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INTRODUCTION

We present the formulation of the Riemann-Cartan theory

’ Affine connections and metricity conditions
’ Generalisation of field equations in /4 theory via
the variational principle

’ New neutrino oscillation formulas, in the presence of
torsion
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It follows directly from the transformation laws that the sum of two affine
connections 1s not a tensor, while the antisymmetric part of the affine connections

‘Svl()lc = _(FZ;JC _ c%)) = !(ll)c]

trasforms as a tensor. .5;'. is called Cartan tensor
where the coefficients e« are called affine connection coefficients.

be

A generalization of the Einstein-Cartan theory is obtained by considering the
non-metricity equation:
Vagbc — _Cgabc

where v, is the covariant derivative depending on the affine connections, and
Qabe is the non-metricity tensor.
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We shall analyze a theory such that the condition (),,;. = 0 is satisfied, ensuring the
conservation of length units and angles under parallel transport.

Affine connections can be expressed in the form
kE __ rk "k
Iy = {3} — K

'..k. _ "..k -v.k -vk. . -k
K= =555 + 55, — S [\ZJ

where { -} denote the Chrlstoffel symbols wh|Ie I\ represents the contortion
tensor, WhICh a priori depends both on the metric and on the torsion.

The linearly connected space L,, endowed with the metric g, reduces to the
Riemann—Cartan space-time U: in the case where Qabe =0

In turn, 7, reduces to the Riemann space-time Vi characteristic of General
Relativity in the absence of torsion.

Finally, Vi reduces to the Minkowski space-time £, in the absence of curvature.

- S=0

(L4-Q)Q—> Uy — ‘4 = Ry
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The action of the matter field with the gravitational field is of the form:

B[ =

1
W= [ d* (-

ZL(V,0V,9,0g,5) + (—)/(1441‘ (—9)2R(g,0g. S, 0S)
Varying the action with respect to the independent variables

O(eR) _, i _Os(efr’-‘)
— e 35S _.,k
0Gij i

and using the modified Palatini equation

OR;; = V(0T)5) — Vi(I};) + 2856y

mj

FIELD EQUATIONS Theory [

GZJ _ AZZ‘] TZJA _ k,}.ijk

= 2kep AJ i




The second equation is an algebraic relationship between
spin and torsion, while the first is a generalisation of Einstein’s

equation.
By expressing Einstein's tensor in its Riemannian part ¢({}) and it’s
non-Riemannian part, we find -
ij _ 145171
(T ({}) _ I'O /
In this equation, 5ii has been defined as the combined energy-momentum

tensor, expressed as:

/) . : : ] 1
~ 1k l us —+—
'\O”I_— " 'Jf‘l"[_'le-A[lT{.k] N )TZ“TAZ + 7 Tklj T oJ (4Tm[ ml] T772k17’72"l)]
, Z

% is symmetrical by definition and satisfies the law of conservation

In the absence of torsion, the field equations reduce to those of general relativity.
The geometric concept of torsion is intrinsically linked to local transformations of
the Poincaré group.

The local Poincaré group leads to Riemann-Cartan geometry

Friedrich W. Hehl, Paul von der Heyde, G. David Kerlick, General relativity with spin and torsion: Foundations and prospects, Rev. Mod. Phys. 1976.

Pag. 6



MIXING IN QUANTUM MECHANICS

For three flavour states, we have:

—is
C12C13 S12C13 S13€ ‘
I/e 1/1
5 5
Vp | = | —s12c23 — c12523513€"°  c12€23 — S12523513€"°  S23C13 V2
Yr ié is v3
812823 — C12€23513€ —C12823 — S§12€23513€ = C23C13
The oscillation formulae for ,, —, ,_ is
4 .2 . 2 Amgl L
P(ve — ve) =1 — cos 013 sin”(26012) sin
4F
2 2
. . 92 Am3, L . 92 . 92 Am3z, L
— Sln2(2913) cos> 015 sin 31 + sin“ @5 sin 32
4F 4F

S. M. Bilenky and B. Pontecorvo, Phys. Rep. 41 (1978) 225
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Mixing in quantum field theory

Pontecorvo's formalism has been generalised to QFT and corrections have
been made to the formulas we have seen. The generalisation to QFT considers
the mixing between fields [1].

The generalisation in QFT was also made for 3 flavours [2]
Qﬁ,e(t) = 1 — sin2(2912) cos? 013 [|U{‘2|2 sin? (Alfzt) - |V11§]2 sin? (Qlf2t)]
— sin?(26;3) cos® 6,5 [|U{‘3|2 sin® (ATt) + |[Vi§|? sin® (Qlfgt)]

— sin?(2613) sin® 615 [|U§‘3|2 sin® (Asst) + |Vas|? sin® (912‘315)]

[1] M.Blasone and G.Vitiello, Annals Phys. 244: 283-311, (1995)
[2] M. Blasone, A. Capolupo, and G. Vitiello, Phys. Rev. D 66, 025033 (2002)
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Neutrino oscillation formulas in the precence of costant torsion

3h, :
-9 TA(r)yay> W

ithy" 0, W — mW

The field satisfied the equation

The solutions for free particles with spin aligned or opposite to the axial torsion are given by

+ 5t
0 N* = /B,

1
0 1
T Nt k b N ky—ik
u, =N 3_ ux =N —1—~2_ -+ .
k By b k Bt N:~ are obtained from the
11K — 3 : . . ey
E; it E. +iii- normalisation condition
+k3 _ ky—iky
Ef +m E- +Ai
k k
k1+iky _ k3 .
vgzN"' ES it vézN_ E-+im | . \IJT\IJ = 1
1 0
0 1 o~ :E 03 e .3
m; =m; £ S5hi

Ek.i = VK2 + mE2.

A. Capolupo, G. D. Maria, S. Monda, A. Quaranta, R. Serao, Universe 10(4), 170 (2024).
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The linearity of the generator allows us to define the flavour annihilators of the fields
and assuming that: . _ (0,0, l;:;l)

o (t) = 012C13“k | 1512613 ( (r;;;g(t)) *“,5( (Z;; k(t)> )

+e s ((Me() gy +€ (0) )

[, =&, and X" = x'".. for constant torsion

.

ij;k z],k ij;k ij;k

These equations for annihilators have a structure similar to that in QFT, but the
Bogoliubov coefficients are different.

B = NENF |1+ 3 = cos(&53),

T () (B ,-i)_ ik
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Neutrino oscillation formulas in the presence of constant torsion for
three flavour generations

. U;%p(t)> — (0] =2 Qu, 2 ]0);

The following relationship is satisfied: o

o L w+a™ L m+att =1

From the analysis of this structure, we can retrace the calculations made in field theory
to include torsion, since the entire effect is contained in the Bogoliubov coefficients.

2
2
ve—we(t) = 1 — sin?(26015) cos* (A1) { I‘;’Zk sin (A;Zk ) + Z;’Zk sin (QZZk )‘

— sin?(2613) cos®(f12) | [T . 2sm (Ar )—I— DA 2sm (Q' qt)

13 12771 13;% 13;% 13;% 13;%
2
et . 2 rr r rr r
sin“(2613) sin“(612) [ F23k sin (A23k ) - 223k sin (stk )]
here ¥ = +, A’ — FixEix Qr . = BB T = B and T = x” for constant torsion
where = 7 ij;k ij;k ij;k ij;k

A. Capolupo, G. D. Maria, S. Monda, A. Quaranta, R. Serao, Universe 10(4), 170 (2024). Pag. 11
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Figure 1. Color on line. Plots of the oscillation formulae in a constant torsion background: in the

left-hand panel QTS,—M( t) (blue line) and Qlﬁf_we(t) (red line) as a function of time. Torsion was
picked to be comparable to the momentum as T® = 2 x 1074 eV. In the right panel, the detail of the
same formulae and the comparison with the corresponding quantum mechanics oscillation formulae

(dashed line) are reported.

k

QTUF_ — Ve ;é

i

Qiue — Ve

Pag. 12




The field satisfied the equation | (iv#9, —m)¥(x) = ﬂTP(t)fyp'y5‘I’(x)

In order to derive the solution of the Dirac equation with torsion, we write
the spinor in the following form

n=1/ O O L

(27T

We use ansatz e Fr(DELP) .
= = lpx p f t
ugA(t,x) =e ( 4o (DAE(D) ) or positive energy and

vpA(tx) = e"”"‘< _%((?)i%(f()p) ) for negative energy.
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Dirac Field Quantization with Time-Dependent Torsion

f;-m(t) = exp{ —i%qz\zxiﬁi} exp{ —iwp,;\t}C,—,’,,\
ATO ) . . .
gin(t) = 10 exp{ —i5nAalp' } exp{ —iwpt}Cya

vy 2
where  @Wpa = \/m2+ (p+5ATO)".

By imposing normalisation condition

2
foa(®)| +

2 1
g0 = i

we determine

wPIA+m
(Zn)% \/ (wp,A+m)2+(p+77AT0)2

Cir =
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The linearity of the generator allows us to define the flavour annihilators of the fields
and assuming that: . _ (0,0, lEl)

(t) = 01201304k | 1512613 ( (r;;;,;(t)) *“5 (Z;rz k(t)> )
e ons () oy +¢ (z;;,x )8 %)

FTT: =TII"". and X".=Y"", fortime-dependent torsion
ij;k ij;k ij;k ij;k

In this case, the Bogoliubov coefficients are

Hf;-;;,f(t) = (2")3exp{_i(w;+ p+) }<C+> (Cr_{i) 1+ (wi

. . * | - ro
1550 = @ e i~ )eHER) (65) |1+
Y (t) = (2m)° exp{+it277“iﬁi} eXP{“(“’Lﬁ + w;H-) t} (C;J{i) * (C;{i) * (p + ”TO) ] +1+ m; Wl m,
Y5 () = (2n)° exp{+it277“iﬁi} eXP{+i<w;,+ + “’;'v,+) t} (C%L,i) * (C;,].) * (p - ”TO) W), +1+ m; Wl m

wherei,j=1,2,3and j > i.
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From the analysis of this structure, we can retrace the calculations made for the case of
constant torsion, since the entire effect is contained in the Bogoliubov coefficients.
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Figure 4. Color on line. Plots of the oscillation formulae in a time-dependent torsion: in the left-

hand panel, Q vo—v, (t) (blue line) and Ql,, _y, (t) (red line) are plotted as a function of time. In the
right panel, the details of the same formulae and the comparison with the corresponding quantum
mechanics oscillation formulae (dashed line) are reported. We consider #T° =5 x 1073 eV.
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CP Violation and Flavor Vacuum

We study the impact of torsion on the CP violation in neutrino oscillation due to
the presence of Dirac phase in the mixing matrix.

2
. - |yt
s (ZAlz;iét) ‘212,-1?

") sin(20%, ) -]
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|
’ 12k
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sin (ZQiE3 Et) ]

sin (2Af3 Et) + ]z

13k

0.2 ‘ ‘ ol
AZ@t) 0 1“1 ‘Aﬁ ll ’l “l h "‘[ 4 ‘# s o # |
0 2000 - 4000 6000 0 2000 - 4000 6000

Plot of Aef;{cp(t) (blue line) and Aj’;‘cp(t) (red line) for costant torsion (left panel) and for
Time-dependent torsion (right panel)



Expectation values of the number operators

Nix =5 O®)IN £0(8)) f = s(O(E)[Ny £10(£))f =
Nyz =f O)IN, £0(£)) = £(O(E) [Ny £10(£)) ¢

Nz =r (O®)IN, £0(£))f = f(O(t )IN’ #10(8))

= ‘—012523 + e 512023813) ‘Z

23;k

where, r =1, |.
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CONCLUSIONS

The Einstein-Cartan theory is a modification of general relativity.

Since spin and torsion are intrinsically linked, it has been shown how torsion couples
to Dirac fermions.

We derived new oscillation formulae which are dependent on the spin orientations of the
neutrino fields.

. We showed that the energy splitting induced by the torsion term affects the oscillation
frequencies and the Bogoliubov coefficients which represent the amplitudes of the

oscillation formulae.

‘ The torsion effects are relevant on neutrino oscillations in non-relativistic regimes.
Therefore, experiments studying neutrinos with very low momenta, such as PTOLEMY,

could provide verification of such results in the future.
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Il caso in esame del mixing tra tre sapori del neutrino risulta particolarmente interes-
sante poiché include la violazione C'P. A fissato spin si consideri la quantita AT .o p definita
come segue:

—

- ot
Aep®) =Q1, L, (6) + QTvp—wo ()

= [{al, 0.0l @} +|{6", @0l @} +
- Ha_,;’,,a(t),ﬁ{fup(O)} -|{8t, @, B,{*VP(O)}}

Ricordando che risultano soddisfatte le seguenti relazioni:

Y Q,t)=Q, WlQlyy=1 e (T|QF,)=-1

si mostra la validita della seguente identita:

ZAg?'C'p:O ’ P00 =€ HR,T
g

Nel caso della transizione v, — v, si mostra che la quantita ATF op assume la seguente
)
forma:

sin (2A+ ) ‘V++

sin (29+ ..t) -

2
++ ++ . + ++ ++ +
(‘Um k’ ‘VIS'E| ) st (2A23-l€t) + (‘VIQ & ’Vl3 k| ) (2023 Et)

‘U++ sin (2Q+ " )

A% (t) = 4Jcp “U++~

sin 2A+ t) + V'H'
(2852) + IV

IIlOltr(‘ AT Cp(t) - _Aiflcp(t) con r =T, J,
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Figura 3.10: Nel pannello di sinistra ¢ stato riportato 'andamento dell’asimmetria C'P a
fissato spin up 1 in funzione del tempo per i valori dei parametri riportati in Tab.(3.1) in
cui ¢ stato scelto il valore di torsione tale per cui %h’f 3 = 50eV. Nel pannello di destra
¢ stato confrontato 'andamento dell’asimmetria C'P a fissato spin up T con quello a spin
down | in funzione del tempo per gli stessi valori dei parametri.

ace® ¥ (1)

N

01

- 1(s)
5

01}

il

Figura 3.11: Nel pannello di sinistra ¢ stato riportato 'andamento dell’asimmetria C'P a
fissato spin up 1 in funzione del tempo per i valori dei parametri riportati in Tab.(3.1) in
cui ¢ stato scelto il valore di torsione tale per cui %hﬁf‘" = 1000eV . Nel pannello di destra
¢ stato confrontato 'andamento dell’asimmetria C'P a fissato spin up T con quello a spin
down | in funzione del tempo per gli stessi valori dei parametri.



La generalizzazione a tre sapori, oltre alla violazione C'P, induce, a differenza del caso
di due generazioni, un differente numero di particelle condensate a seconda della massa
in analisi. Si mostra infatti tramite le relazioni che legano gli operatori di creazione e
distruzione a sapore definito con quelle a massa definita le seguenti identita:

Nz =1 O@)IN! L10@); =7 O®INT Llo(t));

2 2
— g2_p2 ++ 2 +4
= shels[Vigz| +<b[vigi] Nz =1 (0@)IN? 10(); = s O@) N5 -10();
L 2
Nz =1 O@IN] L10@®), = £ OB N} 10(1)); —512013|V ) + 513 ‘Vls;;e( ;
= |—s12¢c03 + €' 012823813 ‘ 12k‘ +323cf3c13 V;S':‘ ,

Nip =1 O@)INY 10 = 7 (O@)| N L[0(),

. 2 2
- —312023+6’z6012323313 12k' +323013013)V__‘ ;
Nyz =1 O®IN] 10@); = 7 O@®)| N} ;[0(2);
2 2
= —c12323+e’5312623313 23k‘ + 812823+66012023813 VS:—;‘ .

N;.~ =1 (0(&)| N 10(); = 7 (O@#)| Ny 10(8))
2 is 2
‘ + [s12523 + € c12c03513 )Vlsk‘ :

)
—C198 € S19C938
12823 + 12€23 13) ) 23:F
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Figura 3.12: Nel pannello di sinistra sono riportati gli andamenti di /\fzr 7 fissato spin up
T in funzione di |E } per i valori dei parametri riportati in Tab.(3.1) in cui ¢ stato scelto
il valore di torsione tale per cui %hT3 = 50eV. Nel pannello di destra sono riportati gli

andamenti di ./V; +i5 a fissato spin down | in funzione di ‘E ' per gli stessi valori dei parametri.

N

Figura 3.13: Nel pannello di sinistra sono riportati gli andamenti di N;T @ fissato spin up
T in funzione di ‘E) per i valori dei parametri riportati in Tab.(3.1) in cui ¢ stato scelto il
valore di torsione tale per cui %h’lv“?’ = 1000eV. Nel pannello di destra sono riportati gli

andamenti di /\fl J_’l_c. a fissato spin down | in funzione di ‘E | per gli stessi valori dei parametri.



