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Generalisation of field equations in        theory via 
the variational principle
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INTRODUCTION

We present the formulation of the Riemann-Cartan theory

Affine connections and metricity conditions

New neutrino oscillation formulas, in the presence of 
torsion



trasforms as a tensor.         is called Cartan tensor
where the coefficients        are called affine connection coefficients. 

A generalization of the Einstein-Cartan theory is obtained by considering the 
non-metricity equation:

where       is the covariant derivative depending on the affine connections, and     
           is the non-metricity tensor.
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It follows directly from the transformation laws that the sum of two affine 
connections is not a tensor, while the antisymmetric part of the affine connections



where         denote the Christoffel symbols, while            represents the contortion 
tensor, which a priori depends both on the metric and on the torsion.

Finally,       reduces to the Minkowski space-time       in the absence of curvature.

We shall analyze a theory such that the condition                is satisfied, ensuring the 
conservation of length units and angles under parallel transport.

In turn,      reduces to the Riemann space-time    ,  characteristic of General 
Relativity in the absence of torsion.
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The linearly connected space , endowed with the metric , reduces to the 
Riemann–Cartan space-time       in the case where                .

𝐿4 𝑔

Affine connections can be expressed in the form



and using the modified Palatini equation

FIELD EQUATIONS

Varying the action with respect to the independent variables

The action of the matter field with the gravitational field is of the form:

Theory



The geometric concept of torsion is intrinsically linked to local transformations of 
the Poincaré group. 

In this equation,         has been defined as the combined energy-momentum 
tensor, expressed as: 

is symmetrical by definition and satisfies the law of conservation 

In the absence of torsion, the field equations reduce to those of general relativity.

The local Poincaré group leads to Riemann-Cartan geometry 

By expressing Einstein's tensor in its Riemannian part          and it’s  
non-Riemannian part, we find 

The second equation is an algebraic relationship between 
spin and torsion, while the first is a generalisation of Einstein’s   
equation.
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For three flavour states, we have:

The oscillation formulae for               is  

MIXING IN QUANTUM MECHANICS
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S. M. Bilenky and B. Pontecorvo, Phys. Rep. 41 (1978) 225



Pontecorvo's formalism has been generalised to QFT and corrections have 
been made to the formulas we have seen. The generalisation to QFT considers 
the mixing between fields [1]. 

Mixing in quantum field theory
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[2] M. Blasone, A. Capolupo, and G. Vitiello, Phys. Rev. D 66, 025033 (2002)

The generalisation in QFT was also made for 3 flavours [2] 



The solutions for free particles with spin aligned or opposite to the axial torsion are given by:
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Neutrino oscillation formulas in the precence of costant torsion

are obtained from the 
normalisation condition

The field satisfied the equation

A. Capolupo, G. D. Maria, S. Monda, A. Quaranta, R. Serao, Universe 10(4), 170 (2024).



The linearity of the generator allows us to define the flavour annihilators of the fields 
and assuming that:
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These equations for annihilators have a structure similar to that in QFT, but the 
Bogoliubov coefficients are different.



 Neutrino oscillation formulas in the presence of constant torsion for      
                                        three flavour generations
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The following relationship is satisfied:

From the analysis of this structure, we can retrace the calculations made in field theory 
to include torsion, since the entire effect is contained in the Bogoliubov coefficients.
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Neutrino oscillation formulas in the precence of time-dependent torsion

The field satisfied the equation

In order to derive the solution of the Dirac equation with torsion, we write 
the spinor in the following form

We use ansatz for positive energy and

for negative energy.
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               Dirac Field Quantization with Time-Dependent Torsion

where

By imposing normalisation condition

we determine



The linearity of the generator allows us to define the flavour annihilators of the fields 
and assuming that:
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and for time-dependent torsion

In this case, the Bogoliubov coefficients are
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From the analysis of this structure, we can retrace the calculations made for the case of 
constant torsion, since the entire effect is contained in the Bogoliubov coefficients.



                               CP Violation and Flavor Vacuum

We study the impact of torsion on the CP violation in neutrino oscillation due to 
the presence of Dirac phase in the mixing matrix.

Plot of                (blue line) and               (red line) for costant torsion (left panel) and for 
Time-dependent torsion (right panel)



               Expectation values of the number operators 

Plots of        as a function of 
N1 (blue solid), N2 (red dashed line) and 
N3 (orange dotted line). 
(Right panel) Plots of       as a function of 

for costant torsion 

for Time-dependent torsion 
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CONCLUSIONS
The Einstein-Cartan theory is a modification of general relativity.

Since spin and torsion are intrinsically linked, it has been shown how torsion couples 
to Dirac fermions.

We derived new oscillation formulae which are dependent on the spin orientations of the 
neutrino fields.

We showed that the energy splitting induced by the torsion term affects the oscillation 
frequencies and the Bogoliubov coefficients which represent the amplitudes of the 
oscillation formulae.

The torsion effects are relevant on neutrino oscillations in non-relativistic regimes. 
Therefore, experiments studying neutrinos with very low momenta, such as PTOLEMY,
could provide verification of such results in the future.
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