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Why Nonlocal Modified Gravity?

• Inflationary particle production 
• 𝑁𝑁 𝑡𝑡,𝑘𝑘 = 𝐻𝐻𝐻𝐻(𝑡𝑡)

2𝑐𝑐𝑐𝑐

2
𝑎𝑎 𝑡𝑡 = 𝑒𝑒𝐻𝐻𝐻𝐻

• These quanta change the force of gravity (e.g. a loop of scalars) 
• Ψ 𝑡𝑡, 𝑟𝑟 = 𝐺𝐺𝐺𝐺

𝑎𝑎𝑎𝑎
1 + ħ𝐺𝐺

20𝜋𝜋𝑐𝑐3𝑎𝑎2𝑟𝑟2
− 3ħ𝐺𝐺𝐻𝐻2

10𝜋𝜋𝑐𝑐5
ln 𝑎𝑎𝑎𝑎𝑎𝑎

𝑐𝑐
+ ⋯

• Changes become nonperturbatively strong 
• And they can persist to late times (arXiv:2305.17641)

• Consequences 
1) Loop corrections make nonlocal changes to the effective field equations
2) Initial conditions for inverse differential operators at the end of inflation



Nonlocal Timelike 4-Velocity Field 𝑢𝑢𝜇𝜇[𝑔𝑔](𝑡𝑡, 𝑥⃗𝑥)

• Simplifying Assumption: 𝑢𝑢𝜇𝜇 𝑔𝑔 = 𝜕𝜕𝜇𝜇ϕ[𝑔𝑔]
• Timelike condition:      𝑢𝑢𝜇𝜇𝑢𝑢ν𝑔𝑔𝜇𝜇ν = −1 = 𝜕𝜕𝜇𝜇ϕ𝜕𝜕νϕ𝑔𝑔𝜇𝜇𝜇
• Initial condition:    ϕ 𝑡𝑡 = 0, 𝑥⃗𝑥 = 0

• ADM parameterization for a general metric 𝑔𝑔𝜇𝜇ν(𝑡𝑡, 𝑥⃗𝑥)
• 𝑑𝑑𝑠𝑠2 = −𝑁𝑁2𝑐𝑐2𝑑𝑑𝑡𝑡2 + 𝛾𝛾𝑖𝑖𝑖𝑖 𝑑𝑑𝑥𝑥𝑖𝑖 − 𝑁𝑁𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐 𝑑𝑑𝑥𝑥𝑗𝑗 − 𝑁𝑁𝑗𝑗𝑐𝑐𝑐𝑐𝑐𝑐
• Lapse 𝑁𝑁(𝑡𝑡, 𝑥⃗𝑥), shift 𝑁𝑁𝑖𝑖(𝑡𝑡, 𝑥⃗𝑥) and 3-metric 𝛾𝛾𝑖𝑖𝑖𝑖(𝑡𝑡, 𝑥⃗𝑥)

• Equation for ϕ is well posed 
• 1
𝑐𝑐
ϕ̇ = 𝑁𝑁 1 + 𝛾𝛾𝑖𝑖𝑖𝑖𝜕𝜕𝑖𝑖ϕ𝜕𝜕𝑗𝑗ϕ − 𝑁𝑁𝑖𝑖𝜕𝜕𝑖𝑖ϕ with      ϕ 0, 𝑥⃗𝑥 = 0

• This determines ϕ[𝑔𝑔](𝑡𝑡, 𝑥⃗𝑥) as a nonlocal functional of the metric



Why MOND in gravitationally bound systems?

• GR great for solar system
• But not for galaxies

Newtonian theory: 𝑣𝑣2 = 𝐺𝐺𝐺𝐺
𝑟𝑟

Observation: 𝑣𝑣2 → 𝑎𝑎0𝐺𝐺𝐺𝐺
𝑎𝑎0 ≅ 1.2 × 10−10 𝑚𝑚

𝑠𝑠2

• Maybe CDM
But still no direct detection!

• Or modified gravity
MOND (Milgrom 1983)



What is MOND (Milgrom 1983)?

• Applies to static, gravitationally bound mass distributions
• Can predict Newtonian acceleration 𝑔𝑔𝑁𝑁
• E.g., a spherical distribution 𝛠𝛠(𝑟𝑟)

𝑀𝑀 𝑟𝑟 = 4𝜋𝜋 ∫0
𝑟𝑟 𝑑𝑑𝑑𝑑 𝑠𝑠2𝛠𝛠(𝑠𝑠)  𝑔𝑔𝑁𝑁 𝑟𝑟 = 𝐺𝐺𝐺𝐺(𝑟𝑟)

𝑟𝑟2

• MOND rule for the actual acceleration 𝑔𝑔

• �
𝑔𝑔𝑁𝑁 ≫ 𝑎𝑎0 𝑔𝑔 → 𝑔𝑔𝑁𝑁
𝑔𝑔𝑁𝑁 ≪ 𝑎𝑎0 𝑔𝑔 → 𝑎𝑎0𝑔𝑔𝑁𝑁

• Many interpolations are possible, for example,

• 𝑔𝑔 𝑟𝑟 = 𝑔𝑔𝑁𝑁(𝑟𝑟) × 1 − exp − 𝑔𝑔𝑁𝑁(𝑟𝑟)
𝑎𝑎0

−1



Observational Evidence for MOND
in rotationally supported systems

• Baryonic Tully-Fisher Relation:
• Asymptotic   𝑣𝑣4 = 𝑎𝑎0𝐺𝐺𝐺𝐺

• Milgrom’s Law:
• Need CDM for  𝑔𝑔 𝑟𝑟 < 𝑎𝑎0

• Freeman’s Law:
• Surface density    Σ < 𝑎𝑎0

𝐺𝐺
• Sancisi’s Law:

• Bumps trace baryons
• BOTTOM LINE:

• This works for galaxies
• Equally evidence strong for 

pressure-supported systems



Hegelian Dialectic (for my leftist colleagues)

1. Thesis: Recover MOND by adding
• ∆ℒ = 𝑎𝑎02

16𝜋𝜋𝜋𝜋
× 𝑓𝑓 𝑍𝑍 𝑔𝑔 × −𝑔𝑔

• 𝑓𝑓 𝑍𝑍 = 1
2
𝑍𝑍 − 1

6
𝑍𝑍
3
2 + 𝑂𝑂 𝑍𝑍2 → 1

2
𝑍𝑍 exp −1

3
𝑍𝑍

• 𝑍𝑍 𝑔𝑔 = 4𝑐𝑐4

𝑎𝑎02
𝑔𝑔𝜇𝜇ν𝜕𝜕𝜇𝜇

1
⎕
𝑅𝑅𝛼𝛼𝛼𝛼𝑢𝑢𝛼𝛼𝑢𝑢𝛽𝛽 𝜕𝜕ν

1
⎕
𝑅𝑅𝜌𝜌𝜌𝜌𝑢𝑢𝜌𝜌𝑢𝑢𝜎𝜎

2. Antithesis: Recover CDM cosmology by adding 
• ∆ℒ = −1

2
𝜌𝜌 𝜕𝜕𝜇𝜇ϕ𝜕𝜕νϕ + 1 −𝑔𝑔

3. Synthesis: Interpolate between both by adding 
• ∆ℒ = − 𝑎𝑎02

16𝜋𝜋𝜋𝜋
× ℳ[𝑔𝑔] × −𝑔𝑔

• 𝜕𝜕𝜇𝜇 −𝑔𝑔 𝑢𝑢𝜇𝜇ℳ[𝑔𝑔] = −𝜕𝜕𝜇𝜇 −𝑔𝑔 𝑢𝑢𝜇𝜇𝑓𝑓 𝑍𝑍[𝑔𝑔]



Geometry of Gravitationally Bound Systems

𝑑𝑑𝑠𝑠2 = − 1 + 2Ψ 𝑐𝑐2𝑑𝑑𝑡𝑡2 + 1 + 2Φ 𝑑𝑑𝑥⃗𝑥 � 𝑑𝑑𝑥⃗𝑥
• Ψ and Φ numerically small (~10−6)
• Newtonian acceleration: 𝑔𝑔𝑁𝑁 = 𝑐𝑐2Ψ′

1st order curvatures 
• 𝑅𝑅00 = ∇2Ψ
• 𝑅𝑅𝑖𝑖𝑖𝑖 = −𝛿𝛿𝑖𝑖𝑖𝑖∇2Φ − 𝜕𝜕𝑖𝑖𝜕𝜕𝑗𝑗(Ψ + Φ)

Einstein Equations 
• 𝐺𝐺00 = −2∇2Φ = 8𝜋𝜋𝜋𝜋

𝑐𝑐2
𝛠𝛠

• 𝐺𝐺𝑖𝑖𝑖𝑖 = 𝛿𝛿𝑖𝑖𝑖𝑖∇2 − 𝜕𝜕𝑖𝑖𝜕𝜕𝑗𝑗 Ψ + Φ = 0



Two Principles that determine Ψ and Φ
(1) Baryonic Tully-Fisher Relation 

• Circular orbits  𝑎𝑎𝑐𝑐 = 𝑐𝑐2Ψ′ = 𝑣𝑣2

𝑟𝑟
• 𝑎𝑎𝑐𝑐 < 𝑎𝑎0 𝑣𝑣4 = 𝑐𝑐2𝑟𝑟Ψ′ 2 = 𝑎𝑎0𝐺𝐺𝐺𝐺(𝑟𝑟)
• 𝑀𝑀 𝑟𝑟 = 4𝜋𝜋 ∫0

𝑟𝑟 𝑑𝑑𝑑𝑑 𝑠𝑠2𝛠𝛠(𝑠𝑠) 𝜕𝜕
𝜕𝜕𝑟𝑟

𝑐𝑐2𝑟𝑟Ψ′ 2 = 𝑎𝑎0𝐺𝐺 � 4𝜋𝜋𝑟𝑟2𝛠𝛠(𝑟𝑟)

• Therefore  2𝑐𝑐
2

𝑎𝑎0𝑟𝑟2
𝜕𝜕
𝜕𝜕𝑟𝑟

𝑟𝑟Ψ′ 2 = 8𝜋𝜋𝜋𝜋
𝑐𝑐2

𝛠𝛠

(2) Weak Lensing  Φ = −Ψ (same as for GR)
CONSEQUENCES for the gravitational action

• Keep Φ eqn from GR: 𝛿𝛿𝑆𝑆
𝛿𝛿Φ

= 𝑐𝑐4

16𝜋𝜋𝜋𝜋
× −4∇2 Ψ + Φ = 0

• Subtract GR from Ψ eqn, add MOND: 𝛿𝛿𝑆𝑆
𝛿𝛿Ψ

= 𝑐𝑐4

16𝜋𝜋𝜋𝜋
−4∇2Φ − 4∇2Ψ + 4𝑐𝑐2

𝑎𝑎0
∇ ∇Ψ 2 = 𝑐𝑐2𝛠𝛠



Invariant form of ∆ℒ = 𝑐𝑐4

16𝜋𝜋𝜋𝜋
× 2 ∇Ψ 2 − 4𝑐𝑐2

3𝑎𝑎0
∇Ψ 3 × −𝑔𝑔

• Interpolating the Newtonian potential 𝑐𝑐2Ψ
• 𝑅𝑅𝛼𝛼𝛼𝛼𝑢𝑢𝛼𝛼𝑢𝑢𝛽𝛽 → ∇2Ψ
• ⎕ = 1

−𝑔𝑔
𝜕𝜕𝜌𝜌 −𝑔𝑔 𝑔𝑔𝜌𝜌𝜌𝜌𝜕𝜕𝜎𝜎 → ∇2

• 1
⎕
𝑅𝑅𝛼𝛼𝛼𝛼𝑢𝑢𝛼𝛼𝑢𝑢𝛽𝛽 → Ψ with    1

⎕
and   𝜕𝜕𝑡𝑡

1
⎕

both vanishing at 𝑡𝑡 = 0

• 𝑍𝑍 𝑔𝑔 = 4𝑐𝑐4

𝑎𝑎02
𝑔𝑔𝜇𝜇ν𝜕𝜕𝜇𝜇

1
⎕
𝑅𝑅𝛼𝛼𝛼𝛼𝑢𝑢𝛼𝛼𝑢𝑢𝛽𝛽 𝜕𝜕ν

1
⎕
𝑅𝑅𝜌𝜌𝜌𝜌𝑢𝑢𝜌𝜌𝑢𝑢𝜎𝜎 → 2𝑐𝑐2

𝑎𝑎0
∇Ψ

2

• ∆ℒ = 𝑎𝑎02

16𝜋𝜋𝜋𝜋
× 1

2
𝑍𝑍 − 1

6
𝑍𝑍
3
2 + ⋯ × −𝑔𝑔 = 𝑎𝑎02

16𝜋𝜋𝜋𝜋
× 𝑓𝑓 𝑍𝑍[𝑔𝑔] × −𝑔𝑔

• 𝑓𝑓 𝑍𝑍 = 1
2
𝑍𝑍 exp −1

3
𝑍𝑍 ensures no change from GR for 𝑍𝑍 ≫ 1



𝑍𝑍[𝑔𝑔](𝑡𝑡, 𝑥⃗𝑥) is large and negative for cosmology
• 𝑑𝑑𝑠𝑠2 = −𝑐𝑐2𝑑𝑑𝑡𝑡2 + 𝑎𝑎2 𝑡𝑡 𝑑𝑑𝑥⃗𝑥 � 𝑑𝑑𝑥⃗𝑥  𝐻𝐻 𝑡𝑡 ≡ 𝑎̇𝑎

𝑎𝑎
• 𝑅𝑅𝛼𝛼𝛼𝛼𝑢𝑢𝛼𝛼𝑢𝑢𝛽𝛽 → − 3

𝑐𝑐2
𝐻𝐻2 + 𝐻̇𝐻

• ⎕𝐹𝐹 𝑡𝑡 → − 1
𝑐𝑐2𝑎𝑎3

𝜕𝜕𝑡𝑡 𝑎𝑎3𝐹̇𝐹 
1
⎕
𝐹𝐹 𝑡𝑡 → −𝑐𝑐2 ∫0

𝑡𝑡 𝑑𝑑𝑑𝑑𝑑 1
𝑎𝑎3(𝑡𝑡′)∫0

𝑡𝑡′ 𝑑𝑑𝑡𝑡′′𝑎𝑎3 𝑡𝑡′′ 𝐹𝐹(𝑡𝑡′′)

• 𝑔𝑔𝜇𝜇ν𝜕𝜕𝜇𝜇𝐹𝐹 𝑡𝑡 𝜕𝜕ν𝐹𝐹 𝑡𝑡 → − 1
𝑐𝑐2
𝐹̇𝐹2

• 𝑍𝑍 𝑔𝑔 → − 6𝑐𝑐
𝑎𝑎0𝑎𝑎3(𝑡𝑡)∫0

𝑡𝑡 𝑑𝑑𝑑𝑑𝑑𝑎𝑎3(𝑡𝑡′) 𝐻𝐻2 𝑡𝑡′ + 𝐻̇𝐻(𝑡𝑡′)
2

obviously negative

• Shift from 𝑡𝑡 to 𝑧𝑧 ≡ 𝑎𝑎(𝑡𝑡𝑛𝑛𝑛𝑛𝑛𝑛)
𝑎𝑎(𝑡𝑡)

− 1 and specialize to ΛCDM to see that it is large
• 𝐻𝐻 𝑧𝑧 = 𝐻𝐻0 Ω𝑟𝑟(1 + 𝑧𝑧)4+Ω𝑚𝑚(1 + 𝑧𝑧)3+ΩΛ with   Ω𝑟𝑟 ≅ 10−4 ,  Ω𝑚𝑚 ≅ 3

10
,   ΩΛ ≅

7
10

• −𝑍𝑍 → 6𝑐𝑐𝐻𝐻0
𝑎𝑎0

1 + 𝑧𝑧 3 ∫𝑧𝑧
∞ 𝑑𝑑𝑧𝑧′

(1+𝑧𝑧′)4
Ω𝑟𝑟(1+𝑧𝑧′)4+12Ω𝑚𝑚(1+𝑧𝑧′)3−ΩΛ
Ω𝑟𝑟(1+𝑧𝑧′)4+Ω𝑚𝑚(1+𝑧𝑧′)3+ΩΛ

• 𝑧𝑧 > Ω𝑚𝑚
Ω𝑟𝑟

≡ 𝑧𝑧𝑒𝑒𝑒𝑒  −𝑍𝑍 → 6𝑐𝑐𝐻𝐻0
𝑎𝑎0

Ω𝑟𝑟 1 + 𝑧𝑧 2 1 + 𝑂𝑂 (1+𝑧𝑧𝑒𝑒𝑒𝑒)2

(1+𝑧𝑧)2
→ 1

3
(1 + 𝑧𝑧)2



Linearized CDM Cosmology with Nonlocal Gravity
GENERAL PRINCIPLES     Take the CDM people at their word

1) CDM behaves as presureless dust  𝑇𝑇𝜇𝜇ν = 𝜌𝜌𝑢𝑢𝜇𝜇𝑢𝑢ν
2) CDM does not interact with other matter  𝐷𝐷𝜇𝜇𝑇𝑇𝜇𝜇ν = 0

0 = 𝐷𝐷𝜇𝜇 𝜌𝜌𝑢𝑢𝜇𝜇𝑢𝑢ν = 𝑢𝑢ν𝐷𝐷𝜇𝜇 𝜌𝜌𝑢𝑢𝜇𝜇 + 𝐷𝐷𝜇𝜇𝑢𝑢ν × 𝜌𝜌𝑢𝑢𝜇𝜇
• 𝑢𝑢ν = 𝜕𝜕νϕ  𝐷𝐷𝜇𝜇𝑢𝑢ν = 𝐷𝐷𝜇𝜇𝐷𝐷νϕ = 𝐷𝐷ν𝐷𝐷𝜇𝜇ϕ = 𝐷𝐷ν𝑢𝑢𝜇𝜇
• 𝐷𝐷𝜇𝜇𝑢𝑢ν × 𝑢𝑢𝜇𝜇 = 1

2
𝐷𝐷ν 𝑢𝑢𝜇𝜇𝑢𝑢𝜇𝜇 = 1

2
𝜕𝜕ν −1 = 0

𝐷𝐷𝜇𝜇 𝜌𝜌𝑢𝑢𝜇𝜇 = 0  𝜕𝜕𝜇𝜇 −𝑔𝑔𝑢𝑢𝜇𝜇𝜌𝜌 = 0 is well posed
• 𝜕𝜕𝑡𝑡 𝜌𝜌 𝛾𝛾 1 + 𝛾𝛾𝑗𝑗𝑗𝑗𝜕𝜕𝑗𝑗ϕ𝜕𝜕𝑘𝑘ϕ = 𝜕𝜕𝑖𝑖 𝑁𝑁𝜌𝜌 𝛾𝛾 𝛾𝛾𝑖𝑖𝑖𝑖𝜕𝜕𝑗𝑗𝜙𝜙 − 𝑁𝑁𝑖𝑖𝜌𝜌 𝛾𝛾 1 + 𝛾𝛾𝑗𝑗𝑗𝑗𝜕𝜕𝑗𝑗𝜙𝜙𝜕𝜕𝑘𝑘𝜙𝜙

• 𝜌𝜌 𝑡𝑡 = 0, 𝑥⃗𝑥 = 𝜌𝜌0
𝛾𝛾(0,𝑥⃗𝑥)

determines 𝜌𝜌[𝑔𝑔](𝑡𝑡, 𝑥⃗𝑥) as a nonlocal functional of 𝑔𝑔𝜇𝜇ν
• Guaranteed to reproduce CMB, BAO and linearized structure formation 
• This is just CDM w/o the new fundamental particles, which haven’t been seen



A Comment on the Constant 𝜌𝜌0

• 1st Friedmann Equation     3𝐻𝐻02 = 8𝜋𝜋𝜋𝜋
𝑐𝑐2

𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡
𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡 =

3𝑐𝑐2𝐻𝐻02

8𝜋𝜋𝜋𝜋
• CDM fraction of total energy density     𝜌𝜌0 ≅ 5

6× 3
10×𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐=

1
4𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

• Milgrom’s constant     𝑎𝑎0 ≅ 1.2 × 10−10 𝑚𝑚
𝑠𝑠2

• 𝑐𝑐𝐻𝐻0 ≅ 3 × 108 𝑚𝑚
𝑠𝑠

2.2 × 10−18 1
𝑠𝑠

= 6.6 × 10−10 𝑚𝑚
𝑠𝑠2
≅ 5.5 × 𝑎𝑎0

• Our model is already related to MOND 

𝜌𝜌0 ≅
3𝑐𝑐2𝐻𝐻02

32𝜋𝜋𝜋𝜋
≅

3 × 5.52

2
×

𝑎𝑎02

16𝜋𝜋𝜋𝜋
≅

45𝑎𝑎02

16𝜋𝜋𝜋𝜋



Local Version of the Cosmological Model

• ∆ℒ = −1
2𝜌𝜌 𝜕𝜕𝜇𝜇𝜙𝜙𝜕𝜕ν𝜙𝜙𝑔𝑔𝜇𝜇ν + 1 −𝑔𝑔

• 𝛿𝛿∆𝑆𝑆
𝛿𝛿𝛿𝛿

= 𝜕𝜕𝜇𝜇 𝜌𝜌 −𝑔𝑔 𝑔𝑔𝜇𝜇ν𝜕𝜕ν𝜙𝜙 = 𝜕𝜕𝜇𝜇 𝜌𝜌 −𝑔𝑔𝑢𝑢𝜇𝜇 = 0  the eqn for 𝜌𝜌

• 𝛿𝛿∆𝑆𝑆
𝛿𝛿𝛿𝛿

= −1
2 𝜕𝜕𝜇𝜇𝜙𝜙𝜕𝜕ν𝜙𝜙𝑔𝑔

𝜇𝜇ν + 1 −𝑔𝑔 = 0  the eqn for ϕ

• This simple action gives the full CDM stress tensor 
• 𝑇𝑇𝜇𝜇ν = − 2

−𝑔𝑔
𝛿𝛿∆𝑆𝑆
𝛿𝛿𝑔𝑔𝜇𝜇ν

= 𝜌𝜌𝜕𝜕𝜇𝜇𝜙𝜙𝜕𝜕ν𝜙𝜙 −
1
2
𝜌𝜌𝑔𝑔𝜇𝜇ν 𝜕𝜕𝜌𝜌ϕ𝜕𝜕𝜎𝜎ϕ𝑔𝑔𝜌𝜌𝜌𝜌 + 1 = 𝜌𝜌𝑢𝑢𝜇𝜇𝑢𝑢ν

• ``Mimetic Gravity’’ of Chamseddine, Mukhanov & Vikman 
• ArXiv:1308.5410 & 1403.3961 
• Differs from our nonlocal model because IVD is arbitrary 
• But this local form is useful for the Synthesis



Add Surface Term to ∆ℒ = −1
2ρ 𝜕𝜕𝜇𝜇ϕ𝜕𝜕νϕ𝑔𝑔

𝜇𝜇𝜇 + 1 −𝑔𝑔

• ∆ℒ + 𝜕𝜕𝜇𝜇 −𝑔𝑔𝑔𝑔𝜇𝜇ν𝜕𝜕νϕ � 𝜌𝜌𝜌 = −ρ −𝑔𝑔
+1
2𝜌𝜌 𝜕𝜕𝜇𝜇ϕ𝜕𝜕νϕ𝑔𝑔

𝜇𝜇𝜇 + 1 −𝑔𝑔 + ϕ𝜕𝜕𝜇𝜇 −𝑔𝑔𝑔𝑔𝜇𝜇𝜇𝜕𝜕νϕ � 𝜌𝜌
• Now replace 𝜌𝜌 by 𝜌𝜌[𝑔𝑔] and ϕ by ϕ[𝑔𝑔]

• Last 2 terms vanish with the ϕ and 𝜌𝜌 equations 
• Variation with respect to 𝑔𝑔𝜇𝜇ν still gives −1

2
−𝑔𝑔 × 𝑇𝑇𝜇𝜇ν

• Hence ∆ℒ → −𝜌𝜌[𝑔𝑔] × −𝑔𝑔 reproduces the cosmological model



Synthesis: ∆ℒ = − 𝑎𝑎02

16𝜋𝜋𝜋𝜋
× ℳ[𝑔𝑔] × −𝑔𝑔

• Define ℳ[𝑔𝑔](𝑡𝑡, 𝑥⃗𝑥) to obey 
• 𝜕𝜕𝜇𝜇 −𝑔𝑔𝑢𝑢𝜇𝜇ℳ = −𝜕𝜕𝜇𝜇 −𝑔𝑔𝑢𝑢𝜇𝜇𝑓𝑓 𝑍𝑍[𝑔𝑔]
• Initial condition:   ℳ 𝑡𝑡 = 0, 𝑥⃗𝑥 = 45

𝛾𝛾(0,𝑥⃗𝑥)

• Three Regimes depending on 𝑍𝑍[𝑔𝑔](𝑡𝑡, 𝑥⃗𝑥)
• Cosmology: 𝑍𝑍 𝑔𝑔 ≾ 0  RHS small   ℳ[𝑔𝑔] ≅ 16𝜋𝜋𝜋𝜋

𝑎𝑎02
𝜌𝜌[𝑔𝑔] reproduces CDM 

• MOND: 0 ≾ 𝑍𝑍 𝑔𝑔 ≾ 1  ℳ 𝑔𝑔 ≅ −1
2
𝑍𝑍 + 1

6
𝑍𝑍
3
2 + ⋯ reproduces MOND

• GR: 1 ≾ 𝑍𝑍[𝑔𝑔]  RHS small   ℳ[𝑔𝑔] ≅ 0 gives no deviation from GR



Competition between homogeneous & inhomogeneous 
solutions in the “Grey Zone” of 𝑍𝑍[𝑔𝑔] ≅ 0
• Which derivatives are largest? 

• Cosmology                     𝜕𝜕𝑡𝑡 𝑍𝑍 < 0
• Gravitationally bound  𝜕𝜕𝑖𝑖 𝑍𝑍 > 0

• 𝜕𝜕𝜇𝜇 −𝑔𝑔𝑢𝑢𝜇𝜇ℳ = −𝜕𝜕𝜇𝜇 −𝑔𝑔𝑢𝑢𝜇𝜇𝑓𝑓 𝑍𝑍
• Homogeneous ℳ 𝑔𝑔 = 16𝜋𝜋𝜋𝜋

𝑎𝑎02
× 𝜌𝜌 𝑔𝑔 > 0

• Inhomogeneous ℳ 𝑔𝑔 = −𝑓𝑓 𝑍𝑍 𝑔𝑔 < 0
• Competition might help

• Deep cosmology has only homogeneous
• Galaxies dominated by inhomogeneous
• Galactic clusters have both



Conclusions
• Nonlocal Timelike 4-Velocity Field  𝑢𝑢𝜇𝜇 𝑔𝑔 𝑥𝑥 = 𝜕𝜕𝜇𝜇ϕ[𝑔𝑔](𝑥𝑥)

• 𝜕𝜕𝜇𝜇ϕ𝜕𝜕νϕ𝑔𝑔𝜇𝜇𝜇 = −1 with     ϕ 𝑡𝑡 = 0, 𝑥⃗𝑥 = 0 well posed

• Nonlocal Modified Gravity  ∆ℒ = − 𝑎𝑎02

16𝜋𝜋𝜋𝜋
× ℳ[𝑔𝑔] × −𝑔𝑔

• 𝜕𝜕𝜇𝜇 −𝑔𝑔𝑢𝑢𝜇𝜇ℳ = −𝜕𝜕𝜇𝜇 −𝑔𝑔𝑢𝑢𝜇𝜇𝑓𝑓 𝑍𝑍[𝑔𝑔] with    ℳ 𝑡𝑡 = 0, 𝑥⃗𝑥 = 45

det 𝑔𝑔𝑖𝑖𝑖𝑖(0,𝑥⃗𝑥)

• 𝑍𝑍 𝑔𝑔 = 4𝑐𝑐4

𝑎𝑎02
𝑔𝑔𝜇𝜇ν𝜕𝜕𝜇𝜇

1
⎕
𝑅𝑅𝛼𝛼𝛼𝛼𝑢𝑢𝛼𝛼𝑢𝑢𝛽𝛽 𝜕𝜕ν

1
⎕
𝑅𝑅𝜌𝜌𝜌𝜌𝑢𝑢𝜌𝜌𝑢𝑢𝜎𝜎

1
⎕

defined with null IVD

• 𝑓𝑓 𝑍𝑍 = 1
2
𝑍𝑍 exp −1

3
𝑍𝑍

• To Do List: 
• Explore different choices for 𝑍𝑍[𝑔𝑔](𝑥𝑥) and 𝑓𝑓(𝑍𝑍)
• Explore transitions Cosmology (𝑍𝑍 ≾ 0) to MOND (0 ≾ Z ≾ 1) to GR (1 ≾ 𝑍𝑍)
• Derive ∆ℒ from resummation of inflationary quantum gravity  (arXiv:2508.17787)
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