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Context and Motivation

e Higher-derivatives CFTs are nontrivial but tractable! We'll consider
0%¢ in d = 4.

e Boundaries are theoretically and physically relevant!

e Auxiliary fields help, but to what extent the equivalence holds?
Symmetries? BCs? Correlators/Ward identities are computed
off-shell.

We'll start with M = R3 x RT, i.e., flat space R* with a flat boundary
OM = {z = 0}, n outward normal and 9, = 9, is the normal der.
Afterwards, coupling with an external bkg metric.
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Auxiliary-Field Reformulation

As [J? is factorizable it's not difficult to get auxiliary action. Consider

Sl = | dixotPe = o=,

equivalent to [y = 0,0¢ = 1 which are obtained from the auxiliary
theory

5[¢5,w]=%/Md4x (609 + yO¢ — ¥?) E%/Md“x\UTﬁlU,

where
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Auxiliary-Field BCs

To have a symmetric operator we must impose
(Wz,éuh) ::(5“bvwl> )
M M
(, )m scalar prod over M. Integrating by parts we get the boundary terms

wp = / d*x (V] Jby — W] Jb1) = (W1, JO2)om — (W2, JP1)om
oM

s Wy = [qﬁ’}, O = 0,U; J— {0 1]
h 1 0
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Auxiliary-Field BCs

For "Neumann” BCs ® = SV, wpy =0 = (W, J®2)onm = (V2, JP1)om
leads to

US)Y'=Js = ST=uss' = 5:[5 5121,
So1 S

or

(an¢ = 5¢ + 5121/} ) 3n¢ = S21¢ + 51/’)‘BM ;

Scale invariant BCs must be of the form (&' = 0, W/ = 0). They are

(¢lom = 0, 0ndlom = 0) , (¥|om = 0,009 |om = 0) ,
(¢lom = 0,%|om = 0), (Onplom = 0,0n1|am = 0)

— the first are “bad” the second are “good” and also conformal.
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Diagonalizing the kinetic term

The auxiliary theory can be brought in a standard form through
1 The field space rotation W = R(\,0)V’ for 6 = /4
2 Analitically continuing ¢ — i)’ (to take of the ghost)
This way we arrive at [}, d*xW'T Dy’

2 2 2
~ O-m jm N 2 A m .
D= im22 fDi’”; =—-10+ M, M:*7(03*101)7

where Tr(M) =0, M2 =
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Rotated BCs

BCs in the rotated theory are in one-to-one correspondence with the
original theory! “Undoing” the rotation for example

¢ The conf BCs

¢ While

(Dv R) — (¢> = aldg, 0h¢ = —Oz(@,J:kﬁ + M))) .

More complicated BCs are also possible.
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Computing the Heat Kernel exactly

A

K(s; x, y) satisfies the heat eq

N

(0s + D)K(s;x,y), K(0;x,y) = 15(x,y)

and is related to I'.
Computing K is now trivial. Consider

K(s;x,x') = e_SMRO(s; x,x').
For D = Dy + M, K, satisfies the heat eq for Dy = —10J

N KE(s; x,x") 0
. A O U]
Kolsi % x) 0 KE2(s; x,x")
g (X,

KB is the single field heat kernel with any of the possible boundary
conditions, i.e., D, N or R BCs.
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Computing the Heat Kernel exactly

5 0 2 2 o
It is simple to see that e ™M =1+ *2° (g3 — igy). We get

- 2
Tr KDBZLB2(5) = /ddX {KDBI(S;X,X) (1 + srg> + KB%(s; x, x) (1 - S';)]
the i disappears, for conf BCs m drops out.

We can compute TrKr:(s) for a wide range of (non-standard) BCs as
well.
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Coupling to an external background metric

On curved background:

e Assign correct Weyl transfo to (¢, 1) for S[¢, 1] to be Weyl inv
off-shell

e I|dentify conformal boundary conditions.

This links to the Paneitz operator A4.
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Weyl-Invariant Extension

Take M with a co-dimension one boundary 9M. Weyl inv extension of
the original formulation

%/M d*xg plsp, Ay =07 +V,(V*V,)

where A4 is the Paneitz operator and V#¥ = 2R* — %g“”R. The
auxiliary-field action

S(é,9) = 1 /M d*x/ (S0 + 06 — 42 + 6V, (VI ,6))
:%/Md“x\/ngﬁgw,

where

N

iz
b, — V. (V*o,) O

O =il

yields original formulation by integrating out 1.
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Weyl-Invariant Extension: famialiar geometric
gquantities

The metric transforms as g[w = e%°g,,,, and Christoffel connection
86Ty = 600,0 + 558,,0 —gu0lo,

while the normal vector as

n’ —nY =en",

since 1 = g/, n'"n"" = e* g, n'"n".

The induced metric transforms as h,, = €27 |gmhapb, so that

a

Ko — €7 [Kab + habé),,a] R K—e? [K + (d = 1)8,,0] 5

Kab — e"Kab

where K,, = e, e,V n, extrinsic curvature, and Ky, = Kap — %K its

traceless part.
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Weyl-Invariant Extension: fields

For a four derivative scalar ¢ the weight is zero wy =0
¢i N ¢/i _ eW¢fU¢i _ ¢i

To preserve the defining relation ¢ = (¢ under Weyl transformations we
take

Y — Y =e 2 (Y +(d—2)0,00"9) .
For @M = @ our aux action is already Weyl invariant
5(6.6) =} [ d*xVE (600 + 906 = 4 + 6V, (V"0,4))
— 1 [ d'xvE (om0 X2)

where

X =14 —0¢, XX =e2°X.
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Weyl-Invariant Extension

With boundaries the previous holds up to the BT
B(6,¥) = / PByVh(Xn — $0,X) ,

breaking conf inv, which may be restored off-shell by adding
Bi(¢,v) o [y Iy Vh oKX,

In this way, the action

S %) = Sou(, %) — 1 / Py vEKX

oM

=1 [ d'xVE (00— X0) £ [ dyyy (X0u0 - (0,X + 3K00))

which is manifestly invariant off-shell and makes very simple to obtain
conf BCs.
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Conformal BCs and auxiliary fields

For A4 conformal boundary operators are known?

wa, = o d3X\fh ((D%C(D‘;’,C + cb%,cq)ic - d)?,c(bg,c - ¢%,c¢%,c) )
where o
b = ‘b’amv
cbi = anﬂs‘a,w

®2 = (V,0, + 1KD, — D?) ¢\6M,
® = (—anm+...)¢‘w.

are Weyl covariant.

1J. S. Case, “Boundary operators associated to the Paneitz operator,” Indiana Univ.

Math. J., 67, 293-327, 2018. 3, 9.
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Conformal BCs and auxiliary fields
Conformal boundary operators with the aux field are
wp, g = / d*xvh (cbgc (@3 =0 X1 — 3KX1) + @5 (DT .+ X1) +
oM
F08, (030, — 3K0) — 0 (3, +%0) ).
where
O =02 = glom, Sl =0l = dsdlom,
2 = 2 + X, ® = &2 +0,X — 2KX,
and the conformal BC are
(0% =0,0! =0), (2 =0,93 =0),
(2 =0,92 =0), (o1 =0,92 =0).

$2 = (¢ — 2K9,p — 2D%¢)
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...in flat space

In curved space BCs are Weyl covariant complicated expressions involving
curvatures, ¢, and 1, but in the following we need the flat space limit:

(¢lom =0, Ondlom =0),  (¥|om = 0,0,¢|om = 0),
(¢lom =0, Ylom =0), (Ondlom =0,  On¥|om =0) ,

which are the same we've obtained previously.
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Anomaly and Boundary Charges

By analyzing displacement operator correlators:

e Extract boundary charges in the trace anomaly.

e Matching with original fourth-order theory under corresponding
boundary conditions.

e Shows consistency of the auxiliary formalism.
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Anomaly and Boundary Charges

In the presence of boundaries the integrated trace anomaly can be
written as

167r2/Md4x\/§<T> = faX(M)Jr/Md“x\/ngqu

—/ d3y\fh(ctrk3—|—b1 n”n”kaﬂW#aug) ,
oM

where x(M) = [, d*x/8Es — [5, d®y\/hEy is the Euler characteristic.

The bulk charges a and b are
7 1

= b= ——.

90’ 15

It has been argued? that b; = 8b.

2S. N. Solodukhin, “Boundary terms of conformal anomaly,” Phys. Lett. B 752,
131-134 (2016),
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Anomaly and Boundary Charges: the displacement
operator

The boundary charges c and b; are related® to the 2- and 3-point
functions

(D0q)D(0)) = 2;;218, (D(x))D(x[)D(0)) = 35¢

27T6\x‘||4|xﬁ|4|x” — X|I\|4 ’
where D is the displacement operator
T (X, z)lom = D(%)) ,

which is linked to the breaking of translations in the direction normal to
the boundary.

3C. Herzog, K. W. Huang and K. Jensen, “Displacement Operators and Constraints

on Boundary Central Charges,” Phys. Rev. Lett. 120, no.2, 021601 (2018)
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Anomaly and Boundary Charges: EMT and BCs

By functional diff S[¢, 1] + normal projections compute T". For conf
invariant BCs

DD : ((ZS‘BM = 07¢|8M = 0)7 NN : (aﬂ(b‘alw = Ovanw‘am = 0)7

the surviving contributions in flat space* are

(DD) : 2T = —20,0)0p — 3020n00°0ntp — 20,009,036,

(NN) : 2T = —2(92¢)? + ¢* + 20,1%0°¢ — 40°¢0p02¢ + 20.0p$0°0" .

4A. Stergiou, G. P. Vacca and O. Zanusso, “Weyl covariance and the energy
momentum tensors of higher-derivative free conformal field theories,” JHEP 06, 104
(2022)
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Anomaly and Boundary Charges: Green'’s functions

From the flat space limit of our Weyl invariant action, we get back the
kinetic operator

The Green's function satisfies Dy G(x,x") = 16*(x — x’) . Using Fourier

transform + image method the 2-pt functions are

(p(x)p(x")) = —In (m?|x — x'*) £ In (m?|x — x],,[*) ,

/ ‘2’
im

where x = (x|, 2), Xim = (X, —2).
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Anomaly and Boundary Charges: EMT and BCs

Putting everything together, Wick's theorem yields (for both
(DD), (NN))

4 8
7T4|X”‘8 o

(D(x)D(x)D(0)) =

(D(x)D(0)) =

52 N 104
97r6|x‘||4|x|"|4|x” — XI/“4 315

They are in agreement with previous findings®.
For both BCs b; = 8b argued in®.

5A. Gaikwad, A. C. Kislev, T. Levy and Y. Oz, “Boundary Liouville conformal field
theory in four dimensions,” JHEP 07, 271 (2024)
6S. N. Solodukhin, “Boundary terms of conformal anomaly,” Phys. Lett. B 752,
131-134 (2016),
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Key Takeaways and Outlook

Takeaways:

Auxiliary fields simplify handling of higher-derivative CFTs.

Exact heat kernels and anomaly data can be computed.

Framework extends to curved backgrounds.

Not all BCs are allowed.

Outlook:

e Apply formalism to other higher-derivative operators and spinors.

e Study interacting theories.
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Thank You

Thank you for listening!

Questions?
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Diagonalizing the kinetic term

The field space rotation

V=RV with R(\0O)= (:105.9 Asinf .
= sinf@ cos@

diagonalize the action for § = /4. Choosing % = m? and after canonical

normalization

N

m

m2
Sl v = [ aw D, D—REFORO)= | T ® (%]

2 2

Analitically continuing ¢’ — i)’ we arrive at

2 ) 2
. [Oo-= m . 5 5 .
p:[ , 2 "2 2]:—1D+M, M:—%(as—lol),
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Rotated BCs

BCs in the rotated theory are in one-to-one correspondence with the

original theory! It is convenient to introduce projectors
1
n. = 00 , My = 0 .
0 1 0 0

(BN_V|on =0, BNV |sm=0),Vij=123

Then

the boundary operators can eg be one of the following

61:[1 0
0 1

O 0
0 On

Oh—S 0

, By = , B3=

0 Oh— S

|
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Rotated BCs
For R = R7Y(\, m/4) we get

dF N

1
NV = S(RMLR™IW) = RMN.R 1w ==
BNV =0 = B( + ) 0, + 5 ¢¢%¢

& Thus for example i = j = 1,2 conf BCs

(B1,B1) — (¢ =0,0¢ =0), (B2, By) — (0 = 0,0,0p =0).

¢ While
(BiN_V'|om =0, B3N Vign =0),
correspond to
(¢ = allg, On¢ = —(0p0¢ + 9)) .

More complicated BCs are also possible.
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Effective action

We consider the manifold M = R9~1 x R* with boundary
OM = {z = 0}. For Neumann (Dirichlet) BCs at z =0

6ZK£’(S;X,X')’z =0, K£(5;><,x’)|Z =0,

=0 =0

the heat kernel can be find by using the image method to be

N(D) (. _ 1 _|><*4x/\2 _|x-:l.’m\2
Ko (S,X7X/)_(47rs)d/2(e s te s ,

where the image x/ = ()?H, —Zz'). A simple integration of the
coincidence limit of the previous equation shows that

Vy_ > ds 1 2
[-N(D):_dl/ —/dili -2
eff 2 €2 S Jr+ Z(47T5)d/2 ( € )

o Vi i Vi_1 1
T @mIPde T qanE (d-1)ed 1

where Vy_1 = [po: dX), Vi = [go-1 [p+ dXdz and we send L — oo.
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Effective action

Putting together we get

D.N 2VM 1 Vd_1 > ds Sm2 _2
Mo = - it =
€ (47)4/2 ded 2 Jo s Jp: (4ms)d/?
In d = 4 the full result is

ov_ Vw1 mV3l
off T 2(4m)2 et 3273/2 ¢

The first term is the usual bulk divergence which renormalize the
cosmological constant A, while the second is a boundary divergence
renormalizing a boundary tension 7

1 1 m? 1

Ao = Ag+ ——— — L L
B R+2(47r)2 €4’ L 3273/2 ¢’

where the suffix B and R stand for bare and renormalized, respectively.
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Green’s formula in the presence of boundaries

Consider
Lu(x) = f(x), x e M,

with suitable BCs on OM. G(x,y) is the distributional sol of
LyG(x,y) =d(x—y), x,y € M.

Integrating by parts we get the boundary antisymmetric form

/M(VLW_WLV) dV:/ B, )65,

oM

Choosing v(y) = G(x,y) and w(y) = u(y) we get
[ (Gnuty) — u)L 6x ) dV, = [ B(G(x,), w)ds.
M oM

Since Lyu(y) = f(y) and L,G(x,y) = 6(x — y), the bulk term gives
S GG y)f(y) dVy — u(x).
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Green’s formula in the presence of boundaries

This proves the general formula
u) = [ G dv, + [ Kixy)ds,,
M oM

where the boundary kernel K(x,y) = —B(G(x,y),u(y)). The Green's
formula thus consists of two contributions:

(i) the bulk integral involving the source term f and the Green function

(i) a boundary integral, encoding the influence of the boundary data,
where the bilinear form B is determined by the structure of L.

22/22



Green'’s formula in the presence of boundaries: Example
1

For example, for L = [0 one finds
B(v,w) =vO,w — wd,v,

with 9, the normal derivative at the boundary. Thus, the Green formula
becomes

u(x) = /M G(x,y)f(y) dVy—l—/aM (u(¥)OnG(x,y) — G(x,y)0nu(y)) dS, .

We observe that, if the Green function satisfies the same boundary
condition as u, the boundary term vanishes.
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Green'’s formula in the presence of boundaries: Example
2

Consider L = [02. One has

/(szwaD%)dV:/ (vanDWfanvDWfW@anJranWDv) ds.
M oM

Taking v(y) = G(x,y), w(y) = u(y), and using (2u(y) = f(y) together
with C2G(x,y) = d(x — y) we get

) = [ [uy)90,0,6c.) = 00, uly) O, Glx.) = Gl 90, Dy uly )+
+ 00, Glx,y) Dy uly)]dS, + /M G(x,y) F(y) dV,.

B now involves (u, d,u,Ou, 0,00u) and corresponding quantities for G.
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Green'’s formula in the presence of boundaries: Example
2

Consider now the boundary conditions
ulom = 0, Ont|om = 0.

Choosing the Green function with the same conditions (G = 0 and
9,G = 0 on OM), the boundary integral vanishes, and the solution
depends only on the source term f. An analogous statement hold if we
choose (U|a/\/] = 0,‘:|u|aM = 0)7 and (G|(’)M = O,DyG|aM = 0).

22/22



2-point functions with auxiliary field

For the operator

. 0 O
D =

acting on a 2-component vector W the matrix valued Green's function

N

G(x,x") is given by

In momentum space, we have

é(k)zl_okz __ﬂ - @(k)zél(m:[kl“ ‘k]
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2-point functions with auxiliary field

Going back to position space we have to compute the fourier integral

D e 1 r(ea) (e
/a(X)/(2ﬂ_)d (k2)> — (4m)92  T(a) (4)

which che be done with the Schwinger representation

1 1L > a—1_—sA
— T e— . 1
e A &

for A = k2, so that the inteegral in k becomes Gaussian.
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2-point functions with auxiliary field

1) « =1 and d = 4. Thus, we immediately obtain

o) = 4%2% 2)

2) a =2 and d = 4, so that h(x): logarithmic divergent. We adopt dim
reg and set d =4 — e. Thus we have

. di—ck ek (Mz)g F(S) o5
= 2 2 — 2 x°
B0 = (W) / (2m)E=</2 (K)o (4m)2—</2 T(2) ()" ©
By using the familiar expansions

Fr(5)=-2-v+0(), (47)~/2 =1~ SIn(4m) + O(e), (4)

2,2 % 6 2,2
(£2)% =1+ 52+ 0(e), (5)

we get
) = 1o (-2 - (22)) ©)

redefined fi> = p2S- ~ m to absorb the constants. The finite part is
logarithmic. 22/22



Conformal boundary operators A,

Conformal boundary operators for A4 are known. It has been shown that
3 0 &3 ) 0 i3 1 42
wa, = o d X\/B (¢27c¢1,c + ¢2,c¢1,c - ¢1,c<b2,c - ¢17c¢2,c) )

where

q)(c) :(M@Ma
&L =0,6lom,

®2 = (V,0, + 1K0, — D?) ¢‘6M,

02 = (=0,0— 2D%0, + 2R*D,0, — IKD? + 30,K0° + R, ¢’am ’

with

R =1R®) — 2P, n#n" — 1K? + 1R, K.
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