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Proposed by Moti Milgrom (1983a, b, c)

MOND is not a new idea. But it has gained 
“momentum” over the past 40+ years.
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Rotation curves of disk galaxies: baryon-halo conspiracy



  

Lelli (2020, Nat. Astr.)

“Luminous and dark matter seem 
to conspire to produce the flat 
observed rotation curves in the 

outer regions. It seems unlikely that 
this coupling […] results from the 

large-scale gravitational interaction 
between the two components.”

Van Albada & Sancisi (1986, RSPTA)

Still a problem for ΛCDM!
See Desmond (2017, MNRAS)

Van Albada+1985

V c
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Baryons

Dark Matter

Rotation curves of disk galaxies: baryon-halo conspiracy
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Flat rotation curves = Law of Nature. What would Newton do?

Kinematic acceleration along a circular orbit:
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Flat rotation curves = Law of Nature. What would Newton do?

Kinematic acceleration along a circular orbit:

Newtonian gravitational field at large radii: gN ,b=−|⃗∇ ϕN ,b|≃
GN M b
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Flat rotation curves = Law of Nature. What would Newton do?

Kinematic acceleration along a circular orbit:

Newtonian gravitational field at large radii:

a0 constant with dimensions of acceleration
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Flat rotation curves = Law of Nature. What would Newton do?

Kinematic acceleration along a circular orbit:

Newtonian gravitational field at large radii:

a0 constant with dimensions of acceleration

V c
2

R
=√ a0GN M b

R2
Flat rotation curve at large radii



MOND postulates at the non-relativistic level (Milgrom 2009, ApJ)

1) New constant of Physics: a0 ≃10-10 m/s2

    similar role as c in Relativity and h in Quantum Mechanics
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2) For a ≫ a0 → a = gN,b

    correspondence principle as in Quantum Mechanics (Newton recovered)
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V c=invariant ¿
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(1) Vc (R) = const at large R for isolated objects
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(1) Vc (R) = const at large R for isolated objects → HI line at 21 cm
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Lelli+(2016, 2022)

Infrared (stars)
HI map (gas)



Image Credits: ESA

(1) Vc (R) = const at large R for isolated objects → Weak Lensing
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From weak lensing data (ΔΣ) to gravitational 
acceleration (g=Vc

2/r) in spherical symmetry 
→ Isolated galaxies from KiDS (Mistele+2024a, b) 
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Binning by baryonic mass:
Circular-velocity curve stays flat beyond  
the “virial radius” of the DM halo:

→ In contradiction with ΛCDM predictions

→ In agreement with MOND predictions

Mistele+(2024b, ApJ)

(1) Vc (R) = const at large R for isolated objects → Weak Lensing



(2) Vflat 
4= a0 GN Mb for isolated objects 

Lelli+2019
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Four predictions in one equation:

✔ Key quantities are Vflat and Mb (stars+gas)

Some References: McGaugh+(2000, 2005, 2010); Verheijen (2001); 
Noordermeer & Verheijen (2005); Lelli+(2016, 2019, 2022, 2024); 
Ponomareva+(2018); Schombert+(2020), Di Teodoro+(2021, 2022).

(2) Vflat 
4= a0 GN Mb for isolated objects → rotation supported gals

Lelli+2019
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✔ Key quantities are Vflat and Mb (stars+gas)
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Four predictions in one equation:

✔ Key quantities are Vflat and Mb (stars+gas)

✔ Slope should be exactly 4

✔ Normalization is a0GN

 → OK with independent estimates

Some References: McGaugh+(2000, 2005, 2010); Verheijen (2001); 
Noordermeer & Verheijen (2005); Lelli+(2016, 2019, 2022, 2024); 
Ponomareva+(2018); Schombert+(2020), Di Teodoro+(2021, 2022).
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Four predictions in one equation:

✔ Key quantities are Vflat and Mb (stars+gas)

✔ Slope should be exactly 4

✔ Normalization is a0GN

 → OK with independent estimates

✔  No dependence on other galaxy properties 

 (e.g., size, gas fraction, morphology)

 → NO intrinsic scatter along the relation

Some References: McGaugh+(2000, 2005, 2010); Verheijen (2001); 
Noordermeer & Verheijen (2005); Lelli+(2016, 2019, 2022, 2024); 
Ponomareva+(2018); Schombert+(2020), Di Teodoro+(2021, 2022).

(2) Vflat 
4= a0 GN Mb for isolated objects → rotation supported gals

Lelli+2019
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Lelli (2022, Nature Astronomy)



(3) Rotation curves can be predicted from the baryon distribution
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Radial Acceleration Relation (RAR)
(i) Fully empirical, independent of MOND
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∇2ΦN ,b(R , z)=4 πGρb(R , z)
gN ,b(R , z=0)=−∇ΦN ,b(R , z=0)

2700 points from
175 disk galaxies

McGaugh+2016, PRL
Lelli+2017, ApJ
Li, Lelli+2018, A&A

(3) Rotation curves can be predicted from the baryon distribution
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Radial Acceleration Relation (RAR)
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(ii) MOND asymptotic limits → OK 
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Radial Acceleration Relation (RAR)
(i) Fully empirical, independent of MOND
(ii) MOND asymptotic limits → OK 
(iii) Negligible scatter (~ errors) → OK
(iv) MOND interpolation function ν or μ 

We can now assume ν(gN, b/a0) and predict 

rotation curves given ρb (within the errors)

a=ν(
gN ,b

a0

)gN ,b

log(gN) [m s-2]

lo
g(

a)
 [m

 s
-2
]

d2 x

dt2 =
V c

2(R)
R

∇2ΦN ,b(R , z)=4 πGρb(R , z)
gN ,b(R , z=0)=−∇ΦN ,b(R , z=0)

2700 points from
175 disk galaxies

McGaugh+2016, PRL
Lelli+2017, ApJ
Li, Lelli+2018, A&A

a=√gN ,ba0

a=gN ,b

a= 1

1−e−√gN ,b /a0

gN ,b

aμ( a
a0

)=gN ,b

(3) Rotation curves can be predicted from the baryon distribution

Federico Lelli (INAF – Arcetri Astrophysical Observatory)        MOND: An Alternative to Particle Dark Matter

log(gN, b) [m s-2]



Li+2018

(3) Rotation curves can be predicted from the baryon distribution

Federico Lelli (INAF – Arcetri Astrophysical Observatory)        MOND: An Alternative to Particle Dark Matter



Li+2018

(3) Rotation curves can be predicted from the baryon distribution

Federico Lelli (INAF – Arcetri Astrophysical Observatory)        MOND: An Alternative to Particle Dark Matter



Li+2018

(3) Rotation curves can be predicted from the baryon distribution
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Li+2018

For the full sample of 175 galaxies, see Li, Lelli, McGaugh et al. (2018)
or the SPARC database (http://astroweb.cwru.edu/SPARC/)

(3) Rotation curves can be predicted from the baryon distribution
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Courtesy of Stacy McGaugh

Sombrero (M104) galaxy group (Crosby et al. 2022)

Galaxy Groups: bound systems with ~10-100 galaxies

Velocity dispersion (“temperature”):

σV
2 = 1

M b
∑
i

miV i
2
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Courtesy of Stacy McGaugh

Sombrero (M104) galaxy group (Crosby et al. 2022)

Galaxy Groups: bound systems with ~10-100 galaxies

Velocity dispersion (“temperature”):

MOND virial theorem (Milgrom 2014):

● It applies only to objects for which a ≪ a0   

  everywhere (fully in the deep MOND limit)
● c is theory-dependent but is expected ~O(1)
● c = 9/4 for a broad class of MOND theories

σV
4=

a0GN

c
M b

σV
2 = 1

M b
∑
i

miV i
2
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Courtesy of Stacy McGaugh

Galaxy Groups: bound systems with ~10-100 galaxies

                        → confirmed in galaxy groups!σV
4=

a0GN

c
M b
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Courtesy of Stacy McGaugh

Galaxy Groups: bound systems with ~10-100 galaxies

                        → confirmed in galaxy groups!

The same relation is followed by pressure-supported 
galaxies in the deep-MOND limit (Tian et al. in prep.):

● Dwarf ellipticals in galaxy clusters

● Dwarf spheroidals in the Local Group

MOND virial theorem confirmed over ~8 dex in Mb!

Same value of a0 from BTFR, RAR, and this relation!

σV
4=

a0GN

c
M b
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Courtesy of Stacy McGaugh

Observed baryon budget:
~10% galaxies (optical & NIR)
~90% hot ionized gas (X rays)

XLSSC 006

Galaxy Clusters: bound systems with ~100-1000 galaxies
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Courtesy of Stacy McGaugh

Galaxy Clusters: bound systems with ~100-1000 galaxies

Observed baryon budget:
~10% galaxies (optical & NIR)
~90% hot ionized gas (X rays)

∂Pgas

∂r
=ρgas

∂Φ
∂ r

Sphere in Hydrostatic Equilibrium

XLSSC 006

∂Φ
∂r

=
kB
wmp

1
ρgas

∂
∂r (ρgasT gas )

Pgas=
kBT gas

wmp
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Newtonian analysis: Mdyn/Mbar≃ 5 MOND analysis: Mdyn/Mbar≃ 2

Sanders (1999, 2003)

Galaxy Clusters: Long-standing challenge for MOND

1:1 1:1
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MOND fits with a missing mass component (Kelleher & Lelli 2024)

ρmm(r)=
ρ0

(1+r /r s)
4 eiπ+1=0Mmm,tot=∫

0

∞

ρ(r)4 πmmr
2dr= 4 π

3
ρ0 r s

3

Density profile of missing mass: Converged (physical) total mass:
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MOND (Angus+2006, MNRAS; Angus+2007, ApJ)

 Red: Observed lensing convergence map
 Black: TeVeS model with 2eV neutrinos
 Blue: total surface densities (baryons+υ)

OBSERVATIONS (Clowe+2004, ApJ)

 Green: Observed lensing map (total mass)
 Blue/Red/Yellow: X-ray emission (hot gas)

The bullet cluster in MOND: missing mass must be collisionless
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The missing baryons problem in Cosmology

1:1

Shull+(2012, ApJ)

Dark Matter
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The missing baryons problem in Cosmology

1:1

Shull+(2012, ApJ)

Dark Matter
~18% in a 
collapsed 
virialized 

form
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MOND paradigm
Modified Inertia (→ F = ma)Modified Gravity (→ ∇2Φ = 4πGρ)
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Non-relativistic Lagrangian theories:
AQUAL (Bekenstein & Milgrom 1984)

QUMOND (Milgrom 2010, 2023)

TRIMOND (Milgrom 2022)
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Non-relativistic Lagrangian theories:
AQUAL (Bekenstein & Milgrom 1984)

QUMOND (Milgrom 2010, 2023)

TRIMOND (Milgrom 2022)

Relativistic Lagrangian theories:
Stratified Scalar-Tensor theory (Sanders 1997, 2011)

TeVeS: Tensor-Vector-Scalar (Bekenstein 2004)

BIMOND: bimetric theory (Milgrom 2009, 2022)

Non-local metric theories (Deffayet+2011, +2014)

AeST: Aether-Scalar-Tensor (Skordis & Zlosnik 2021)

Khronon: Scalar-Tensor (Blanchet & Skordis 2024)
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MOND-like DM models:
Dipolar DM (Blanchet+2008, 2009, 2015, 2017)

Superfluid DM (Berezhiani & Khoury 2015)

Baryon-interacting DM (Famaey+2018, +2020)

Non-relativistic Lagrangian theories:
AQUAL (Bekenstein & Milgrom 1984)

QUMOND (Milgrom 2010, 2023)

TRIMOND (Milgrom 2022)

Relativistic Lagrangian theories:
Stratified Scalar-Tensor theory (Sanders 1997, 2011)

TeVeS: Tensor-Vector-Scalar (Bekenstein 2004)

BIMOND: bimetric theory (Milgrom 2009, 2022)

Non-local metric theories (Deffayet+2011, +2014)

AeST: Aether-Scalar-Tensor (Skordis & Zlosnik 2021)

Khronon: Scalar-Tensor (Blanchet & Skordis 2024)



Let’s start from the Newtonian non-relativistic Action

S=∫dt L=∫dt (Lmatter+Lgravity+Lcoupling)=∫dt d3 x (ρ V 2

2
−
|⃗∇Φ|

2

8πG
−ρΦ )
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Let’s start from the Newtonian non-relativistic Action

S=∫dt L=∫dt (Lmatter+Lgravity+Lcoupling)=∫dt d3 x (ρ V 2

2
−
|⃗∇Φ|

2

8πG
−ρΦ )

Principle of Least Action:

δ S
δΦ=0 → ∇2Φ=4 πGρ

δ S
δ x⃗

=0 → a⃗=−∇⃗Φ

Poisson’s equation

Newton’s 2nd Law
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Let’s start from the Newtonian non-relativistic Action

Change this for 
modified inertia

Change this for 
modified gravity

Changing this 
modify both

S=∫dt L=∫dt (Lmatter+Lgravity+Lcoupling)=∫dt d3 x (ρ V 2

2
−
|⃗∇Φ|

2

8πG
−ρΦ )

Principle of Least Action:

δ S
δΦ=0 → ∇2Φ=4 πGρ

δ S
δ x⃗

=0 → a⃗=−∇⃗Φ

Poisson’s equation

Newton’s 2nd Law
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−
a0

2

8πG
F ( |⃗∇Φ|

2

a0
2 )

SN=∫dt LN=∫dt d3 x (ρ V 2

2
−
|⃗∇Φ|

2

8πG
−ρΦ ) Lagrangian is quadratic in ∇Φ

F(y) → y  for  y = |∇Φ|2/a0
2 ≫ 1

F(y) → y3/2  for  y = |∇Φ|2/a0
2≪ 1 
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AQUAL = Aquadratic Lagrangian (Bekenstein & Milgrom 1984)



δ S
δΦ=0 → ∇⋅[μ (|⃗∇Φ|

a0
) ∇⃗ Φ ]=4 πGρ

μ(x)=
d F ( y)
dy

F(y) provides the interpolation function μ = υ-1
,

whose full shape is set empirically by the RAR

Modified Poisson’s Equation

−
a0

2

8πG
F ( |⃗∇Φ|

2

a0
2 )

SN=∫dt LN=∫dt d3 x (ρ V 2

2
−
|⃗∇Φ|

2

8πG
−ρΦ ) Lagrangian is quadratic in ∇Φ

F(y) → y  for  y = |∇Φ|2/a0
2 ≫ 1

F(y) → y3/2  for  y = |∇Φ|2/a0
2≪ 1 

y=x2
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AQUAL = Aquadratic Lagrangian (Bekenstein & Milgrom 1984)



Application of AQUAL: simulations of interacting galaxies
Observations
Blue = Gas
Green = Stars

Simulations
Blue = Gas
Red = Stars

Tiret & Combes (2008, ASPC)
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Lovelock-Grigore Theorem

GR (+Λ) is the only theory that satisfy these assumptions:

1) Geometry is Reimannian

2) Action depends only on gμυ 

3) It is diffeomorphism invariant

4) It is local

5) It leads to 2nd order field equations
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Lovelock-Grigore Theorem

GR (+Λ) is the only theory that satisfy these assumptions:

1) Geometry is Reimannian

2) Action depends only on gμυ → add new dynamical fields 

3) It is diffeomorphism invariant

4) It is local

5) It leads to 2nd order field equations
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Khronon = Tensor – Scalar Theory (Blanchet & Skordis 2024)
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Tensor gµν → Einstein’s metric (universally coupled to matter fields Ψ)

Scalar τ → Khronon field (units of time; drive a foliation in 3D space-like hypersurfaces)



Khronon = Tensor – Scalar Theory (Blanchet & Skordis 2024)
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Tensor gµν → Einstein’s metric (universally coupled to matter fields Ψ)

Scalar τ → Khronon field (units of time; drive a foliation in 3D space-like hypersurfaces)

nμ=− c
Q

∇μ τ Q=c √−gμ ν∇μ τ∇ ν τ
Dimensionless unit timelike (nµ nµ = -1) 
vector, pointing in the future (n0 > 0).



Khronon = Tensor – Scalar Theory (Blanchet & Skordis 2024)
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Tensor gµν → Einstein’s metric (universally coupled to matter fields Ψ)

Scalar τ → Khronon field (units of time; drive a foliation in 3D space-like hypersurfaces)

nμ=− c
Q

∇μ τ Q=c √−gμ ν∇μ τ∇ ν τ
Dimensionless unit timelike (nµ nµ = -1) 
vector, pointing in the future (n0 > 0).

Aμ=c2nν∇ νnμ  Covariant spacelike acceleration Y=
Aμ A

μ

c4
Squared “acceleration”
with units of 1/L2



Khronon = Tensor – Scalar Theory (Blanchet & Skordis 2024)
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Tensor gµν → Einstein’s metric (universally coupled to matter fields Ψ)

Scalar τ → Khronon field (units of time; drive a foliation in 3D space-like hypersurfaces)

nμ=− c
Q

∇μ τ Q=c √−gμ ν∇μ τ∇ ν τ
Dimensionless unit timelike (nµ nµ = -1) 
vector, pointing in the future (n0 > 0).

Aμ=c2nν∇ νnμ  Covariant spacelike acceleration Y=
Aμ A

μ

c4
Squared “acceleration”
with units of 1/L2

S= c3

16πG∫d4 x √−g [R−2 I (Y )+2K (Q) ]+Sm[Ψ , g ]

 Ricci Scalar
(as in GR)

 Free function 
to get MOND

 Free function 
to get cosmology

Matter
Action



Khronon = Tensor – Scalar Theory (Blanchet & Skordis 2024)
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S= c3

16πG∫d4 x √−g [R−2 I (Y )+2K (Q) ]+Sm[Ψ , g ]

● Cosmology: 3D space is homogeneous & isotropic → Y = 0 & Q = dτ/dt



Khronon = Tensor – Scalar Theory (Blanchet & Skordis 2024)
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S= c3

16πG∫d4 x √−g [R−2 I (Y )+2K (Q) ]+Sm[Ψ , g ]

● Cosmology: 3D space is homogeneous & isotropic → Y = 0 & Q = dτ/dt

K (Q)=μQ
2 (Q−1)2+ ...

It gives dust-like behaviour: ρK ∝ a(t)-3   like CDM
µQ = constant with dimension of inverse length



Khronon = Tensor – Scalar Theory (Blanchet & Skordis 2024)
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S= c3

16πG∫d4 x √−g [R−2 I (Y )+2K (Q) ]+Sm[Ψ , g ]

● Cosmology: 3D space is homogeneous & isotropic → Y = 0 & Q = dτ/dt

● Weak-field stationary limit: no time dependence → A0
  ~ 0; Ai ~ ∇iΦ

∇⋅[ (1+ d IdY ) ∇⃗ Φ ]+μQ
2Φ=4 πGρm AQUAL + µQ

2Φ   µQ
-1 ≫ 1 Mpc 

It gives dust-like behaviour: ρK ∝ a(t)-3   like CDM
µQ = constant with dimension of inverse lengthK (Q)=μQ

2 (Q−1)2+ ...



Khronon = Tensor – Scalar Theory (Blanchet & Skordis 2024)
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S= c3

16πG∫d4 x √−g [R−2 I (Y )+2K (Q) ]+Sm[Ψ , g ]

● Cosmology: 3D space is homogeneous & isotropic → Y = 0 & Q = dτ/dt

● Weak-field stationary limit: no time dependence → A0
  ~ 0; Ai ~ ∇iΦ

∇⋅[ (1+ d IdY ) ∇⃗ Φ ]+μQ
2Φ=4 πGρm

μ( y)=μ(|∇Φ|/a0)
for y≪1 μ( y)= y ⇒ I (Y )=Λ−Y + 2c2

3a0

Y 3 /2+O ( Y
4

a0
2 )

AQUAL + µQ
2Φ   µQ

-1 ≫ 1 Mpc 

y=|∇Φ|/a0

It gives dust-like behaviour: ρK ∝ a(t)-3   like CDM
µQ = constant with dimension of inverse lengthK (Q)=μQ

2 (Q−1)2+ ...



Khronon = Tensor – Scalar Theory (Blanchet & Skordis 2024)
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S= c3

16πG∫d4 x √−g [R−2 I (Y )+2K (Q) ]+Sm[Ψ , g ]

● Cosmology: 3D space is homogeneous & isotropic → Y = 0 & Q = dτ/dt

● Weak-field stationary limit: no time dependence → A0
  ~ 0; Ai ~ ∇iΦ

∇⋅[ (1+ d IdY ) ∇⃗ Φ ]+μQ
2Φ=4 πGρm

μ( y)=μ(|∇Φ|/a0)
for y≫1 μ( y)=1 ⇒ I (Y )=Λ∞+O(a0 / y)

for y≪1 μ( y)= y ⇒ I (Y )=Λ−Y + 2c2

3a0

Y 3 /2+O ( Y
4

a0
2 )

It gives dust-like behaviour: ρK ∝ a(t)-3   like CDM
µQ = constant with dimension of inverse length

AQUAL + µQ
2Φ   µQ

-1 ≫ 1 Mpc 

y=|∇Φ|/a0

K (Q)=μQ
2 (Q−1)2+ ...



CMB Power Spectrum (from AeST or Khronon)

Courtesy of Stacy McGaugh

Skordis & Zlosnik (2021, PRL)
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Courtesy of Stacy McGaugh

Linear Matter Power Spectrum (from AeST or Khronon)

Skordis & Zlosnik (2021, PRL)
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CMB

Summary: Status of MOND at Various Scales
Galaxy Scales (~1-100 kpc) Groups/Clusters Scales (~1-5 Mpc) Cosmological Scales (>100 Mpc)

Galaxy groups

Galaxy clusters

Andromeda Stephan’s Quintet

Abell 1689 SDSS

Planck

Large Scale Structure

?

Missing Baryons?

Extra grav. d.o.f.?

?

Pressure-supported galaxies

Rotation-supported galaxies

LRG 3 -757 



The MOND white paper: 
coming soon!

1:1

Shull+(2012, ApJ)

Dark Matter
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More Slides
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Khronon Field Equations (Blanchet & Skordis 2024)
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Gμ ν+(I−K )gμ ν− 2

c4

dI
dY

Aμ Aν+ [ 2

c4 ∇ρ ( dIdY Aρ )−Q dK
dQ ]nμnν=8πG

c4 Tμ ν

T τ
μ ν≝ c4

8πG ⟨−(I−K )gμ ν+ 2

c4

dI
dY

Aμ Aν− [ 2

c4 ∇ρ ( dIdY Aρ )−Q dK
dQ ]nμnν ⟩

The Khronon stress-energy tensor contains gµν explicitly and implicitly in Y and Q.

This is very different from adding DM to GR!



AeST = Aether - Scalar - Tensor (Skordis & Zlosnik 2021)
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Vector Aμ → timelike, first introduced by Sanders (1997) to get gravitational lensing

Scalar φ → first introduced by Bekenstein & Milgrom (1984) to get NR AQUAL

Tensor gµν → Einstein’s metric (as usual)



AeST = Aether - Scalar - Tensor (Skordis & Zlosnik 2021)
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Q≡Aμ∇μφ Kinetic term of φ along the Aμ direction (“time”)

Kinetic term of φ perpendicular to Aμ (“space”)

Jμ≡Aα(∇α A
μ) Gradient of Aμ projected on Aμ

Y≡(gμ ν+Aμ Aν)∇μφ∇ νφ



AeST = Aether - Scalar - Tensor (Skordis & Zlosnik 2021)
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Q≡Aμ∇μφ

Y≡(gμ ν+Aμ Aν)∇μφ∇ νφ

Kinetic term of φ along the Aμ direction (“time”)

Kinetic term of φ perpendicular to Aμ (“space”)

Jμ≡Aα(∇α A
μ) Gradient of Aμ projected on Aμ

ℒ grav=
√−g

16π~G [R−K B

2
Fμ νFμ ν−λ(Aμ Aμ+1)+(2−K B)2J

μ∇μφ−(2−K B)F (Y ,Q) ]
Ricci scalar EM-like Aµ is unit time-like Coupling constant Free function



AeST = Aether - Scalar - Tensor (Skordis & Zlosnik 2021)
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Q≡Aμ∇μφ

Y≡(gμ ν+Aμ Aν)∇μφ∇ νφ

Kinetic term of φ along the Aμ direction (“time”)

Kinetic term of φ perpendicular to Aμ (“space”)

● Cosmology (homogeneous & isotropic spacetime):

F (Y=0 ,Q)=FQ=4Λ−2K 2(Q−Q0)
2+... → gives CDM-like behaviour: ρQ ∝ a(t)-3



AeST = Aether - Scalar - Tensor (Skordis & Zlosnik 2021)
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Q≡Aμ∇μφ

Y≡(gμ ν+Aμ Aν)∇μφ∇ νφ

Kinetic term of φ along the Aμ direction (“time”)

Kinetic term of φ perpendicular to Aμ (“space”)

● Cosmology (homogeneous & isotropic spacetime):

F (Y=0 ,Q)=FQ=4Λ−2K 2(Q−Q0)
2+... → gives CDM-like behaviour: ρQ ∝ a(t)-3

● Weak-field quasi-static limit (no time dependence):

F (Y ,Q=Q0)=FY

(2−K B)λsY +... → gives Newton for Y → ∞

(2−K B)2λs

3(1+λs)
Y 3 /2

a0

+O(Y 2) → gives MOND for Y → 0



−1
8πG [2 ∇⃗ Φ⋅⃗∇ ΦN−a0

2Q (|⃗∇ΦN|
2

a0
2 ) ]

Single gravitational potential 
Φ

SN=∫dt LN=∫dt d3 x (ρ V 2

2
−
|⃗∇Φ|

2

8πG
−ρΦ )

Two potentials: Φ  and ΦN!

QUMOND = Quasi-Linear MOND (Milgrom 2010, MNRAS)
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−1
8πG [2 ∇⃗ Φ⋅⃗∇ ΦN−a0

2Q (|⃗∇ΦN|
2

a0
2 ) ]

SN=∫dt LN=∫dt d3 x (ρ V 2

2
−
|⃗∇Φ|

2

8πG
−ρΦ )

Principle of least Action varying Φ, ΦN and x → set of 3 equations
∇2ΦN=4 πGρ

∇2Φ=∇⃗⋅[ν (|⃗∇ΦN|/a0 ) ∇⃗ ΦN ]
a⃗=−∇⃗Φ

Standard, linear Poisson’s equation for ΦN

Non-linear step: get Φ from ΦN

Acceleration/force set by second potential Φ

ν(√ x)=dQ(x)
x

Single gravitational potential 
Φ

Two potentials: Φ  and ΦN!

QUMOND = Quasi-Linear MOND (Milgrom 2010, MNRAS)
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No full theory yet, but two general results:

(1) Imposing Newtonian and MOND limits + Galilei Invariance 

Theory is time non-local: 

Accelerations at (x, t) depend on the full orbital history!

(2) For purely circular orbits:                          holds exactly (RAR for disk galaxies) 

     The interpolation function is a derived concept valid for circular orbits!

MOND as Modified Inertia (Milgrom 1994, 1999, 2022)

A⃗ [ x⃗(t );a0]=−∇⃗ ΦN

a⃗μ( a
a0

)= g⃗N

x⃗ (t )→ x⃗ (t )+ v⃗0 t

A⃗ [ x⃗(t ), a0]≠F ( d
i x⃗

dt i
; i=1 ,2 , ...N )

A is a functional of the full trajectory x(t)
For a ≫ a0, A → a = d2x/dt2 (Newton’s 2nd law)
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Galaxies lie on the same RAR despite their diversity

tot tot
totbul

disk
disk

diskgas
gas gas
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EFE is weak: individual detections only in extreme cases
NGC 5033

NGC 5055

                        With EFE (e≠0)                                Without EFE (e=0)

Chae+2020, 2021
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Statistical approach: EFE>0 at >4σ and agrees with LSS

Chae+2020, 2021

From Baryon
Large Scale 

Structure

From Rotation 
Curve Fits

gext
a0
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Courtesy of Stacy McGaugh

Galaxy Clusters on the Radial Acceleration Relation

gN

a
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Nature of the missing mass in galaxy clusters?

1:1

Shull et al. (2012)

Dark Matter

Dark Energy

Shull et al. (2012)
● Dark baryons such as compact clouds of cold gas (Milgrom 2008)

For HI clouds (T ~104 K) → Mcl < 105 M⊙ and Rcl < 50 pc 
(Kelleher & Lelli 2024)

Below current HI detection limits; SKA may detect them. 

● Sterile neutrinos of ~10 eV (Angus 2008, 2009) but CMB power

spectrum may be problematic (Thomas+2016, Kopp+2018, Ilic+2021)
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MOND – Cosmology Connection?
Two numerical coincidences (Milgrom 1983a, ApJ; Milgrom 1999, PhLA):

a0≃
H 0⋅c
2π

a0≃
c2√Λ/3

2π

H0 = Hubble constant → maybe a0(t) ~ H(t) ?

Λ = Cosmological constant → relation to Dark Energy?

IF this numerology has some deeper, fundamental meaning:
Either the state of the Universe at large enters in local dynamics, or 

the same parameters enters both Cosmology (Λ) and local dynamics (a0).
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Massive galaxies at z >10 is the new normal!

Exclusion region in ΛCDM

McGaugh+2024

Compilation of JWST observations
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Galaxy formation & evolution happens 
earlier and faster than anticipated in ΛCDM

● Bright, massive galaxies at z ≳ 10

● Passive galaxies (without star formation) 
at z ≳ 4 and inferred formation at z ≳ 10

● Regularly rotating galaxy disks at z ≳ 5

● Disk structures (bars, spiral arms) at z ≳ 3

● Massive galaxy clusters at z ≳ 3 and 
protocluster candidates at z ≳ 6

● Lα emission at z ≳ 10 (early reionization)

See, e.g., McGaugh+2024 for a summary



MOND prediction, following Sanders (1998)

McGaugh+2024
Federico Lelli (INAF – Arcetri Astrophysical Observatory)        MOND: An Alternative to Particle Dark Matter

V 2(t )=V i
2−√ 16π

3
a0Gρb r0

3 ln ( r (t )r i )

Evolution of a MOND spherical region 
in an expanding Universe (Felten 1984):

Any spherical region will initially expand, 
then unavoidably recollape due to gravity:

● Structures form faster than in ΛCDM

● Late-time Universe is anisotropic 
(or homogeneity scale is very large)



  

●  MOND made multiple a-priori predictions, later confirmed by observations. 
A-priori predictions are the core of the scientific method.

● Even if MOND is wrong (or DM is detected), there must be a baryon – DM 
coupling in galaxies acting in a MOND way. It tells us on the nature of DM.

● Over the past ~10 years, substantial progress in MOND research in both 
observations and theory (new tests, new ideas, new relativistic theories).
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Why taking MOND seriously?
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