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Outline

• Effective field theory (EFT) corrections to Einstein Maxwell theory in 4d (GDR, A. Tokareva 2510.06813).

• We will consider all 4 derivatives operators derive perturbative solution in the extra couplings.
• In this geometry (Reissner-Nordström with EFT small corrections) we will study scalar quasi normal

modes (QNMs).
• The ODE arising is a Fuchsian equation with 8 regular singularities (6 regular and 1 irregular).
• BH perturbation theory: ODEs with 4 regular singularities arise: Heun equations (HE).
• HE are in correspondence with the so called quantum Seiberg-Witten (qSW) curves.
• In order to use the instantonic techniques coming from the SYM theory side, we will describe a sort

of “Heunization" procedure.
• A particular emphasis will be given to Zero-Damping modes.
• Thanks to the quantum Seiberg-Witten curve approach, for this particular class of modes, analytical

expression in the near extremal limit will be derived.
• In (Boyce, Santos, 2506.10074) the perturbations of the metric are studied.

• Radiated energy in analytic self-force approach of radial infalling particles: (D. Bini, GDR, 2601.11186).

• Radial falling particles problem in Schwarzschild has a very long history (Zerilli, 1970)
• We provide a systematic and analytical method to compute the energy loss of the system infinity.
• We will discuss both the Klein-Gordon (s = 0) and Teukolsky (s = −2) cases.
• The analytical solutions of the homogeneous differential problem is technically solved with MST

formalism in the Post Newtonian (PN) expansion.
• We confirm the leading behavior provided by M. Maggiore, Gravitational Waves, Vol. 1 and we go

very much beyond lowest order contribution.
• The robustness of our result is guaranteed by the check done with the multipolar expansion (Arun,

Blanchet et al 0711.0302 ).



Effective field theories and Weak gravity conjecture I
• Weak gravity conjecture (WGC): Charged BHs with arbitrary mass and charge must always evaporate.

• In Extremal regime, EFT corrections allows the BH to evaporate.

• WGC has been explored through the lens of BH thermodynamic, extremality and stability.

• In particular stability is crucial since unstable configuration could allow the violation of the cosmic censorship and the
formation of naked singularities.

• The effect of the EFT corrections is enhanced in the near extremal regime.

• Moreover, in the extremal limit, the EFT description breaks down near the horizon.

• We focus on the near-extremal limit of the EFT-corrected RN black hole, studying the stability of this geometry with
massless probe scalar field perturbations.

• We study the effects of all EFT operators with four derivatives that the field redefinitions cannot eliminate.
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∫
d4x
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• Other terms of the same dimension can be reduced to the total derivatives or removed by field redefinitions.

• A perturbative EFT solution of the related Einstein field equations is
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Effective field theories and Weak gravity conjecture II

• The extremal regime verifies when G(r) has a double zero. The largest real root corresponds to the horizon.

• They approach the RN horizons if h4, g4 → 0

R
(1)
+ = r+ +

4g4Q4

4r4+
√

M2 − Q2
+

2h4Q2(5Mr+ − 4Q2)

5r4+
√
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+ O

(
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)

R
(1)
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4g4Q4
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√

M2 − Q2
+
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5r4−
√
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)
• In the extremal regime, the expansiondiverges, which means that for given values of EFT couplings, it cannot be

used for the black hole parameters too close to the extremality condition.

• We mainly focus on the perturbative regime

g4

M2 − Q2
≪ 1,

h4

M2 − Q2
≪ 1

• The extremality condition Q = M receives corrections from the EFT operators. In- deed, equating R
(1)
+ = R

(1)
− and

expanding we obtain

M = Q −
2g4 + h4

5Q
• As follows from WGC, BHs with M = Q should still be a solution without a naked singularity. It is possible only if

2g4 + h4 ≥ 0



Scalar wave equation

• The wave equation for a massless scalar in the background is

□Φ(t, r, θ, ϕ) =
1

√
−g

∂µ

[√
−ggµν

∂ν

]
Φ(t, r, θ, ϕ) = 0

• The ansantz dictated by the spherical symmetry allowing the separation is

Φ(t, r, θ, ϕ) = e(−iωt+imϕ)R(r)S(θ)

• We have an angular equation solved in terms of Legendre polynomials and a highly non trivial radial equation

r2G(r)R′′(r) + r(2G(r) + rG ′(r))R′(r) +

(
r2ω2

G(r)
− ℓ(ℓ + 1)

)
R(r) = 0

• The previous can be rewritten in the normal (or canonical form)

R(r) =
ψ(r)

r
√

G(r)
, ψ

′′(r) + QW (r, ω)ψ(r) = 0

QW (r, ω) =
r2(4ω2 + G ′(r)2) − 2G(r)(2ℓ(ℓ + 1) + 2rG ′(r) + r2G ′′(r)

4r2G(r)2

• This equation has 6 regular singularities and an irregular singularity at infinity

• All perturbations of BHs in the Kerr-Newman (KN) family admit wave equations that can be mapped to HE (4
regular singularities).

• HE also arise from the (SW) curve embedded in the Nekrasov-Shatashvili (NS) background.

• Ultimately, in suitable coordinates, it will be possible to establish a precise dictionary between the SW curve
parameters (five in the case of the CHE) and the differential equation obtained from BHs perturbations.



Gauge-gravity correspondence

BPZ
Liouville theory (CFT)

N = 2 SU(2) SYM
on Ω−background

Heun equations of
BHs and ECOs

gauge-gravity
dictionary

AGT

• Some correlators in Liouville CFT are related (via AGT) to results of localization for the partition
function of N = 2 SYM with SU(2) gauge group (Alday, Gaiotto Tachikawa, 0906.3219)

• Some correlators in the d = 2 CFT satisfy a second order ODE which can be mapped to HE
coming from BH perturbation theory Bianchi, GDR 2203.14900.

• The instanton gauge theory partition functions provide a combinatorial representation of the
Heun function and its connection formulae on which you impose QNMs b.c.s (Bonelli, Iossa et al
2201.04491 and Aminov, Grassi et al 2006.06111)



Hanany-Witten brane setup for N = 2 SYM theory

• The dynamics of N = 2 SU(2) SYM can be described in terms of
the (classical) Seiberg-Witten (SW) elliptic curve

qy2PL(x) + yP0(x) + PR (x) = 0

PL,R = (x − m1,3)(x − m2,4) , P0 = (x − a1)(x − a2)

• P0 → position of color D4 branes, PL,R → position of flavour D4
branes (Witten 9703166)

• Solve for y

y± =
1

2qPL

(
−P0 ±

√
P2
0 − 4qPLPR

)
, P2

0 − 4qPLPR =
4∏

i=1
(x − ei )

• The elliptic curve is a double cover of the complex plane with 2 branch cuts

• The periods of the elliptic curve (Lerche 9611190)

a =

∮
α
λSW , aD =

∮
β
λSW , λSW = x2 dx

y(x)



qSW curves for BHs and fuzzballs perturbation theory

• The “classical" SW curve can be embedded in the non commutative Ω−background (Nekrasow, Shatashvili
0908.4052) [

ẑ, ŷ
]
= ϵ1 = ℏ

• The ellyptic curve becomes an ODE[
qz2PL

(
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ℏ
2

)
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ℏ
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) ]
f (z) = 0

• The canonical (normal) form ψ′′(z) + Q2,2ψ(z) = 0 is obtained :
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ℏ
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ℏ
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+
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ℏ
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+

+
2
(
q
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∑
i<j mimj

)
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2

)
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(
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∑
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+
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1(q−1)+m2m1q+m2
2(q−1)

)
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• Q2,2 can be mapped to an HE with 4 regular singularities



qSW curves for BHs and fuzzballs perturbation theory

• The confluences of the Heun equation are obtained by in the decoupling limit (Consoli, Fucito et al 2206.09437)

qNf
→ 0, mNf

→ ∞ with qNf −1 = −qNf
mNf

= fixed

• So that the other theories are:

(CHE) Q1,2=−
q2
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2
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+
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−
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4ℏ2z2
+

ℏ2− (m1+m2)
2

4ℏ2(1+z)2
+
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2

)
−4u
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q
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−
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+
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−
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−
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−
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+

ℏ2 − 4u

4ℏ2z2
+

q

ℏz

(DRDCHE/Mathieu) Q0,0=
1
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+

ℏ2 − 4u

4ℏ2z2
+

q

ℏz



qSW curves for BHs and fuzzballs perturbation theory

• The ODE can be transformed in a difference eq. whose integrability condition is (Bianchi, GDR, Morales et al
2305.15105)

P0(a) =
qM(a + ℏ)

P0(a + ℏ) − qM(a+2ℏ)
P0(a+2ℏ)−...

+
qM(a)

P0(a − ℏ) − qM(a−ℏ)
P0(a−2ℏ)−...

M(a) = PL(a − ℏ/2)PR (a − ℏ/2)
• Perturbatively solvable in q in order to find the a-cycle

a(u, q) =
√
u +

q

4
√
u

( 4m1m2m3

4u − ℏ2
+ m1 + m2 + m3 − ℏ

)
+ O(q2)

• a-cycle can be perturbatively inverted for u(a,q) (Coulomb branch modulus):

u(a, q) = a2 + q

( 1

2
(ℏ − m1 − m2 − m3) −

2m1m2m3

4a2 − ℏ2

)
+ O(q2)

• The other cycle of the curve is obtained integrating the quantum Matone relation (Matone 9506102, Flume, Fucito
et al 0403057)

u = −q∂qF

• Which defines the prepotential which describes the low energy action of the N = 2 SYM.

• The dual quantum period aD

aD = −
1

2πi

∂F
∂a



Connection formulae

• QNMs are defined by imposing b.c.s on Heun connection formulae (Bonelli, Iossa et al 2201.04491)

• Cap or horizon in z = 0 and infinity at z = ∞

HeunC
[
u−

1

4
−q−m2

2−m2,−q (1+m2+m3) , 1+m1+m2, 1−m1+m2,−q, z
]
=

∑
σ=±

Γ (m1 + m2 + 1) Γ(−2aσ)Γ(1 − 2aσ)qaσ−m3− 1
2 e

− 1
2 σ∂aFinst

Γ
(
−aσ + m1 + 1

2

)
Γ
(
−aσ + m2 + 1

2

)
Γ
(
−aσ − m3 + 1

2

)
 z−1−m2−m3

×HeunC
[
u −

1

4
+q(m2+m3)−m2−m2

2, q (m2+m3+1) , 1−m1+m2, 1+m1+m2, q,−
1

z

]
+

+

∑
σ±

Γ (1+m1+m2) Γ(−2aσ)Γ(1−2aσ)qaσ+m3− 1
2 e

− 1
2 σ∂aFinst

Γ
(
−aσ+m1+

1
2

)
Γ
(
−aσ+m2+

1
2

)
Γ
(
−aσ+m3+

1
2

)
 e−qz z−1−m2+m3

×HeunC
[
u−

1

4
−q(1+m1+m3)−m2−m2

2, q (m3−m2−1) , 1−m1+m2, 1+m1+m2,−q,−
1

z

]
• Imposing outgoing wave at infinity is equivalent to the exact quantization condition

aD + k a = ℏn ∈ Z

where k = 0,±1,±2 and n the overtone number.



“Heunization" I

• Use the qSW machinery even if our differential problem in not described by an HE.

• In nearly extremal regime, we can find a reliable approximation by a CHE.

• The denominator of the effective potential has 6 roots, although only two of them (R+ and R−) are important in
the nearly extremal regime.

• For this reason, we are separating them and keeping their values exact

• Our further strategy is to expand the effective potential up to linear terms in g4 and h4.

• Schematically, we get an expression of the form

Qnum
W =

A

(r − R+)2
+

B

(r − R+)
+

C

(r − R−)2
+

D

(r − R−)
+ E +

F

r
+

G

r2
+ O(r−3) + . . .

• The scaling in the extremal limits are

A, C ∝ (R+ − R−)−2
, B,D ∝ (R+ − R−)−1

, F ∝ (R+ − R−), G ∝ (R+ − R−)2

• So F and G can be neglected. Also the negative powers of r do not affect the form of the effective potential in the
near extremal regime.

• In order to obtain a confluent Heun equation, we keep an approximated value of the potential.

Qnum
W =

A

(r − R+)2
+

B

(r − R+)
+

C

(r − R−)2
+

D

(r − R−)
+ E

• The approximated potential is almost indistinguishable from the original potential (2.20) in the near extremal regime
with small enough EFT couplings.

• If EFT couplings are small enough, we can also use the approximate values R
(1)
+ , R(1)

− and obtain fully analytic
expressions for slowly damped QNMs with the first order EFT corrections.



“Heunization" II



Zero Damping modes
• The Zero Damping modes (ZDMs) are particular modes that can be found in the near extremal regime.

• After establishing the dictionary between the approximated potential and the CHE, we can use the quantization
condition aD = n and search a perturbative solution in near extremal limit and for small EFT couplings

ωZDM = −i
i(ℓ + n + 1)

Q2

√
M2 − Q2 −

4ig4(1 + ℓ + n)

5Q2
√

M2 − Q2
−

2ih4(ℓ + n + 1)

5Q2
√

M2 − Q2

+
ig4
√

M2 − Q2

5Q4

[
−

8((2n + 11)ℓ + n(4n + 7) + 8ℓ2)

2ℓ + 1
+

1

n + ℓ + 1
+

1

(n + ℓ + 1)3
−

24

2ℓ + 1

]

+
ih4
√

M2 − Q2

10Q4

[
4(11 − 8n)n

2ℓ + 1
+ ℓ

( 184n

2ℓ + 1
+ 68

)
+

1

n + ℓ + 1
+

1

(n + ℓ + 1)3
+

4

2ℓ + 1
+ 72

]

• The leading order in extremality parameter
√

M2 − Q2 is proportional to the combination h4 + 2g4 i.e. the same
appearing in the WGC requirement. In addition, the QNM causality leads to

δ(−Imω) ∼ h4 + 2g4 > 0

• where δ(−Imω) is an EFT correction to the QNM frequencies. Thus, our computation shows the complete
coincidence between WGC and QNM causality

• These results have been tested against the leaver continuous fraction method (Leaver, 1985)

RL(r) = e iωr (r − R+)δ+ (r − R−)
δ−

∞∑
n=0

cn

(
r − R+

r − R−

)2

• where δ± are chosen to have ingoing bcs at the horizon and a 3-terms recurrence

αncn+1 + βncn + γncn−1 = 0 , β0 −
α0γ1

β1 − α1γ2
β2−...

= 0

• We also used a direct numerical integration routine



Results for QNMs

Conclusions and Outlook
• We expect a similar behavior for near extremal Kerr BH

• In this case the WGC requirements will reflect on the Superradiant modes Brito, Pani, Cardoso 1501.06570, Cipriani,
Di Benedetto, GDR et al 2405.06566



Radial infalling particles in Schwarzschild
• The problem of radial infalling particles in Schwarzschild geometry has a very long story

• Zerilli, 1970: Regge-Wheeler and Zerilli equations. Power at leading order in large Mω;
• Davis, Ruffini, Press, Price 1971: Zerilli equation. Numerical study of power emitted;
• Maggiore, Gravitational Waves, Vol. 1 Leading order of the energy spectrum for small Mω;
• Mitsou, 2010: Zerilli equation. Numerical study of power emitted and of the ringdown (QNMs);
• Many others...

• The massive particle in radial infall starts its motion at infinity in the weak gravity region and approaches the BH
horizon where the field is strong

• The problem of the massive particle energy loss computation can be tackled analytically as follows
• From infinity (t = ∞) where the particle is at rest to a minimal cutoff distance (t = tmax ) Post

Newtonian approximation can be used (slow velocities, weak field) (Bini, GDR 2601.11186)
• In the strong field region from the horizon to a maximum distance (t = tmin) the approximation to

adopt is Mω ≫ 1 (work in progress).
• In the matching between the two region the dependence on the cutoff scale must disappear.

• The leading behavior of the power emitted at infinity in Mω ≪ 1 is (Mω)4/3, while at Mω ≫ 1 is e−4πMω .



Radial infalling geodesics

• The Schwarzschild metric

ds2 = −
(

1 −
2M

r

)
dt2 +

dr2

1 − 2M
r

+ r2(dθ2 + sin2 θdϕ2)

• The radial infalling equatorial geodesics for massive particle starting its motion at infinity at rest E = µ = 1

drp

dt
= −

(
1 −

2M

rp(t)

)√
2M

rp(t)

• whose exact solution is

T (r) = −
√

2r(r + 6M)

3
√
M

+ 2M log

(√
r +

√
2M

√
r −

√
2M

)
• Let me introduce the PN weights

GM

r
∼

v2

c2
∼ η

2
, ωr ∼

v

c
∼ η

• So that we can perturbatively invert in PN sense the geodesic

rp(ζ) = αt2/3
[
1 −

8

9
ζ
2 +

16

27
ζ
4 +

640

2187
ζ
6 −

256

10935
ζ
8 −

83968

413343
ζ
10 + O

(
ζ
12
) ]

• where we introduced

ζ =
αη

(−t)
1
3

, α =

( 9MG

2

) 1
3



Energy loss: the scalar case

• The energy loss in defined as

dE

dt
= lim

r→∞

∫ 2π

0
dϕ

∫ π

0
dθ sin θr2Tscal,r

t , 8πTscal
rt = ψ

∗
,rψ,t + ψ,rψ

∗
,t

• So for radially infalling particles we have

dE

dt
=

r2
(
1 − 2M

r

)
4π

∑
ℓm

∫
dω

2π

dω′

2π
ωe−i(ω−ω′)tJℓmωω′ (r)|r=rp (t)

• in which we used the particular solution of the ODE

R+
ℓmω = −4πqY∗

ℓm

(
π

2
, 0
)

Rin(r)

Wℓmω

∫
dte iωtRup(r)

(
1 −

2M

r

)
• where Rin,up are computed in the Mano-Suzuki-Takasugi (MST) formalism and where Wℓmω is the constant

Wronskian.

• The final result is

Erad =

∫ ∞

−∞
dt

dE

dt
=

q2

M

[
−
η3

90
−

739η5

1512
+

(
2133

√
3

14000
−

49

360

)
πη

6 +
2541439η7

1360800
η
7

+

( 8

3
−

25970213

2205000
√

3

)
πη

8
]
+ O

(
η
9
)

• Unfortunately there are no check with the previous literature



Energy loss: the leading order in the gravitational case
• This computation in shown in Maggiore, Gravitational Waves Vol. 1. The assumptions are:

• the gravitational wave (GW) production is computed in the linearized theory, without including
back-reactions on the Schwarzschild metric.

• The Newtonian equations of motion are used instead of the general relativistic ones.

1
2
m

(
drp

dt

)2
−

GmM

rp(t)
= 0

• Most of the radiation is emitted when the particle is non relativistic i.e. the quadrupole formula is
still valid

• In strong field regime all these assumptions break down.

• The solution to Newton eom with the boundary conditions r(−∞) = ∞, r(tmax) = R is

r(t) = α(t̄ − t)2/3
, α =

( 9GM

2

)1/3

• From the quadrupole formula

Erad =
G

5c5

∫ tmax

−∞
dtI

(3)
ij (t)I

(3)
ij (t), Iij (t) =

1

3
µr2qijm, qij = diag [2,−1,−1]

• So in time domain

Erad =
2G(2GM)3

15c5
µ

2
∫ tmax

−∞

dt

r5(t)
= Mc2ν2

217/33−10/3
(

GM
c3τmin

)7/3

35

• and in frequency domain
dE

dω
=
ν2Mc2

5π

( 4GM

3c3

)7/3
Γ2
(
−

2

3

)



Energy loss: Teukolsky formalism I
• For radially infalling particles the source term (see Sasaki Tagoshi, 2003)

Tℓmω = Kℓm

∫ ∞

−∞
dte iωt

δ(r − r(t))(
√
r −

√
2M)3(

√
r +

√
2M) , Kℓm = 2πµ

[ 1

2

(
ℓ
2 + ℓ− 2 − 2m2

)
S + mS′

]
S = −2Yℓm

(
π

2
, 0
)

, S′ = ∂θ

[
−2Yℓm

(
π

2
, 0
) ]

.

• The amplitude at infinity is defined
Rℓmω ∼ r3e iωr∗ Ẑℓmω

• The waveform h is obtained

ψ4(r → ∞) ∼ −
1

2
(ḧ+ − i ḧ×) = −

ḧ

2
• One finds for the energy flux at infinity

ḣ =
2

r

∑
ℓm

∫
dω

2π

Ẑℓmω

iω
e−iωt

−2Yℓm(θ, ϕ) ,
dErad

dt
=

r2

16π

∫
dΩ|ḣ|2

• In frequency domain we find

1

µ2

6∑
ℓ=2

dE

dω
|ℓ =

12 62/3Γ
(

4
3

)2

5π
(Mω)

4
3 +

176
√

3

35
(Mω)2 −

24

5
62/3Γ

( 4

3

)2
(Mω)7/3 +

33632 21/3Γ
(

2
3

)2

315 32/3π

−
352

√
3π

35
(Mω)3 +

Γ
(

4
3

)2
(Mω)10/3

6160 61/3

[
576576 log2(4Mω) + (1153152γ − 1799952 log(4Mω)

+33264π2 + 576576γ2 − 1799952γ + 1706713 − 221760ψ(1)
( 11

3

)]
+ O

(
ω

11/3
)



Energy loss: Teukolsky formalism II
• And in time domain

• where L = log
(

4M
3
√

3t

)
• This result is in perfect agreement with the result coming from the PN results.

Conclusions and Outlook
• Compute the subleading correction to the strong field case (Zerilli, 1970)

• The leading behavior for the scalar emission (treatable with the saddle point)

Ẑ∞
ℓm = −4πY∗

ℓm

(
π

2
, 0
)∫ ∞

2M
dr

√
2M

r
e iω(T (r)−r∗)dr ∼ −4πqY∗

ℓm

(
π

2
, 0
)

e−4πMω



Thank you for attention!


