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Motivation
The 1-loop effective action

1-loop beta functions and anomalies in curved spacetime
can be computed using the heat kernel technique

Gauge fields in non-minimal gauges and higher-spin fields
give rise to non-minimal second-order operators

There exists a general strategy for computing the divergent
part of Γ[Φ] (Barvinsky and Vilkovisky, Phys.Rept. 119
(1985) 1-74), but no model-independent results are available

We focus on dimension-four operators in Γ[Φ]div, which
“generate" the beta-functions of dimensionless couplings in
d = 4
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The premise: minimal operators

Consider a Hessian

Ĥ = F̂(∇)− m21̂ ,

such that F̂ is a minimal second-order operator

F̂(∇̂) = □̂+ Ê .

∇̂µ is metric-compatible and obeys

[∇̂µ, ∇̂ν]∇̂ρ φ̂ = −Rλ
ρµν∇̂λ φ̂ + R̂µν∇̂ρ φ̂ ,

where R̂µν is the generalized curvature.
The Green’s function is defined by(

F̂(∇)− m2
)

Ĝ(m2) = −1̂ .
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The heat kernel
Part 1

Feynman’s prescription for the Green’s function gives

Ĝ = − 1̂
F̂(∇)− m2 + iϵ

= i
∫ ∞

0
ds e i s (F̂(∇)−m2) ,

i.e.,

Ĝ(x, y) = i
∫ ∞

0
ds K̂(x, y; s) e−i m2s ,

where the K̂(x, y; s) is the heat kernel (DeWitt, Conf. Proc. C
630701 (1964) 585-820). This satisfies a Schrödinger-like
equation(

i∂s + F̂(∇(x))
)
K̂(x, y; s) = 0 , K̂(x, y; s = 0) = δ(x, y) .
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The heat kernel
Part 2

The Cauchy problem is solved by the ansatz

K̂(x, y; s) =
iD

1
2 (x, y)

(4πis)d/2 ei σ(x,y)
2 s Λ̂(x, y; s) , lim

x→y
Λ̂(x, y; 0) = 1̂ ,

Here σ(x, y) is the Synge world function and D(x, y) is the
Van Vleck-Morette determinant, which satisfy

σ =
1
2

σµσµ , σµ ≡ ∇µσ ,

and

D(x, y) = −det
(
− ∂2σ

∂xµ∂yν

)
= |g(x)|1/2|g(y)|1/2∆(x, y) .
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The recursive relation

All the information about the operator F̂ is encoded in
Λ̂(x, y; s), which can be expanded in terms of the
Seeley-DeWitt coefficients ân

Λ̂(x, y; s) =
∞

∑
n=0

(is)nân(x, y) .

Thus, the Schödinger-like equation is becomes a recurrence
relation for the Seeley-DeWitt coefficients

nân + σµ∇µân = ∆−1/2F̂
(

∆1/2ân−1

)
;

σµ∇µâ0 = 0 , a0(x, x) = 1̂ .
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Heat kernel and trace-log

The heat kernel of F̂(∇̂) can be employed to write the
trace-log of F̂(∇̂) as

Tr log(F̂(∇̂)) =−
∫ ∞

0

ds
s

Tr eisF̂(∇̂)

=−
∫ ∞

0

ds
s

∫ √
−g tr K̂(x, x; s)

= ∑
n≥0

in+1

(4πi)d/2

∫ ∞

0
ds sn−1− d

2 tr ân .

In d = 4 the running of dimensionless couplings is
governed by n = 2 terms

Γdiv ⊃ i log L2

16π2

∫ √
−g Str â2 .
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Non-minimal operators

Let us consider

F̂(∇̂) = D̂(∇̂) + Ŷ(∇̂) = □+ N̂(∇̂) + Ŷ(∇̂) ,

The principal symbol is defined by letting ∇̂µ → nµ in D̂,
i.e.,

D̂(n) = D̂µνnµnν ,

We require non-degeneracy, i.e.,

det D̂µνnµnν ̸= 0 .

Furthermore, we assume that principal symbols are
metric-compatible, i.e.,

∇̂ρD̂µν = 0 .
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The trick

The trace-log can be split as

Tr log F̂(∇̂) = Tr log D̂(∇̂) + Tr log
(

1 + D̂−1Ŷ
)

.

The non-minimal part belongs to a one-parameter family

D̂(∇̂; ζ)
∣∣∣
ζ=1

= D̂(∇̂) , D̂(∇̂; ζ)
∣∣∣
ζ=0

= □̂ .

In the simplest case the principal part is

D̂(∇̂) =
(
□̂+ ζN̂

) ∣∣∣
ζ=1

= D̂(∇̂; ζ)
∣∣∣
ζ=1

.

We define the inverse of the principal symbol

D̂(∇̂; ζ) Ĝ0(∇̂; ζ) = 1̂ ,

Tr log D̂(∇̂) = Tr log □̂+
∫ 1

0
dζ

d
dζ

Tr log D̂(∇̂; ζ)
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The perturbative expansion

Thus, we find

Tr log D̂(∇̂) = Tr log □̂−
∫ 1

0
(d log ζ)Tr

(
Ĝ0(∇̂; ζ) □̂

)
.

We define the inverse of the principal part in momentum
space

D̂(n; ζ) K̂(n; ζ) = n41̂ .

Then, we have that

D̂(∇̂; ζ) K̂(∇̂; ζ) = □̂2 + M̂(∇̂; ζ) ,

where M̂ is a differential operator of order two. Thus, we
rewrite Ĝ0(∇̂; ζ) as

Ĝ0(∇̂; ζ) = K̂
1
□̂2

− K̂M̂
1
□̂4

+ 2K̂[□̂, M̂]
1
□̂5

+ K̂M̂M̂
1
□̂6

+ . . . ,
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Functional traces
Part 1

To evaluate these formal expression we must calculate

Tr
(

Ô
1̂
□̂n

)
= Tr

(
Ôµ1 ...µk∇̂µ1 . . . ∇̂µk

1̂
□̂n

)
.

Using a Laplace transform we can write

1̂
□̂n

=
(−i)n

(n − 1)!

∫ ∞

0
ds sn−1eis□̂

=
(−i)n

(n − 1)!

∫ ∞

0
ds sn−1K̂□̂(s) .

We define the symmetrized metrics as

g(0) = 1 , g(1)µν = gµν , g(k) = 0 for k < 0 ;

g(n)µ1 ...µ2n =
2n

∑
j=2

gµ1µj g(n−1)
µ2 ...µj−1µj+1...µ2n .
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Functional traces
Part 2

By using the previous definitions we derive general
formulae for functional traces, i.e.,

∇̂µ1 . . . ∇̂µ2n−4

1̂
□̂n

δ(x, x′)|div
x′=x =

i log L2

16π2

√−g
2n−2(n − 1)!

g(n−2)
µ1 ...µ2n−4 1̂

and

∇̂µ1 . . . ∇̂µ2n−2

1̂
□̂n

δ(x, x′)|div
x′=x = − i log L2

16 π2

√−g
2n−2 (n − 1)!

×

×
[

1
12

R g(n−1)
µ1 ...µ2n−2 1̂ − ∑

i<j

(
1
6

Rij1̂ +
1
2
R̂ij

)
g(n−2)

µ1 ...î...ĵ...µ2n−2

+
2
3 ∑

i<j<k<l

R(k|i|l)jg
(n−3)
µ1 ...î...l̂...µ2n−2

1̂

]
.
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Final result

We compute Tr log
(
1 + D̂−1Ŷ

)
analogously

The full result is very long, this is why I included a
Mathematica version of it at
https://arxiv.org/src/2508.09017v1/anc

The result contains four parts:
special and general integrands for Tr log D̂
The endomorphism and derivative-interaction parts

Dario Sauro Quantum Gravity and Cosmology 2026 - Bologna 09/02/2026
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Applications
Kalb-Ramond

Consider a Kalb-Ramond field Bµν = B[µν] with Lagrangian

L = −1
2
(
∇αBµν∇αBµν − b∇µBµν∇αBα

ν

)
+

1
2

BµνEµναβBαβ ,

Letting b → b ζ we have

Fµν
αβ = □1µν

αβ − bζ∇[µ∇[βδν]
α] + Eµν

αβ .

By choosing the Kalb-Ramond Lagrangian (Kalb and
Ramond, Phys. Rev. D 9 (1974) 2273-2284)

L = −2
3
∇[µBνρ]∇[µBνρ] +

(
b
2
− 1

)
∇µBµν∇ρBρ

ν

we fix the endomorphism. The final result is

tr â2 = −46
45

RαβRαβ +
2
9

R2 +
16
45

RαβµνRαβµν .
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Applications
Toy model of torsion

Let’s consider the following Lagrangian

L = − 1
2

[
∇λTρ

µν∇λTρ
µν + c∇αTρ

αβ∇λTρ
λβ

−Tρ
µνEρ

µν
λ

αβTλ
αβ

]
Fρ

µν λ
αβ = □1ρ

µν λ
αβ + c δρ

λδ[α [µ∇β]∇ν] − Eρ
µν λ

αβ ,

Using the “field strength" F ρ
λµν = ∇[λTρ

µν](see Curtright,
Phys. Lett. B 165 (1985) 304-308) we have

L = −1
2
F 2 − 1

2
(c + 2) (div2T)2

In this case the dependence on c does not drop out

tr â2 = −62
15

RαβRαβ + R2 +
236 + 118c − 15c2

60(2 + c)
RαβµνRαβµν .
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Conclusions and outlooks

New general expression of the divergencies in
mass-dimension four operators of effective actions
derived from causal non-minimal second-order
operators

Is this method faster than using a spin-parity
decomposition?

Future phenomenological applications: central charges
of the conformal anomaly of higher-spin fields

Further technical developments: higher-derivative
non-minimal operators and mixed-rank operators
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The end

Thank you for your attention!

Questions are welcome
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