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Universal Entropy Bound (Bekenstein 1981)

Entropy S of a localized quantum system  

total energy E

(1)                                                    diameter 𝑅 = 𝐴/𝜋

A = area of enclosing  sphere    

GN is not in Eq.1: the gravitational self-interaction is neglected, although BB was  
derived via gedanken experiments involving black holes (strong gravity). 

The inequality is saturated by Schwarzschild BH

BB is tighter than the Holographic Bound (S < k Rg R < kA), except when the 
capsule is almost as dense as a black hole (then the two bounds are equivalent).

Casini (2008 ) proved rigorously BB using standard QFT in flat space-times.

According to Bekenstein, the universal entropy 
bound defines how much information can be 
stored by a mass/energy contained in a region d. 
It is derived by imagining that a capsule of 
matter is engulfed by a black hole of about the 
same size. The increase in BH’s size places a limit 
on the entropy that the capsule could contain.



𝒔 𝒎, 𝑹
R,    𝒎 = 𝑬/𝒄𝟐

𝑺𝑩𝑮 𝑴
R  , M

Bekenstein argument: consider a Schwarzschild black hole:

𝑀 =
𝑐2 𝑅

4 𝐺
≫ 𝑚 𝑆𝐵𝐻 𝑀 =

𝑘𝐵 𝐴

4 𝐿𝑃
2 = α 𝑘𝐵𝑀2

𝑠 𝑚, 𝑅 ≤ Δ𝑆 = 𝑆 𝑀 + 𝑚 − 𝑆 𝑀 ≈

≈ 𝑆′ 𝑀 𝑚 + 𝑜(𝑚) ≈ 2𝛼 𝑘𝐵𝑀𝑚 =
2 𝜋 𝑘𝐵

ℏ 𝑐
𝑅 𝐸



Statistical Origin of Bekenstein-Hawking entropy

HYPOTHESIS: 

1. 𝑁 = 𝐴/𝐴0 number of constituents; A = event horizon area; 𝐴0 = 4ℓ𝑝
2

2. 𝑊 ∝ 𝑒𝑁 = 𝑒𝐴/𝐴0  number of BH microstates (Holographic scaling);               

3. Equiprob. distrib. 𝑝𝑖  =  
1

𝑊
(microcan.ensamble)

4. Entropic functional

Boltzmann-Gibbs Entropy

where: 𝑝𝑖 = probability of the i-esim microstate; W = total number of microstates.

• Boltzmann–Gibbs statistics describes systems with N constituent parts that

are independent or very weakly (locally) correlated.

*   Additive 𝑆𝐵𝐺 entropy is then identified with (extensive) thermodynamic

entropy. 

𝑆𝐵𝐺 = 𝑘𝐵 log 𝑊 = 𝑘𝐵

𝐴

𝐴0
= 𝑆𝐵𝐻

When microstates  𝑾(𝑵)~𝟐𝑵 then  𝑺𝑩𝑮~ 𝐥𝐨𝐠 𝑾 ~𝑵 (i.e. 𝑺𝑩𝑮 is EXTENSIVE)



Tsallis q-Entropy

Tsallis q-Entropy

where: 𝑝𝑖 = probability of the i-esim microstate; W = total number of microstates

q = Tsallis parameter, it measures the degree of non-additivity. 

*   Limit : for   𝑞 → 1 ⇒ 𝑆𝑞 ⟶ − 𝑘𝐵 σ𝑖=1
𝑊 𝑝𝑖 log 𝑝𝑖 = B.G. Entropy

*   Super-Sub Additivity of Tsallis Entropy (q<1, q>1). 

E,F probabilistically independent systems: 𝑝𝑖𝑗
𝐸+𝐹 =  𝑝𝑖

𝐸 × 𝑝𝑗
𝐹

Non additive Tsallis entropy describes strongly correlated systems, or with 
long-range interactions, either classical or quantum (i.e. entanglement),where 
the total number of admissible states in phase space is sensibly reduced
(systems that usually lie outside the B.G. theory). 



Bekenstein bound with Tsallis q-Entropy

▪ Schwarzschild black hole, number of constituents: N =
𝐴

𝐴0
=

4𝜋𝐺

ℏ𝑐
𝑀2 = 𝛼𝑀2

▪ Holographic scaling of the BH microstates:    𝑊 ∝ 𝑒𝑁 = 𝑒𝐴/𝐴0

▪ Equiprob. distrib. 𝑝𝑖  =  
1

𝑊
(microcan.ensamble)

▪ Entropic functional

                  𝑆𝑞 𝑀 =
𝑘𝐵

1−𝑞
exp 1 − 𝑞 𝛼𝑀2 − 1

Repeating now the Bekenstein argument:

𝑠 𝑚, 𝑅 ≤ Δ𝑆𝑞 ≈ 𝑆𝑞
′ 𝑀 𝑚 =

2 𝜋 𝑘𝐵

ℏ 𝑐
𝑅𝐸 exp 1 − 𝑞 𝜋(𝑅/2𝐿𝑝)2

▪ IF 𝑞 > 1, the upper bound in entropy is EXPONENTIALLY suppressed

▪ IF 𝑞 < 1, the upper bound in entropy is EXPONENTIALLY enhanced

For 𝑞 ≈ 1,        𝑠 𝑚, 𝑅 ≤ Δ𝑆𝑞 ≈
2 𝜋 𝑘𝐵

ℏ 𝑐
𝑅𝐸 [ 1 + 1 − 𝑞

𝜋𝑅2

4𝐿𝑝
2  ]



Tsallis-Cirto δ-entropy

▪ Schwarzschild BH, number of constituents: N =
𝐴

𝐴0
=

4𝜋𝐺

ℏ𝑐
𝑀2 = 𝛼𝑀2

▪ Holographic scaling of the BH microstates:    𝑊 ∝ 𝑒𝑁 = 𝑒𝐴/𝐴0

▪ Equiprob. distrib. 𝑝𝑖  =  
1

𝑊
(microcan.ensamble)

▪ Entropic functional

𝛿 > 0

where: 𝑝𝑖 = probability of the i-esim microstate; W = total number of microstates

For     δ → 1 ⇒ 𝑆𝛿 ⟶ 𝑆𝐵𝐺

𝑆𝛿 =  𝑘𝐵 (log 𝑊)𝛿

Non additive Tsallis δ-entropy describes broad classes of complex systems: self-
gravitating stellar systems, cosmic background radiation, polymer chains….



Bekenstein bound with Tsallis-Cirto δ-Entropy

Repeat Bekenstein argument:    S(m,R) = entropy of an object B of size R, mass m 
Variation Δ𝑆𝐵𝐻 of entropy of a Schwarzschild black hole having the same 
diameter R of the object B (and therefore a mass M >>m), 

Radius of Schw.BH:   r  =  R / 2  =  2GM / 𝑐2. Tsallis-Cirto δ-entropy:

Therefore the Tsallis-Cirto Bekenstein bound reads in terms of M, m:

Replace:  M = 𝑐2R / 4G   (size),    m = E / 𝑐2 (rest mass). We get the 

Tsallis-Cirto Bekenstein bound

for  δ → 1, 

recover the 

Standard BB



Introducing Planck length and Planck energy

the Tsallis-Cirto Bekenstein bound reads   

Implications for objects :

* ‘Super-dense’ behavior:                  : TC-B bound grows faster than B bound.

For a given size and energy one can store MORE information than standard BB.

Such behavior in systems with strong correlations or quantum gravity effects. 

* ‘Sub-dense’ behavior:                           : TC-B bound grows slower than B bound.

For a given size and energy one can store LESS information than standard BB.

Such behavior in systems with very weak interactions or no long-range effects.



Modifying the counting of BH microstates (Hyp.2)
* When strong correlations are present

𝑊 ∝  𝑁𝜏  =  
𝐴

𝐴0

𝜏

then Tsallis q-entropy results to be EXTENSIVE (so thermodynamic relevant):

                 𝑆𝑞  =  𝑘𝐵
𝑊1−𝑞−1

1−𝑞
 ∝  

𝑁𝜏 1−𝑞 −1

1−𝑞
 ∝  𝑁 =  

𝐴

𝐴0

if we choose    𝒒 = 𝟏 − 𝟏/𝝉  .

* When «average» correlations are present (with   𝟎 < 𝜸 < 𝟏) 

𝑊 ∝  𝑒𝑁𝛾
=  𝑒 𝐴/𝐴0

𝛾

then Tsallis-Cirto δ-entropy results to be EXTENSIVE (so thermodyn. relevant):

𝑆𝛿  =  𝑘𝐵 (log 𝑊)𝛿  ∝  𝑁𝛾𝛿  ∝  𝑁 =
𝐴

𝐴0

if we choose    𝜹 = 𝟏/𝜸 .

* When weak or no correlations are present, 𝑊 ∝  𝑒𝑁, then B.G. entropy results 
to be EXTENSIVE, 𝑆𝐵𝐺 = 𝑘𝐵 log 𝑊 ∝  𝑁 = 𝐴/𝐴𝑜

STRONG correlations     𝑁𝜏  ≪  𝑒𝑁𝛾
 ≪  𝑒𝑁       WEAK correlations



Fractal structure of event                                                                                               Barrow

horizon (foamy spacetime)                                                                                           Entropy

∆ = degree of fractality,

∆ = O  smooth horizon,  ∆ = I  foamy horizon. 

Caveat: Barrow Entropy is not an entropic functional 

(no dependence on probabilities). Formally: 

Comparing with the definition of 𝑆𝛿 we get

with previous argument, we get

for ∆→ 𝑂

i.e. δ → 1, 

recover BB

Using Planck length and Planck energy:

Super-dense behavior: ∆ > 𝑂.   Sub-dense behavior: ∆ < 𝑂: problematic!

Bekenstein bound with Barrow Entropy



Bekenstein bound with Rényi Entropy

Renyi Entropy             𝑆𝑅 =
𝑘𝐵

1−𝑞
 log σ𝑖 𝑝𝑖

𝑞
  with          σ𝑖=1

𝑊 𝑝𝑖 = 1

Additive for independent events. It holds     𝑆𝑅 =
1

1−𝑞
 log 1 + (1 − 𝑞)𝑆𝑞  

* Equiprob. distrib. 𝑝𝑖  =  
1

𝑊

(microc.ens.)  

Renyi Entropy for equal prob. coincides with B.G. entropy !

* Holographic scaling: 𝑊 ∝  𝑒
𝐴

𝐴0 𝑆𝑅 = 𝑆𝐵𝐺 = 𝑆𝐵𝐻 = 𝑘𝐵
𝐴

𝐴0

               The Renyi Bekenstein bound is the same as the original BB

𝑠 𝑚, 𝑅 ≤ Δ𝑆 = 𝑆 𝑀 + 𝑚 − 𝑆 𝑀 ≈  𝑆′ 𝑀 𝑚 ≈  
2 𝜋 𝑘𝐵

ℏ 𝑐
𝑅 𝐸 

𝑆𝑅 =
𝑘𝐵

1 − 𝑞
 𝑙𝑜𝑔 𝑊1−𝑞  =  𝑘𝐵 𝑙𝑜𝑔 𝑊



Conclusions
1. We reviewed the standard derivation of the Bekenstein bound 

for the thermodynamic entropy, using arguments from black 
hole physics. 

2. We considered different generalized entropies, as Tsallis q-
entropy, Tsallis 𝑆𝛿-entropy, Barrow entropy, and Rényi entropy. 
Thus, we explored new quantitative bounds on such entropies, 
arriving to new formulations of the Bekenstein bound itself. 

3. To be explored (work in progress): the web of relations among 
generalized entropies, general Bekenstein bounds, and 
generalized uncertainty principles 



Bekenstein bound and 
Heisenberg uncertainty principle

HUP Bekenstein Bound

(via a Thermodynamic argument) 

Given an isolated quantum system, localized in a                                                                 
region of size R, the relation between energy E,                                                             
entropy S, volume V, temperature T, is:

Our general assumptions:

1. Equipartition theorem: energy of each constituent

2. Momentum - wavelength deBroglie relation                       (equivalent to HUP)

Validity Equip. Th.

Localized system: 

R, E independent variables                                                     
where                 a posteriori.
True  also when 
monotonic increasing function 



Bekenstein Bound HUP

Consider a particle of rest mass m,  described by a wave-packet of size R.

Suppose the particle is marginally relativistic:                                  (Bousso 2004)

Then BB (1) can be recast as

where the last inequality applies to any system for which

(e.g. an electron, spin up or down, has entropy 𝑆 = 𝑘𝐵 log 2 ~ 𝒪(𝑘𝐵) ) .

Since the direction of motion of our particle is unknown (a priori),  

and                                   then the last ineq. reads

which is the HUP for our particle

This correspondence BB →HUP can explain why BB has a general validity, and 
perhaps also why there is no G in the BB formula



Generalized Uncertainty Principle (GUP)

▪ Generalizations of HUP have several decades of history (Bronstein 
1935 -Yang 1947 - Snyder 1947 - Mead 1964 - Karolyhazy 1966).

▪ Last 40 years: string theory (Veneziano 1987, Gross 1987) suggested 
that, in gedanken experiments on high energy string scatterings 
involving Gravity, the “effective” uncertainty relation should read

                                                                               * Gedanken Experiment involving 
formation of Micro Black Holes in a 
measurement process (Scardigli 1999)
* M.Maggiore (1993) arrives to similar 
relation via a Gedanken experiment 
on the Hawking radiation emitted by
Large Black  Holes
* Chen, Adler, Santiago (1999-2001)



Deformed Quantum Mechanics

Kempf, Mann, Brau, Chen, Scardigli, Jizba, Vagenas, etc. (1995, 1999, 
2008, 2010), translated the GUP into a deformed commutator

Non Linear representations of high energy operators  X, P in terms of low 
energy operators x, p

ቊ
𝑿 = 𝒙
𝑷 = 𝒇(𝒑)

;
𝑿, 𝑷 = 𝒊(𝟏 + 𝜷𝑷𝟐 )

𝒙, 𝒑 = 𝒊
; 𝑷 =

𝟏

𝜷
𝐭𝐚𝐧( 𝜷 𝒑)

[x, p] ≠ [X, P]  =>  Non canonical transformation  =>  NEW PHYSICS!

With   𝑝 = −𝑖𝜕𝑥 : High (infinite) derivative kinetic term 

෡𝐻 =
෠𝑃2

2𝑚
+ 𝑈 ෠𝑋 =

1

2𝑚𝛽
[tan(−𝑖 𝛽𝜕𝑥)]2+𝑈 ෠𝑋

Perturbation theory 

෡𝐻 =
෠𝑃2

2𝑚
+ 𝑈 ෠𝑋 =

Ƹ𝑝2

2𝑚
+ 𝑈 ෠𝑋 + 𝛽

Ƹ𝑝4

𝑚



Generalized Bekenstein Bound through GUP

As HUP is in one-to-one correspondence with deBroglie relation,

GUP should correspond to a consistently modified deBroglie eq.:

Generalized 

wave-particle duality:                                                                     (Ahluwalia 2000)

p as a function of λ reads:                                                                                 [decreasing f(λ)]

which reduces to deBroglie

for negative sign and β→0

Then, with analogous steps, for a system of size R                          , we have

We discuss separately the two cases β > 0 and β < 0



* Case β > 0
In this case GUP predicts a minimum observable length

Assuming R independent of E, with the usual condition                                 we get by 
integration

GENERALIZED

BEKENSTEIN BOUND

where must be  α = π to recover standard BB when β→0. The inequality is still 
true  for any monotonic increasing function

Expanding to the leading order in                             we get

which is the correction of the BB at the first order in β. Note that:

* The GBB lowers the standard BB (for β > 0). However, a Schwarzschild BH won’t 
violate the GBB since its GUP-corrected entropy will be lowered too (Chen 2001).

* Physically, it is expected that the existence of a minimum length reduces the 
number of microstates in a given volume, thus decreasing the total information 
that can be contained in a system of given size.   



Tsallis q-parameter and GUP β-parameter 

Leading order in                                 we get  (β>O)

Leading order for    𝑞 ≈ 1 we get

𝑠 𝑚, 𝑅 ≤ 𝛥𝑆𝑞 ≈
2 𝜋 𝑘𝐵 𝑅𝐸

ℏ 𝑐
 [ 1 + 1 − 𝑞

𝜋𝑅2

4ℓ𝑝
2  ]

𝒒 = 𝟏 +  𝜷
ℓ𝒑

𝟒

𝝅𝑹𝟒

This connection can be traced back to the similar modification of phase 
space volume created by  Tsallis q-statistics and by GUP  [as discussed by 
e.g. G.Luciano (2021), O.Obregon (2022), P.Jizba (2022-2023), etc.]



• Case β < 0
For β < 0 (i.e.  β = - |β| ) there is no minimum length predicted by GUP (JKS 2010).

Calculations are similar. With the usual assumption of R independent from E, we 
integrate  

and get

with α = π to get  BB when β→0.  The inequality still holds for any monotonic 
increasing function R=R(E)

For R such that                                  we can expand to leading order in β, obtaining

Striking implications: 

GBB with β < 0 allows the entropy S to exceed standard BB. 

This is not surprising, since standard HUP can be violated by a  GUP with β < 0.





In fact a GUP with β < 0 implies                                   when

This is typical of a classical regime.
* The possibility of classical physics at Planck scale has been explored, for 
example by considering ħ as dynamical field vanishing at Planck energy

ℏ 𝐸 → 0 𝑓𝑜𝑟 𝐸 → 𝐸𝑝

* Another possibility is a universe which at Planck scale appears to be 
DETERMINISTIC instead of being dominated by quantum fluctuations: this is 
actually the vision at the core of ‘t Hooft “deterministic” quantum mechanics.

Conclusions
1. We proved a consistent correspondence between the HUP and 

the Bekenstein Bound on the entropy of localized quantum 
system of given size and energy

2. Generalization of the Bekenstein inequality when both quantum 
and gravitational effect at Planck scale are taken into account

3. To be explored: possible consequences for holographic bound, 
quantum information theory, black hole remnants and 
information paradox, etc., etc. … 
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