Higher order differentiability of static
and spherically symmetric geometries

Tommaso Antonelli
University of Sussex, Brighton, UK

Quantum Gravity and Cosmology 2026
Bologna, February 9" — 13t 2026

[TA, M. Sebastianutti, 2509.15477] 1—19
UNIVERSITY
OF SUSSEX



Disclaimers

1/12



Disclaimers

e The imprint of the talk/paper is quite mathematical, I will highlight the physical applications
of the work

1/12



Disclaimers

e The imprint of the talk/paper is quite mathematical, I will highlight the physical applications
of the work

e The calculations are quite “classical” (differential geometry), I will highlight the connections
to quantum theory

1/12



Overview

e Metric of a static and spherically symmetric geometry:

ds® = —A(r) dt® + B(r) dr® + r*dQ?

2/12



Overview

e Metric of a static and spherically symmetric geometry:

ds® = —A(r) dt® + B(r) dr® + r*dQ?

e In general relativity, black hole solutions are singular at » = 0, e.g. Schwarzschild:

2/12



Overview

e Metric of a static and spherically symmetric geometry:

ds® = —A(r) dt® + B(r) dr® + r*dQ?

e In general relativity, black hole solutions are singular at » = 0, e.g. Schwarzschild:

_ 1 2M oo A8M?
AN=gm=t- = Ree BT =T

2/12



Overview

e Metric of a static and spherically symmetric geometry:

ds® = —A(r) dt® + B(r) dr® + r*dQ?

e In general relativity, black hole solutions are singular at » = 0, e.g. Schwarzschild:

_ 1 2M oo A8M?
AN =gm =t = ReeeRTT =m0

e In recent years, many regular black hole models have been proposed in the literature,
e.g. Hayward:

1 - 2Mr?
B(r) r3 4+ 2M (2

2/12



Overview

e Metric of a static and spherically symmetric geometry:

ds® = —A(r) dt® + B(r) dr® + r*dQ?

e In general relativity, black hole solutions are singular at » = 0, e.g. Schwarzschild:

_ 1 2M oo A8M?
AN =gm =t = ReeeRTT =m0

e In recent years, many regular black hole models have been proposed in the literature,
e.g. Hayward:
1 2Mr?

= -1 _ pvpo .
A(r) = By~ 1 RS2 = R, Ru,R - finite

2/12



Overview

e Metric of a static and spherically symmetric geometry:

ds® = —A(r) dt® + B(r) dr® + r*dQ?

e In general relativity, black hole solutions are singular at » = 0, e.g. Schwarzschild:

_ 1 2M oo A8M?
AN =gm =t = ReeeRTT =m0

e In recent years, many regular black hole models have been proposed in the literature,

e.g. Hayward:
1 2M7”2 WUV po :
Alr) = B(r) V- = B Bupe BT ) finite
2, _ 504
— DR=—ga +00) 5y

2/12



Overview

e Some approaches to quantum gravity can feature these higher order curvature invariants
(e.g. from renormalization of loop diagrams, or as low-energy limit of high-energy theories).

3/12



Overview

e Some approaches to quantum gravity can feature these higher order curvature invariants
(e.g. from renormalization of loop diagrams, or as low-energy limit of high-energy theories).

e From finite action principle, we want our action to be finite in order to give a non-null
contribution to the path integral [J. N. Borissova, Class. Quant. Grav. 41(12):127002, 2024].

7 = / Dy exp(iS[gus])

3/12



Overview

e Some approaches to quantum gravity can feature these higher order curvature invariants
(e.g. from renormalization of loop diagrams, or as low-energy limit of high-energy theories).

e From finite action principle, we want our action to be finite in order to give a non-null
contribution to the path integral [J. N. Borissova, Class. Quant. Grav. 41(12):127002, 2024].

7 = / Dy exp(iS[gus])

e We want tools to systematically study the divergence of invariants of these spacetimes.

3/12



Overview

e Some approaches to quantum gravity can feature these higher order curvature invariants
(e.g. from renormalization of loop diagrams, or as low-energy limit of high-energy theories).

e From finite action principle, we want our action to be finite in order to give a non-null
contribution to the path integral [J. N. Borissova, Class. Quant. Grav. 41(12):127002, 2024].

2= [ Dy exp(isia,.))
e We want tools to systematically study the divergence of invariants of these spacetimes.

e Our analysis starts from the work of [B. L. Giacchini, T. de Paula Netto, L. Modesto, Phys. Rev.
D 104 (2021) 084072].
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Proof of <—=: [TA and M. Sebastianutti]

Proof of =—: [B. L. Giacchini, et. al.] + [TA and M. Sebastianutti] y
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e Culetu: A(r)=1/B(r)=1—-2M/r-exp(—a/r)

— m=n=0, bo=1, ar,=0br=0, Vk>1
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Proof of the reverse implication

Defining a new radius 7

ﬁ[\z}‘ﬁ

B(r)<fl;>2 _ T o

the metric can be written in isotropic coordinates:

ds® = —A(r) dt® + C(r) (di® + 7°dQ?) .

We can now switch to Cartesian coordinates

and the metric reads
ds® = —A(r) dt* + C(r) (dac2 + dy® + dzz) .
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e From m =n =0 and by = 1:
C(r) = p2(1= Vo) (1+0O(r)) isfinite #0at r =0 <= by =1,
and since r —»0 — 7 —0 = (x,y, 2) = 0, the coordinate chart is well-defined at r = 0.
e From A(r) and B(r) even:
A(r(7)) = ao + aof + asi + ast® + . ..

C(r(7)) = co + caf> + caF* + c67° + . ..

and

All partial derivatives of A and C w.r.t. (z,y, z) are well-defined

H

The coordinate chart is smooth at » = 0.
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Proof of = if all curvature invariants are finite at r =0, then m =n =0, bo = 1 and A(r),

B(r) even.
For A(r) and B(r) as in the hypothesis:
m#0, n#0or by #1 m=mn=0, bp =1, but A(r), B(r) not even
R or Rups R*P are divergent higher-derivative curvature invariants are divergent
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In [B. L. Giacchini, et. al.] it was noted how the d’Alembert operator acts on scalar functions with
odd power of r:

fr)y ~ AP — Of(r) ~ 2(k 4+ 1)(2k + 1) A>T
and it works also for k=0 (J: 7'+ r71) !

Suppose that A(r), B(r) are not even:

2N+1

A(’I“) ~ A2N+41T y B(T) ~ b2N+1 T2N+1

with asnt+1 # 0 and bay41 # 0, then a curvature invariant that diverges is

OVR = —2(N + 1)(2N)! | (2N + 1) % —2bans1 | 7T+ O(L).
0
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20,0

OVR is divergent at » = 0 unless aany1 = T—Fl

ﬂ

Another curvature invariant, diverging at » = 0, is needed to complete the proof.

ban 41

2
After imposing asn+1 = W%bm]ﬂ, we find

oVRr, OYRY, = %(N + 1) NP binsr 2+ 00,

which diverges as r — 0
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r >0 (or r <0).
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r >0 (or r <0).

e We work out more precisely the differentiability class. Schematically if we have a minimal N
such that asy41 # 0 or ban4+1 # 0, then the space is C?Y and not C?V+2,

e Relax the assumptions on A and B, e.g. drop smoothness or have non-monomial behavior as
r— 0.

e Study the C° and C*M*! extendibility.
e Find out what class of invariants diverge if the conditions are not satisfied.

e Study more general spacetimes, e.g. cosmologies, axisymmetric geometries.
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