

]
=

∂

∂µ

[
Dµµ

∂f ′

∂µ

]
. (3.36)

The proper treatment of the term on the RHS is very lengthy and we will
not go through it, simply adopting the approximation µ = µ′. Our neglect of
proper angular transformation impacts second order corrections in terms of u/c
and makes Eq. 3.37 unsuitable to treat phenomena such as second-order Fermi
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acceleration. Proper calculations can be found, however, in e.g. Blandford &
Eichler (1987, Physics Reports, 154, 1).

One last step we take is to express the particle energy E in terms of its
momentum p, and finally obtain:

∂f ′

∂t
+ (v′z + u)

∂f ′

∂z
− p′z

du

dz

∂f ′

∂p′z
=

∂

∂µ′

[
Dµ′µ′

∂f ′

∂µ′

]
. (3.37)

Next step is to notice that in Eq. 3.37 a mixed notation has been used,
involving derivatives with respect to µ and with respect to pz = pµ. Now, from
the definitions:

p∥ = pµ

p⊥ = p
√
1− µ2,

we have:

dp∥ = µdp+ pdµ

dp⊥ =
√
1− µ2dp− pµdµ√

1− µ2

or, in matrix form:dp∥

dp⊥

 =

 µ p√
1− µ2 − pµ√

1−µ2


dp

dµ

 . (3.38)

The inverse transformation is then:dp

dµ

 =

 µ
√
1− µ2

1−µ2

p −µ
√

1−µ2

p


dp∥

dp⊥

 . (3.39)

Therefore one has:

dp = µdp∥ +
√
1− µ2dp⊥

dµ = (1− µ2)
dp∥

p
− µ

√
1− µ2

dp⊥
p

We can therefore write:

df

dpz
=

∂f

∂p∥
=

∂f

∂p

∂p

∂p∥
+

∂f

∂µ

∂µ

∂p∥
= µ

∂f

∂p
+

1− µ2

p

∂f

∂µ
. (3.40)

Now we further notice that for non-relativistic speeds p⃗ ≈ p⃗′ and µ ≈ µ′, and
that the dependence of f on µ is expected to be much weaker than its dependence
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on p, with ∂f/∂µ → 0. After all these considerations, Eq. 3.37 can finally be
written as:

∂f

∂t
+ (u+ vµ)

∂f

∂z
− pµ2 du

dz

∂f

∂p
=

∂

∂µ

[
Dµµ

∂f

∂µ

]
. (3.41)

One can now introduce again the pitch-angle averaged function F

F =
1

2

∫ 1

−1
dµ f , (3.42)

and the current J ,

J =
1

2

∫ 1

−1
v µ dµ f , (3.43)

and go through the same kind of considerations and calculations that we did
when deriving the diffusion equation. Our starting point on that occasion was:

∂f

∂t
+ vµ

∂f

∂z
=

∂

∂µ

[
Dµµ

∂f

∂µ

]
, (3.44)

and we obtained:
∂F

∂t
= −∂J

∂z
=

∂

∂z

(
Dzz

∂F

∂z

)
(3.45)

The main difference in the present case is the addition of the 2nd and 4th

terms of the LHS. The 2nd term is easily seen to be exactly of the same form
as the 1st one and hence its only effect is that one has to replace the ∂/∂t with
∂/∂t + u∂/∂z in the calculations we already did. To deal with the 4th term,
instead, we approximate f ≈ F in Eq. 3.41 so that integrating in µ between −1
and 1 we obtain:

∂F

∂t
+ u

∂F

∂z
− p

3

du

dz

∂F

∂p
= −∂J

∂z
(3.46)

We then can easily infer from analogy with Eq. 3.24 which was leading to
Eq. 3.30 that this new, more general equation, will lead to:

∂F

∂t
+ u

∂F

∂z
− 1

3

(
du

dz

)
p
∂F

∂p
=

∂

∂z

[
Dzz

∂F

∂z

]
(3.47)

This is now the most general equation describing the transport of particles
under the effects of advection, adiabatic compression or expansion and spatial
diffusion. This is the main tool to describe the particle transport and accel-
eration in the absence of energy losses. The latter, when present, must be
separately included.
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Lecture 4: Shock Waves
and the Fermi Acceleration
mechanism

4.1 Shock Waves

Normally all quantities characterizing a plasma vary with continuity in space.
In some cases, however, discontinuities may arise: shocks are formed as the
non-linear evolution of a perturbation. The most frequent instance is that in
which they are produced by the presence of an obstacle moving relative to the
fluid.

Information is passed through the different elements of the plasma at the
speed of sound. If an obstacle is moving through the plasma at a speed slower
than that of sound (or more generally than that characterizing perturbations
in the medium), far parts of the fluid are informed of its presence by waves
propagating in the fluid at Cs, so that there is time for the fluid to adapt to the
obstacle, for example by diverting its flow. In this case the fluid will do it in a
smooth wave, with small amplitude (linear) waves.

If the obstacle is moving at a speed larger than the characteristic speed of
perturbations, instead, there is no time for the information to propagate and
for the fluid to adjust. In the vicinity of the obstacle the pressure increases
quickly but further upstream the fluid does not know about the obstacle and
continues its motion relative to it unperturbed. A discontinuity develops, with
the properties of the fluid showing very large amplitude variations in a very small
region, typically of the order of the mean free path of particles in the fluid: this
is what we refer to as a discontinuity. In such a situation we can distinguish 3
different regions within the fluid: 1) an unperturbed region far upstream, where
the fluid particles are still unaware of the presence of the obstacle; 2) a region
in which the temperature of the fluid has increased at the expense of its bulk
speed, so that the sound speed is higher and the presence of the obstacle can
be communicated to distant fluid elements so that they can adjust smoothly;
3) a small transition region between the two in which the bulk kinetic energy
of the fluid is converted into thermal energy with an increase in entropy. This
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third region is the shock, and we think this is also the region in which particle
acceleration takes place together with dissipative phenomena.

4.1.1 The Rankine-Hugoniot relations

In this section we will see that despite the enormous complexity of the physics
involved in the shock transition, there are very simple equations relating the
macroscopic properties of the flow downstream and upstream of the shock. Let
us consider the geometry sketched in Fig. 4.3. and let us assume that velocities

Figure 4.3: Schematic picture of a plane-parallel shock wave. The unperturbed
medium approaches the shock from the left (upstream infinity). Its initial ve-
locity in the shock frame is U1 and at the shock is slowed down to a velocity
U2.

U1 and U2 are along the x-axis. Outside the discontinuity we know that the
dynamics of the fluid is well described by the MHD equations, which in the case
of one-dimensional motion simply read:

∂ρ

∂t
+

∂

∂x
(ρU) = 0

∂

∂t
(ρU) +

∂

∂x

(
ρU2 + p

)
= 0

∂

∂t

(
ρU2

2
+ ϵ

)
+

∂

∂x

[(
p+ ϵ+

ρU2

2

)
U

]
= 0

In general also terms containing the electromagnetic fields would enter these
equations. How these terms behave depends on the relative orientation of the
magnetic field with respect to the fluid and we will discuss this issue later.
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For the moment let us consider these equations in a system of reference at
rest with the shock. Let us assume steady state in this system and integrate
the equations in space around the discontinuity, which we assume infinitesimal
and located at the origin of our reference frame (x = 0). We find:

[ρU ]
0+

0− = 0[
ρU2 + p

]0+
0−

= 0[(
p+ ϵ+

ρU2

2

)
U

]0+
0−

= 0,

which, after identifying quantities upstream (downstream) with the subscript 1
(2), can be rewritten as:

ρ2 U2 = ρ1 U1 (4.1)

ρ2 U2
2 + p2 = ρ1 U2

1 + p1 (4.2)

1

2
ρ2 U3

2 +
Γ

Γ− 1
p2 U2 =

1

2
ρ1 U3

1 +
Γ

Γ− 1
p1 U1 (4.3)

where we have used the relation between internal energy and pressure ϵ =
p/(Γ− 1), with Γ the fluid adiabatic index.

Let us now define, based on Eq. 4.1, the so-called compression ratio, R:

R =
U1

U2
=

ρ2
ρ1

, (4.4)

and let us also define the shock Mach number, M:

M1 =
U1

cs1
(4.5)

where cs1 is the speed of sound in the upstream medium, which can be expressed
in terms of pressure and density as:

c2s = Γ
p

ρ
. (4.6)

We can then rewrite Eqs. 4.2 as:

ρ1U
2
1

R
+ p2 = ρ1U

2
1 +

ρ1U
2
1

Γ M2
1

and obtain:

p2 = ρ1U
2
1

[
1− 1

R
+

1

ΓM2
1

]
. (4.7)

Inserting this expression for p2 into Eq. 4.3 we obtain:

ρ1U
3
1

2
+

ρ1U1

Γ− 1

U2
1

M2
1

=
ρ1U1

2

ρ1U
2
1

R2
+

Γ

Γ− 1

U1

R
ρ1U

2
1

[
1− 1

R
+

1

ΓM2
1

]
,
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which simplifies to

1

2
+

1

M2
1 (Γ− 1)

=
1

2R2
+

Γ

(Γ− 1)R
− Γ

(Γ− 1)R2
+

1

(Γ− 1)RM2
1

,

and further to

1

2

(
1− 1

R2

)
+

1

(Γ− 1)M2
1

(
1− 1

R

)
− Γ

Γ− 1

1

R

(
1− 1

R

)
= 0 .

We finally obtain an equation that reads(
1− 1

R

){
1

2
+

1

(Γ− 1)M2
1

+
1

R

(
1

2
− Γ

Γ− 1

)}
= 0

and more clearly:

(R− 1)

[
R− (Γ + 1)

Γ− 1 + 2
M2

1

]
= 0 . (4.8)

Eq. 4.8 makes clear what the possible solutions are for the compression ratio at
the transition between any 2 media depending on the upstream Mach number.
If the upstream medium were propagating at the speed of sound, M1 = 1, the
only possible solution is clearly seen to be the continuous one, R = 1, whereas
for M1 → ∞, another root of the equation appears with the compression ratio
R > 1 and only depending on the fluid adiabatic index:

R =


1 M1 → 1

Γ+1
Γ−1 M1 → ∞

(4.9)

For the dynamically relevant quantities one has:

ρ2
ρ1

= R =
Γ + 1

Γ− 1
(4.10)

U2

U1
=

1

R
(4.11)

p2
ρ1U2

1

= 1− 1

R
+

1

ΓM2
1

(4.12)

4.1.2 Jump conditions for the magnetic field

The above conditions are valid for hydrodynamical shock waves, namely for
cases where the magnetic field pressure is negligible with respect to the thermal
pressure, ore more generally for cases in which the Alfvènic Mach number
of the shock, MA is large, where the latter is defined as:

MA =
U1

vA
(4.13)
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with vA the Alfvèn speed. Granted the condition of a high Alfvènic Mach
number, how the magnetic field is affected by the shock is readily seen.

Since we can ignore the magnetic pressure and tension terms in the equa-
tions for conservation of momentum and energy, we can rewrite the shock jump
conditions in exactly the same way as above and simply add the equations for
the electric and magnetic field. Namely:

∇⃗ · B⃗ = 0

and

∇⃗ ∧

(
U⃗

c
∧ B⃗

)
= 0

Let us define B∥ as the magnetic field component aligned with the shock normal
and B⊥ as the perpendicular one (lying in the plane of the shock). Then it is
easy to see that the 2 equations above, when integrated across the shock, turn
into the jump conditions:

B∥2 = B∥2 (4.14)

U2 B⊥2 = U1 B⊥1 (4.15)

so that the parallel component of the magnetic field is simply continuous across
the shock, while the perpendicular component is increased by a factor equal to
the compression ratio: B⊥2 = R B⊥1.

4.2 Fermi mechanism

4.2.1 2nd Order Fermi Acceleration

The original idea put forward by Fermi was that particles could gain energy as
a result of collisions with magnetized clouds, according to the scheme sketched
in Fig. 4.4.

Let us consider a particle with initial energy E1 in the lab frame, which
enters a magnetized cloud moving at a speed V towards the right. In the cloud
the particle starts interacting with Alfvèn waves and the interaction results
in energy conserving pitch angle scattering as we extensively discussed in the
section devoted to wave-particle interactions. In the rest frame of the cloud, the
initial particle energy and its initial momentum along the direction of motion
of the cloud x read:

E′1 = γ(E1 − βcpx1)

p′x1 = γ

(
px1 − β

E1

c

)
where β = V/c and γ = (1 − β2)−1/2 with V the velocity of the cloud. Using
the relation between particle energy and momentum,

p

E
=

mγpv

mγpc2
=

v

c2
,
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Figure 4.4: Picture at the basis of Fermi II shock acceleration mechanism.

and assuming that we are dealing with relativistic particles v ≈ c, we can then
express the particle parallel momentum as a function of particle energy and
impact angle alone:

p′x2 ≈ E′1
c
µ,

with µ the cosine of the angle between the particle velocity and the x axis.
When the particle leaves the cloud, its energy in the rest frame of the cloud is
unchanged, and the only thing that has changed is its direction of motion:

E′2 = E′1 (4.16)

p′x2 =
E′2v

c2
µ′ ≈ E′2

c
µ′. (4.17)

Now we compute the particle energy in the lab frame after it leaves the
cloud:

E2 = γ(E′2 + βcp′x2) =

= γE′2(1 + βµ′) =

= γ2E1(1− βµ)(1 + βµ′)

and then compute the fractional energy change the particle has undergone due
to the interaction with the cloud:

∆E

E
=

E2 − E1

E1
= γ2

[
β2(1− µµ′)− β(µ− µ′)

]
. (4.18)

In general the particle can either gain or lose energy when impacting the
cloud depending on the relative magnitude of the two terms and on whether
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the collision is head-on (0 < µ < 1) or tail-off (−1 < µ < 0). The gain will also
depend on what one assumes for the distribution of outcoming angles. In the
followign we will assume that the particles are fully isotropized in the cloud, in
which case the values of µ′ are uniformly distributed in the interval −1 < µ′ < 1.
The average energy change undergone by the particle is then computed as:〈

∆E

E

〉
=

∫ 1

−1
dµP (µ)

∫ 1

−1
dµ′P (µ′)

∆E

E
(µ, µ′). (4.19)

with ∆E/E given by Eq. 4.18.
The probability for a particle to impact on the cloud with a given angle will

in general be proportional to the relative velocity: P (µ) ∝ vrel = (v − V µ) with
the proportionality constant established by the condition∫ 1

−1
dµP (µ) = 1,

from which

Pc,in(µ) =
(v − V µ)

2v
. (4.20)

As for the distribution of µ′, one has in the case of isotropy:

Piso(µ
′) =

1

2
(4.21)

We now compute the average of the quantities appearing in Eq. 4.18 in the
case of isotropization. Using Eq. 4.21 for P (µ′):

⟨µ′⟩ = 1

2

∫ 1

−1
dµ′ µ′ = 0

Then one has:〈
∆E

E

〉
=

∫ 1

−1
dµ

v − V µ

2v

[
β2 − βµ

]
=

∫ 1

−1
dµ

β2 + β2µ2

2
=

4

3
β2 (4.22)

where we have used v ≈ c.
Hence the energy gain is second order in β and β ≪ 1 since the clouds or

magnetic perturbations move at the Alfvèn speed. As a result the energy gain
in each encounter is small and the acceleration process is slow. The reason for
this is the fact that encounters with the clouds are random, some lead to energy
gains and some to losses and it is only the fact that head on collisions are slightly
more probable that leads to an overall energy gain. This also suggests how the
process can be made faster, namely by having only positive encounters, which
is exactly what happens at a shock wave.
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4.2.2 First order Fermi acceleration

The useful aspect of a shock wave from the point of view of acceleration is that
particles always experience head on collisions when bouncing back and forth
across the shock front. The trajectory of a particle crossing the shock front
from upstream to downstream and back is illustrated in Fig. 4.5 as seen from
a reference frame at rest with the shock wave. In Fig. 4.6 the situation as seen

Figure 4.5: Picture at the basis of Fermi I shock acceleration mechanism.

from the upstream and downstream is shown. It is clear that from each side of
the shock the particle sees the other side approaching. Indeed, if in the shock
frame one has the upstream medium moving with speed U1 and the downstream
medium moving with speed U2, in the upstream frame one will see the shock
moving at a speed V = −U1 and the downstream medium moving at a speed
Ud = U2 − U1 < 0, which is directed to the left, towards the particle. On the
other hand, in the downstream frame, the shock is moving at a speed −U2 and
the upstream medium is moving at a speed U1 − U2 > 0, directed towards the
right and hence towards the particle.

Figure 4.6: Picture at the basis of Fermi I shock acceleration mechanism.

Every time a particle crosses the shock its energy change will be described
by Eq. 4.18. What changes is the probability of a head-on collision. Now, if the
particles are instantly isotropized on either side of the shock, we have that the
probability for the particle to impact the shock at an angle µ is P (µ) ∝ vx ∝ µ.
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Let us now consider particles in the upstream and normalize the probability for
them to cross the shock in such a way that it is 1 for 0 < µ < 1:

P (µ) = 2µ, 0 < µ < 1

For the particles recrossing the shock from downstream one will have the same
except for the fact that now the angle µ′ must be in the range −1 < µ′ < 0,
and again:

P (µ′) = 2µ′, −1 < µ′ < 0

Using Eq. 4.18 we can now compute:〈
∆E

E

〉
= 4

∫ 1

0

dµ µ

∫ 0

−1
dµ′µ′

[
β2(1− µµ′)− β(µ− µ′)

]
=

= 4

∫ 1

0

dµµ

[
−β2

2
− β2

3
µ+

β

2
µ+

β

3

]
=

= 4

(
β

3
− 13

36
β2

)
=

=
4

3
β − 13

9
β2

It is apparent that now the energy gain is first order in β and then the acceler-
ation process will proceed much faster than through collisions with clouds.

It is needless to say that exactly the same will occur for particles starting
their journey from the downstream, crossing into the upstream and then back.
In fact we have already seen that the velocity of the medium with which the
particle ”collides” is the same in both direction β = (U1 − U2)/c.

4.3 Particle spectrum

Our finding that ∆E ∝ E implies that after k + 1 crossings of the shock the
particle will have an energy

Ek+1 = (1 + ξ)Ek ξ =
4

3

U1 − U2

c
. (4.23)

Now let us consider the probability for the particle to undergo k shock cross-
ings. Let us consider particles in the downstream. They will have, by assump-
tion, an isotropic velocity distribution, f0, and the ones that will cross the shock
towards the upstream are those with velocity vµ directed towards the shock.

While all particles will return to the shock from upstream (advection velocity
is towards the shock and in any case in an infinite time the shock will always
reach them), the same is not true from the downstream. In the shock frame, the
flux of particles that move towards the shock from downstream is easily seen to
be:

Φ← =

∫ −U2/v

−1
dµf0(U2 + vµ),

30



namely, all the particles that in the shock reference frame have a velocity v′ =
U2 + vµ < 0. One easily finds:

Φ← =

∫ −U2/v

−1
dµf0(U2 + vµ) = f0

(U2 − v)2

2v
. (4.24)

In exactly the same way one finds that the flux of particles leaving the shock
region towards downstream infinity is:

Φ→ =

∫ 1

−U2/v

dµf0(U2 + vµ) = f0
(v + U2)

2

2v
(4.25)

The probability that a particle returns from downstream to the shock is then

Pret =
Φ←
Φ→

=
(v − U2)

2

(v + U2)2
≈ (1− 4U2/v) , (4.26)

and, since v ≈ c, is then high, unless U2 → c. From this expression we derive
an escape probability

Pesc = 4
U2

c
(4.27)

which also illustrate the fact that on average a current of particles equal to f0U2

leaves the system and this is a fraction 4U2/c of the isotropic flux f0c/4. The
number of particles that stay in the system after each cycle is then

Nk+1 = NkPret Pret = 1− 4U2

c
. (4.28)

We can rewrite Eq. 4.23 and Eq. 4.28 as:

Ek = (1 + ξ)kE0

Nk = P k
retN0

from which it also follows:

ln

(
Nk

N0

)
= k lnPret

ln

(
Ek

E0

)
= k ln(1 + ξ)

and eliminating k from the two equations obtain:

ln

(
Nk

N0

)
=

lnPret

ln(1 + ξ)
ln

(
Ek

E0

)
. (4.29)

One finally has:

Nk = N0

(
Ek

E0

)−γ1

(4.30)
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with

γ1 = − lnPret

ln(1 + ξ)
= − ln(1− 4U2/c)

ln(1 + (4/3)(U1 − U2)/c)
≈ 4U2/c

(4/3)(U1 − U2)/c
(4.31)

Remembering the definition of compression ratio R = U1/U2 one can the write
γ1 = 3

R−1 , and the differential particle spectrum, dN/dE found from Nk after
dividing by Ek will read:

dN

dE
∝ E−γE (4.32)

with

γE =
R+ 2

R− 1
(4.33)

For a strong shock, M1 → ∞, R → 4, γE → 2.
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Lecture 5: Particle
maximum energy and SNR
high energy emission

5.1 Fermi process through the transport equa-
tion

We go now through a more formal treatment of the 1st order acceleration process
and show how the particle spectrum naturally arises from solving the transport
equation around a shock front. Let us assume that the fluid propagates along
the z-axis and that the shock is located at z = 0. The upstream extends from
−∞ to the shock.

In the shock frame, the transport equation in 1D reads:

∂f

∂t
=

∂

∂z

[
D
∂f

∂z

]
− u

∂f

∂z
+

1

3

du

dz
p
∂f

∂p
+Q(z, p, t), (5.1)

with
Q(z, p, t) = Q0(p)δ(z) (5.2)

Let us integrate this equation around the shock front (between z = 0− and
z = 0+), assuming that f is continuous across the shock front and f(z = 0) = f0:(

D
∂f

∂z

)
2

−
(
D
∂f

∂z

)
1

+
1

3
(U2 − U1) p

df0
dp

+Q0(p) = 0 . (5.3)

Our final goal is to find an equation for f0(p). To this purpose, let us integrate
Eq. 5.1 between upstream infinity and the shock front, −∞ < z < 0−:

−
(
D
∂f

∂z

)
1

+ U1f0 = 0 , (5.4)

and require homogeneity downstream,

∂f

∂z
= 0, z > 0 . (5.5)
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Inserting the equalities in Eq. 5.4 and 5.5 into Eq. 5.3 we obtain:

p
df0
dp

=
3

U2 − U1
(U1f0 −Q0) . (5.6)

We now assume that a fraction η of the incoming particle flux, U1n1 is injected
into the shock with an injection momentum pinj :

Q0(p) =
ηU1n1

4πp2inj
δ(p− pinj) . (5.7)

With this expression for the injection, Eq. 5.6 is readily solved. The general
solution of an equation of the form

y′(x) + f(x)y(x) = g(x)

is found in the form:

y(x) = e−a(x)
(∫ x

x0

g(x′)ea(x
′)dx′ + y(x0)

)
with a(x) =

∫ x

x0

f(x′)dx′ .

In the case of Eq. 5.6 one obtains:

f0(p) =
3R

R− 1

ηn1

4πp3inj

(
p

pinj

)− 3R
R−1

(5.8)

with R = U1/U2.
We have then obtained a power-law spectrum in momentum with index

γp =
3R

R− 1
. (5.9)

If we compare this slope with the index γE which we had obtained when dis-
cussing the process heuristically, we see that they are consistent. The rela-
tion between γE and γp is easily found by taking into account the fact that
p2p−γpdp = E−γEdE so that γp−2 = γE in the relativistic regime (dE/dp = c).
In our case:

γp − 2 =
3R

R− 1
− 2 =

R+ 2

R− 1
= γE

One important thing to notice is that while the Fermi acceleration process as
described by this approach does not assume that particles are relativistic, the
heuristic treatment previously developed does assume relativistic particles. ThE
conclusion one derives is that while the spectrum is a power-law in momentum
for all momenta, it only is a power-law in energy for sufficiently high energies.

A few more comments are in order:

• The slope of the shock accelerated particle spectrum only depends on the
shock compression ratio.
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• For a high Mach number shock one has R → 4, γp → 4, γE → 2, very
consistent with the CR spectrum observed at Earth which requires accel-
eration of particles with a slope close to 2.

• The diffusion properties do not enter the determination of the spectrum in
any way. Although the assumption of isotropization, and hence of efficient
scattering, is essential.

• The injection parameter η, which fixes the normalization is a free param-
eter. The normalization is therefore arbitrary, but one should keep in
mind that all this has been obtained under the assumption of test particle
regime, which implies that the accelerated particles have no dynamical
impact on the system.

• The spectrum extends in principle to an infinite momentum.

One immediately understands that the last property can only be realized
if the available time for acceleration is infinite. Real systems obviously violate
the condition of infinite available time for acceleration. In particular, 3 limiting
factors must be taken into account: losses that the particles might undergo while
they are being accelerated; finite duration of the accelerator (for example the
progressive slowing down and disappearance of the blast wave if we are dealing
with SNRs), finite size of the accelerator (when particles acquire a large enough
Larmor radius they are free to leave the acceleration region).

At the same time, another obvious caveat towards the picture of the accel-
eration described above is that as we mentioned from the very beginning, based
on energetic arguments, if CRs are to be accelerated in SNRs, their acceleration
must occur with 10% conversion of the SNR kinetic energy into acceleration of
particles. In this case it is apparent that the shock cannot be treated as a test
particle accelerator, and in fact the backreaction of the accelerated particles on
the system must be taken into account.

In the following we discuss these 2 aspects in some detail.

5.2 Maximum energy

The maximum energy of the particles that a source can accelerate is set by the
minimum between the following conditions:

tacc(Emax) = min (tloss, tage) (5.10)

rL(Emax) = L (5.11)

Emax =

(
Ush

c

)
qBL, (5.12)

with L the size of the system, or better the distance from the shock in the
upstream from which the particles are free to escape the system (for example
because the diffusion coefficient becomes large enough to let them freely escape).
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Notice that the condition in Eq.5.11 is a version of that in Eq.5.12, also
known as Hillas criterion, in which Ush ≈ c. Eq.5.12 simply states that the
maximum achievable energy is set by the maximum potential difference across
the system ∆Φ = EL where E is the electric field, estimated as uB/c according
to the assumptions of MHD. The Hillas criterion is clearly more restrictive than
Eq.5.11 in general (namely for U substantially less than c) and leads to estimate
a maximum energy that is a factor U/c smaller.

5.3 Acceleration time

First of all let us consider the steady-state solution of the transport equation
in the upstream section of the system. If we limit ourselves to −∞ < x < 0−,
Eq. 5.1 reads, in steady state:

∂

∂x

[
D
∂f1
∂x

]
− U1

∂f1
∂x

= 0 ,

and, if the diffusion coefficient is spatially constant, its solution is easily seen to
be:

f1(x, p) = f0(p) exp

[
U1x

D

]
. (5.13)

From this expression, intergating between −∞ and the shock, we derive the
total number of particles per unit surface in the upstream as:

n1(p) =

∫ 0−

−∞
dx f0(p) exp

[
U1x

D1(p)

]
=

D1(p)

U1
f0(p) .

On the other hand, assuming isotropy at all momenta, the flux of particles
crossing the shock from downstream to upstream is:

Φ1(p) =
f0c

4π

∫ 2π

0

dϕ

∫ 0

−1
µdµ =

f0(p)c

4
. (5.14)

Since the number of particles is conserved, we can derive the residence time of
a particle in the upstream from the equality:

n1Σ = Φ1τdiff,1Σ ,

where Σ is some arbitrary surface. It is then clear that:

τdiff,1(p) =
n1(p)

Φ1(p)
=

4D1(p)

U1c
. (5.15)

A similar estimate performed for the downstream leads to an analogous
result, so that the overall residence time is:

τdiff = τdiff,1 + τdiff,2 =
4D1

U1c
+

4D2

U2c
. (5.16)
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At this point we are ready to derive the acceleration time. Recalling that at
each shock crossing the particle gains an energy: ∆E = (4/3)E(U1 −U2)/c, we
have:

tacc =
E

dE/dt
=

E

∆E/τdiff
=

3

(U1 − U2)

(
D1

U1
+

D2

U2

)
. (5.17)

The first comment that is in order is that most frequently the diffusion
times upstream and downstream are very similar or actually the same: τdiff,1 =
τdiff,2. The reasoning is as follows. While U2 = U1/R, the relation between
the diffusion coefficients is: D2/D1 ∝ (B1/B2)

α, with α a power-law index
depending on the turbulence spectrum. The magnetic field compression at the
shock, on the other hand, depends on the direction of the magnetic field, with
the parallel component being left unchanged by the shock and the perpendicular
one being compressed by a factor R. If the field is isotropic in the upstream one

has: B2 =
√
B2

2⊥ +B2
2∥ =

√
R2B2

1⊥ +B2
1∥ =

√
2R2/3 + 1/3 B1. In the case of

a compression ratio R = 4, B2 =
√
11B1. In general, the decrease of U2 with

respect to U1 and the increase of B2 with respect to B1, lead to τdiff,2 ≈ τdiff,1.
One will then write:

tacc ≈
6R

R− 1

D1

U2
1

≈ 8
D1

U2
1

. (5.18)

Let us now evaluate the acceleration time based on what we know about the
Galactic diffusion coefficient. We had found that for a Kolmogorov spectrum of
the Galactic turbulence we could write:

Dgal(E) = 9× 1027
(

E

GeV

)1/3

ξ−1out cm
2/s .

Let us assume U1 ≈ 5× 103 km/s and D1 = Dgal. From Eq. 5.18 we obtain:

tacc(E) = 8
9× 1027

(5× 108)
2

(
E

GeV

)1/3

s ≈ 104yr

(
E

GeV

)1/3

(5.19)

5.3.1 Evolution of a SNR

Now let us evaluate for how long a SNR is an efficient accelerator. The SN
explosion is followed by an initial phase of expansion at almost constant velocity.
The typical expansion velocity is found from the equationMejv

2
ej/2 = ESN with

ESN ≈ 1051 erg. One finds:

vej =

√
2ESN

Mej
= 104km/s

(
Mej

M⊙

)−1/2
(5.20)

This fast expansion lasts until the time at which the mass of ISM that the
remnant has swept up equals the mass of the ejecta:

tSedov =

(
3Mej

4πρISMv3ej

)1/3

= 200yr

(
Mej

M⊙

)5/6(
ESN

1051erg

)−1/2 (nISM

cm−3

)−1/3
.
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After this time the expansion can only depend on explosion energy and density
of the ISM. Combining these two quantities, one obtains a constant that has
dimensions: [

ESN

ρISM

]
= L5T−2 .

We can then define a similarity variable

ξ =

(
ESN

ρISM

)−1/5
rt−2/5

from which we immediately see that during the self-similar phase the radius of
the remnant must scale as R ∝ t2/5 and the velocity

vej ∝ t−3/5

by which we see that after a few ×104 yr the expansion velocity has decreased
down to a few ×100 km/s.

5.3.2 Maximum energy for time limited acceleration

After tSedov the velocity decreases as (t/tSedov)
−3/5 and after 104 yr the rem-

nant expansion is too slow for the blast wave to be an efficient accelerator.
With tacc = 104 yr, the maximum achievable energy would only be: Emax ≈
few GeV . It is clear that if this were the diffusion coefficient to consider, SNRs
could never reach the knee energy. This is why the magnetic field amplification
processes associated with particle acceleration are so essential.

The situation improves considerably if we assume Bohm diffusion with δB/B ≈
1 at all scales. In this case one writes:

D(E) =
4

3π
crL

and

Emax = 200 TeV

(
ush

5× 103km/s

)2(
tage

103 yr

)(
B0

3µG

)
However in order to have scattering in the Bohm regime self-generation of tur-
bulence by the accelerated particles is essential!

5.4 Space limited acceleration

Another wide spread prescription for the maximum energy that shock acceler-
ated particles can reach is based on the size of the accelerator. Let us see how
this works.

Our starting point is the transport equation:

∂f

∂t
=

∂

∂z

[
D
∂f

∂z

]
− u

∂f

∂z
+

1

3

du

dz
p
∂f

∂p
+Q(z, p, t), (5.21)
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for which we seek a steady state solution with the boundary condition that
particles are free to escape the system from the upstream if they can reach a
distance z0, with z0 < 0 and f(z0) = 0. Notice that so far we have always
assumed that all particles would come back to the shock from the upstream
and could only leave the system from downstream, and this was resulting in a
single power law spectrum extended to infinite momenta. Now the possibility for
particles to leave the system from the upstream sector changes things drastically.

In the upstream the relevant transport equation reads:

U1
∂f

∂z
=

∂

∂z

(
D1

∂f

∂z

)
,

which implies
∂

∂z

(
U1f −D1

∂f

∂z

)
= 0 ,

and hence:

U1f −D1
∂f

∂z
= K , (5.22)

with K a constant.
The solution of this equation can be written in the form:

f(z) = g(z) exp

[
U1z

D1

]
. (5.23)

Inserting this expression in Eq. 5.22, one finds an equation for g(z):

dg

dz
= − K

D1
exp

[
−U1z

D1

]
.

Integrating between z0 and z:

g(z) = − K

D1

∫ z

z0

dz′ exp

[
−U1z

′

D1

]
=

K

U1

{
exp

[
−U1z

D

]
− exp

[
−U1z0

D1

]}
(5.24)

Inserting this expression for g(z) in Eq. 5.23:

f(z) =
K

U1
exp

[
U1z

D1

]{
exp

[
−U1z

D1

]
− exp

[
−U1z0

D1

]}
= (5.25)

=
K

U1

{
1− exp

[
U1(z − z0)

D1

]}
, (5.26)

where K must be determined based on the boundary conditions at 0+ and z0.
At z = 0 one has

f(0) =
K

U1

{
1− exp

[
−U1z0

D1

]}
= f0 ,
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from which:

f(z) = f0
1− exp

[
U1(z−z0)

D1

]
1− exp

[
−U1z0

D1

] . (5.27)

Now we need to determine f0. In order to do this, we integrate Eq. 5.21 around
the shock front, still assuming that f is homogeneous in the donwstream:[

D1
∂f

∂z

]
1

+
p

3
(U2 − U1)

∂f

∂p
+Q0(p) = 0 . (5.28)

Computing the first term of the above equation through Eq. 5.27 we find

∂f

∂z
= −U1

D1

f0 exp
[
U1

D1
(z − z0)

]
1− exp

(
−U1z0

D1

) ,

which can be computed in 0+ and inserted in Eq. 5.28 leading, for p ̸= pinj , to:

p

3
(U1 − U2)

df0
dp

= − U1f0

exp
(

U1z0
D1

)
− 1

. (5.29)

The equation can be solved as already done before and gives:

f0(p) = Q exp

− 3U1

U1 − U2

∫
dp

p

1

1− exp
(

U1z0
D1

)
 (5.30)

where Q needs to be determined from the boundary condition at pinj , but is
unnecessary for our purposes.

Let us now define pmax such that:

D1(pmax) = U1|z0| . (5.31)

For p ≪ pmax one has U1|z0|/D1(p) ≫ 1 and z0 is negative, so that Eq. 5.30
can be written as

f0(p) = exp

{
− 3U1

U1 − U2

∫
dp

p

}
,

the solution of which is:

f0(p) = p−
3U1

U1−U2 ,

exactly the same as in the case with no boundary.
For p ≫ pmax one has instead

f0(p) = exp

− 3U1

U1 − U2

∫
dp

p

1

1− 1−
(

U1z0
D1

)
 = exp

{
− 3U1

U1 − U2

∫
dp

p

D1

U1|z0|

}
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which clearly shows that the particle distribution function has an exponential
cut-off for any dependence of D1 on p.

An interesting thing to notice, when doing this kind of calculation is that the
existence of a boundary at z0 entails the presence of a flux of escaping particles
in the form D(∂f/∂z). In order to see this, it is sufficient to look at Eq. 5.22
and remember that f(z0) = 0.

5.5 Acceleration of electrons

In the case of electrons, energy losses cannot generally be neglected and the
transport equation must be generalized to include them. The primary source of
energy losses in the shock vicinity is synchrotron radiation, due to the rather
high values of magnetic field involved in the acceleration process. When dealing
more generally with propagation through the Galaxy, also Inverse Compton
(ICS) losses must be included. The energy lost by an electron per unit time can
be written as:

dE

dt
= −4

3
σT c

(
E

mc2

)(
B2

8π
+ Urad

)
, (5.32)

where the first term is for synchrotron radiation and the second one for ICS.
From the above equation we derive a loss time due to synchrotron radiation:

τsync =
E

(dE/dt)sync
= (1250yr)

(
Ee

1TeV

)−1 (
B2

100µG

)−2
, (5.33)

and for ICS:

τICS = (1.5× 106yr)

(
Ee

1TeV

) (
Urad

eV cm−3

)−2
. (5.34)

Now we compare τsync with the acceleration time in order to see up to what
energy electrons can be accelerated in typical SNR conditions. We had found
for the acceleration time:

tacc =
E

∆E/τdiff
=

3

(U1 − U2)

(
D1

U1
+

D2

U2

)
. (5.35)

We now assume Bohm like diffusion in a magnetic field B1 ≈ 25µG (B1 ≈ B2/4
and B2 ≈ 100µ G) and further approximate D1/U1 ≈ D2/U2, based on the
considerations we have already made on the compression ratio at the shock.
This implies:

tacc ≈
8D1

U2
1

≈ 8

3

Ec

eB1U2
1

= (1.4yr)

(
Ee

1TeV

) (
B2

100µG

)−1(
ush

5000km/s

)−2
.

(5.36)
Equating the two times in Eq. 5.33 and 5.36, one finds a maximum energy:

Emax,el = 30TeV

(
B2

100µG

)−1/2 (
ush

5000km/s

)
. (5.37)
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One interesting thing to notice is that under these circumstances, the max-
imum emission frequency does not depend on the magnetic field. Indeed, the
characteristic frequency at which the synchrotron emission by an electron peaks
is:

νsync = 0.29
2

3

eB⊥
mec

(
E

mec

)2

= 1.6× 1015Hz

(
B2

100µG

)(
E

TeV

)2

.

Using the result in Eq. 5.37 in the above equation we find:

νmax ≈ 2× 1017Hz

(
ush

5000km/s

)2

, (5.38)

corresponding to photon energies ϵν,max = hν ≈ 1keV . This is what makes
the X-ray band the ideal band at which to look at this objects. One important
thing to notice is that the maximum emission frequency does not depend on
the magnetic field in the case of loss-limited acceleration in the Bohm diffusion
regime, and only depends on local shock velocity, for which, in principle, it
provides a diagnostic tool.

Figure 5.7: Thin X-ray rims in young Galactic SNRs: Tycho on the left, Cas-
siopea A on the right.

An even more important diagnostic of the conditions in the vicinity of the
shock is provided by the thickness of the X-ray emission. This is usually concen-
trated in very thin filaments tracing the shock front and the reason is easily seen
if one solves the transport equation for electrons downstream of the shock. In
order to write the latter equation, however, we need to introduce energy losses
first. This is more easily done in energy space, rather than in momentum space,
so we now go through a short digression on how to write the transport equation
in energy space.
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Figure 5.8: Thin X-ray rims in young Galactic SNRs: SN1006 on the left, Kepler
on the right.

5.5.1 Transport Equation in energy space

We first rewrite the usual transport equation in momentum space

∂fp
∂t

=
∂

∂z

[
D
∂fp
∂z

]
− u

∂fp
∂z

+
1

3

du

dz
p
∂fp
∂p

+Qp(z, p, t). (5.39)

We then notice the equality:

1

p2
∂

∂p

(
p2

p

3

du

dz
fp

)
=

du

dz
fp +

p

3

du

dz

dfp
dp

, (5.40)

and we use it to rewrite Eq.5.39 as:

∂fp
∂t

=
∂

∂z

[
D
∂fp
∂z

]
− ∂

∂z
(ufp) +

1

p2
∂

∂p

(
p2

p

3

du

dz
fp

)
+Qp(z, p, t). (5.41)

If we now define adiabatic energy losses or gains as:

ṗad =

(
dp

dt

)
ad

=
p

3

du

dz
, (5.42)

we can rewrite Eq.5.41 as:

∂fp
∂t

=
∂

∂z

[
D
∂fp
∂z

]
− ∂

∂z
(ufp)−

1

p2
∂

∂p

[
ṗad p2fp(p)

]
+Qp(z, p, t). (5.43)

More generally, if we want to include continuous energy gain or losses of any
nature (e.g. radiation losses, like synchrotron and Inverse Compton losses, or
ionization losses), we will write:

∂fp
∂t

=
∂

∂z

[
D
∂fp
∂z

]
− ∂

∂z
(ufp)−

1

p2
∂

∂p

[
ṗ p2fp(p)

]
+Qp(z, p, t). (5.44)
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It is interesting to notice that also 2nd order Fermi acceleration can be included
in the transport equation in this way, through a term representing diffusion in
momentum space (see Lectures 4 and 5):

ṗF2 = Dpp = p2Dθθ =
p2v2

D
. (5.45)

Turning back to the problem of writing the transport equation in energy
space, we now recall the volume transformation between momentum and energy
space,

4πp2fp(p)dp = dEfe(E) , (5.46)

and multiply Eq.5.41 by 4πp2, so that we can finally write:

∂fe
∂t

=
∂

∂z

[
D
∂fe
∂z

]
− ∂

∂z
(ufe)−

∂

∂E

(
Ėfe

)
+Qe(z, E, t), (5.47)

where Qe(z, E, t) = 4πp2Qp(z, p, t).
The term describing energy losses in Eq.5.47(

dfe
dt

)
loss

=
∂

∂E
[b(E)fe] , (5.48)

with b(E) = Ėloss acquires a more physical interpretation if one derives it by
computing how the number of particles N(E) in the energy interval (E,E+∆E)
changes in the time interval ∆t due to losses. This change can be written as:

∆N(E)∆E = N(E′ +∆E′)∆E′ −N(E)∆E (5.49)

where the energy E and E′ are related by losses as:

E′ = E + b(E)∆t , (5.50)

which implies:

E′+∆E′ = E+∆E+ b(E+∆E)∆t = E+∆E+ b(E)∆t+
db

dE
∆E∆t . (5.51)

Subtracting Eq.5.50 from Eq.5.51 we find:

∆E′ = ∆E +
db

dE
∆E∆t . (5.52)

Inserting Eq.5.52 and 5.50 in Eq.5.49 we obtain:

∆N(E)∆E =

[
N(E) +

dN

dE
b(E)∆E∆t

] [
∆E +

db

dE
∆E∆t

]
−N(E)∆E

=

[
dN

dE
b(E) +

db

dE
N(E)

]
∆t ∆E

=
d

dE
[b(E)N(E)] ∆t ∆E (5.53)

which shows how the variation in time of the number of particles as a result of
energy losses is well described by Eq.5.48.
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5.6 Magnetic field estimate in SNR shocks

Let us consider Eq.5.47 in the downstream (with the usual assumption that
Q ̸= 0 only for x = 0) and assume stationarity. We obtain:

D2(E)
∂fe(E, z)

∂z2
− U2

∂fe(E, z)

∂z
− ∂

∂E

[(
dE

dt

)
fe(E, z)

]
= 0 (5.54)

where we have assumed U2 = const and D2 independent of space. The above
equation is easily solved if one approximates the last term on the RHS as:

∂

∂E

[(
dE

dt

)
fe(E, z)

]
≈ fe

τsync
. (5.55)

For a power-law spectrum is easily seen to be an excellent approximation, with
the difference between the two being a factor of order 1.

We can then finally write:

D2(E)
∂2fe(E, x)

∂z2
− U2

∂fe(E, z)

∂z
− fe

τsync
= 0 , (5.56)

which is easily solved as:

fe(E, x) = f0 exp

[
− x

∆R2

]
, (5.57)

with

∆R2 =
U2τsync

2

[
1 +

√
1 +

4D2

U2
2 τsync

.

]
(5.58)

The electron distribution is exponentially cut-off at distance from the shock
larger than ∆R2, so that ∆R2 is exactly what one is measuring when measuring
the thickness of the rim. Electrons will only propagate for a time τsync after
being accelerated and the distance for which they can propagate during this
time will be either determined by advection ∆R2 ≈ u2τsync or by diffusion
∆R2 ≈

√
D2τsync. The latter case is particularly interesting because, assuming

again Bohm diffusion, one finds:

∆R2 =
√
D2τsync =

√
Ec

3eB2

6π(mec2)2

σT cB2
2E

= 0.04pc

(
B2

100µG

)−3/2
. (5.59)

The thickness of the rim in this regime, which is the most likely for SNR shocks,
does not depend on anything else but the magnetic field, and as such it provides
direct diagnostic on the strength of B2. Since the thickness of the filaments is
usually measured to be of the order a few × 0.01 pc, one immediately infers
magnetic field strengths of order a few × 100µG.
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