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CLASSICAL GENERAL RELATIVITY

* Lorentian Manifolds (M,g)

e FEinstein Hilbert Action

Se_u(g) = / d*z+/—det(g) R+ b.t.
(M,9)

* Einstein Equations

1
R,u,/ - §gl“/R —



WHY DISCRETE GR?

Regge (1961): “General Relativity without coordinates”
Numerical approaches to General Relativity.

The Path Integral in Quantum Gravity is well defined.

Early Universe, because of the Quantum Fluctuations, should be described better by “Piecewise
Linear Manifolds” rather than continuous manifolds.

Discrete Gravity is suitable to a non-perturbative definition of Quantum Gravity (DT, CDT, AS etc.).



REGGE CALCULUS

Triangulations of manifolds substitute continuous manifolds

The standard choice is flat triangles glued together through their n-1 dimensional faces (if one

is on n-dimensions)

n-2 dimensional simplexes (in n-dimensions) are called “hinges”.

They carry the curvature.

In two dimensions a hinge is a point. The curvature is the

the deficit angle 0




REGGE CALCULUS

* Labelling with @; the numerical values of the angles incident on the hinge, the deficit angle is

9:27'('—204@'

* In general, the deficit angle 8 is identified with the curvature K(h) at thelhinge h. In two dimensions (Regge 1961) the Gauss-Bonnet theorem holds

20: K (h) = 2rx(M) = 21(2 — 2¢)

Ny being the number of hinges (points in 2d) of the triangulation M, and y (M) its Euler characteristic and g its genus.



REGGE CALCULUS

* In Regge Calculus the triangulation is assumed fixed and one varies the edge-length

* The Regge-Einstein action functional 1s then

Se-r(li) =Y _K(h)V(h)

h
* The equations of motion are
v 08e_r(li) ., ~—~O0K(h),. ov(h) . ovV(h) .
6S5_r(l) = o, ol = ; ol 81,V (h) + ;K(h) A, ol = ;K(h) A, 81, =0



EINSTEIN-REGGE EQUATIONS OF MOTIONS

* where the following identity holds (Regge 1961)

S az;l(@) V(h) =0
. j

* Therefore, the Finstein-Regge Equations of motion are

oV(h) _
Zh:K(h) o, = 0




QUANTUM REGGE CALCULUS

Path Integral for Regge Calculus
= [ Dltge-s=-nti DJl;] =?

Standard metric coefficients used in Regge Calculus

A ) o = 12 T(B+13-13)
: W\ + 3-8 3

On the tangent space §g to the mettic tensor g

||5g||2 _ /dszabcdégabdng Gabcd _ \/g (gacgbd 4+ gad bc 4+ Cgab cd)
DeWitt Supermetric

Therefore the meausure could be (s=index labelling the simplices)

D[l%] = H detG ]2 H dgMV ‘ D[l;] = H dl? Hamber and Williams 1999.

u>v



QUANTUM REGGE CALCULUS

* This argument has an assumption regarding the class of reference frames used in each simplex as can be
seen from the figure.

. ll B
Ey _— I3
.-
_;A,_///—/«E ©
E, I

* The metric

_ 17 lB+13-1)
w\s@rg-n 8

is obtained considering the reference frame, in the simplex, whose axes are the edges of the simplex.

* This is a sort of gauge-fixing (Menotti and Peirano 1995) respect to all the reference frames which can be
chosen in the

simplex. A Faddeev-Popov determinat J(I;), function of the link [; lenghts, is missing.



QUANTUM REGGE CALCULUS

* Menotti and Peirano address another strong critique to the edge-length based metric in each triangle (in
2d). Considering an edge lenght-base metric g4 in the triangle Ty,

o= (g EHED)
G- B

another triangle T,, which share the edge of lenght [, with T,, and considering the two charts of the
simplicial manifold C;and C,, whose intersection contains the same edge lenght [,

P C

b - ! N . .
CONG L N\ (Menotti and Peirano)
N '.2 § T1

b

! \ 1 N |

there should exist a transition function from one chart T; to T,, that would allow to pass from the metric

91 to go. Simplicial Gravity with Coordinates (ID’Adda 2021) solves this problem.



THE QUANTUM MEASURE IN REGGE CALCULUS

* In two dimensions, a the metric tensor g,,,(X) can be written as

gab(x) = f* <€¢(x)§ab(ﬂ:)) = Yab (T, D, Ti, f)

where f is a diffeomorfism orthogonal to the Weyl transformations. T; are the Teichmuller parametres, ¢ is
related to the Weyl factor and the metric under parenthesis is a gauge fixed matric.

* The variation, tangent vector, of the metric g,,(X) can be written as

OGab - -
Saun = I (@d68(@)) + (V&) y + 1 ( v or')

Jab = 6qﬁ(m)gab (7)

¢, 1s a tangent vector to the manifold of diffeomotfisms at the point f and V, is the covariant derivative
whose connection is constructed by using the metric g.



THE QUANTUM MEASURE IN REGGE CALCULUS

* The measure on the continuum metric g is

dg] = J (¢, 7)[d€][dg][dT"]

where (¢, T)is here the Jacobian of the transformation of variables.

* Usually, one fix the norm on the conformal factor such and the other field variables

189115 = J d*xyg (8 ()% 1117 =&, &g s 16 T = |77,

As well as the relative measures on the variations

[1d(6¢)lge=21109I" =1 [[d(€)]e~21€lls =1 fld(@r))e= bl Flom =1

being [67] = 81672,



THE QUANTUM MEASURE IN REGGE CALCULUS

* Asin string theory the goal is to define a path-integral measure using the gauge fixed metric (G. Moore
and P. Nelson 19806, J. Polchinski 1986)

139 = (8, 7)d e d164], d [or],
J(¢,7) is the Fadeev-Popov determinant.

* A formal way to compute the Fadeev-Popov determinant is

2
189112

1:/4[5g]ge—“5;“§ = J(¢, )/d[i] d[glyd [o7°] e

o If I={l;} are the link lenghts, Menotti & Peirano imagine the generic metric tensor on Regge surface
could be written

a b
2,1, 1) = [ 3 0](@) = guslu(2). ) 2L 22

f=y(x) are the diffeomorphisms on Regge surfaces. Their goal is to write a Fadeev-Popov determinat J(I;)
as functlon of the link lenghts ; .




THE QUANTUM MEASURE IN REGGE CALCULUS

Menotti & Peirano determined the Fadeev-Popov determinant J(I;) applying the previous
considerations and using continuum techniques (in 2d-obviously).

* One can consider a Simplicial Gravity with Coordinates (A. D’Adda 2021). One can associate to each
vertex [ of the triangulation a coordinate x{‘ (@), a being a n-dimensional simplex (a triangle in two
dimensions).

* The metric tensor g, (@) is determined by the following equation:

guv(@) (zf — t) (a7 —z7) =13,

* If we could be able to invert the previous relation, we could get g, (@) = gy (@) (xft N5 i



SIMPLICIAL GRAVITY WITH COORDINATES

* D’Adda highligted that if we change the coordinates of each vertex of the simplex
o
ot =o' i=1,..,N
(4 (/ ) )
e TItis possible, in each simplex @, to fix the matrix A% (@) and the vector A¥ () such that

'y = Aj(a)zy + A (a)

* The matrix A% (@) acts as diffeomorphism matrix

g (@) = (A7) () (A7) (@) gpo (@)

* Itis possible to define a connection matrix K} (a|B) , which defines the parallel transport from the simplex
atof .



SIMPLICIAL GRAVITY WITH COORDINATES

* The curvature matrix can be defined via a holonomy matrix, of the connection matrices around the hinge h as
tollow

Ry (hy;) = K7, (] B)K 7, (B101). K¢ | (Ok—1|08) K%+ (Ok|r) — 0

2 V41

* It is possible to show (D’Adda 2021) that there is a scalar curvatute R (@)

associated to each simplex a

* It is not difficult to show that the Regge action, in this case, is (ID’Adda 2021)

Sr=k» R(a)V(a) =k ) sin6(h)V(h)

iy



THE QUANTUM MEASURE IN REGGE CALCULUS

* The general goal is to derive a EP. determinant for the quantum measure in Regge Calculus using the
metric coefficients in the base of the edges

D—
= L

- -
* The relative metric coefficients, g;; , (in the base E;, E,) are

0 = (1 I3 %(Z%HE—Z%))
T\ + 13 -1) 3



THE QUANTUM MEASURE IN REGGE CALCULUS

* The idea is to implement an analogous of the “conformal” gauge-fixing (conformal factor gauge-fixing) of the type

gab(aj) — f* (€¢(x)§ab(7i)) — Jab (337 Qb, T4y f)

Which on simplicial manifold (Menotti and Peirano 1995) becomes

Juv(a) = Ay (@) A] (a)gs;(a)

being g, (@) the generic flat metric in arbitrary GL(n,R) reference frame.

. AL () are GL(n, R) matrices conneting the “Edge” reference frame to a generic GIL.(n,R) reference.



THE QUANTUM MEASURE IN REGGE CALCULUS

* In the reference frame of the “Edges”, the coordinate of the vertices, in two dimensions,
u __ R R
x; =(0,0); x; =(4,0);x3 =(0,1;)

* It 1s quite easy to see that

ﬁl,l '”
X i =Aﬁ(52’ll+x0

* from which it follow that

_ S =8y 0k

AF
0 L

) lz




THE QUANTUM MEASURE IN REGGE CALCULUS

* Starting from the following formula (already shown) and
p __Ad p ' m
gﬂl/(a7 Ly lij) — AN(CM, Ly lij)AIJ/ (@, Ly lij)gij (@, lz’j)
and kwowing the variation §A}, and 8g, it is possible to evaluate 6g(a, x;, ;).
* The norms on the field variables are
2 2 2
| 64112 = (8L;) 75 ||oxF||” = (6x)"; lI6glI? = (8, 88) = GV, 8g,,69ap

GHVP being the DeWitt supermettic.



THE QUANTUM MEASURE IN REGGE CALCULUS

* FPollowing G. Moore and P. Nelson 1986, J. Polchinski 1986, the measure on the field variables is

[d(61;)]e$N3k:11% = 1
f[d(éxf)]e_%ﬂfswfllz —1
[1d(8g))e=215lI” =1

* The measure on the metric coefficients 1s
[150[d(69u)lg = J (i, 27") [1;[d(81)]g [T, 4[d (02 )]g
being where J(a’ L, xf’ ) is the Fadeev-Popov determinant, and |; means one uses the generic metric

g, while | g means one use the gauge-fixed metric.



THE QUANTUM MEASURE IN REGGE CALCULUS

* One can calculate the Fadeev-popov determinant in the following way,

praB dguy 994 g g
1= (oot [ TTi)y [T foato)ge 205 5 Sep oo
¢ )

U

where v'and v/ indicates either [; or x; .

* The properties of the Gaussian Integral allow to determine the previous integral and evaluate the
Faddev-Popov determinant in this case

2rsn(ntl) dvt  dvd

J(a,l;,x) = L [det (G’gmﬁ OGuu 59(1@ 5vic5fuj) ]

* At this point, we need to calculate the determinant above in order to find an explicit form of the
Faddev-Popov determinant for the Quantum Regge Calculus.



THE QUANTUM MEASURE IN REGGE CALCULUS

* Therefore the path integral for Regge Calculus is

2 = [ TITst (@)é(st () - ot ﬁa)HJ i) ldlig ()8 (1 () —

o i

li (7a) ) e~ 5 ()

being B, the n-simplex f which share the vertex i with &, and Y, the simplex ¥ which share the edge jj
with a.

* One can check that the Faddev-Popov determinant J (I; j» xl.” (a)) do not depend on the coordinate
x; (), and then

— [ TLTT7splatss (@13 (1 (@) = by () )55



CONCLUSION

We have introduced Regge Calculus

We have discussed the issue of gauge-tixing in Regge Calculus and the quantum measure after gauge-
tixing (Menotti and Pairano).

Simplicial Regge Calculus with coordinates has been, briefly, introduced

We have shown that, using Simplicial Regge Calculus with coordinates, a Faddev-Popov determinat for
standard Regge Calculus can be calculated.

Future work: detailed calculation of the the Faddeev-Popov determinant for Regge Calculus and
checking whether quantum measure of Regge Calculus 1s local or not.
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