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Introduction

Quantum Gravity as a QFT: perturbatively non-renormalizable

® EFT valid up to the physical cutoff scale A
® Non-perturbatively renormalizable: UV fixed point

For the RG analysis of QG see Contino talk

* Contribution to vacuum energy from quantum fluctuations ~ M},

* Value inferred from observed accelerated expansion of the universe
—123 ) 74
Pvac ™~ 10 M,D

CC problem: most severe naturalness problem in physics
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One-loop Effective Action

* Euclidean action - Einstein-Hilbert truncation

1

Sgrav = m/o‘l“x\/g (—R + 2Ac)

* Gauge-invariant one-loop effective action, Féﬁav = Sgrav + JSér’av
geometrical approach, Vilkovisky-DeWitt

* Strategy put forward by Fradkin and Tseytlin / Taylor and Veneziano
* Background field method: guv = 8uv + huy

* When g, has spherical symmetry:
one-loop VDW effective action = the standard one calculated with gauge-fixing term

1 1 2
Sy =—— [ d*x+\/& {v (h*; — =8k h")]
¢ 327rG£/ /2 |V 2% e

after taking the limit £ — O at the end of the calculation

Conclusions
(o]e}
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One-loop EA: spherical background

i

We calculate the 1-loop correction 5Sémv

Take spherical background g, = gfLaV) (a radius of the sphere)

(coordinates x angles ; gl(f,z goes like 2% ; fd4x \/ g = %34 . R(g@) = 12)

a

T \ce 2 3
Classical Action Sggv =0t 2522 | and dS solution A =4/ —
3G G » Ao

Add to Sgrav + ng the corresponding ghost action (v# vector ghost fields)

_ 1 4,/ (a) * 3
Sghost - % d*x g(a)g 2wy VH (—vap — ;) Vi

Identify 1-loop corrections to =¢

1 . . o 4 2 1/
and z with coefficients of a" and a* in §54,,

1/ ccll
(rgrav = Sgrav + ()ngv )
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One-loop EA: spherical background

One-loop correction §Sg1rav to Séljv given by

1 2
e % — |im /D,ue_és()
£—0

65®) = S, + Syt + Sgost

where

S, quadratic term in the expansion of Sgrav[gfﬂ,) + huo]

v 8 W
S = G dxy/g(a [ e (—VPVP—Z/\CC-&-;) h

v+ 2 vpzpuvaAhlg

h= gffl hHY hHV = h#u — ng“lh ; indices raised with g(a) ot N covariant derivatives in terms of gffl

A delicate point ... the measure Dy

Recent discussion: C.Branchina, V. Branchina, F. Contino, R. Gandolfo, A. P. / Bonanno, Ferrero, Falls
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Path integral measure : Fradkin-Vilkovisky

Dup = H [g(a) Oo(x) (g(a)(x)) o ( H dhag(x)) (H dv: (x)) (H dva(x))]

x a< B

—1
Liouville in phase space = integrate over conj. momenta = g(2)%(x) (g(a)(x))
g% dangerous? Diffeomorphism invariance?
Subtle point: HX <> discretization (given coordinate system) Leutwyler / Fradkin, Vilkovisky

® Transition amplitude (in, tj|out, t,) requires a time ordering parameter

® Lattice &£: hypersurfaces x? = cte N curves x' = cte
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Diffeomorphism invariance of the measure

Under a general coordinate transformation (% — x)
® change of time ordering parameter (%0 — x°)

® change of lattice (& — &1)

= Hx (&) — HX (&1) is NOT a trivial reshuffling

Careful calculation shows that (scalar example)
flel - / S| Tuaen| | ] o] - / 58 | | Tweoom| |4 [ abeen
X X X X

NON-trivial factors A and B beyond those due to fields transformation

Accounting for this

® The measure turns out to be invariant
® Another typically used measure: Fujikawal. No g%, not invariant

® g% is crucial to ensure diffeomorphism invariance

lNot from Liouville measure in phase space.
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Back to the calculation of §SY

grav
Now : gffg = azAg'“,, guv dimensionless and a-independent metric

convenient (though not necessary) way to dig out the a-dependence from the background metric

-~ 1
Redefinition :  h,, = (327G)"*2a"'h,, , v, — (327G)2 v,

convenient but not necessary

= [2u] ~ 1, [(TT..< » s ) (TT, av; ) (TT, ave )]
The radius “a” does not appear in the measure

In terms of /i;,“, and v,
) » 1 — o
S+ Sg= [ d*x+/gl [ B (-v,v° - 2a /\+8) By + h2 — ( E) VoV h;}

N (1) B h n Wy (1) (1)
h=g 8.1 h*Y hyy = hy, g‘w ; indexes raised with @'/ #¥ ; covariant derivatives in terms of g

Ly
Sghost = [ d'x \/@gﬂ)w v (7vpvﬁ, _ 3) ,

= 5@ =5, + Sgt + Sghost contains only dimensionless operators (no arbitrary scale )
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Decomposing onto the eigenbasis

Consider the basis constructed with the eigenfunctions of

Dimensionless Laplace-Beltrami operator 06 = —a2 El(as)

Dimensionless eigenvalues A(ns) and corresponding degeneracies Dgs)

2541 3\* (2s+1)° 3
/\5'5):,724,3"75; D,(f):i(n+7> ,w<n+,) n=s,s+1,...

3 2 12 2
Decomposing /Huw v; and v, onto this basis we get backup slides
£5(1) (0)
1/ 1 det; [—\:‘( — 3] detz[—\:‘ — 6]
0Sgrav = — = lo + ...

2 %8 Geto[ -0 — 222/ + 8] deto[-0I© — 222A]

* index 7 in det; indicates that product of eigenvalues starts from )\gj_)i
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Calculation of the fluctuation determinants

Two different strategies
1 - product of eigenvalues of Laplace-Beltrami ops.

2 - proper-time
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1 - Calculation in terms of the eigenvalues \(%)

N—2
Shtay :% Z [D(nz) log (A(f) —22%A + s) + 0 1og (Af,o) - 232/\) —pM 1og (/\(nl) - 3) — 0V 1g (Af,o) - 6)] 4o

n=2

N: numerical UV cutoff on the number of eigenvalues
De Sitter solution for the classical action a3 = 4/ Aicc

a,s size of the universe = connection between NV and physical cutoff scale A given by
N A
A~ Mp=-—"=Ny/—=
EM 3

4 2
U 2 2) 4 2 2) 2. N 2) | N 2 779 2
8Sgray = — (Acc\ogN)a + Ace (*N +8IogN)a + 57 (—1+2|ogN)+ 36 (203775|ogN ) — %o leg N

Expanding for N > 1

3A? 3A?
0Sgtay = — | N2 log a* + [ —3A% + 8Ac log a2+ ..
Ace Ace
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2 - Calculation with proper-time

(—D(s) — «) dimensionless = det; regularized with a dimensionless proper-time T

(lower cut: N >> 1) with kernel kernel KES)(T)

_ +oo dr (s) +o0 )
Jiw B0 - 3 o4

n=s+i

det;(fﬁ“) —a)=e

After integration over 7, sum over n with EML sum formula. Expanding for N > 1

N* 17 1859
1/ 2 2 4 2 2 2 2 2
S = — (N 1og N*) a* + A (—N + 8log N?) & — TN gy e N
. N ACC
With A= — =4/—=N —
das 3
372 3A2
Sy = — (/\fC log —- ) at+ (-3/\2 +8/cc log - ) .
cec cc

The two methods give the same result
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One-loop corrections to A—G“ and é

Coefficients of a* and a” identify the one-loop corrections to A% and %

Gl G

|3A2 1—11+G3A2 8/\|3/\2
%8 A G~ G o 108 %

ce

Nt Ace 1 36N
s

* Taking G ~ M;Z : quantum corrections do not spoil the naturalness of this relation G ~ GY

* Usual result: p ~ Mf; —>  bare value of p ~ Mf, with coefficient that must be enormously

fine-tuned to cancel the one-loop M‘F‘, correction

* Our result: only mild logarithmic corrections to p = 8/\;%: unexpected!

In pure gravity no naturalness problem arises:
the bare cosmological constant A, does not need to be ~ M%,.

We may naturally have A.. < M2, and so
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Peeking behind the curtain: what is going on

...Usually we have power-law “divergences” in p...

‘ Why don't we see them? What is going on? ‘

® Consider JSéﬁav
N* 17 1
— N2 - @ log N2

3Sgiay = — (N log N?) a* + Acc (—N? + 8log N?) 2 o t3 %

® Connect N and A through A = g (rather than A = al ):
ds

*Corresponds to identify A with the maximal eigenvalue ijﬁ,x of —D(:)

oSt = N 4 A + A2 log (/\2 az) 2+ | XA 4 A tog (/\2 az) 2 1859, (/\2 az)
grav 12 cc 3 90

known result found with proper time regularization using heat-kernel expansion

Dependence on g,(f,,) artificially altered in 65&!“
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Usual calculations implement A = N/a

* Using Fujikawa measure (not diffeomorphism invariant)
u 1 det; [0 — 3/2%] det,[-0) — 6/27]

0Sgray = —= log
o 277 deto[ 0P — 2 + 8/a2] deto [0 — 2A]

* Trace usually regulated as
75(5) +o0 d 3 s +oo d
Triog (2 0y Ly [T dr g e ((97e) L [T drg
H yne T yne T

* 1 dimensionful proper-time (mass)~2 and

(s)

with f)?,ss) the a-dependent eigenvalues of —[03’ and D, the corresponding degeneracies

2 3 3

~(s) N +3n—s ] (s) _2s+1 ( 3) (2s+1) ( 3)

A = ———— : D\ = 2) = d
" a2 " 3 "ts 12 "ts

* Cut 1//\2 in the proper-time integral effectively restricts the sum to the N

eigenvalues of fD(:) such that X,Ss) < A2 = highest eigenvalue X,Els) ~ ’;’—22 ~ N2
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Scalar field on spherical background
(a)

Free real scalar field ¢ of mass my on gravitational background g,y

see Gandolfo talk for the interacting case

A 2 1
s=Zgat - Za+ [ d'xy/e® [ VB, 60,6 + 5 "’i‘i’z}

3G

Integrating ¢(x) = Effective gravitational action Sggv

LAY 27
= e 2

with ¢ Sgrav given by

e OSgav — /H a)OO(X) 3 ( ( ))% do(x) :|effd4x @[7%¢D¢+%mi¢2]

1 1
(g(a)OO(X)) 2 (g(‘a)(x)) * from integration over conjugate momenta Fradkin, Vilkovisky

(a)

Using g,y = a? E;w and introducing ¢ = a¢ (convenient but not necessary)

e %% = N/ H [d (;(X)] e f d'x ﬁ[f% Q(Ew)) b+ %aszp (’;2]
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Fluctuation determinant

Performing Gaussian integrations

TN o N
nggv = 3Cj.c at — G P4z Trlog (—D(O) + a2mi)

To evaluate the “Tr log”

©0), 2,2
Proper time f/N2 47 g (0) (), K(O)(.,.) :Ztog p© o (A +a m¢)
®
Expansion for N > 1:

2
geff _T Ace |0g N2 ) a4 o 1. (N2 + 2log N2) >+
grav — 3 G 8T G 24r o

* Similarity with the result obtained in the pure gravity case evident

* Once again : if N properly related to A ~ Mp through A ~ ai =N %
s

== p= /:fcc receives only mild logarithmically divergent correction

4
A m A2

5 (ﬁ) LTI
G 8T Nee
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Usual result

Again: if we were to perform the mapping N(A) as N = aA

=  spurious quartically and quadratically divergent terms <—

For instance: . .
N AN
48 48

Quartically divergent contribution to A“"

N2 2 2 A2 2 _4
12 a — 12m¢a

Quadratically divergent contribution to A“
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Conclusions

We have seen that when
® quantum fluctuations are calculated in curved spacetime
® diffeomorphism invariant measure (FV) used

® physical cutoff properly identified

Power-law divergences are absent in the vacuum energy

Same is true even in the presence of matter fields



Introduction Effective action for pure gravity Matter contribution Conclusions
0000000000000 0 [e]e]e} oce

THANKS FOR YOUR ATTENTION
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Diffeomorphism invariance of the measure

Gravitational action Sg[g] in the presence of a scalar field with action Sy[¢, g] (sign. (—, +, +, +))

S[¢, &] = Syle] + Sulé, &] = Syle] + /d4x Lun($(x), Du(x), g(x))
where Ln($(x), 8,0 $(x), g(x)) is the matter Lagrangian density
La(9(), 46, 80)) = —3 v/ ~80) (8" (x)8,0()9. 6(x) + m*6?(x))
Effective gravitational action [[g] given by

el _ / &S19(x), 8(x)] H [M(g(X)) d¢(X)}

X

M(g(x)) non-trivial measure term

FV measure obtained from the Liouville measure in phase space HX I:dﬂ(x) dgb(x)]
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Diffeomorphism invariance of the measure - 2

Subtle point: H <> discretization. Given a coordinate system x*: Leutwyler / Fradkin, Vilkovisky
x

0

® Lattice &;: hypersurfaces x° = cte N curves x' = cte

® Transition amplitude (in, t;|out, t>) requires a time ordering product, that can be identified
with x°

H indicates the product over all the points Q; of the lattice &
X

Y reference frame with coordinates x ; S frame with coordinates %. In )i, for the classical action

516, 8] = 54la] + Suld, & = Sle] + / d*% Ln(3(%), ud(%), £(%))

for the effective action 2] we have

18 _ / efé[q"s,éIH [M(g(&))dq@(i)]

H" product over the points P; of the lattice £: hypersurfaces %% = cte N curves X' = cte. Time
%

ordering parameter %0
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Diffeomorphism invariance of the measure - 3

Under a general coordinate transformation
® change of time ordering parameter

® change of lattice

= HX (&) — HX (&2) is NOT a trivial reshuffling

To realize the bridge 8] (in £) — I[g] (in £):

1-1In3, move from & — & (from 20— xo)
el = / ¢Sea [ T mesn] [[Jese ] = / 508 [B] [ meweon] [a] [ adtn ]

with § written as (change of integration variables from % to x through % = X(x))
54, 8] = 54081 + Suld, £]
X 1 Ox* 0. N N N
=52 5 [ 0t/ (850 g G 0056 + 50 )

= Sl + / d'x Ln($(5(:)), 0 B(%(x). £((x)) g = et 2|
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Diffeomorphism invariance of the measure - 4

2 - Move from ¢(%(x)) and &..(X(x)) to $(x) and guw(x)
it _ / %085 H MEECD AHd¢
/ istoal [ ¢ H M(g(x)| [AE H 46

* Factor C arises when we express M(g(%(x))) in terms of gu.(x)

* E Jacobian of ¢(&(x)) — #(x)

To have [[g] = I[g], it is necessary that ABCE =1
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Transformation factors

Factor E - ¢ scalar field, $(%(x)) = ¢(x) ; E Jacobian of ¢(x(x)) = ¢(x) = E =1.

Factor A - In phase space
Teilel _ isylel / o K080 ()=H(m(x), ()] [H Flg(x)) dr(x)d ¢(X)}

with H(m(x), ¢(x)) the Hamiltonian density, m(x) the momentum conjugate to ¢(x)

() = 2m(9(), 04 6(x), £())
9(90p(x)) 7

and Ln(¢(x), duo(x), g(x)) the Lagrangian density in X

f(g(x)) =1 FV measure ; f(g(x)) = (g°°(x))~1/2 Fujikawa measure.

Hx <= lattice & and time ordering X == m(x) correctly defined above
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Transformation factors
In 3 (lattice &)

A ; 4o A Srova
e"'szlg] _ eng[ér]/ e fd X[do¢(X)7f H(#F(%), X) H F(a(%)) d7(%)d A(;()]

with 7 (# (%), #(%)) the Hamiltonian density, #(%) the momentum conjugate to $(X)

and Ln($(%), 8, $(%), £(%)) the Lagrangian density in ¥
H; <= lattice & and time ordering parameter 8° — #(X) correctly given above
Using in 3 the lattice &; (and x° as time ordering parameter), for the effective action we have

if'gllé]
— oiSlel / 1 J [0t eamen—mtsen e FHf(g(x(x ][H dm(%(x)) dB(3(x)) |

H(TI’(X(X)) @(X(x))) Hamiltonian density corresponding to Lm(¢3($<(x))7 8M43($((x)),§(§<(x))) and
7r(x( )) momentum conjugate to (X(x))

OLn($(X(x)), ud(X(x)), 8(3(x)

w(%(x)) = (()0¢(X(X)))
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Transformation factors
* Integrating over #(X) for IA'EZ [&] and writing Hx dd(x) = A HX dd(x(x))
el — o5l [ T (a3 / esald 8| T wie)| [A] ] adeon |

with  W(g(%)) = (—&(%))/4(—&%(x))1/2

* Integrating over (X(x)) for fgl [&]

eferltl — o5ia [ TT et / 5l | T veeon| [ b

with  Y(2(%(x))) = JM2(=g(R0))Y4[ = &7 (5(x)) ux® 8,x0 |2

fgz [&] and fgl [2] same effective action in 3

L Y@Ee)
IT. W)

= A
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Transformation factors

_ L vesen
[L W)

To write A in a convenient form, consider an infinitesimal coordinate transformation (only first
order in €)
M= x" 4+ ef(x),

and switch from HX to HX in the numerator. Observing that (6 (0) from Z - f d4X)

§@ (o §@ (0
I | S22 = exp( © d*x Iog(l + Oue“) = exp © d*xa,e" | =1
2 2
X

where we have used d*% = d*x J = d*x |det %

= d*x (1 + 9, (x)), and observing also that

TP A 04 N g
—"(%(x)) 8, x° D,x° = 01 25% 9, = - (1 -2 o Buao)

we have

(4)( 0) 4 1 201 (%)
. " sionl/2( 500, 0
I | £(2(x))) | I W(g(%)) exn( /d % [%6‘ log ((7g(X)) (7 & (X))) +2 05 due ]

= A=-exp <6(4)2(0) / d*x [Oua“ log ((7g(><))1/2( — goo(x))> +2 i?oii((:)) OMEO:I >
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Transformation factors

Factor B - We begin by observing that M(g(X%)) is nothing but the product f(g(%X))W(&(X)). We
then have

[T M6 =T [recwiasn] = oo (6“”(0) / d“%log(f(g(w)vv(g(&))))

X

= ep (a<“>(0) / d*x 9" log(f(g(x))vv(g(x)))> I [receomwiescon)]

= exp (6“)(0) / d*x " log(M(g(x)))> [ meseon.

Recalling that [ [, M(&(x)) = B[] M(&(x(x)))

B = exp <5(4)(O) / d*x 8,e" Iog(M(g(x)))>
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Transformation factors

Factor C - Defined by H g(x(x))=C H g(x)). At first order in €

M@ (5(x)) = M (" () + £"7 (x)90" (x) + 8" (x)0 " (x)) =

M) + s

(877 (x)00” (x) + 77 (x)00™ (x))
where we used

KM (x) %Y (x) ,

B = P T (0 = 2 (0 + 7 (00027 () + 877 ()90 ()

We then get

H M(&(x(x))) = exp (5( (0) / d*xlog [M(g) + % (%7 (x)0s€” (x) + gﬂ“(x)aas“(x))])

exp(é“)m) / M) ! ey (87 )aasf*(x)wﬂ"(x)aas“(x))) [T Mo

— C=ep (6“”(0) / M) e (g““(x)%s‘“(x)+gd“<x)aos‘*(x))>
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Fradkin -Vilkovisky versus Fujikawa measure

Note: B and C depend on the specific form of M(g(x)), A does not and E = 1. We have then to
calculate B and C for M, (g(x)) and Mgy (g(x)), respectively.

Fradkin -Vilkovisky measure - Using M(g(x)) = M, (g(x)) = (7g0°(x)) 1z (—g(x))* we get

(4)
Bry —exp<‘s (©) / dx 0" .og[(g(x))l/z(goo(x))]>

2
C 5(4)(0) 4t gou(x)a 0
= eX| X
W 20
from which L
By Gy = A

which shows that for the FV measure
AB, CyE=1

and therefore that in this case: [[&] = T[g].
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Fradkin -Vilkovisky versus Fujikawa measure

Fujikawa measure - Using M(g(x)) = My (g(x)) = 1 (—g(x))** (1 arbitrary mass scale) we get

Brui = exp (5<4>(0) / d*x 9" log ((—g(x))"/ 4#))
Cryji =1

so that

Op
_ (4) 4 H g"(x) 0
ABpy Coyy E = exp (5 (0)/d x [9e" Iog(w) ~ S0 e ]

which means that in this case: [[g]# I'[g].

Contrary to what is claimed in JHEP 05 (2025), 164, the effective action calculated using the

Fujikawa measure is not diffeomorphism invariant
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Comparison with Becker-Reuter, PRD 102 (2020) 12 - PRD 104 (2021) 12

and Ferrero-Percacci, e-Print: 2404.12357

Consider the modified Einstein equation at one-loop Becker, Reuter PRD 104 (2021) 12
3G d 3G d R
. d réxl"av(a) = 4Aa* — 1227 + — 765g1xfav( ) =0 (glw = g;(u)/)

da

* BRST-invariant Fujikawa measure (or measure not fully considered)

[pavms o] = T [(#10) (I s ([ ) ([T )]

x o a—16 a< B P o

= ssY

arav(3) ~ N*log (ap) = solution 3, ~ Ny/M; A"

* Fradkin-Vilkovisky measure

[Du(h)DV; 'Dvg] = H [g("’) 005y (g(”)(x)) _1( H dhaB(x)) (Hdv; (x)) (H dva(x))}
—_—

x o~ a—10 a< B P o

= (SSgl,fav( a) does not contain N log (ap) = NO 3, solution

Similar considerations apply to the results found in Becker-Reuter, PRD 102 (2020) 12, and
Ferrero-Percacci, JHEP 09 (2024) 074
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Calculation with EML in proper time regularization

(—ﬁ(s) — a) dimensionless = determinants regularized in terms of a dimensionless
proper-time 7 (lower cut: number N > 1)

oo dr

~ _ dr g(8) (-
det,-(—l](s) —a)=e N2 T K () ; K(s Z DS) )

n=s+i

After integration over 7, sum over n performed with EML sum formula

nf ng _ P
Z f(n) = / dx f(x) + w + Z (fi; (f(Zk—l)(nf) _ f(Zkfl)(n’,)) + Rap

n=n; i k=1

p is an integer, By, are Bernoulli numbers, R, is the rest given by

B — By @—1), k1), gy _ (=1 " (2p) B
Rap = Z o0 (FE () — F*D(m)) = o | 0B 1)
k=p+1 i

B (x) are the Bernoulli polynomials, [x] the integer part of x, and () the i-th derivative of f with

respect to its argument
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Expansion of h,,, v, and v,

We indicate with h”") (transverse-traceless), £ (transverse) and ¢\
the pure spin-2, spin-1 and spin-0 eigenfunctions of the Laplace-Beltrami
operator on the sphere of unitary radius that are normalized as

678 = [ dx /2RO = [ a'x/Fe D00 = [ dx /& 00 6000

corresponding to the eigenvalues )\572), )\571) and /\S,O) respectively. The
modes {h5", vi", wh', "'}, with

% dn, n=0,1,2,...,

_1
wh = [A("O) <§A("°) 73)} : (v”v" - EE‘”D) Gny N=2,...,
4 4
1
2

of which we do not write explicitly the degeneracy indexes form the
orthonormal basis for symmetric tensors.
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Moreover, defining the longitudinal vector modes

= ()\(0)>7% V¥¢,, n=1,2,...,

n

the latter, together with the transverse modes &5y, form the orthonormal
basis for vectors.

Expand the graviton field h#" as Taylor, Veneziano
oo oo oo oo
/h\’“’ = E aht” + E bvi” + E Wl + E enzh”
n=2 n=2 n=2 n=0
oo
h=gu b =2 endn,
n=0

oo oo
v = E g &y + g fo It
n=1 n=1

so that we have
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647G (So + Syf) = E ar [AP — 22 + 8]

n=2

o
+ E b? [g*l (AS) - 3) - 2a2A+6]
n=2
3 )\(0)
+ E < {5‘1 (Z*("O) 76) -2 —22A+6

327G Sghost = Zg: & (/\(n” _ 3) n Z ~ (/\510) _ 6) .

n=1 n=1
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Therefore, the functional measure can be written as (defined as)

~ . 1 * *
Dh,“,Dvavc,EV |Idanlldb,,lldc,,llde,,lldgnIIdg,,lIdfnIldfn,
SO(5
(®) n=2 n=2 n=2 n=0 n=2 n=2 n=1 n=1

Notice that there is no integration over the zero modes g; and g; of
Sgnost- The corresponding ghost fields are proportional to the ten Killing
vectors &I, These zero eigenmodes correspond to residual gauge
invariances which are not eliminated by gauge fixing in the presence of an
S0O(5) spherical symmetry. Overcounting has been compensated by
inserting the explicit group-volume factor Vso(s)
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