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Schwinger-DeWitt expansion for heat kernels of minimal operators
Higher derivative minimal operators

Extension to nonminimal causal operators

Infrared problem and functoriality of the formalism

Perturbation theory and subtraction procedure

Covariant pseudodifferential calculus

Examples of Proca and vector field operators in curved spacetime

Heat kernel regularity (nondegenerate vs degenerate principal symbol)



Background (mean) field formalism

Generating functional  Z[J] = /D(,p exp%( — S[e] — /dfc go(a:)J(rc))

Effective action e lel/h = /DW exp% (_S[(p] + fdw (('O(w) B gb(a:)) figgj)] )

guantum field

Loop expansion Slel = Il = S[¢] 4+ hIl1_j00pld] + B2 j00pld] + ...
Inverse propagator _ 82509]

--- action Hessian H(V) (@, y) = 5o () 6 (y)’

Vertices S(”)(ml, ) = o"514]

6¢(x1)...00(xn)



One-loop and two-loop orders

1 1
I-ioop = INDet F(V) = ~Tr In F(V),

1
I jo0p = 8/d$1d$2d$3d9§4 G(z1,72) S (1,10, 23, 74) G(3, 74)

1
+E/d$1dl’2da?3 dy1dyodys 8(3) (z1,22,23)

x G(x1,y1) Gz, 12) G(x3,y3) S (41,92, y3)

1

3 Propagators and

- vertices in external
background field !

1 1
TR 19



Heat kernel and proper time method

I DR
G=-F (V)_/O dr K(7),

Proper time method
P 0 1

1 1
S Tr InF(V =——/ Tk
2 (V)==3 ), 7K

R T\, = e_TF(V)(S T, ’
Heat kernel and its (r]z,y) (z,9)

functional trace TrK(r) = /d;,; tr K(7|z,z)

Operator F(V) = F%(V) acting in the space of fields ¥ = o™ (2)

—

. . . A :
Generic matrix notation PP = Ppg Sa/lana;tt
’Alembertian

Minimal second order operator in  F(V) = -0— P+ 1R +m21, O= g*’'N vV
curved spacetime 6

Generalized “curvatures”
and covariant derivatives

[V Vil o® = R, 07,
[V,ua Vil = ﬁﬁw ¥ [vl.ta \ P = [ﬁ,um P]



Heat kernel (Schwinger-DeWitt) expansion for minimal second order operators

Synge world
function

~sF(V) s _ AV (=y) 1) o(r) ng
e (z,9) sy @2 (y)e” E:O s" an(z,y)

Schwinger-DeWitt (Gilkey-Seely) coefficients and their coincidence limits

ao(z,x) = ia ai(z,x) = p

. ~ 1 .o 1. 1
CLQ(CB, Ll’,‘) — (Raﬁfyd Rﬁy + DR) 1+ ERW/ + §P2 + EDPa

2p m
in(z,2) x V- VYRR, m+p=n

d

di _ 4 1/2
One-loop divergences Iohe loop = T35 /d xg /2ty ar(z,z), e=2— 5 — 0

Applicable only to minimal second order operators of the form F(V) = -0+ P |



Applications to non-minimal and higher-derivative operators by alternative
methods bypassing the use of heat kernel.

For instance --- the method of universal functional traces (I. Jack and H. Osborn
(1984), G.A.Vilkovisky & A.B., Phys. Rept. 119 (1985) 1)

TrIn (O 4+ P(V))=NTr In0 + Tr In (1 + P(V)éﬁ)

1
=NTrinO+TrP(V)=5 + -

U

_ 1
rdiv — Z /d4$ R#L..umvm”_vumﬁé(m,y) B
m,n 1\ =

universal functional traces

div

1 div (1) div
V...Vﬁ 6(:1:,y)‘ =

y=¢  I'(n)

> 1 O3
V...V/ dr" "~ e"=0(x,y)

Schwinger-DeWitt expansion



UV divergences of several universal functional traces with [ — F(V)

1 div 1

——0 _—_4i/2p
F(V) (=) ‘ 1672 g
dIV 1 1 1 R
v 5 ‘ o 1/2(—v 5 _lovp )
dIV 1
) ‘ 1/29
FQ(V) @0 _, = Ter2e?
1 R dIV
\Y =0,
1 dIV 1 1/ 1

ViV ) ‘ = 16727 / (6 Fowl =5 9wl + 5 R’“”")
Diagrammatically — tadpoles in external Ve...VGlz,y) .
background field: y=:

Functional differentiation yields
polarization (self-energy) operators:

]
V... V.Gl(z,y) =V,...V,.G(z,y)G(y,z) =

H{(x, ‘”EaP(yj . : v, _.




Another example of indirect methods --- dimensional reduction on a static
background with a generic 3-metric in Horava gravity

Y n _ [ £ A.O. Barvinsky, A.V. Kurov, S. M. Sibiryakov,
Tr4ln( 1875 + F(V)) _ /dt TI’3 F(V) Phys.Rev.D 105 (2022) 044009,

\ arxiv:2110.14688

3D functional trace

How to proceed with the square root of the 6-th order differential operator?
) |

6
F= Z R(a) Z aa’kvl...VQk_a(—A)?’_k, R(a) — O(l_a>
a=0 6>2k>a

Pseudodifferential operator — infinite series in curvature invariants R(G)

o0 Kq 1
\/F = Z R(a) Z aa’kvl...VQk_a(_A)k_?’/z
a=0 k>a/2



A.B., A.Kurov, W.Wachowski,,

Minimal higher-derivative operators ArXiv-2408.10990
Generalized 0(5“3 En o(x,z") Eralz) =1 § F(M)f
exponential functons ¢ T 7 Z ( 2T1/N) T etk

P
@8%@ (z) = gy,a-I—n(z)

Split form of the 2N-th " N | e - ON_1
order minimal operator F(V)=H+P)" +W(V), W)= O[V ]

R 1 o0 m (.¢)
Kp(rle.a') = (47 1/N)d/2{ Zo ™ ) &y N4 Nk m( zfl/N) i 4(F e, 2")

k=0
oo
+ Z T N Z & ,2-|—Nk—|—m( 27.1/N) —mk(F|33 33)}
m=1 k>

Negative powers !

Gy (Fla,a’) = Uy 1o 1(Va) [Al/z(fb‘, ') a;(-0+ Plz,z)
) S
special differential operators
(fully algorithmic procedure)

SDW coefficients
-O+P




Three steps for the construction of {Uk(V)}n

1) Multiple nested commutators:

BV =W, T = ... |[W B aY) B ko

-

k
2) Local differential operators:
U,(V) =1,
] (=1)" Vi (V) - Vi (V)
V) = : ; k>0
n+k|=k

3) n-th order SYNGIFICATION of U(V), UMV)—){Uk(V)}n:

Replacement of n covariant derivatives in each of their monomials by Synge world
functionvectors v, - —Vao(z,2)/2

{Val...vaj}n = 2:?%!;:1 (Val— kaal)...(vaj— kcraj)

k=0



Nonminimal operators
A(V) = HA(V), 1=04

ﬁ(v) — Dal'"aszal---VagN‘|‘O(v2N_1), Dal---aQN 9(/ ’I

Examples:

Vector field in a o . .
curved spacetime Hy(V) = -06 +aV'Vy+ Ry, a#1

Eroca operator_ H}(V) = -0 + V*V, + R}
in curved spacetime

3D covariant
Laplacian

4D Horava gravity ﬁfjl(V) = —5%1 02 + ijl(V)

(not causal, but o o A =N +vs ) s 1] nY o
spatial part DEZ(V) Dy (V)=- [V55ij + 1_3x 9i39 ]A + [21/5 — ;]5(2. Vj)v IA
is O(3)-invariant) _

+4V4(]]- — ):;))\_'_ Y5 g%_jv(kvl)A2 + [41/4 + s+ ‘a :_ &) ]V(@-Vj)gklAz

— [41/4 + 2uv5 + g}v(ivj)v(’“v”a + [ ~ 200 lower derivative terms |,
a

A.O. Barvinsky, A.V. Kurov, S. M. Sibiryakov, beta functions, UV asymptotic freedom, RG flows:
Phys.Rev.D 105 (2022) 044009, arXiv:2110.14688; Phys.Rev.D 108 (2023) 12, L121503,
arXiv:2310.07841; Phys. Rev. D 111, (2025) 024030, arXiv:2411.13574)
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operators, JHEP 06 (120), arXiv:2302.00957 [hep-th].

Lack of systematic approach, manifest covariance in curved spacetime, and universality

We will consider a systematic method for nonminimal operators of causal theories.



Principal symbol
Causality condition

Eigenvalues of the
principal symbol

Heat kernel of the
operator truncated
to principal symbol

Projectors onto

lambda-eigenspaces

Projector structure for
spin s theory

Causal theories

D(V) = D(ip) = (=1)V D" ~92Npg, .. payy,

det D(ip) = C(p*) VM,

2 _ _ab
p° = 9""Papy
Wave equation
~ . NN characteristic surface is a
D(ip)p; = Xi(p?) " light cone p2 = 0

=7 = = A=ajar - -as, B="b1by- b



Leading order approximation

Promotion to curved Sap = 9ap(T),  Pa — —iVa,

spacetime

From momentum space to

xZe_
1

To generic minimal (—m)N |:> F=FW)=(-0+P)N =(0)" +0[R]

operator

Quasi-projectors

I, = ﬁZ(V) = 7?%- 1

coordinate space:

d
d°p  ip(z—y)

A (p?)N 1;(n)

—~

1
RS VIR v —
TR p(v) ]

N curvature corrections

p? = -0 = —g%v,V,

=

e—T)\i(—D)N

~a71...00¢
|:> SRy, Vo
R i (4 (—D)S

source of IR
divergences

"qyn—»
[va]

00
L f dr 5 1= F
)/




Infrared problem in massless models

IR divergentat m > d/2
o
1 1 [ 1 s d
ETr In F(V)=—§ /0 —TrK(T) )d/2 Y. /dTTm_§_l fd:cgl/Q(a:) am(z,T)

n=0 (

(4r

Evisceration of DeWitt am(z,z) =) vERmE = ¢ R (=0)" R + O[R]
coefficients

Z/dasgl/Q(:c)am(w,m)Tm=/dmgl/2(:c) {%Zm(—fm)mm...l =/d$gl/2(3:) [D%f(—rD)iH—l—...]

\ J

F(=r0)

> en / i G L / /(D) <o IR finite

We look for functorial properties of DeWitt expansion---keeping them intact:
functoriality.
Avoid proper time integration in the infinite range.



Subtraction procedure

source of IR
divergences

The goal --- to avoid IR problems of 7 — o©

Chooseany 3 > 0

Ky (r) ~ e BTE 4 S, (e—T)\iF_e—ﬁ’rF) — o BTF
i

Repeat n times

n—1
KH(T)N Z kZH(BF )\F)k _5TF—|—( 1)n/dn ZH(F/\z)n —TnA F

’L
\ J pr
Y

ZH(F)\ )k O[R] @ jdnr( )_]dTldeQ Tn/ldrn( )

n—1 k
Z —(6F H)k local differential operator
kZO



~01...Q oy
ILF" = 7125V 1.V, F"7*(V)  local for n>s or n=s

AT
Leading order sk - i )
approximation Kgﬁ)(ﬂ = Z E(BF —H)ke prE -I-Z / s H@-(—F)S‘He Ts+11

(not the flat-space k=0"" i by

" KT

Perturbation theory

(a% + H) Ky(r) = —Wy(7)

s AiT
Ws(r)=>_ i [(BF -~ H)’“,BF] e PTE Y / &5 |HIT; — HiAiF](—F)Se—TSF
k=0 k! i br

i { = 3" [BILF - HIT| [BF — FA| + (BF - H)*T } e—ﬁﬂj@

1

s!
@ commutators ~ ER’ VR

K(r) = Ke() + 3 K (r)

n=1

Kgn) (1) = /dnT Ks(m) We(T — 1) Ws(11 — m0) We(m0 — 73).. Ws(7,_1 — ™)
0



Typical perturbation Kgn)(ﬂ ~ / drg - dmy K e OF Wl oy el

term multilinear in . \ T /

operator exponent e ) ,
vertices”

4

Convolution of kernels ---/ddﬁc, WKp(r|z, 2 )WKp(r'|2',2") -

INSTEAD: COVARIANT PSEUDODIFFERENTIAL CALCULUS

| |
Commutation of all Kgn)(’r) ~ /dTo---dTnKG_TOFWEZ_TlF---We_TnF "l
operator exponents _ 0 ([ _\n
to the right e_TF,W] = > ( ’r') [F, W] e F
- n=1 n: n
n
Multiple nested F W} — [F, (F,-- [F,W]---]] = O[vnm_l_%n
commutator - n

U

. . _
Linear map e TH(V) — /dfr’%(’r, 7 R|IV)e T FV)
from minimal to \ Y J Substitute

nonminimal _ _ Schwinger-DeWitt
differential operator expansion




Generic order

AigTh~ Aij ATy Ain AT ~ . .
n / (=7g) (=) _y)m
( )('r) /dn Z / dr} / dry - / dry, Z R Y
ZO ?’15 Zn BT’?’L ﬁATl BATTL klﬁ"'knzo
- Z T F
/ / —
X K?:O(Tn,'ro) (Ci]_“'in:kl'“kn(q-’ Ty Tn ‘ T1y- ) e m= y
Commutant---multiple nested (i_lkm)—fold commutator
Cil"'in:kl'”k’ﬂ (T, T, Tn ‘ Ti, Tt TT{L)
= | F, Wil(ATlaTi)”' F, Win_l(ATn—laT;L—l) F, Win(ATnaTvll) K Lc Lﬁ )
N v n- fp—1 1
n—1
At =Tp-1—T™m, m=1,--n, To=T.
/ 5, 7k k (' =\iT)8 +1
K;(r,7") = —H F—H) (' = pr) - T =2V [T FS
Local differential i) kzo k! (8 4l ) s Z
operators S,k
Wi(r,7") ={ Y. FrlTi[ (8F = )", 6F | = T ((BILF  HI)F*(8 - \)°
k=0

— IT;(BF — H)S“) } 3(r' - Br) + CRAD (UL — N1 P



Proca model operator (without mass term)

HH(V) = —06) 4+ V*V, + R}

scalar field
Choice of minimal F}(V) = -06 + R} O
operator F
VoF4(V) = -0V, FYV)V’= -V
50 5a remarkable
1 1 '
Y, b — it v b b — _ya properties
F(V) ] F(V) ]
degenerate
symbol
Projectors and 1 1
eigenvalues of the I =64 — V"=V, A1 =1, I, =V'=V;, A\»=0
principal symbol [ [
. T T
Leadingorder g, (r)= [~ |¢ 4+ VIV, = [ ]+ VO dry €0,
= exact answer 0

W1 =0
How important is a good choice of minimal F !



Smoothness of heat kernel

0(5633) L [o(z,2)]” singular for relevant and
Kg(r|z,2') ~ /dT 2 { ;\ marginal EFT operators with
2A; y=m+1-d/2<0

UV source
of the problem

Br, ' R|V) ~ VY- Vo, a') + — , singularat o' g
o(z,z') } (contradicts boundedness of

well-defined heat kernel)

Better subtraction scheme?




Nonmimimal vector field operator with a nondegenerate symbol

H}(V) = 06} + aV*V,+ R},  a#1

Projectors and

1 1
eigenvalues I =06, -V Evba A1 =1, I =V Evb, M=1-a

Leading order is exact, choice of 3 = 1 (simplifies---annihilates the contribution of 1/1)

(1-a)T
[KH]Z,(T|$=$I)=[KF (7], :c)—VaVb// dry K_o(r|z,z")
minimal part @ nonminimal part
(1-a)T AL/ 2(:{: )
dri K_p(t|z,2)= (an )d/2 1 2(:5’) Z I(T m—5 d 4 l,o(m,m’)) am(—0] z,z")

)= [T rg) T 5)

Incomplete gamma-function
o0
M(p,z) = [ dttP—let
xZr




1-(1—a)r™™"

Regularit I(1,v,0) =17 ( ) , 00
J y (T’Y ) ! z_: 2T nl(n—~) 7
Coincidence limit of the full heat kernel
a 1 2(1:) 00 a
Ky (r|z2) =2 (aryiz =" {[am(mm,x)]b
. o m—2 o . m—441
n 1-(1—-aw) 2634_ 1—(1—a)™ 2 T(ERE-FVGVU) am (=0 z,2")
m — % m — % +1 6 =z
\_'_I
derivatives

Degenerate principal symbol case (Proca), a =1

Heat kernel is singular:

I('r, Y, 0')

= _(z)ﬁ/r( v g ) —o00, 020, y=m+1 _é < (@ forUV (relevantand
a=1 2 27 ’ ’ 2 marginal terms)




Conclusions

Systematic approach to heat kernel of nonminimal causal operators:

principal symbol eigenvalues + auxiliary minimal operator F

U

LO heat kernel + subtraction scheme + perturbation theory
+ commutator algebra of operator exponents (covariant
pseudodifferential calculus)

\

direct use of Schwinger-DeWitt expansion coefficients

Extension to non-causal operators (generalized causality), to Lorentz violating
Horava-Lifshitz gravity models , applications in cosmology, etc.



