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Introduction



Fundamental theories: YM and GR

Behaviour under Lorentz fixes forces:

multiple spin-1 and single spin-2 with self-interactions:

special from soft limits:

on-shell constructible via recursion

double copy

[Weinberg 1965, Cachazo-Strominger 2014]



Fundamental theories: beyond YM and GR

no higher-spin theories

scalar fields already invariant under Lorentz, so generically no constraining power:
all EFTs go

exceptional cases with more structure?



Exceptional single scalar theories

Fixed by soft limits

at specific derivative counting:

: Adler zero - not possible for single scalar

: DBI with 5-dim Poincare where 

: spec. Galileon with  and 

: impossible

Assumption: only interacting scalars. All geometric in nature.

[Adler 1965, Cheung-Novotny-Kampf-Trnka, PRL 2014]



Exceptional multi scalar theories

Similar analysis for interacting scalars:

: NLSM with adjoint pions

: DBI with (4+N)-dim Poincare and fundamental scalars
: special Galileon with single scalar

: impossible

Subleading terms in soft limit, eg for pions:

[Cachazo-Cha-Mizera, JHEP 2016]



Open questions

Double copy structure?
Higher-derivatives?

De Sitter?



Double copy



Colour-kinematics duality

Factorisation of YM amplitudes:

Numerators subject to Jacobi-like identies - colour-kinematics duality:

[Bern-Carrasco-Johansson, PRD 2008]





Colour-kinematics duality

Factorisation of GR amplitudes:

Hence GR = YM .

[Bern-Carrasco-Johansson, PRD 2008]



Numerators and factorisation

In order to build up YM with :

Three-point numerator: 

Four-point numerator: 

Related via factorisation: 



Numerators and factorisation

More derivatives allow for one alternative:

Three-point numerator: 
No consistent factorisation at higher-point

Would correspond to 

No special theory beyond YM

[Carrasco-Lewandowski-Pavao, PRL 2022]



Numerators and factorisation

For scalar theories only Mandelstam variables:

Four-point numerator: two possibilities,  or 
Higher-point numerator: compatible with both seed interactions

Related via factorisation, e.g. 

Two seed interactions (linear & quadr) that are both separately consistent



Scalar double copy

Building physical theories from  seed interactions:

linear x quadr: DBI with 

quadr x quadr: SG with 
quadr x colour: NLSM with 

BCJ plus factorisations gives rise to exceptional scalar field theories with soft limits!

Total soft limit  from numerators with 

[De Neeling-DR-Veltmeijer '22]



Scalar double copy

Plus two exchange theories:

linear x colour: spin-1 = Yang-Mills-scalar with 

linear x linear: spin-2 = graviton exchange with 

[De Neeling-DR-Veltmeijer '22]





Higher derivatives



Higher double copy - spin case

Start with classification for YM and gravity:

Numerators

3pt: - 1 1 0 0 0

4pt: 1 3 4 7 7 8

5pt: # # # # # #

Two seed interactions at 3-point

Eight numerator structures at 4-point, rest includes invariants
Only one sequence factorises consistently

[Carrasco-Lewandowski-Pavao, PRL 2022]



Higher double copy - spin case

Turn on both seed interactions: YM plus higher-derivative corrections

Numerators

3pt: - 1 1 0 0 0

4pt: 1 3 4 7 7 8

5pt: # # # # # #

Corrections of the form .

[Carrasco-Lewandowski-Pavao, PRL 2022]



Higher double copy - scalar case

Single scalars with only (symmetric products of) Mandelstams  in :

Numerators

4pt: - - 1 1 1 1 2 1

6pt: - 1 3 9 23 54 121 246

8pt: 1 5 34 177 804 3268 # #

: two numerators  and  (times invariants  and )

: many structures compatible with BCJ
both seed interactions separately consistent with factorisation

[Li-DR-Ter Veldhuis, PRL 2024]



Higher double copy - scalar case

Turn on both seed interactions:

Numerators

4pt: - - 1 1 1 1 2 1

6pt: - 1 3 9 23 54 121 246

8pt: 1 5 34 177 804 3268 # #

non-trivial check: consistent factorisation at 6-point, partially checked at 8-point

hybrid theory with linear + quadr numerator
two scales and two soft limits

[Li-DR-Ter Veldhuis, PRL 2024]



Double copy - hybrid case

Resulting theories:

hybrid x colour: gauged NLSM with

hybrid x quadr: DBI-Lovelock with  and

Effectively single scalar (hybrid = two-scale) numerator.

[Li-DR-Ter Veldhuis, PRL 2024]





De Sitter



dS field theories

Complicated Lagrangians with  isometries, e.g. for DBI:

specific negative masses

fixed subleading interactions

[Bonifacio-Hinterbichler-Joyce-DR, JHEP 2022]



Classical mechanics

For which central forces are all
bounded orbits periodic?

[Bertrand 1873]



Bertrand's theorem & dS field theories

Exactly the same symmetry enhancement:

: Kepler and DBI

: harmonic oscillator and sGal



dS amplitudes

Analysis of 4pt amplitudes  in dS with soft behaviour:

: DBI with 

: sGal with 

: ??? with 

: ??? with 

What about softer theories??

[Du-Stefanyszyn, PRL 2025]



dS field theories

In general dimensions: larger field content needed for 6-point consistency

Exception: dS in two dimensions with  isometry:

 with  and 

 with  and 

 with  and 
 with  and 

All rank-2 algebras correspond to exceptional single-scalar field theory?

[Du-Hinterbichler-DR, in progress]



Conclusions



Exceptions are interesting!

Exceptional scalar field theories analogous to YM and GR

Double copy properties

Classification of higher-derivative numerators
Two numerators combined into single hybrid one

Interesting novel theories with DC formulation, e.g. gauged NLSM and DBI-
Lovelock



Exceptions are interesting!

De Sitter uplift: simple symmetry enhancement

Analogous to Kepler and harmonic oscillator

In all D: softer limits due to exchange theories?

In 2D: softer limits due to special symmetry enhancements?



Thank you!




