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Motivation

The 1-loop effective action

Heat kernel of
non-minimal

pessnsel  1-loop beta functions and anomalies in curved spacetime
can be computed using the heat kernel technique

Dario Sauro

Introduction

Gauge fields in non-minimal gauges and higher-spin fields
give rise to non-minimal second-order operators

There exists a general strategy for computing the divergent
part of I'[®] (Barvinsky and Vilkovisky, Phys.Rept. 119
(1985) 1-74), but no model-independent results are available

We focus on dimension-four operators in I'[®] z,, which
“generate" the beta-functions of dimensionless couplings in
d=4
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The premise: minimal operators

LSS Consider a Hessian
nUI\'I]1lIIlIIIaI
second-order

operators

S

H=E(V)-m?1,
Dario Sauro

such that F is a minimal second-order operator

Minimal
operators

E(V)=0+E.
\Y% u is metric-compatible and obeys
Vi ViV = =R Vag + Ry V@,

where 7%,” is the generalized curvature.
The Green’s function is defined by

(ﬁ(V) - mz) G(m?) = 1.
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The heat kernel

Part 1

Heat kernel of
non-minimal

YRR Feynman's prescription for the Green’s function gives

operators

Dario Sauro A oo R
G — — = 1 = 1/ dseis(F(v)fmz)’
F(V) —m2+ie 0

Minimal
operators

ie.,

G(x,y) = i/ ds l@(x,y;s) e’imzs,
0

where the K (x,y;s) is the heat kernel (DeWitt, Conf. Proc. C
630701 (1964) 585-820). This satisfies a Schrodinger-like
equation

(i0s + E(V(x))) K(x,y;8) =0, K(x,y;5 =0) = d(x,y).
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The heat kernel

Part 2

Heat kernel of

iamunl  The Cauchy problem is solved by the ansatz

second-order

operators

1
Dario Sauro N . . ID7 (x,y) i”("/V) ~ . . A . _ 4
K(x,y;s) = We = A(x,y;s), J161_>nr;A(x,y,0) =1,
Minimal
i Here o (x,y) is the Synge world function and D(x, y) is the
Van Vleck-Morette determinant, which satisfy
1 " .
o= EUP‘U , oy =V,o,
and
Dxy) = —det (—=22 ) = ()] 2Ig(w) VA (xy).
’ dxHayY ’
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The recursive relation

Heat kernel of
non-minimal

Second order All the information about the operator F is encoded in
A(x,y;s), which can be expanded in terms of the
Seeley-DeWitt coefficients 4,

Dario Sauro

Minimal ~ =
operators A(.x, y,S) == E (is)nﬁn (xl y) .
n=0

Thus, the Schodinger-like equation is becomes a recurrence
relation for the Seeley-DeWitt coefficients

iy + 'V iy = ATV2E (8204 )

0"V ,ip =0, ag(x,x) =1.
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Heat kernel and trace-log

LS  The heat kernel of F(V) can be employed to write the

non-minimal

Sl trace-log of F(V) as

operators

Dario Saur (o] PSPIN
Trlog(?(@)) = —/ %TreZSP(V)
0
Minimal 0 ds ~
operators :—/ —/\/jgtr]C(x,x;S)
i+l
Z (i d/2/ dss" 1~ 2tran

In d = 4 the running of dimensionless couplings is
governed by n = 2 terms

ilog L? .
rdl‘-u D) W/\/—g Straz.
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Non-minimal operators

Heat kernel of Let us COI’ISldeI'

non-minimal
second-order

operators AL N N N

F(V)=D(V)+Y(V)=0+N(V) +¥(V),

Dario Sauro

The principal symbol is defined by letting V w—n,inD,
i.e.,
Non-minimal D(n) - Dwn;ﬂ’lv P
operators

We require non-degeneracy, i.e.,
det D" nyn, # 0.

Furthermore, we assume that principal symbols are
metric-compatible, i.e.,

V,D" = 0.
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The trick

sl The trace-log can be split as

non-minimal
second-order A~ A A A ~
spatiarns Trlog F(V) = Trlog D(V) + Trlog (1 + D_lY) .

Dario Sauro

The non-minimal part belongs to a one-parameter family
D(V;)| _ =D(V), DVp| =0

: @0l _ =D, 0|

opernors . [RRINS simplest case the principal part is

operators
ZXV):(D+§NM&4:[XV£HE{

We define the inverse of the principal symbol
D(V;0) Go(Vig) =1,

A A 1 A N
TrlogD(V) = TrlogD+/ d@;CTrlogD(V;C)
0
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The perturbative expansion

el Thus, we find

non-mlmmal
second-order
operators

TrlogD(V) = Trlog(J — /Ol(dlogg) Tr (Go(V;0) D) .

Dario Sauro

We define the inverse of the principal part in momentum
space
Non-minimal D(n; g) K(Tl, g) = 7’141

operators
Then, we have that
D(V;Q)K(V;¢) =P+ M(V;0),

where M is a differential operator of order two. Thus, we
rewrite Go(V; () as

Go(V; K——KM 2K, M Rmim
o(V;0) = = D+ [ ]D+ D+
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Functional traces

Part 1

USSR To evaluate these formal expression we must calculate

non-minimal
A

second-order A
ogerators P 1 A N A 1
TI' Oﬁ - TI‘ O‘ul‘ukvl,{l e Vﬂkﬁ .

Dario Sauro

Using a Laplace transform we can write

dss"™ 1 zs[l
n—l / 58

Functional
traces == / ds Sn 1’C|j( )

n—l

o

b
S

We define the symmetrized metrics as

gV =1, g;lu) =S, g® =0 for k<o0;

8;41 Mo T 28#1#,8#2 M1 Hj1--Han
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Functional traces

Part 2

Heat kernel of

sl By using the previous definitions we derive general
non-minima
second-order

o formulae for functional traces, i.e.,

Dario Sauro

- > div __ llOng vV —8 (n—-2) a
vﬂl ce v#zn— A §<x x ) x'=x — 16772 2;1_2(” — 1)!gl/‘yll~~~ﬂ2n—41

and
unctional v v i di Z log Lz \% _g
frace:i : v.ul tte V]42n—2 ﬁé('x X ) x/lzx = - 16 7T2 21’!72 (n _ 1)' X

1 1 A 1. . 1.4 5
12Rg£{11 H)zn 1= Z <6Rij1 + Ri]-) g(" A_)A,

i<j Wil Hop—2

+ ZRW ) 1

1<]<k<l wohan-2
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Heat kernel of

non-minimal

second-order
operators

Dario Sauro

Final result

and
applications

Final result

We compute Trlog (14 D~'Y) analogously

The full result is very long, this is why I included a
Mathematica version of it at

https://arxiv.org/src/2508.09017v1/anc

The result contains four parts:
m special and general integrands for Trlog D

m The endomorphism and derivative-interaction parts
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Applications

Kalb-Ramond

USSR Consider a Kalb-Ramond field B, = By,,) with Lagrangian

non-nunmml ;’l [Plv]

second-order
operators

1 1
r_ - (V“BWVNBW o beBHVV/xBlXV) + EBVVEHV”‘/SB[X‘B’

Dario Sauro

Letting b — b we have
F‘lwtxlg =0 ]lyvalg - bCV[VV[ﬁ(SV]“] + Elﬂ/“ﬁ .

By choosing the Kalb-Ramond Lagrangian (Kalb and
Ramond, Phys. Rev. D 9 (1974) 2273-2284)

b

Final result

and 2
applications £ - —§V[MBV‘D}V[MBVP] —|— <2 - 1> VVBVVVPB‘DV

we fix the endomorphism. The final result is

. 46 2 5,16
triy = = =RypR™ + SR? 4 Ry R
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Applications

Toy model of torsion

Sl Let’s consider the following Lagrangian

non-minimal
second-order

operators 1
perat L=-3 [VATP’”V)‘TPW + CVETP VAT,

Dario Sauro

—pruEpWAaﬁT/\aﬁ]

Fp,w)\“ﬁ =01, Ny P \vi: v, = B, B

Using the “field strength FPrxuw = V2 TP, (see Curtright,
Phys. Lett. B 165 (1985) 304-308) we have
1

Final result
:gzlications £ = —le — 7(C + 2) (diva)z
2 2

In this case the dependence on ¢ does not drop out

2 s o 236+ 118 — 1562
2 = — g5 RepRE R =@ o)
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Conclusions and outlooks

Heat kernel of

non-minimal

an m New general expression of the divergencies in
Dario Sauro mass-dimension four operators of effective actions
derived from causal non-minimal second-order

operators

m Is this method faster than using a spin-parity
decomposition?

m Future phenomenological applications: central charges
of the conformal anomaly of higher-spin fields

Conclusion

m Further technical developments: higher-derivative
non-minimal operators and mixed-rank operators
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The end

Heat kernel of

non-minimal

second-order
operators

Dario Sauro

Thank you for your attention!

Questions are welcome

Conclusion

Dario Sauro Quantum Gravity and Cosmology 2026 - Bologna 09/02/2026



	Introduction
	Minimal operators
	Non-minimal operators
	Functional traces
	Final result and applications
	Conclusion

