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Wilson's Lesson

What is the Wilson's lesson all about?

ol

Theory at A —  Theory at A/2 —
S — S —

A A2

Effective Field Theory paradigm
Any QFT is an Effective Field Theory

Steven Weinberg - Third Law of Progress in Theoretical Physics : you
may use any degrees of freedom you like to describe a physical system,
but if you use the wrong ones, you'll be sorry
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... For theories in any dimesion:

d = 3 dimensions : Wilson-Fisher
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One-loop RG equations
0000 0000000

RG flow

Critical
surface

Trajectories under
RG transformation

Ky

Fixed points Conclusions
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Renormalized theory: defined around a fixed point (critical surface)
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Quantum Gravity

Perturbatively non-renormalizable

Is it non-perturbatively renormalizable ?

Asymptotic safety scenario: Existence of a UV-attractive fixed point
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One-loop effective action - Summary

Greetings to Arcangelo
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One-loop Effective Action

@ Euclidean action - Einstein-Hilbert truncation with spherical background

Thee 4 2T 5

3G G

5glrav T G /d4X\/> (—R + 2/\,33) = Séja)v =

@ One-loop effective action Féiav = Sgrav + 55g1rlav

@ Diffeomorphism invariant measure Du: Fradkin-Vilkovisky

on= IT[##0 ) (T st [T o) ([T

x a< B

Related to spacetime discretization and Hamiltonian path integral

Pe and L with coefficients of a* and a” in O Sgtey

Taylor, Veneziano

@ |dentify 1-loop corrections to
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One-loop correction to the action

det; [~ — 3] det,[-8© — 6]
detg[ 0@ — 222A + 8] det,[-0O©) — 232/\]
@ Argument of the log is dimensionless

® Eigenvalues )\575)

0 Sgrav = |

of dimensionless Laplace-Beltrami operator and degeneracies D,(,s)

2541 3\3 (2s+1)3 3
A 2 i3n_s . Dl ( ,) _ ( ,)
n n“+3n—s n 3 n+ 5 12 n+ 3
@ Regularizing with hard cut / proper time (N > 1)
3A2 3A2
55&!“ = — (/\fC log Acut> at + ( 3A2, + 8Acc log Acut) ERE
cc cC
® N — physical cutoff A through the De Sitter solution a2, — %

AcutNMP:ai:N\/%

ds
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1 /\cc l
One-loop corrections to ¢ and ¢

Coefficients of a* and a° identify the one-loop corrections to ” and

A 7/\& 1—3G/\CC log 3/\%‘“ + finite
T A

Gl/ G ce

1 1 G 3A2

— == 14 — [ 3AZ, — 8Ac| cut finit
Gl G |: + o ( cut cc 108 ——— Aee ):| -+ finite

Loop corrections — only mild (log) correction to p =

In pure gravity no naturalness problem arises:
the bare cosmological constant A.. does not need to be ~ M,%.

We may naturally have A, < M3, and so

1/
Acc ~ I\cc
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Renormalization group equations

Two methods to obtain RG equations for A, and G:
@ Hard cut on sum over eigenvalues

@ Proper time
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Sum over eigenvalues
UV action

S;Xv[guu] = Snlgu] = /d4x\/§ (=R +2Ap) (N integer)

167Gy
As before: physical cutoff Acut (~ Mp) = N/ag
Wilsonian action: SL[g,(Z?] (L integer, L< N ; L < L)
L
RG equation: S 5[g{] = Sulgid]+05. = Sulgl) + Y fi(n)
n=L—68L

where

dety[~0® — 3] det,[-TI© — 6]
deto[fﬁ(z) —2a2A + 8] detz[fﬁ(o) - 232/\L]

T

f, = DY log (AP —2a°A, +8) + DI log (A — 2a°A.) — D log (AL = 3) — D" log (A — 6)

1
65, = —=log

] . L2
Differential form: %SL = - (% anz ﬂ(n))/\ . (note Lmin = 4)
L 6L
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Proper time

@ Proper time method

1/(L—s0)% 4

) L EO (s) - oo - (A)-e)
det;(—0O%) —a)=e JUL ;o KY¥(r) = Z Dy’ e
n=s+i
Differential RG equation: %&[g‘,&?] == <88L65F)A .
L>SL

Leads to same result obtained with direct sum

@ Computing the r.h.s. (direct sum or heat kernel expansion) (L > 1):

0 _ op2 4 2 2
LaSL72ALa +2AL (L —8).3 +...
From which we obtain the RG equations
d (A 6 dA G N\?
tr (2)=2n AL TR
dL \ G, T — dL T
d (1 AL dG, G2A
(&)--% -9 i = e (i)
dL \ G, ™ dL T
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RG equations - Solutions

In the L2 >> 1 approximation we have (Aee = AN, G = Gy)
ACC ACC
e Ny AL =
14 S (N2 - 12) LTV, 1+ £(3A2, — Accl?)
G G
G =— G, =
14 e (N2 — 12) 14+ £(302, — Acl2)

e @

Lax1o! P

12x101
S5x107)

1L0x 10"
ax107|

8010
3x10|

6010

T 10° 107

@ Sign of A; and G, fixed

@® A, monotonically increasing with L
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From L — physical running scale k

LA GLA (12 -2)

dL T
dgG, G2A

L2t = 2L7E (12 )
dL T

Physical running scale k

L /A
k=— =Ly 25| (kp < K< A s ky = (2 A)Y2)
a, 3

The RG equations become (Ax = AL, G = Gp)

e 36 M (k2 - 3M)

dG, 3G} k2 Sk
= 3G 2
dk o143 ( §/\k)
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Ak (K> — 2N 2
kd/\k 3Gk k 37 M3 kd/\k 3Gk Akk
_ = —_— = <1 —_—= —
3G, 2 2 3G,
dk T 14 k(kz_%/\k) k2L dk o1 ke
2 2
4Gk _ 365 K* — &Nk A6k _ 3Gk
- 3G dk T 3Gk 2
dk T 14 k(kz—%/\k) 1+ 55k
A K2 Ace (o c K26 Tl N
= ———F [1+4/1+ — ( )— = —F |1+ 1+—( +—)—
K 2 N 3G et 36/ K4 K 2(p2 4 = 3G \ U 36/ k4
cut 3G cut 3G
Aw G
Lax 10" 610
1.2x10'%
5x107%
10X 10"
4x 107"
8010
3x107%
6010
10" o' k 107 0 k
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Naturalness

Taking for G the natural value G ~ M,?

For ~ any value of A

Gr~ G~ M;2
/\IR N/\cc

As for the one-loop result

In pure gravity no naturalness problem arises:
the bare cosmological constant A, does not need to be ~ M,z,.

We may naturally have A, < M3, and so

1/
Acc ~ Nee
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Dimensionful — Dimensionless equations

e 3G M (K2 =3A)

ak T w13 % (e 2n
+F( —3 k)

dG, 3G} K2 — SN

dk 7Tl+ﬁ(k27%/\k)

2w

. _ k. _ A . _ 2
Now: t_lnkT, A= 75  ge= kG

Dimensionless RG equations

VO P Gl 29

i+ — —————— =\ g)
o T BN
8
dgt 3g? 1—3X
G gy B CTSM (g
z P Ea-p)

Fixed points from 3, =0; 8, =0

(A, )1 =(0,0) (A g)2 = (0, —-7/3)
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RG flows and Fixed points

0.5

0.4 \\
0.3

S

0.2

0.1

0.0t -

0.00 0.05 0.10 0.15
A
(A g), =(0,0) axes A = 0, g = 0 UV-repulsive/attractive respectively

()\,g)2 = (0,—m/3) unphysical UV-attractive fixed point

Conclusions
[e]

NO sign of any physical UV-attractive fixed point (AS)
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What generates AS behaviour?

8 > 4 LY 3412 1859
LopSt=2Aa +2/\L( )a+f, : F
Identify the running scale k as (rather than k = L/3;)
d G ) 34Kk2 4 48 A d 34Kk% + 48 Ay
k—/\f— k 6/, ( k Ae) = Ng——— k— G —gr - Tk
ak "k {+k(+k)k 6 dk KT T 6
Dimless RG equations
dA 34 + 48X\
42—2%-"—& 1+6)\t(1+>\z)—>\r7t = B (Ar, &t)
dt T 6
dg: 534 + 48X
e =2g:—g; T on = Bg (At, 8t)
Fixed points
8 + V154 27r
(*.8), = (0.0 (rg), = ( o 53 (83 +aVIEE ))
V154 — 8 27
A, = ———— 3 — 4v154
. ), ( 30 23 (s )

Fixed points Conclusions
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What generates the AS behaviour? - 2

1.0)
~
0.5
i —_/

0.0 — —

-0.5

-02 -0.1 00 01 02 03 04 05
A
M.Reuter, Phys.Rev.D 57 (1998) 971-985 Our result with the identification k = ';
M.Reuter and F.Saueressig, Phys.Rev.D 65 (2002) 065016
(A, g);=(0.147,0.918) UV-attractive fixed point  (AS)

Identification of k with a seems to be at the root of AS flow

... More on this point ...
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Wetterich-Reuter equation
@ Effective Average Action Ii[g, g]

- 1 - = ravi=1) ~1 rav—
kodile g =3 T (+TPlen) + R7IE) T ko)

—Tr [(—M[g,gl +R(E]) kakR;“-“[é]]
M. Reuter, C. Wetterich
Mg, g] kinetic term of the ghosts
Mleg, 8", = 8"°8" D (8ovDo + 85+ D) — 8" 8" Drgov D,

® Consider g, = gLaV) spherical background of radius a
Rf“’“’[g] and R;f‘h[g] have the form
Rilg] = 2k’ RO(-0/K%) . 0 =g""DuD,

Modes p? > k? integrated out ; modes p? < k2 suppressed by Ry:

= “Tr" effectively restricted to eigenmodes of —O with eigenvalues

n?

pzz\./?r-\./k2
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RG flows from Wetterich /Reuter equation

2
n
pzr\/;kaz

~ 2
Eigenvalues of —O (not —(J) used to introduce sliding scale k A\, ~ %5

= spurious k* terms = “AS flow”"

1.0
0.5
= /|
a 0 —‘J —
-0.5
-02 -0.1 0.0 0.1 02 03 04 05
A
M.Reuter, Phys.Rev.D 57 (1998) 971-985 Our result with the identification k = %

M.Reuter and F.Saueressig, Phys.Rev.D 65 (2002) 065016
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Proper time RG
With Fujikawa measure (not diffeomorphism invariant)

55t 1 det; [-0%) — 3/2%] det, [0 — 6/27]
= ——log
deto[—0® — 27 + 8/22] det,[-O” — 2A]

grav 2

Wilsonian RG strategy implemented introducing an IR regulator k
+o00 1/k2
/ ds —> ds

1//\5\1[ 1/A3ut

Equivalently introducing a smooth function fi(s) (t = log %)
+oo
~ 1 ds _® —ss®
GtSk[g,é]:—fTr/ —atfk(s) |:e sSk —2e s ghost
2 s
0

~ ~ 2
S,((Q) contains the dimensionful operators —[, : eigenvalues A, ~ 27

O:fi(s) effectively selects eigenmodes with //\\,, ~ k2

Again k identified through k = L/a

Conclusion:  UV-attractive fixed point of AS generated by k = L/a
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Conclusions

Sliding cutoff scale imposed on the dimless Laplace Beltrami operator: cut on
the number of modes

Wilsonian RG equations: absence of quartic and quadratic contributions to p!
= no naturalness problem arises in pure gravity!

When diffeomorphism invariant (FV) measure used and physical running scale
properly identified
= Only Gaussian fixed point

no sign of the UV-attractive fixed point of the AS scenario

AS fixed point generated if we impose the cutoff as a cut on ~ n?/a® rather
than n ... spurious powers of a

... Is Gravity non-perturbatively renormalizable? ...

Conclusions
o
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Diffeomorphism invariance of the measure

Gravitational action Sg[g] in the presence of a scalar field with action Sy[#, g] (sign. (—, +, +,+))

S[#, 8] = Slel + Smld, 8] = Sgle] + /d4x Ln(p(x), 9ud(x) &(x))
where Ly (#(x), 9,¢(x), g(x)) is the matter Lagrangian density

La(¢(x), 0,6(x), g(x)) = ,% —g(x) (8" ()0, 6(x)0, $(x) + m’¢*(x) )

Effective gravitational action I'[g] given by

Sl _ / S8, 8(x)] H [M(g(x))d¢(><)]

X

M(g(x)) non-trivial measure term

FV measure obtained from the Liouville measure in phase space Hx I:dfr(x) dd)(x)}
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Diffeomorphism invariance of the measure - 2

Subtle point: H < discretization. Given a coordinate system x*: Leutwyler / Fradkin, Vilkovisky
x

® Lattice &£;: hypersurfaces x% = cte N curves x' = cte

® Transition amplitude (in, t;|out, t,) requires a time ordering product, that can be identified
with x°

H indicates the product over all the points Q; of the lattice &
x

Y reference frame with coordinates x ; 3. frame with coordinates %. In 3, for the classical action
5[$, 8] = 4181 + Suld, 8] = S4l8] + / d*% Lun((%), D d(%), £())
for the effective action [[g] we have

i :/ ei§[<13,é]H [M(g(i))mfﬁ(?)]

1_‘[i product over the points P; of the lattice £: hypersurfaces 8° = cte N curves %' = cte. Time

ordering parameter %0,
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Diffeomorphism invariance of the measure - 3

Under a general coordinate transformation

® change of time ordering parameter
® change of lattice

= L (&) = I, (&) is NOT a trivial reshuffling

To realize the bridge F[g] (in £) — T[g] (in £):

1-1In3%, move from & — & (from %0 — XO)

&M — / ¢S T mesn] [JJao] = / 508 ] [ meseon] [a] [ aden ]

with § written as (change of integration variables from X to x through % = %(x))

5[, &] = 58] + Suld, 2]

=50~ 5 [ a2 (27 G0 oo

oxH Oxv

Oy B(%()P0 () + mzd?(%(x)))
= 5,021 + / 05 En(BE0), (), £(X(x)))

ox
J = |det —
Ox
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Diffeomorphism invariance of the measure - 4

2 - Move from ¢(X(x)) and &, (%(x)) to ¢(x) and gy (x)
&M — / 508 ] [ meweon] [a] [ aden ]
- / &S0l B c H M(g(x)] [AE H ds(x) |

* Factor C arises when we express M(g(%(x))) in terms of g, (x)

* E Jacobian of $(%(x)) = ¢(x)

To have [g] = g], it is necessary that ABCE =1
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Transformation factors

Factor E - ¢ scalar field, $(%(x)) = ¢(x) ; E Jacobian of $(%(x)) = ¢(x) = E =1.

Factor A - In phase space
eMelel — oiSylel / o X080 ()=H(m(x), #(0)] [Hf( (%)) dn(x) de(x)

with H(m(x), ¢(x)) the Hamiltonian density, 7(x) the momentum conjugate to ¢(x)

7(x) = OLm(9(x), Oud(x), 8(x))
9(9e(x)) ’
and Ln(¢(x), 0ud(x), g(x)) the Lagrangian density in X

f(g(x)) = 1 FV measure ; f(g(x)) = (g% (x))~1/? Fujikawa measure.

Hx <= lattice & and time ordering X = 7(x) correctly defined above



000000@0000000000000000

Transformation factors
In 3 (lattice &)

efealel _ gi%lal / i [ #sl0dmre-Hr 6. s Hfg(x)) a (%) (%) |

with 7 (#(X), #(%)) the Hamiltonian density, #(%X) the momentum conjugate to G(X)

) — ILm(H(%), 0, $(%), 8(%))
(D0 d(%)) ’

and Ln(d(X), éuqﬁ(%),g(%)) the Lagrangian density in 3

H~ <= lattice & and time ordering parameter £° = #(X) correctly given above
%
Using in 3 the lattice &; (and x° as time ordering parameter), for the effective action we have

eifgllé]
_ bl / e [0 m(20:) = H(m (5000, 50| [FHf(é()%(x)))] [H A (30)) 430N |

H(w(%(x)), @(%(x))) Hamiltonian density corresponding to La(((x)), 9 d(X(x)), &(%(x))) and
71'( (x)) momentum conjugate to ¢(%X(x))

OLn(H(%(x)), 0
)

T(R(x n
(e = (D0d(%(x))

=
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Transformation factors

* Integrating over 7(X) for ﬁgz [&] and writing HX dp(x) = A HX dp(x(x))
efexlil — o5ia) | [T e / esnlé | TT wig))] [A]] bt |

with  W(g(%)) = (—&(%))/4(—&%(%))/2

* Integrating over (X(x)) for fgl (8]

eferlil — it £ [ T reetec0)] / eisald [ TT (g0 T adt)

with  Y(&(x(x))) = JY/2(~g(x(x))V* ] — g (%(x)) 8ux0 ,x0 ]/

I, [8] and F¢, [&] same effective action in 3

4 L Y@
[T, W)

=
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Transformation factors

L, Y&
[, we)

To write A in a convenient form, consider an infinitesimal coordinate transformation (only first
order in g)

=Xt +eH(x),

and switch from HX to Hx in the numerator. Observing that (5 (0) from Z - fd4X)

§@ (0 §® (0
H J? = exp (2() d*x Iog(l + 8u5“) = exp # d*xa,e" | =1
X

where we have used d*% = d*x J = d*x |det 8% | = d*x (1 + 9,¢"(x)), and observing also that

A0
A o 5 04 0 200 20 0 200 g 0
=" (%(x)) Oux" Oux’ = =g + 28" O’ = —§ (1 -2 e Oue )

we have

s o 500 (s
H V(@00 = [H W) p(;) / a*s [ouet tog (-2 (- 8%w) ) +2 ‘ZOO((X; 2] >
X

— A= e ( 5(4)2(0) / d'x [0," 1og ((~g(x))"/2( - 6™(x)) ) +2 iT((x)) 0’| )
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Transformation factors

Factor B - We begin by observing that M(£(X)) is nothing but the product f(g(%))W(g(%X)). We
then have

[Imee =] [Fecrwiec] = oo <a<“>(0) / d“mog(f(g(%))vv(g(&)))>

X

=exp <6<‘”(0) / d'x 9" Iog(f(g(x))vv(g(x>>>> I [reseonwesen]

X

= exp <5<‘”(0) / d*x 9" log(M(g(x)))> [ mecen.

Recalling that Hx M(g(%)) = B HX M(&(%(x)))

B =exp (5“)(0) / d*x ,e" |og(/\/l(g(x)))>
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Transformation factors
Factor C - Defined by [ [ M(g(%(x))) = C[[ M(e(x)). At first order in e

M(&" (%(x))) = M(g"" (x) + &"7 (x)9ae” (x) + "7 ()Ds" () =

M) | ar o
9277 (x) (&% (x)80e” (x) + £°7 (x)8o¥(x))

= M(g) +

where we used

() = DI OCD o) () 1 87 (00,27 () + 8" (024 ()

We then get

H M(g(x(x))) = exp (5(4)(0)/d4x log [M(g) + 6(’;’:’[5?))() (8% (x)90£" (x) +g[36(x)6a€a(x))}>

—exp(a“)(m / X M@ e (g‘“’(x)&e‘*(x)+g5"(x)aae°‘(x))) T Mt

— c=e0 <o“‘”(o> / M) s <g“”(x)ane"’(x)+g"”(x>ms”<x))>
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Fradkin -Vilkovisky versus Fujikawa measure

Note: B and C depend on the specific form of M(g(x)), A does not and E = 1. We have then to
calculate B and C for M, (g(x)) and MFuji(g(x)), respectively.

Fradkin -Vilkovisky measure - Using M(g(x)) = M, (g(x)) = (—goo(x))l/2 (—g(x))* we get

(4)
By _exp(é;") / atx0,e" .og[(g(x))l/z(goo(x))])

O (x
Cry = &xp (5(4)(0) / d*x %((x)) 3uso>

from which L
Bry Gy = A

which shows that for the FV measure

ABy Gy E=1

and therefore that in this case: [[&]=I[g].
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Fradkin -Vilkovisky versus Fujikawa measure

Fujikawa measure - Using M(g(x)) = MFuji(g(x)) = u(—g(x))¥* (u arbitrary mass scale) we get

Brui = exp (6“’@ / d'x 9" log (—g(x))"/ “u))
Cryi =1

so that

Op
_ (4) 4 w © g"(x) 0
A C“J‘E‘ex"(‘; “’)/ o [one '4@) o0 <l

which means that in this case: [g]#[g].

Contrary to what is claimed in JHEP 05 (2025), 164, the effective action calculated using the

Fujikawa measure is not diffeomorphism invariant
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Comparison with Becker-Reuter, PRD 102 (2020) 12 - PRD 104 (2021) 12

and Ferrero-Percacci, e-Print: 2404.12357

Consider the modified Einstein equation at one-loop Becker, Reuter PRD 104 (2021) 12
3G d [ >, 3G d __y R
d rav(a) - 4Aa - 122"+ — Iosgrav( ) =0 (g;w = g;(ui)

* BRST-invariant Fujikawa measure (or measure not fully considered)

[pa o] = [ [(60) (T ste) ([T 50) ([T )]

x o a—16 as< B P 4

— 55g1r/av( a) ~ N* log (ay) = solution 3, ~ N\/m

* Fradkin-Vilkovisky measure

[Du(h)‘Dv; ‘Dva:l = H [g(a) 00 (g(a)(x)) _1( H dhaB(x)) (H vy (x)) (H dvg(x)):l
—_—

x a0 a<p P -

= 55&!&,( a) does not contain N*log (apu) = NO 3, solution

Similar considerations apply to the results found in Becker-Reuter, PRD 102 (2020) 12, and
Ferrero-Percacci, JHEP 09 (2024) 074
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Calculation with EML in proper time regularization

(fD(s) — a) dimensionless => determinants regularized in terms of a dimensionless
proper-time 7 (lower cut: number N > 1)

- Y e RO R NCE
det,-(—D(s) _ a) —e N2 T (r) ; KES)(T) _ Z D,(,S) e (An a)
n=s+i

After integration over 7, sum over n performed with EML sum formula

ne o P
Z f(n) = / dx F(x) + w + Z (f}i’;| (f(zk—l)(nf) _ f(2k*1)(n,-)) + Rop

n=n; i k=1

p is an integer, B, are Bernoulli numbers, R, is the rest given by

> 2p41 ne
Rop = %(f(”l’(nf)—f““”(n,-))=% / dx £ (x) By (x — [x])

k=p+1

B, (x) are the Bernoulli polynomials, [x] the integer part of x, and () the i-th derivative of f with

respect to its argument
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Expansion of h,,, v*and V,

We indicate with h4”(" (transverse-traceless), 0 (transverse) and ¢
the pure spin-2, spin-1 and spin-0 e|genfunct|ons of the Laplace-Beltrami
operator on the sphere of unitary radius that are normalized as

598 pm = dx\/>h’““ mg)(x): d x\/>§“ )(X)§ f) d xf¢ ¢>(J (x),

corresponding to the eigenvalues )\572), )\5,1) and /\E,O) respectively. The

modes {hEY | vEY  whY | ZEV L with

1
,\“ } 2V(“§,‘,’), n=2,..

L)

1
2

1

-1 1
{)\(o)( )\(o) )} (V,l,vu74 wr g )(bn’ n=2, ...
1~
T2

Ky
n

" ¢n, n=0,12,...,

of which we do not write explicitly the degeneracy indexes form the
orthonormal basis for symmetric tensors.
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Moreover, defining the longitudinal vector modes
0 1
m=(a)72 v, n=12,...,

the latter, together with the transverse modes £, form the orthonormal
basis for vectors.

EXpand the gl’aviton f|e|d huy as Taylor, Veneziano
oo oo oo oo
/i;’“' = E a,,h’n“/-s— E b,,v#"—&— E c,,w,’f”-i— E e,,z#”
n=2 n=2 n=2 n=0

h Eﬂgvuvh}“/ =2 E endn s
n=0

and the ghost field v* as

oo o0
vl = E gn &l + g fo
n=1 n=1

so that we have
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647G (S + Sf) = E a [AP — 22’ + 8]

n=2
oo

+ Z By [¢7 (AP = 3) —2a°A + 6]

n=2

(0)

2|1 (3,0 A p
g A9 _6) - —22A+6
+ = [5 <4 n 5 a A+
_ -1
+ E e [%,\(ﬂ‘)uﬁ/\}

n=0

oo .
3 3
+ E 2epch(¢71 1) {A(no) (ZAE’U) - 3)]
n=2

n=1

o0 oo
327G Sghost = Z g e (A -3) + Z £ (A0 —6) .
n=1
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Therefore, the functional measure can be written as (defined as)

oo oo oo oo oo oo oo oo
~ 1
Db Dv; Do = - [[don [ [ ten [ [ e [ [ 6 [ e [ 0% [ o5
Vso(s)
n=2 n=2 n=2 n=0 n=2 n=2 n=1 n=1

Notice that there is no integration over the zero modes g; and gj of
Sghost- The corresponding ghost fields are proportional to the ten Killing
vectors &1'. These zero eigenmodes correspond to residual gauge
invariances which are not eliminated by gauge fixing in the presence of an
S50(5) spherical symmetry. Overcounting has been compensated by
inserting the explicit group-volume factor Vso(s)
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Flow - all quadrants

1.5

1.0

0.5

= 0.0
-0.5

AN

—— |\

T,

\,

|
iz

-0.15 -0.10 -0.05 0.00 0.05 0.10 0.15

A>0
dx 2gA (3 —2))
dt 27 4 g (3 —2))
dg 2g° (3 — 8)\)
dt 27 4+ g (3 —2X)
Fixed points

(A 81 = (0,—7/3)

A

()‘1 g)2 = (0’ 0)

A<0
dx 2gX (3+2))
dt 21 — g (3+2))
g _ 2g% (34 8))
&t T 2 _g(3r2n

(A, 8)3 = (0,7/3)



RG: Thecase A =0

O 24 ) , L% 3417 1859
LorSt=2Ma +2A, (17 -8)a +5 -

Using our equations with the identification kK = L/a

3+45

9 k* 34> 1859
S k—S8 = | — +2A (K +A — 16A, | &+ ——
oS = |5 P (KA | <3+ k>a+45
d 34 127
% =2g; — gtza — g' = " UV-attractive fixed point

Match results in the literature Souma
Generation of g*: 2A;[%a% — 2\, k?a*, —34/31° — —34/3k>3”

Change sign of a® term!
det; [0 — 3] det,[-0©) — 6]

deto[—0(d — 2a2A, + 8] deto[-0©) — 2a2A,]
When Ay = 0 — no powers of a in fluctuation determinants

1
(5SL = —= |Og

Renormalization of G; must be o< A;: g* cannot exist
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Thecase A=0-2

Ogk =Bg = [d—2+4mn(k)lex,
1
M =B = —(2—mi+ 5gk(47r)1—d/2 {2d(d + 1)} ,(—2)
—d(d + 1)n(k)®} 5(—2X\) — 8dY ,(0) } .
Souma
dx 34 + 48X\
B T L 6Ae (14 A¢) — )\t;] = B (e, 8¢)
dt T 6
dg 34 4 48\
% g - g PN ()
t 6

Our equations with the identification k = L/a

) is generated ... inconsistent to study g equation alone
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