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High derivative theories

• HD provide models of renormalizable quantum gravity theories

• Inflationary models involving high derivative theories provide the

best fits of the scalar/tensor relations

• Effective (HD) field theory of strongly interacting gauge theories

• UV completion of Standard Model may involve high derivatives

(s = 0, s = 1/2, s = 1)

• Problems with ghosts, causality and unitarity



Ghosts in six-derivative quantum gravity
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with � = ∂μ∂μ. The last two terms only get renormalized at one

loop. The Einstein terms till two loop and the cosmological constant

till three loops and the last term O(R3
...) get only finite corrections at

any loop order of perturbation theory.



Ghosts in six-derivative quantum gravity

Assuming zero cosmological constant (Λ = 0), the linearized action

for both tensor and scalar modes

ψ =
(

h̄
⊥⊥
μν , h

)

on the flat background becomes

Sinv =
1

2

∫
d

4
x ψ

(
θ6�

3
+ θ4�

2
+ θ2�

)
ψ .



High Derivative Scalar Theories
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The theory is UV finite due to the UV regularity of the propagator

Speer [1969] Lowenstein [1972]



High Derivative Scalar Theories

S2(k) =
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if the values μ2
i are real the propagator only presents pairs

k0 = ±
√

k2 + μ2
i of real poles, which guarantees the existence of

analytic continuation in the complex p0 plane till reaching the

imaginary time of Euclidean formalism.

Problems: Unitarity, Causality, Ostrogradski instabilities,pathological

ghosts



Pathological Ghosts
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Ri alterning signs

Consistency:

Osterwalder-Schrader positivity and Kl̈lén-Lehmann representation



Ghosts in six-derivative quantum theories

Complex conjugated ghosts
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Osterwalder-Schrader Reflection Positivity

Reflection positivity ⇔ positivity of the Hilbert product of states

〈θψ,S2ψ〉 =
∫

d
4
x d

4
y (θψ)(x) S2(x − y)ψ(y) ≥ 0 ,

∀ ψ ∈ C0(R4
+) with compact support in the positive time half-space

(y0 > 0) of R
4

θ being the time-reversal transformation

(θψ)(x0, x) = ψ∗(−x0, x)



Källén-Lehmann Representation

Scalar Field Theories

Theorem: S2(x, y) is OS reflection positive iff the Fourier transform

S2(k) has a Källén-Lehmann representation
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[Widder,1934]



Widder Inequalities

S2(k) is strongly positive:
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c1 = 1, c2 = 2, c3 = 5, c4 = 14, c5 = 42, c6 = 132 cn > 0

Our case S2(k) does not admits a KL decomposition
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Källén-Lehmann Representation

For scalar fields none of the inverse polynomial kernels

K(x, y) =
1

(�+ m2)n
(x, y)

K(x, y) =
1

�n
(x, y)

admits a Källén-Lehmann representation, for n > 2, because their

Fourier transforms S2(k) are not strongly positive



Källén-Lehmann Representation

For scalar fields none of the transcendent kernels

K(x, y) =
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n
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�
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K(x, y) = e
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has a Källén-Lehmann representation, for n > 0, because their

Fourier transforms S2(k) are not strongly positive

[M. A., F. Ezquerro and I. Shapiro, 2022]



Massless field theory in 1+1 dimensions

The two point function of a massless theory is not O-S positive.

S2(x, y) = − 1

2π
log ||x − y||

A continuous symmetry cannot be spontaneously broken in 2D

According to Goldstone theorem if the symmetry SSB there is a

massless particle (Goldstone boson)

The quantum vacuum

Ψ0(φ) = e
1

2
(φ,

√
Δφ)

is not normalizable, i.e. Ψ0 is not a physical state.



Massless field theory in 1+1 dimensions

A continuous symmetry cannot be spontaneously broken in 2D

According to Goldstone theorem if the symmetry SSB there is a

massless particle (Goldstone boson)

The quantum vacuum

Ψ0(φ) = e
1

2
(φ,−

√
Δφ)

is not normalizable, i.e. Ψ0 is not a physical state. The two point

function of vertex operators Φ(φ) = eiαφ is O-S positive.

〈Φ(φ(x))Φ(φ(y))〉 = ||x − y||− 1

2π
α2



Ghosts Bound States

Condensate of complex conjugated ghosts
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Arkani-Hamed et al, Mukohyama, Eichhorn, Sorella et al, ........



Ghosts Bound States

Renormalization by momentum substraction

λ12=π5 ; μ2=1, p0=0

G
R
B(p) = GB(p) − GB(p0)



Ghosts Bound States

Summing up a chain of loops

C(p) =
GR

B(p)

1 − λ12GR
B(p)

[M. A., G. Krein M. Pardina and I. Shapiro, 2024]



Ghosts Bound States

λ12=π5 ; μ2=1, p0=1

Pole at p2
= M = 1.56

C(p) =
GR

B(p)

1 − λ12GR
B(p)



Ghosts Bound States

Bound state of ghosts with p2
= 1.56 for λ12 = π

5 ≥ λc and complex

conjugated poles m2
= 1 + i (m2)∗ = 1 − i .



Ghosts Bound States

critical window 0.68π5 ≤ λ12 ≤ 3.91π5

λ12 = π
5/4

[M. A., G. Krein M. Pardina and I. Shapiro, 2024]



Renormalized Källén-Lehmann Representation
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Theorem: S2(x, y) is OS reflection positive iff the Fourier transform

S2(k) has a Källén-Lehmann representation

S2(k) =

∫ ∞

0

dμ
ρ(μ)

k2 + μ2
with ρ(μ) ≥ 0

S (k) is strongly positive:



Renormalized Källén-Lehmann Representation

The resummed 2-point function
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Branching point s0 = (m + m∗)2 Pole at p2
= M = 1.56



Renormalized Källén-Lehmann Representation
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CONCLUSIONS

• In six derivatives theories with complex conjugated ghosts there

is ghost condensation phenomenon

• Condensate of ghost bound operators satisfy reflection positivity

• Explicit Källén-Lehmann representation are found for six

derivatives theories with complex conjugated ghosts

• There is a critical window of ghost condensation and consistency

• The possible contribution to dark matter of ghost condensates is

negligeble

ρBS
(Eend) ∝ ρc(Eend) × 10

−78
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