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Disclaimers

• The imprint of the talk/paper is quite mathematical, I will highlight the physical applications
of the work

• The calculations are quite “classical” (differential geometry), I will highlight the connections
to quantum theory
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Overview

• Metric of a static and spherically symmetric geometry:

ds2 = −A(r) dt2 +B(r) dr2 + r2dΩ2

• In general relativity, black hole solutions are singular at r = 0, e.g. Schwarzschild:

A(r) =
1

B(r)
= 1− 2M

r
=⇒ RµνρσR

µνρσ =
48M2

r6
−→
r→0

∞

• In recent years, many regular black hole models have been proposed in the literature,
e.g. Hayward:

A(r) =
1

B(r)
= 1− 2Mr2

r3 + 2Mℓ2
=⇒ R, RµνρσR

µνρσ −→
r→0

finite

=⇒ □2R = − 504

Mℓ4r
+O(r) −→

r→0
∞
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Overview

• Some approaches to quantum gravity can feature these higher order curvature invariants
(e.g. from renormalization of loop diagrams, or as low-energy limit of high-energy theories).

• From finite action principle, we want our action to be finite in order to give a non-null
contribution to the path integral [J. N. Borissova, Class. Quant. Grav. 41(12):127002, 2024].

Z =

∫
Dgµν exp(iS[gµν ])

• We want tools to systematically study the divergence of invariants of these spacetimes.

• Our analysis starts from the work of [B. L. Giacchini, T. de Paula Netto, L. Modesto, Phys. Rev.

D 104 (2021) 084072].
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Formulation of the theorem

Consider

ds2 = −A(r) dt2 +B(r) dr2 + r2 dΩ2,

where A and B have the following behavior in a neighborhood of r = 0:

A(r) =

∞∑
k=0

ak r
k+m, B(r) =

∞∑
k=0

bk r
k+n, a0 ̸= 0, b0 ̸= 0

Theorem. Under the conditions above, all curvature invariants are finite at r = 0 ⇐⇒
m = n = 0, b0 = 1 and A(r), B(r) are even functions of r (i.e. a2k+1 = b2k+1 = 0, ∀k ∈ N0).

For example: R, RµνρσR
µνρσ, □NR, (∇α1 · · ·∇αNRµνρσ)

2, ϵµνρσR
ρσ

λτR
λτ

αβR
αβ

µν . . .

Proof of ⇐=: [TA and M. Sebastianutti]

Proof of =⇒: [B. L. Giacchini, et. al.] + [TA and M. Sebastianutti]
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Applications

• Schwarzschild: A(r) = 1/B(r) = 1− 2M/r

=⇒ m = −1, n = 1

=⇒ There is a diverging curvature invariant as r → 0 (RµνρσR
µνρσ)

• Hayward: A(r) = 1/B(r) = 1− 2Mr2/(r3 + 2Mℓ2)

=⇒ m = n = 0, b0 = 1, a5 = −b5 = 1/(2Mℓ4) ̸= 0

=⇒ There is a diverging curvature invariant as r → 0 (□2R)

• Culetu: A(r) = 1/B(r) = 1− 2M/r · exp(−α/r)

=⇒ m = n = 0, b0 = 1, ak = bk = 0, ∀k ≥ 1

=⇒ There are no diverging curvature invariants as r → 0+
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Sketch of the reverse proof

Proof of ⇐=: if m = n = 0, b0 = 1 and A(r), B(r) even, then all curvature invariants are finite
at r = 0.

If m = n = 0, b0 = 1 and A(r), B(r) even, analytic and non-vanishing at r = 0

∃ a well-defined and

ww�
smooth coordinate chart at r = 0

All curvature

ww�
invariants are finite at r = 0
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Proof of the reverse implication

Defining a new radius r̃

B(r)

(
dr

dr̃

)2

=
r2

r̃2
≡ C(r)

the metric can be written in isotropic coordinates:

ds2 = −A(r) dt2 + C(r)
(
dr̃2 + r̃2dΩ2) .

We can now switch to Cartesian coordinates
x = r̃ sin(θ) cos(φ)

y = r̃ sin(θ) sin(φ)

z = r̃ cos(θ)

and the metric reads
ds2 = −A(r) dt2 + C(r)

(
dx2 + dy2 + dz2

)
.
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Proof of the reverse implication

• From m = n = 0 and b0 = 1:

C(r) = r2(1−
√
b0) (1 +O(r)) is finite ̸= 0 at r = 0 ⇐⇒ b0 = 1,

and since r→0 =⇒ r̃→0 =⇒ (x, y, z)→0, the coordinate chart is well-defined at r = 0.

• From A(r) and B(r) even:

A(r(r̃)) = a0 + a2r̃
2 + a4r̃

4 + a6r̃
6 + . . .

C(r(r̃)) = c0 + c2r̃
2 + c4r̃

4 + c6r̃
6 + . . .

and
r̃ =

√
x2 + y2 + z2

All partial derivatives of A and Cww�
w.r.t. (x, y, z) are well-defined

The coordinate chart is smooth at r = 0.
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Sketch of the direct proof

Proof of =⇒: if all curvature invariants are finite at r = 0, then m = n = 0, b0 = 1 and A(r),
B(r) even.

For A(r) and B(r) as in the hypothesis:

m ̸= 0, n ̸= 0 or b0 ̸= 1ww�
R or RµνρσR

µνρσ are divergent

m = n = 0, b0 = 1, but A(r), B(r) not evenww�
higher-derivative curvature invariants are divergent
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Proof of the direct implication

In [B. L. Giacchini, et. al.] it was noted how the d’Alembert operator acts on scalar functions with

odd power of r:

f(r) ∼ Ar2k+1 =⇒ □f(r) ∼ 2(k + 1)(2k + 1)Ar2k−1

and it works also for k = 0 (□ : r1 7→ r−1) !

Suppose that A(r), B(r) are not even:

A(r) ∼ a2N+1 r
2N+1, B(r) ∼ b2N+1 r

2N+1

with a2N+1 ̸= 0 and b2N+1 ̸= 0, then a curvature invariant that diverges is

□NR = −2(N + 1)(2N)!

[
(2N + 1)

a2N+1

a0
− 2b2N+1

]
r−1 +O(1).
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Proof of the direct implication

□NR is divergent at r = 0ww�
unless a2N+1 =

2a0

2N + 1
b2N+1

Another curvature invariant, diverging at r = 0, is needed to complete the proof.

After imposing a2N+1 =
2a0

(2N + 1)
b2N+1, we find

□NRµ
ν □

NRν
µ =

11

2
(N + 1)2 (2N)!2 b22N+1 r

−2 +O(r−1).

which diverges as r → 0
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Extensions and future directions

• In our work, we use A(r) = rmÃ(r), B(r) = rnB̃(r), with Ã(r) and B̃(r) smooth
non-vanishing around r = 0. Also we extend to functions that only have such behavior for
r ≥ 0 (or r ≤ 0).

• We work out more precisely the differentiability class. Schematically if we have a minimal N
such that a2N+1 ̸= 0 or b2N+1 ̸= 0, then the space is C2N and not C2N+2.

• Relax the assumptions on A and B, e.g. drop smoothness or have non-monomial behavior as
r → 0.

• Study the C0 and C2N+1 extendibility.

• Find out what class of invariants diverge if the conditions are not satisfied.

• Study more general spacetimes, e.g. cosmologies, axisymmetric geometries.
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Thank you!
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