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CLASSICAL GENERAL RELATIVITY

• Lorentian Manifolds (M,g)

• Einstein Hilbert Action 

• Einstein Equations



WHY DISCRETE GR?

• Regge (1961): “General Relativity without coordinates”

• Numerical approaches to General Relativity.

• The Path Integral in Quantum Gravity is well defined. 

• Early Universe, because of  the Quantum Fluctuations, should be described better by “Piecewise 
Linear Manifolds” rather than continuous manifolds.

• Discrete Gravity is suitable to a non-perturbative definition of  Quantum Gravity (DT, CDT, AS etc.).



REGGE CALCULUS
• Triangulations of  manifolds substitute continuous manifolds 

• The standard choice is flat triangles                                   glued together through their n-1 dimensional faces (if  one 
is on n-dimensions) 

• n-2 dimensional simplexes (in n-dimensions) are called “hinges”. 
They carry the curvature.

• In two dimensions a hinge is a point. The curvature is the                                                                   

the deficit angle 𝜃	



REGGE CALCULUS
• Labelling with 𝛼! the numerical values of  the angles incident on the hinge, the deficit angle is

• In general, the deficit angle 𝜃 is identified with the curvature K(h) at the hinge h. In two dimensions (Regge 1961) the Gauss-Bonnet theorem holds

N0  being the number of  hinges (points in 2d) of  the triangulation M, and 𝜒(𝑀)	its Euler characteristic and g its genus. 



REGGE CALCULUS
• In Regge Calculus the triangulation is assumed fixed and one varies the edge-length

• The Regge-Einstein action functional is then

• The equations of  motion are 



EINSTEIN-REGGE EQUATIONS OF MOTIONS

• where the following identity holds (Regge 1961)

• Therefore, the Einstein-Regge Equations of  motion are

 



QUANTUM REGGE CALCULUS
• Path Integral for Regge Calculus

• Standard metric coefficients  used  in Regge Calculus

• On the tangent space 𝛿𝑔	 to the metric tensor g 

• Therefore the meausure could be (s=index labelling the simplices)

DeWitt Supermetric 

Hamber and Williams 1999. 



QUANTUM REGGE CALCULUS
• This argument has an assumption regarding the class of  reference frames used in each simplex as can be 

seen from the figure. 

• The metric 

    

is obtained considering the reference frame, in the simplex, whose axes  are the edges of  the simplex. 

• This is a sort of  gauge-fixing (Menotti and Peirano 1995) respect to all the reference frames which can be 
chosen in the 

     simplex. A Faddeev-Popov determinat  𝐽(𝑙(), function of  the link 𝑙(  lenghts, is missing. 
  



QUANTUM REGGE CALCULUS
• Menotti and Peirano address another strong critique to the edge-length based metric in each triangle (in 

2d). Considering an edge lenght-base metric 𝑔) in the triangle 𝑇), 

another triangle 𝑇*, which share the edge of  lenght 𝑙* with 𝑇*, and considering the two charts of  the 
simplicial manifold 𝐶)and 𝐶*, whose intersection contains the same edge lenght 𝑙*

                                                                                                       (Menotti and Peirano)

there should exist a transition function from one chart 𝑇) to 𝑇*, that would allow to pass from the metric 
𝑔) to 𝑔*. Simplicial Gravity with Coordinates (D’Adda 2021) solves this problem. 



THE QUANTUM MEASURE IN REGGE CALCULUS

• In two dimensions, a the metric tensor gab(x) can be written as

 
where f  is a diffeomorfism orthogonal to the Weyl transformations. 𝜏i are the Teichmuller parametres, 𝜙 is 
related to the Weyl factor and the metric under parenthesis is a gauge fixed matric.

• The variation, tangent vector, of  the metric gab(x) can be written as 

𝜉a  is a tangent vector to the manifold of  diffeomorfisms at the point f  and 𝛻a  is the covariant derivative 
whose connection is constructed by using the metric 𝑔̅. 



THE QUANTUM MEASURE IN REGGE CALCULUS

• The measure on the continuum metric g is

where 𝐽 𝜙, 𝜏 is here the Jacobian of  the transformation of  variables.

• Usually,  one fix the norm on the conformal factor such and the other field variables

                    ‖𝛿𝜙‖+* ≡ ∫ 𝑑*𝑥 𝑔 𝛿𝜙(x) *; 	‖𝜉‖* ≡(𝜉, 𝜉),- ; ‖𝛿	𝜏(‖* = |𝛿𝜏(|*,	

As well as the relative measures on the variations

being 𝛿𝜏 ≡ 𝛿𝜏)𝛿𝜏*.	



THE QUANTUM MEASURE IN REGGE CALCULUS
• As in string theory the goal is to define a path-integral measure using the gauge fixed metric (G. Moore 

and P. Nelson 1986, J. Polchinski 1986)

 

• A formal way to compute the Fadeev-Popov determinant is

• If    l={li} are the link lenghts, Menotti & Peirano imagine the generic metric tensor on Regge surface 
could be written  

f=y(x) are the diffeomorphisms on Regge surfaces. Their goal is to write a Fadeev-Popov determinat 𝐽(𝑙() 
as function of  the link lenghts 𝑙( 	.

J(𝜙,𝜏)	is the Fadeev-Popov determinant. 



THE QUANTUM MEASURE IN REGGE CALCULUS

• Menotti & Peirano determined the Fadeev-Popov determinant 𝐽(𝑙() applying the previous 
considerations and using continuum techniques (in 2d-obviously). 

• One can consider a Simplicial Gravity with Coordinates (A. D’Adda 2021). One can associate to each 
vertex 𝑖 of  the triangulation a coordinate 𝑥(

.(𝛼), 𝛼 being a n-dimensional simplex (a triangle in two 
dimensions). 

• The metric tensor 𝑔./(𝛼) is determined by the following equation:

• If  we could be able to invert the previous relation, we could get 𝑔./(𝛼) = 𝑔./(𝛼) 𝑥(
. , 𝑙(0*



SIMPLICIAL GRAVITY WITH COORDINATES
• D’Adda highligted that if  we change the coordinates of  each vertex of  the simplex

• It is possible, in each simplex 𝛼,  to fix the matrix  Λ/
. (𝛼)	and the vector Λ.(𝛼)	such that

• The matrix Λ/
. (𝛼)	acts as diffeomorphism matrix 

• It is possible to define a connection matrix 𝐾/
.(𝛼|𝛽) , which defines the parallel transport from the simplex 

𝛼	to 𝛽 . 



SIMPLICIAL GRAVITY WITH COORDINATES
• The curvature matrix can be defined via a holonomy matrix, of  the connection matrices around the hinge h as 

follow

• It is possible to show (D’Adda 2021) that there is a scalar curvatute ℛ 𝛼 	
    associated to each simplex 𝛼

• It is not difficult to show that the Regge action, in this case,  is  (D’Adda 2021)
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THE QUANTUM MEASURE IN REGGE CALCULUS
• The general goal is to derive a F.P. determinant for the quantum measure in Regge Calculus using the 

metric coefficients in the base of  the edges 

• The relative metric coefficients, 𝑔(0 	, (𝑖𝑛	𝑡ℎ𝑒	𝑏𝑎𝑠𝑒 𝐸), 𝐸*)	are



THE QUANTUM MEASURE IN REGGE CALCULUS
• The idea is to implement an analogous of  the ‟conformal” gauge-fixing (conformal factor gauge-fixing) of  the type

Which on simplicial manifold (Menotti and Peirano 1995) becomes 

being 𝑔!" 𝛼 	the	generic	,lat	metric	in	arbitrary	GL(n,ℝ) reference frame.

• Λ.( 𝛼 	are	GL(n, ℝ)	matrices	conneting	the	“Edge”	reference	frame	to	a	generic GL(n,ℝ)	reference.	



THE QUANTUM MEASURE IN REGGE CALCULUS
• In the reference frame of  the “Edges”, the coordinate of  the vertices, in two dimensions, 

      

   𝑥)
. = 0,0 ;	𝑥*

. = 𝑙), 0 ; 𝑥1
. = 0, 𝑙*

         

• It is quite easy to see that 

                                                                    𝑥 ’(
. = Λ/

.𝛿(/𝑙( + 𝑥 ’3
.

     

• from which it follow that 

	



THE QUANTUM MEASURE IN REGGE CALCULUS
• Starting from the following formula (already shown) and 

and kwowing the variation 𝛿Λ.( and	δg45, it	is	possible	to	evaluate	δg α, x4
6, l45 .

• The norms on the field variables are

                 ‖	𝛿𝑙(0‖* ≡ 𝛿𝑙(0
*
; 𝛿𝑥(

. *
≡ 𝛿𝑥(

. *
; 𝛿𝑔 * ≡ (δg, δg) = 𝐺./78𝛿𝑔./𝛿𝑔78

           

𝐺./78 	being the DeWitt supermetric. 



THE QUANTUM MEASURE IN REGGE CALCULUS
• Following G. Moore and P. Nelson 1986, J. Polchinski 1986, the measure on the field variables is

• The measure on the metric coefficients is   

 being where                           is the Fadeev-Popov determinant, and |9 means one uses the generic metric 

g, while | ,9 means one use the gauge-fixed metric. 



THE QUANTUM MEASURE IN REGGE CALCULUS
• One can calculate the Fadeev-popov determinant in the following way, 

where 𝑣(and 𝑣0  indicates either 𝑙(  or 𝑥(
. .	

• The properties of  the Gaussian Integral allow to determine the previous integral and evaluate the 
Faddev-Popov determinant in this case 

 

• At this point, we need to calculate the determinant above in order to find an explicit form of  the 
Faddev-Popov determinant for the Quantum Regge Calculus.  



THE QUANTUM MEASURE IN REGGE CALCULUS
• Therefore the path integral for Regge Calculus is

     being 𝛽7  the n-simplex 𝛽	 which share the vertex i with 𝛼, and 𝛾7  the simplex 𝛾	which share the edge ij 
with 𝛼. 

• One can check that  the Faddev-Popov determinant 𝐽(𝑙(0 , 𝑥(
. 𝛼 ) do not depend on the coordinate 

𝑥(
. 𝛼 ,	and then 



CONCLUSION
• We have introduced Regge Calculus 

• We have discussed the issue of  gauge-fixing in Regge Calculus and the quantum measure after gauge-
fixing (Menotti and Pairano). 

• Simplicial Regge Calculus with coordinates has been, briefly, introduced

• We have shown that, using Simplicial Regge Calculus with coordinates, a Faddev-Popov determinat for 
standard Regge Calculus can be calculated.

• Future work: detailed calculation of  the the Faddeev-Popov determinant for Regge Calculus and 
checking whether quantum measure of  Regge Calculus is local or not. 

 



JUNE 22-26, 2026 - SPECOLA VATICANA

VATICAN OBSERVATORY LECTURES ON QUANTUM GRAVITY 2026
OPEN QUESTIONS IN QUANTUM GRAVITY

Lecturers:
Sergio Cacciatori (Università dell’Insubria)
Claus Kiefer (University of Cologne)
Pierpaolo Mastrolia (Università di Padova)
Roberto Percacci (SISSA)

  

The quantization of space and time as GR dynamical
variables is an unresolved problem. Therefore known
quantization methods generate technical problems like
perturbative non-renormalizability of the theory.  
The lectures will explore fundamental approaches,
including: canonical quantum gravity, the problem of
time, amplitudes and effective field theory in quantum
gravity, covariant quantum gravity. The goal is to
confront and contrast these methods, fostering the
exchange of ideas necessary to resolve outstanding
issues in the field.

The interdisciplinary program consists of FOUR courses
for a total of 20 hours and it is oriented to PhD students,
postdocs and early career researchers, both in
mathematics and in physics. Interaction with and
among professors will also be encouraged.

Scientific  & Organizing board:
Gabriele Gionti - Dean (Vatican Observatory)

Matteo Galaverni (Vatican Observatory)

 

  

 

 

 
 

Registration:
All applications have to be 

submitted through the Registration
Form Indico system by 15 April 2026  

here: https://indico.global/event/16082
Selected participants will be invited 

to pay the registration fee into
the bank account that will be indicated to them.

Registration includes: 
teaching material in PDF format,

lunches, coffee breaks, Guided tour and Social Dinner
EARLY FEE: € 100,00 due payment by May 30th, 2026

REGULAR FEE: € 200,00 due payment by June 15th, 2026
Participants have to find their accommodation in

Albano Laziale and cover their travel expenses.

Fellowships:
Scholarships for accommodation (shared room)

are offered for up to a maximum of 10 participants

Email:
specolaevents@protonmail.com

.


