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Metric-Affine Theories of Gravity

Metric tensor and affine connection are two independent geometrical structures.

M4, =TA,+K4, + LA,

= 1
« T4 = > g“’1 ( Juay + Javu — 9 HV,OC) Levi-Civita connection;

wv
1
. K’lﬂv = Eg“)‘ (T,uav + Tyau — Tauv) Contortion tensor;
1
. A wv =3 gaA(Qauv — Quav — Qvau) Disformation tensor.
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Metric-Affine Theories of Gravity

Through the affine connection, it is possible to define:
a a a o o .
* the curvature tensor Rg ,, = d, I, — d, g, + [y I, — rz, [,

* the torsion tensor Tlﬁ, = Fﬁt — Fﬁv;

* the nonmetricity tensor Qg = Voguy = 009y —ia Jov — WaIus-
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Metric-Affine Theories of Gravity
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The Geometric Trinity of Gravity

General Relativity (GR) can be formulated also through torsion or non-metricity in Teleparallel
Equivalent of GR (TEGR) and Symmetric TEGR (STEGR), respectively. They form the so-called
Geometric Trinity of Gravity.

Lagrangian

GR
Dynamical / . .
. » Field Equations
Equivalence

TEGR STEGR Solutions
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The Geometric Trinity of Gravity

The equivalence of the three representations 1s first shown via the Lagrangian approach:
R=R-> L,z =R
R=R-T+B=0->Lyzg=T-B
R=R—-Q—-B=0-Lgrpr=Q+B

TEGR and STEGR Lagrangian are equivalent to the GR Hilbert-Einstein action up to a boundary
terms B.
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The Extended Geometric Trinity of Gravity
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It 1s possible to consider generalizations of the Geometric Trinity Gravity,

replacing the scalars R, T, and Q with arbitrary smooth functions in the

respective actions; this led to three dynamical equivalent extended theories:
* Extended Metric Gravity, f (R);

* Extended Teleparallel Gravity, f (T, B);

* Extended Symmetric Teleparallel Gravity, f (Q, B).

The equivalence is based on the choice of the smooth function f.
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The Extended Geometric Trinity of Gravity

In fact, the equivalence of the Ricci scalar with the torsion and the non-metricity scalar up to

the respective boundary terms leds to:
R=R — f(®

R=0-R=T-B — f(R)=f(T,B)=f(T-B)

R=0-R=Q+B — f(R)=f(QB)=f(Q+B)

These conditions define the equivalence between f(R) Lagrangian and field equations with the
f(T,B), and f(Q, B) theories.

In this perspective, f (R), f (T, B ), and f(Q, B) form the so-called Extended Geometric
Trinity of Gravity.
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The Extended Geometric Trinity of Gravity

f(R)

Extended Geometric

f(T B B) Trinity of Gravity f(é _ B)

/—\ |
o _\
B = 2%, 7 Sen = [ diev=h . o o
’ AL, B=V,(Q"-Q")

~~Geometric Trinity of

Gravity
STEGR = /d4rvv —gT SSTEGR = /d4’l‘\/——gé
T 1 a1 % s T al11e1% oy 2 B Ao 12 Avpo L2 2 1o =
T = Z(_T i TC!I“/ - 2Tal“’T” ) e T Ta Q — _ZQ;[VGQ’ + QQ[U/GQ . * ZQ#Q# — §QyQﬂ
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The Extended Geometric Trinity of Gravity
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The alternative approach to discuss extensions of gravity theories is constructing effective
stress-energy tensors containing the further geometric DoFs. In this picture, the more
geometry appear as additional matter fields.

It 1s based on:

* The second Bianchi Identity: VARBMV +V RBAV +V RBW\ (T /'{Rgo"v +
T /’lRBua + T2 R,Ba/l)

* the covariant conservation of the stress-energy tensor: VMTMV = 0.

Thus, starting from the second Bianchi Identity for a general linear affine connection, it is
possible to infer the field equations in TEGR and STEGR framework, which are equivalent to

Einstein field equations.
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The Extended Geometric Trinity of Gravity

Curvature, torsion, and non-metricity are simply alternative ways of representing the same
gravitational field, accounting for the same DoFs.

The conservation laws can also be applied to EGTG. In fact, the f(R) field equations can be rewritten
w.r.t. the Einstein tensor:

Gy = X(TH + Tef ),

separating the usual matter energy-momentum tensor and the effective energy-momentum tensor,

which 1s given by the geometrical contribution:

‘ 1 - f(R) — Rf (R)z
Tlﬂff _ f( ) (V va(R) (R)ﬁguv + guv 2 R)-

L : B 1 S5
The Einstein tensor as usual is Gy, = Ry — 59 wh.
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The Extended Geometric Trinity of Gravity

Since for the second Bianchi Identity V,,GHY = 0, as well as the energy-momentum tensor is

divergence free, we get that:

T =0

Vulerr =

U

Hence, the continuity equation holds also for the Té?}. As a consequence, generalized conservation

will be also valid for the field equations of f(T — B) and f(Q + B), according to their dynamical
equivalence to f(R).
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Projective Symmetries

Projective transformations preserve the so-called projective structure, defined as the set of all solutions of
the autoparallel equation of a manifold. Thus, in GR test particles paths are determined by the geodesic
equation:

dx* dxV

s dxtdx’ dx#
+ L dt dr =) da’

d?x?
dt?

that throughout an affine parametrization T (ﬂ) turns out to be:

d2x? _, dxtdxV
+T = 0,

dT?2 Wodt dr

and are interpreted as the shortest line after minimizing the f ds.
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Projective Symmetries

On the other hand, the auto-parallels equation:
dx*

A U — _
u*Vyu f(A) 77

should be considered as the straightest lines, after having considered the minimization of

f ds, and its solution depends only by the connection V. Two affine connections on a

manifold are called projectively equivalent if their geodesics coincide (the affine
parametrizations may, of course, differ) and belong to the same lightcone projective

structure if they admit the same lightcone geodesics: U u, = 0.
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Projective Symmetries

A transformation of the connection that leaves the projective structure invariant is known as projective

invariance and it is such that:

ore ,,utu¥ = hu®.

U

In the context of MAGs, the most general projective transformation is:
a a a a o oo
[, =2 T% + 050y +65q, + g™ + €77 ,1yS5,
and torsion and non-metricity tensor, respectively transform as:
P _ oP P op
5Tuv - 61/ (p o Q)u _ SH (p _ Q)v + 2¢ uvSo

5quv — _Zguvpp - gup(q +7)y — gvp(q + ’I")M
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Quadratic Non-metric Gravity

Here, we consider a non-metric quadratic Lagrangian:

L= aOR + alQaquaﬂv + aZQvupruV + aBQuQu + a4QuQu + aSQuQu + Agv(rupv o Ffu)

We work in the so-called Palatini formulation, and impose that torsion 1s zero by adding a Lagrange
multiplier 25" (T, — T,).
We apply the general projective transformation to this Lagrangian, without the direction £9%,,s;,

obtaining the following:
pPQ,(4a; + 16az + 2as) +
pPQp(4a2 + 4a, + 8acg) +
q°Q,(2a; + 4az + 5as) +
q°Q,(4a; + 2a; + 10a, + 2as) +

1
rQ, <§ ag + 2a, + 4a; + 5a5> +
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Quadratic Non-metric Gravity

Collecting the terms together, p? = gqP = rP, expressing the solution with respect to pP, we obtain:

1
p°Q, (an + 4a, + 2a, + 20a; + 7a5>

prp(aO + 4a, + 6a, + 14a, + 10as)

Then we applied to the Lagrangian L, the usual projective transformation:
re,, -re,+oépn, +;q,

and applying the same collecting method, we obtain:

pPQ,(4a; + 2a; + 20a;z + 7as)
pPQ,(4a; + 6a, + 14a, + 10as).
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Quadratic Non-metric Gravity

M

1 1 a af 1 ap

= a, Ruv — EgPWR — Egle + a4 Va(\/gqu) o \/EQV Qaﬁu + \/EEQ”“EQV

1 1/ &
+ = 5 @2 [ (\/— (qu + Quy )) * \/gz (QMﬁQB“" + QV'BQB““)]

1 ~ ~ ~ I
+503[270(VF9,0Q%) +VIQuQy ~ VT Quw] + as[~VIQuQ + T (vQ,) + Vu(vGQ)]

A _ 1
+ as [_\/EQ“Q&#V + Va(\/ggqua) + 2 (Vﬂ(‘/yQV) + VV(@Q”))] ’
Py

= ao(QL" + 64Q7) + a;4Q." + 2a,(QLY + Q) + a34QV8Y + 2a,(Qu9* + Q#6Y)
+ as[2QV8Y + Qug*v + QH5Y]

11/13/2025 QGSKY-Annual Meeting Catania 19



11/13/2025

Conclusions

Curvature, torsion, and non-metricity represents the same gravitational field, accounting for the
same degrees of freedom.

The equivalence among GR, TEGR, and STEGR 1s proved at three levels, and it is extended also
for f(R), f(T — B).f(Q + B).

The projective transformations allow to find a families of connections.

The quadratic non-metric gravity, under a suitable choice of parameter is invariant under a
projective transformation.

The choice of the projective transformation changes the general curvature scalar, and, up to a
choice of the coefficient aj, the Lagrangian L is invariant under a general projective
transformation.

The conditions on the parameters are the same when applying the projective transformation on the

connection and the metric field equations.
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Perspectives

* Investigation of metric field equations and connection field
equations for quadratic torsion gravity under projective
transformations;

* Constrained Hypermomentum under projective invariance:

\/__g 5F1uv(5b),

* Investigation on how a projective transformation could

eventually allow to connect MAGs and Teleparallel and
Symmetric Teleparallel Theories;

* Autoparallel as equations of motion for MAGs.
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