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Motivation

2

• The least understood of three maximally symmetric spacetimes:

• No energy conservation: nested time 
integral even at tree level.

• Mode functions = special functions

• No dS/CFT correspondence 

Xianyu, Carillo González Moschella

• de Sitter spacetime for inflation

• Spontaneous particle production in inflation offers a probe of particle physics at high energy



Momentum Space in QFT

3

• Observable in QFT = vacuum correlation functions defined through path integral

<latexit sha1_base64="IHV4C/t6sT8qfUtWYT/9cD/PB9A="></latexit>

h⌦|O(X1) . . .O(Xn)|⌦i =

Z
D'O(X1) . . .O(Xn)e

iS[']

  Definition of the vacuum   = 
time axis tilted in complex plane 

• If        has some symmetries, momentum space = basis of  found by representing the 
symmetry group

L2

<latexit sha1_base64="JaRlPB+YJYvPdv0cdqPTcSGRejc=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4Gmb6dld040aoYB8wHUomzbShmWRIMkIZ+hluXCji1q9x59+YaSuo6IHA4Zx7ybkniBlV2nE+rNza+sbmVn67sLO7t39QPDzqKpFITDpYMCH7AVKEUU46mmpG+rEkKAoY6QXTq8zv3ROpqOB3ehYTP0JjTkOKkTaSN4iQnmDE0pv5sFhy7Eq14TZr0LFrFae8IBcV13Wa0LWdBUpghfaw+D4YCZxEhGvMkFKe68TaT5HUFDMyLwwSRWKEp2hMPEM5iojy00XkOTwzygiGQprHNVyo3zdSFCk1iwIzmUVUv71M/MvzEh02/ZTyONGE4+VHYcKgFjC7H46oJFizmSEIS2qyQjxBEmFtWiqYEr4uhf+Tbtl263b9tlpqXa7qyIMTcArOgQsaoAWuQRt0AAYCPIAn8Gxp69F6sV6XozlrtXMMfsB6+wTv75G3</latexit>

MSpacetime

Wick rotation 

<latexit sha1_base64="Q6XaziKelLWqV3wp9E02j7LMcRw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjRuhgn3AdCiZNNOGZpIhuSOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPBDbjut1NaW9/Y3CpvV3Z29/YPqodHHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3OZ+94lpw5V8hGnCgpiMJI84JWAlvx8TGFMisvvZoFpz6+4ceJV4BamhAq1B9as/VDSNmQQqiDG+5yYQZEQDp4LNKv3UsITQCRkx31JJYmaCbB55hs+sMsSR0vZJwHP190ZGYmOmcWgn84hm2cvF/zw/heg6yLhMUmCSLj6KUoFB4fx+POSaURBTSwjV3GbFdEw0oWBbqtgSvOWTV0nnou416o2Hy1rzpqijjE7QKTpHHrpCTXSHWqiNKFLoGb2iNwecF+fd+ViMlpxi5xj9gfP5A4YckW4=</latexit>

M

   Convergent functional  

      =  square integrable

S[φ]
M ! ME '



Warm up: Minkowski Momentum Space

I. de Sitter Momentum Space

II. Perturbative QFT in Momentum Space

Outline



Warm up: Minkowski Momentum Space

• Review of  the construction in Minkowski space in a dS-like way




• Symmetry group = Poincaré: 

<latexit sha1_base64="m/zynaGavlXAPh75pxwsb0SxbJg=">AAACEnicbVBNS8NAEN34bf2KevQSLIIilEREPYpePChUsFZo0rLZTtqlmw92J2IJ+Q1e/CtePCji1ZM3/42bNge/Hgw83pthZp6fCK7Qtj+Nicmp6ZnZufnKwuLS8oq5unat4lQyaLBYxPLGpwoEj6CBHAXcJBJo6Ato+oPTwm/eglQ8jq5wmIAX0l7EA84oaqlj7rgIdyjD7Dxv77kCAmy5IcW+72cXeTvr7jq5K3mvj17HrNo1ewTrL3FKUiUl6h3zw+3GLA0hQiaoUi3HTtDLqETOBOQVN1WQUDagPWhpGtEQlJeNXsqtLa10rSCWuiK0Rur3iYyGSg1DX3cW56rfXiH+57VSDI68jEdJihCx8aIgFRbGVpGP1eUSGIqhJpRJrm+1WJ9KylCnWNEhOL9f/kuu92rOQe3gcr96fFLGMUc2yCbZJg45JMfkjNRJgzByTx7JM3kxHown49V4G7dOGOXMOvkB4/0LThqegg==</latexit>

L2
⇥
Md+1

⇤

<latexit sha1_base64="AjcQdexWqoST07dWkXSw8cbzDKQ=">AAACEXicbVDJSgNBEO2JW4zbqEcvjUGIKGFGJHoMevFmXLJAJoaenk7SpGehu0YMw/yCF3/FiwdFvHrz5t/YWQ6a+KDh8V5VV9VzI8EVWNa3kZmbX1hcyi7nVlbX1jfMza2aCmNJWZWGIpQNlygmeMCqwEGwRiQZ8V3B6m7/fOjX75lUPAxuYRCxlk+6Ae9wSkBLbbPg+AR6rptcp3eJd2CnjgTuM4UdYA8g/eTmMi3Yh95+28xbRWsEPEvsCcmjCSpt88vxQhr7LAAqiFJN24qglRD9PxUszTmxYhGhfdJlTU0Doqe2ktFFKd7Tioc7odQvADxSf3ckxFdq4Lu6cri/mvaG4n9eM4bOaSvhQRQDC+h4UCcWGEI8jAd7XDIKYqAJoZLrXTHtEUko6BBzOgR7+uRZUjsq2qVi6eo4Xz6bxJFFO2gXFZCNTlAZXaAKqiKKHtEzekVvxpPxYrwbH+PSjDHp2UZ/YHz+ABoanSw=</latexit>

Rd+1 o SO(1, d)

• Casimir operator: 
<latexit sha1_base64="nVElC6g0bQ74dDEi+k9ViyUOnPU=">AAACGHicbVDLSsNAFJ34rPVVdelmsAhurIlIdSOUduNGqGAf0MQwmU7aoTNJmJmIJeQz3Pgrblwo4rY7/8ZJm4W2XpjhcM653HuPFzEqlWl+G0vLK6tr64WN4ubW9s5uaW+/LcNYYNLCIQtF10OSMBqQlqKKkW4kCOIeIx1v1Mj0ziMRkobBvRpHxOFoEFCfYqQ05ZbObI7UECOWNNLr0+aDzWPYdLPflpRDux4+ucnU43nJbZq6pbJZMacFF4GVgzLIq+mWJnY/xDEngcIMSdmzzEg5CRKKYkbSoh1LEiE8QgPS0zBAnEgnmR6WwmPN9KEfCv0CBafs744EcSnH3NPObEU5r2Xkf1ovVv6Vk9AgihUJ8GyQHzOoQpilBPtUEKzYWAOEBdW7QjxEAmGlsyzqEKz5kxdB+7xiVSvVu4tyrZ7HUQCH4AicAAtcghq4AU3QAhg8g1fwDj6MF+PN+DS+ZtYlI+85AH/KmPwApFagMA==</latexit>

C = �PµPµ ⇠ ⇤M

• Schur Lemma: the eigenvalues of       label the Poincaré irreducible representations

<latexit sha1_base64="2GsiF70JScV9OlDafZwnxGdOJOo=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURqW6EohuXFewDmhAm00k7dDIJMxOh1C78FTcuFHHrb7jzb5y0WWjrgQuHc+6dufeEKWdKO863tbS8srq2Xtoob25t7+zae/stlWSS0CZJeCI7IVaUM0GbmmlOO6mkOA45bYfDm9xvP1CpWCLu9Silfoz7gkWMYG2kwD5sBF6coSvEkJdiqRnmuRDYFafqTIEWiVuQChRoBPaX10tIFlOhCcdKdV0n1f44f5FwOil7maIpJkPcp11DBY6p8sfT/SfoxCg9FCXSlNBoqv6eGONYqVEcms4Y64Ga93LxP6+b6ejSHzORZpoKMvsoyjjSCcrDQD0mKdF8ZAgmkpldERlgiYk2kZVNCO78yYukdVZ1a9Xa3Xmlfl3EUYIjOIZTcOEC6nALDWgCgUd4hld4s56sF+vd+pi1LlnFzAH8gfX5A+fDlWs=</latexit>

Pµ = i@µ <latexit sha1_base64="4UkDFyY3/dScriCMhwLo7Lib48w=">AAACHXicbVBNS8MwGE79nPOr6tFLcAheHK2M6UUYehFPE9wHrKWkWbqFpWlJUnGU/REv/hUvHhTx4EX8N6ZdD27zgcCT53nfN3kfP2ZUKsv6MZaWV1bX1ksb5c2t7Z1dc2+/LaNEYNLCEYtE10eSMMpJS1HFSDcWBIU+Ix1/dJ35nQciJI34vRrHxA3RgNOAYqS05Jm1Wy91wsThyQReQgofvewWI6EoYhk/zTU+o3lmxapaOeAisQtSAQWanvnl9COchIQrzJCUPduKlZtmEzEjk7KTSBIjPEID0tOUo5BIN823m8BjrfRhEAl9uIK5+rcjRaGU49DXlSFSQznvZeJ/Xi9RwYWbUh4ninA8fShIGFQRzKKCfSoIVmysCcKC6r9CPEQCYaUDLesQ7PmVF0n7rGrXq/W7WqVxVcRRAofgCJwAG5yDBrgBTdACGDyBF/AG3o1n49X4MD6npUtG0XMAZmB8/wIM/qKP</latexit>

Jµ⌫ = ixµ@µ � ix⌫@µ
Space & Time 
translations Rotation & 

Boosts

Abelian subgroup
<latexit sha1_base64="f+QfHxq8PUhbL+h77v6gUKJOq7o="></latexit>

[Jµ⌫ , J⇢�] = #
<latexit sha1_base64="N5n72UuXTeovBGkG+vB6wzisp8k=">AAAB+HicdVDLSgMxFM3UV62PVl26CRbBhQwzfUydhVB047KCrYXpUDJp2oZmMkMeQi39EjcuFHHrp7jzb0wfgooeuJfDOfeSmxOljErlOB9WZmV1bX0ju5nb2t7ZzRf29lsy0QKTJk5YItoRkoRRTpqKKkbaqSAojhi5jUaXM//2jghJE36jxikJYzTgtE8xUkbqFvJBo9uJ9anpXIfnTrdQdOxK2fXLNejYJa9W8z1DvKrvV13o2s4cRbBEo1t47/QSrGPCFWZIysB1UhVOkFAUMzLNdbQkKcIjNCCBoRzFRIaT+eFTeGyUHuwnwhRXcK5+35igWMpxHJnJGKmh/O3NxL+8QKv+WTihPNWKcLx4qK8ZVAmcpQB7VBCs2NgQhAU1t0I8RAJhZbLKmRC+fgr/J62S7Xq2d10p1i+WcWTBITgCJ8AFNVAHV6ABmgADDR7AE3i27q1H68V6XYxmrOXOAfgB6+0TPIqS2w==</latexit>

[Pµ, P⌫ ] = 0

Lorentz Lie algebra

Lorentz vector
<latexit sha1_base64="Pbt6GBwHFWi2R4oU4jiKSqVis38="></latexit>

[J⇢�, Pµ] = 2i⌘µ[⇢P�]

Commutes with all algebra
<latexit sha1_base64="gfGSRCBiblUYmqzYIHEg3xV1l3I=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WWxG5cV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuG0lfu9J6YNV/IRZgkLYjKWPOKUgJX8QUxgQonIWvNhtebW3QXwOvEKUkMF2sPq12CkaBozCVQQY3zPTSDIiAZOBZtXBqlhCaFTMma+pZLEzATZIvIcX1hlhCOl7ZOAF+rvjYzExszi0E7mEc2ql4v/eX4K0W2QcZmkwCRdfhSlAoPC+f14xDWjIGaWEKq5zYrphGhCwbZUsSV4qyevk+5V3WvUGw/XteZdUUcZnaFzdIk8dIOa6B61UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHduqRZA==</latexit>

C
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• Basis of the representation space = common eigenbasis to       and  
<latexit sha1_base64="gfGSRCBiblUYmqzYIHEg3xV1l3I=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WWxG5cV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuG0lfu9J6YNV/IRZgkLYjKWPOKUgJX8QUxgQonIWvNhtebW3QXwOvEKUkMF2sPq12CkaBozCVQQY3zPTSDIiAZOBZtXBqlhCaFTMma+pZLEzATZIvIcX1hlhCOl7ZOAF+rvjYzExszi0E7mEc2ql4v/eX4K0W2QcZmkwCRdfhSlAoPC+f14xDWjIGaWEKq5zYrphGhCwbZUsSV4qyevk+5V3WvUGw/XteZdUUcZnaFzdIk8dIOa6B61UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHduqRZA==</latexit>

C
<latexit sha1_base64="gALyRTZVIYraf3yLKjjdQURcMQM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0Zf9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAnMo27</latexit>

Pi

Idea: representations of the symmetry 
group on this space   Goal: find a basis of 

Warm-up: Minkowski Momentum Space



• We define the Minkowski harmonic function as:

<latexit sha1_base64="6uUhcxhf0Bva63M6PdRC36/oqX0="></latexit>⇢
⇤E

M�
M
p (z,x) = M2�M

p (z,x)
@i�M

p (z,x) = �ipi�M
p (z,x)

•       is only self-adjoint on the Wick rotated axis
<latexit sha1_base64="gfGSRCBiblUYmqzYIHEg3xV1l3I=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WWxG5cV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuG0lfu9J6YNV/IRZgkLYjKWPOKUgJX8QUxgQonIWvNhtebW3QXwOvEKUkMF2sPq12CkaBozCVQQY3zPTSDIiAZOBZtXBqlhCaFTMma+pZLEzATZIvIcX1hlhCOl7ZOAF+rvjYzExszi0E7mEc2ql4v/eX4K0W2QcZmkwCRdfhSlAoPC+f14xDWjIGaWEKq5zYrphGhCwbZUsSV4qyevk+5V3WvUGw/XteZdUUcZnaFzdIk8dIOa6B61UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHduqRZA==</latexit>

C<latexit sha1_base64="QhaWXmnGoOlgmZu6DZZxvnONEzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVqqNq3LtNo+jAKdwBhfgwTXU4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A47uNAw==</latexit>

t

<latexit sha1_base64="lMS01qDzvmmBvZ/HgTKs4Xfns0M=">AAAB8XicdVBNS8NAEN3Ur1q/qh69LBbBU0jSmtZb0YvHCrYV21A22027dLMbdjdCCf0XXjwo4tV/481/46atoKIPBh7vzTAzL0wYVdpxPqzCyura+kZxs7S1vbO7V94/6CiRSkzaWDAhb0OkCKOctDXVjNwmkqA4ZKQbTi5zv3tPpKKC3+hpQoIYjTiNKEbaSHcU9kmiKBN8UK449nnD98486NiOU/eqfk68es2rQtcoOSpgidag/N4fCpzGhGvMkFI910l0kCGpKWZkVuqniiQIT9CI9AzlKCYqyOYXz+CJUYYwEtIU13Cufp/IUKzUNA5NZ4z0WP32cvEvr5fqqBFklCepJhwvFkUpg1rA/H04pJJgzaaGICypuRXiMZIIaxNSyYTw9Sn8n3Q82/Vt/7pWaV4s4yiCI3AMToEL6qAJrkALtAEGHDyAJ/BsKevRerFeF60FazlzCH7AevsE0ZaRDA==</latexit>

i✏
<latexit sha1_base64="57PuiEuEpmvbUuPvmxNkCeyYLBA=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBiyFJa1pvRS8eK9haSEPZbDft0s1u2N0IpfRnePGgiFd/jTf/jZu2goo+GHi8N8PMvChlVGnH+bAKK6tr6xvFzdLW9s7uXnn/oKNEJjFpY8GE7EZIEUY5aWuqGemmkqAkYuQuGl/l/t09kYoKfqsnKQkTNOQ0phhpIwVnFPZIqigTvF+uOPZFw/fOPejYjlP3qn5OvHrNq0LXKDkqYIlWv/zeGwicJYRrzJBSgeukOpwiqSlmZFbqZYqkCI/RkASGcpQQFU7nJ8/giVEGMBbSFNdwrn6fmKJEqUkSmc4E6ZH67eXiX16Q6bgRTilPM004XiyKMwa1gPn/cEAlwZpNDEFYUnMrxCMkEdYmpZIJ4etT+D/peLbr2/5NrdK8XMZRBEfgGJwCF9RBE1yDFmgDDAR4AE/g2dLWo/VivS5aC9Zy5hD8gPX2CTyRkUM=</latexit>�i✏

<latexit sha1_base64="7OakbcAsj6CwsoovvdxWwCtQIfs=">AAACDXicbVDLSsNAFJ34rPUVdelmsAqCUBKR6rLoxo1QxT6giWUymbRDJ5MwMxFKyA+48VfcuFDErXt3/o2TNoK2Hhg4nHMvc8/xYkalsqwvY25+YXFpubRSXl1b39g0t7ZbMkoEJk0csUh0PCQJo5w0FVWMdGJBUOgx0vaGF7nfvidC0ojfqlFM3BD1OQ0oRkpLPXPfCZEaeF56ld2l/pGdOSqCP9pNofXMilW1xoCzxC5IBRRo9MxPx49wEhKuMENSdm0rVm6KhKKYkazsJJLECA9Rn3Q15Sgk0k3HaTJ4oBUfBpHQjys4Vn9vpCiUchR6ejK/U057ufif101UcOamlMeJIhxPPgoSBnXivBroU0GwYiNNEBZU3wrxAAmElS6wrEuwpyPPktZx1a5Va9cnlfp5UUcJ7II9cAhscArq4BI0QBNg8ACewAt4NR6NZ+PNeJ+MzhnFzg74A+PjG25Cm8w=</latexit>

Md+1 ! Rd+1
<latexit sha1_base64="GqesRqgGcn2d0UG9FXBW20YeBRc=">AAACK3icbVDLSsNAFJ34rPUVdekmWARBKEmR6kYoFcGNUME+oEnDZDpph04mYWYi1tD/ceOvuNCFD9z6H07aILb1wMCZc+6dufd4ESVCmuaHtrC4tLyymlvLr29sbm3rO7sNEcYc4ToKachbHhSYEobrkkiKWxHHMPAobnqDi9Rv3mEuSMhu5TDCTgB7jPgEQakkV6/a1fDeTewAyr7nJdejkS1DIxU7l1PyuR1BLgmk7kOndPx7IZ2SqxfMojmGMU+sjBRAhpqrv9jdEMUBZhJRKETbMiPpJOmLiOJR3o4FjiAawB5uK8pggIWTjHcdGYdK6Rp+yNVh0hirfzsSGAgxDDxVmQ4vZr1U/M9rx9I/cxLColhihiYf+TE1VBxpcEaXcIwkHSoCESdqVgP1IYdIqnjzKgRrduV50igVrXKxfHNSqFSzOHJgHxyAI2CBU1ABV6AG6gCBR/AM3sC79qS9ap/a16R0Qct69sAUtO8fLuSo3Q==</latexit>

⇤M ! ⇤E
M = @2

z + @2
iand

Solution consistent with in-out 
vacuum boundary conditions:

<latexit sha1_base64="64PAOGjY4xU+nTGH/0c4LsJIN54="></latexit>

�M
p (z,x) = e�ix·p e

�
p

p2+M2|z|

2
p

p2 +M2

7

Warm-up: Minkowski Momentum Space

z = it



• We found the Minkowski harmonic function

8

Warm-up: Minkowski Momentum Space
<latexit sha1_base64="64PAOGjY4xU+nTGH/0c4LsJIN54="></latexit>

�M
p (z,x) = e�ix·p e

�
p

p2+M2|z|

2
p

p2 +M2

• Equivalent to d+1 dimensional Fourier: 

 functionL2

<latexit sha1_base64="dbVvQWBxrkf372LZjb8bAy1hQgA="></latexit>Z 1

0
dM2 f (M)

p

M2 + !2 + p2

• Related by dispersion relation
<latexit sha1_base64="k051ZEmJuHWxXlVAyS7N16z2SN0=">AAACCHicbVDLSsNAFJ3UV62vqEsXBosgCCUJUt0IRTduhAr2AU0aJpNJO3SSCTMToYQu3fgrblwo4tZPcOffOGmz0NYDwxzOuZd77/ETSoQ0zW+ttLS8srpWXq9sbG5t7+i7e23BUo5wCzHKeNeHAlMS45YkkuJuwjGMfIo7/ug69zsPmAvC4ns5TrAbwUFMQoKgVJKnHzoswgPoJX378rZvnzo+o4EYR+rLkknf9vSqWTOnMBaJVZAqKND09C8nYCiNcCwRhUL0LDORbga5JIjiScVJBU4gGsEB7ikawwgLN5seMjGOlRIYIePqxdKYqr87MhiJfDlVGUE5FPNeLv7n9VIZXrgZiZNU4hjNBoUpNSQz8lSMgHCMJB0rAhEnalcDDSGHSKrsKioEa/7kRdK2a1a9Vr87qzauijjK4AAcgRNggXPQADegCVoAgUfwDF7Bm/akvWjv2sestKQVPfvgD7TPHztRmYA=</latexit>

!2
p = M2 + p2

Obtained by explicitly 
diagonalising     and 

“On-shell” expansion

C Pi

Obtained by explicitly 
diagonalising      and 

“Off-shell” expansion

P0

Possible because     part of abelian sub-algebraC

f(z,x) =

Z 1

0
dM2 ddp

(2⇡)d
�M

p (z,x)f (M)
p =

Z
d! ddp

(2⇡)d
e�ix·p�iz! f̂(!,p)

Pi



I. de Sitter Momentum Space

• Construction of  the Kontorovich-Lebedev-Fourier space (KLF)


• Example of  the conformal two point function



de Sitter Spacetime

• d+1 dimensional de Sitter defined as hyperboloid embedded in            

10

X0

X2

X1

RdSSd+1

Sd

<latexit sha1_base64="yiN4zyorXve5AScDFFChPW3+vtg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCUpUl0W3bgRKtgHtLFMJpN26OTBzKRQQv7EjQtF3Pon7vwbJ20W2npg4HDOvdwzx405k8qyvo3S2vrG5lZ5u7Kzu7d/YB4edWSUCELbJOKR6LlYUs5C2lZMcdqLBcWBy2nXndzmfndKhWRR+KhmMXUCPAqZzwhWWhqa5iDAauy66X32lHoX9WxoVq2aNQdaJXZBqlCgNTS/Bl5EkoCGinAsZd+2YuWkWChGOM0qg0TSGJMJHtG+piEOqHTSefIMnWnFQ34k9AsVmqu/N1IcSDkLXD2Z55TLXi7+5/UT5V87KQvjRNGQLA75CUcqQnkNyGOCEsVnmmAimM6KyBgLTJQuq6JLsJe/vEo69ZrdqDUeLqvNm6KOMpzAKZyDDVfQhDtoQRsITOEZXuHNSI0X4934WIyWjGLnGP7A+PwBWAWTfA==</latexit>

Md+2

 illustration

<latexit sha1_base64="xmjOzraNwfaLFUqNtTitfWrZNK0=">AAACCnicbVDJSgNBEO2JW4xb1KOX1iB4CjNRosegFy9CRLNAJoaeTiVp0rPQXSOGIWcv/ooXD4p49Qu8+Td2loMmPih4vFdFVT0vkkKjbX9bqYXFpeWV9GpmbX1jcyu7vVPVYaw4VHgoQ1X3mAYpAqigQAn1SAHzPQk1r38x8mv3oLQIg1scRND0WTcQHcEZGqmV3XcRHlD5Sftm2Cq4OvY0IHV9hj3PS66Gd8etbM7O22PQeeJMSY5MUW5lv9x2yGMfAuSSad1w7AibCVMouIRhxo01RIz3WRcahgbMB91Mxq8M6aFR2rQTKlMB0rH6eyJhvtYD3zOdoxv1rDcS//MaMXbOmokIohgh4JNFnVhSDOkoF9oWCjjKgSGMK2FupbzHFONo0suYEJzZl+dJtZB3ivni9UmudD6NI032yAE5Ig45JSVyScqkQjh5JM/klbxZT9aL9W59TFpT1nRml/yB9fkDw2aa8g==</latexit>

dS2 ⇢ M3

• FLRW slicing = Poincaré coordinates

<latexit sha1_base64="t0GYTTUqyPuz7thzfRFKA7Byg5M="></latexit>

ds2 =
�d⌧2 + dx2

(H⌧)2
 with

<latexit sha1_base64="y1IWS8hpSPn8OJ58m8VAJjI0Vxg=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6sKSiFQ3QtFNlxXsA5pQJtNJO3TyYOZGKKFu/BU3LhRx61+482+ctFlo9cCFwzn3cu89Xiy4Asv6MgpLyyura8X10sbm1vaOubvXVlEiKWvRSESy6xHFBA9ZCzgI1o0lI4EnWMcb32R+555JxaPwDiYxcwMyDLnPKQEt9c0DUnGAJCdXp44vCU3tadrIhGnfLFtVawb8l9g5KaMczb756QwimgQsBCqIUj3bisFNiQROBZuWnESxmNAxGbKepiEJmHLT2QdTfKyVAfYjqSsEPFN/TqQkUGoSeLozIDBSi14m/uf1EvAv3ZSHcQIspPNFfiIwRDiLAw+4ZBTERBNCJde3YjoiOgnQoZV0CPbiy39J+6xq16q12/Ny/TqPo4gO0RGqIBtdoDpqoCZqIYoe0BN6Qa/Go/FsvBnv89aCkc/so18wPr4Br1aWbw==</latexit>

a(⌧) = � 1

H⌧

<latexit sha1_base64="CezVQWvh9QuhJ8bYwf9Tc841ch4=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUsiUl0W3bisYB/QhDKZTtqhk0mYuRFD6a+4caGIW3/EnX/jtM1Cqwfu5XDOvcydEySCa3CcL6uwsrq2vlHcLG1t7+zu2fvlto5TRVmLxiJW3YBoJrhkLeAgWDdRjESBYJ1gfDPzOw9MaR7Le8gS5kdkKHnIKQEj9e2yByT1uKyemRZCduqc9O2KU3PmwH+Jm5MKytHs25/eIKZpxCRQQbTuuU4C/oQo4FSwaclLNUsIHZMh6xkqScS0P5nfPsXHRhngMFamJOC5+nNjQiKtsygwkxGBkV72ZuJ/Xi+F8MqfcJmkwCRdPBSmAkOMZ0HgAVeMgsgMIVRxcyumI6IIBRNXyYTgLn/5L2mf19x6rX53UWlc53EU0SE6QlXkokvUQLeoiVqIokf0hF7QqzW1nq03630xWrDynQP0C9bHN8hFk6M=</latexit>

⌧ 2 (�1, 0) conformal time

• Constant  hyper-surfaces = Euclidean planes τ
<latexit sha1_base64="1GvOqDqLTKKKcA5Sh9KdMk494rw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQircuiG5dV7AOaWCaTSTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn3CmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVXEqCe2QmMey72NFORO0o5nmtJ9IiiOf054/ucn93hOVisXiQU8T6kV4JFjICNZGct0I67HvZ/ezx2BYrdl1ew60SpyC1KBAe1j9coOYpBEVmnCs1MCxE+1lWGpGOJ1V3FTRBJMJHtGBoQJHVHnZPPMMnRklQGEszRMazdXfGxmOlJpGvpnMM6plLxf/8wapDq+8jIkk1VSQxaEw5UjHKC8ABUxSovnUEEwkM1kRGWOJiTY1VUwJzvKXV0n3ou406o27y1rruqijDCdwCufgQBNacAtt6ACBBJ7hFd6s1Hqx3q2PxWjJKnaO4Q+szx85i5HT</latexit>

Rd

(A, B = 0, 1, ..., d+ 1)⌘ABX
A
X

B =
1

H2



• Symmetry group = d+2 
dimensional Lorentz

• Casimir operator 

Idea: representations of the symmetry 
group on this space

Commutes with all algebra
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<latexit sha1_base64="uGxWbuZrxcm9Ov5DPSNtZcECXFY=">AAACE3icbVDJSgNBEO1xN25Rj14GgyAKYSaIehS9ePCgaBbIjKGnpyZp0rPQXSOGYf7Bi7/ixYMiXr1482/sLIImPih4vFdFVT0vEVyhZX0ZU9Mzs3PzC4uFpeWV1bXi+kZNxalkUGWxiGXDowoEj6CKHAU0Egk09ATUve5Z36/fgVQ8jm6wl4Ab0nbEA84oaqlV3HMQ7lGG2UV+W3EEBNj8UfzrvJX5+3buSN7uoNsqlqyyNYA5SewRKZERLlvFT8ePWRpChExQpZq2laCbUYmcCcgLTqogoaxL29DUNKIhKDcb/JSbO1rxzSCWuiI0B+rviYyGSvVCT3eGFDtq3OuL/3nNFINjN+NRkiJEbLgoSIWJsdkPyPS5BIaipwllkutbTdahkjLUMRZ0CPb4y5OkVinbh+XDq4PSyekojgWyRbbJLrHJETkh5+SSVAkjD+SJvJBX49F4Nt6M92HrlDGa2SR/YHx8A3w0ny0=</latexit>

L2 [dSd+1]

<latexit sha1_base64="Ug2eB8XghKR/k0fxO4e8Sd6LgWM=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRahopREpHosevFmRfsBbSibzbZdutmE3Ym0hPwVLx4U8eof8ea/cdvmoK0PBh7vzTAzz4s4U2Db30ZuZXVtfSO/Wdja3tndM/eLTRXGktAGCXko2x5WlDNBG8CA03YkKQ48Tlve6Gbqt56oVCwUjzCJqBvggWB9RjBoqWcWu0DHIIPk4S4tO2f+qXPSM0t2xZ7BWiZORkooQ71nfnX9kMQBFUA4Vqrj2BG4CZbACKdpoRsrGmEywgPa0VTggCo3md2eWsda8a1+KHUJsGbq74kEB0pNAk93BhiGatGbiv95nRj6V27CRBQDFWS+qB9zC0JrGoTlM0kJ8IkmmEimb7XIEEtMQMdV0CE4iy8vk+Z5xalWqvcXpdp1FkceHaIjVEYOukQ1dIvqqIEIGqNn9IrejNR4Md6Nj3lrzshmDtAfGJ8/gKuTcg==</latexit>

SO(1, d+ 1)

<latexit sha1_base64="qa4k4Gcxy2i70AbRJeUbLjSxFjc=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV6EWi/iqYL9wHYp2TTbhmaTJckKZem/8OJBEa/+G2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q0nqjST4sGMY+pHeCBYyAg2Vnq866XXqDZBV6hXLLlldwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns4sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx46adMxImhgswXhQlHRqLp+6jPFCWGjy3BRDF7KyJDrDAxNqSCDcFbfHmZNM/KXqVcuT8vVWtZHHk4gmM4BQ8uoAq3UIcGEBDwDK/w5mjnxXl3PuatOSebOYQ/cD5/ALsXj6o=</latexit>

JAB = (0

0
( <latexit sha1_base64="DWDJw1Y6Z2mwnA8l0gMQep8rXnE=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4Gmb6dld040aoYB/QDiWTZtq0mWRIMkIZ+g9uXCji1v9x59+YTiuo6IELh3Pu5d57/IhRpR3nw8qsrW9sbmW3czu7e/sH+cOjthKxxKSFBROy6yNFGOWkpalmpBtJgkKfkY4/vVr4nXsiFRX8Ts8i4oVoxGlAMdJGat8MEjqZD/IFxy6Va269Ah27UnKKKbkoua5Th67tpCiAFZqD/Ht/KHAcEq4xQ0r1XCfSXoKkppiRea4fKxIhPEUj0jOUo5AoL0mvncMzowxhIKQprmGqfp9IUKjULPRNZ4j0WP32FuJfXi/WQd1LKI9iTTheLgpiBrWAi9fhkEqCNZsZgrCk5laIx0girE1AORPC16fwf9Iu2m7Vrt6WC43LVRxZcAJOwTlwQQ00wDVoghbAYAIewBN4toT1aL1Yr8vWjLWaOQY/YL19AhiXj4E=</latexit>

MijSpatial rotations SO(d)

Dilatation D

Translations/Boosts
<latexit sha1_base64="tKDxIl8wpl7VK190zTCUbSK8ZTY=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0VwISFJa1pxU3QjuKlgH9KGMJlO26EzSZiZCCX0K9y4UMStn+POv3HSVlDRAxcO59zLvfcEMaNSWdaHkVtaXlldy68XNja3tneKu3stGSUCkyaOWCQ6AZKE0ZA0FVWMdGJBEA8YaQfjy8xv3xMhaRTeqklMPI6GIR1QjJSW7q592js/afjUL5Ys86zmOqcOtEzLqjplNyNOteKUoa2VDCWwQMMvvvf6EU44CRVmSMqubcXKS5FQFDMyLfQSSWKEx2hIupqGiBPppbODp/BIK304iISuUMGZ+n0iRVzKCQ90J0dqJH97mfiX103UoOalNIwTRUI8XzRIGFQRzL6HfSoIVmyiCcKC6lshHiGBsNIZFXQIX5/C/0nLMW3XdG8qpfrFIo48OACH4BjYoArq4Ao0QBNgwMEDeALPhjAejRfjdd6aMxYz++AHjLdPOuCQEQ==</latexit>

Ki , Pi

<latexit sha1_base64="w2LyZkXbSoQHXF6XdQwrfMS0jE4="></latexit>

C = �1

2
JABJAB ⇠ ⇤dS

• Lorentz algebra 
<latexit sha1_base64="OtPwFZvUX8RmmRtSM5DxkxC7pxA=">AAAB+3icdVDLSgMxFM3UV62vsS7dBIvgQoaZPqZ2IdTWhbiqYB/QDiWTpm1o5kGSEcswv+LGhSJu/RF3/o3pQ1DRA5d7OOdecnPckFEhTfNDS62srq1vpDczW9s7u3v6frYlgohj0sQBC3jHRYIw6pOmpJKRTsgJ8lxG2u6kPvPbd4QLGvi3choSx0Mjnw4pRlJJfT3bve7HF7XkVLX6ZeKc93J9PWcaxYJVKZShaeTtcrliK2KXKpWSBS3DnCMHlmj09ffeIMCRR3yJGRKia5mhdGLEJcWMJJleJEiI8ASNSFdRH3lEOPH89gQeK2UAhwFX5Us4V79vxMgTYuq5atJDcix+ezPxL68byeGZE1M/jCTx8eKhYcSgDOAsCDignGDJpoogzKm6FeIx4ghLFVdGhfD1U/g/aeUNyzbsm2KuWlvGkQaH4AicAAuUQRVcgQZoAgzuwQN4As9aoj1qL9rrYjSlLXcOwA9ob5/dr5O5</latexit>

[JAB , JCD] = #

<latexit sha1_base64="S30f/1HTO+RKVw3FoUOTXUCTbIo="></latexit>

= D(D � id)� PiK
i � 1

2
M2

ij Not part of an abelian sub-algebra

de Sitter Representation Theory (1/3)

   Goal: find a basis of 



• Maximal set of commuting generators:

<latexit sha1_base64="w2LyZkXbSoQHXF6XdQwrfMS0jE4="></latexit>

C = �1

2
JABJAB ⇠ ⇤dS

<latexit sha1_base64="CJNl5TwJLFpYGpzfK8qEQgWg/9k=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5KIVI9FLx4r2FpoQthsN+3SzSbsboRQ6l/x4kERr/4Qb/4bN20O2vpg4PHezO7MC1POlHacb6uytr6xuVXdru3s7u0f2IdHPZVkktAuSXgi+yFWlDNBu5ppTvuppDgOOX0IJzeF//BIpWKJuNd5Sv0YjwSLGMHaSIFd7wTMUyxGzEux1AzzgAV2w2k6c6BV4pakASU6gf3lDROSxVRowrFSA9dJtT8t3iOczmpepmiKyQSP6MBQgWOq/Ol8+Rk6NcoQRYk0JTSaq78npjhWKo9D0xljPVbLXiH+5w0yHV35UybSTFNBFh9FGUc6QUUSaMgkJZrnhmAimdkVkTGWmGiTV82E4C6fvEp650231WzdXTTa12UcVTiGEzgDFy6hDbfQgS4QyOEZXuHNerJerHfrY9FascqZOvyB9fkDpm2Uyw==</latexit>

Pi ⇠ i@i
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 and

de Sitter Representation Theory (2/3)

Idea: representations of the symmetry 
group on this space

<latexit sha1_base64="uGxWbuZrxcm9Ov5DPSNtZcECXFY=">AAACE3icbVDJSgNBEO1xN25Rj14GgyAKYSaIehS9ePCgaBbIjKGnpyZp0rPQXSOGYf7Bi7/ixYMiXr1482/sLIImPih4vFdFVT0vEVyhZX0ZU9Mzs3PzC4uFpeWV1bXi+kZNxalkUGWxiGXDowoEj6CKHAU0Egk09ATUve5Z36/fgVQ8jm6wl4Ab0nbEA84oaqlV3HMQ7lGG2UV+W3EEBNj8UfzrvJX5+3buSN7uoNsqlqyyNYA5SewRKZERLlvFT8ePWRpChExQpZq2laCbUYmcCcgLTqogoaxL29DUNKIhKDcb/JSbO1rxzSCWuiI0B+rviYyGSvVCT3eGFDtq3OuL/3nNFINjN+NRkiJEbLgoSIWJsdkPyPS5BIaipwllkutbTdahkjLUMRZ0CPb4y5OkVinbh+XDq4PSyekojgWyRbbJLrHJETkh5+SSVAkjD+SJvJBX49F4Nt6M92HrlDGa2SR/YHx8A3w0ny0=</latexit>

L2 [dSd+1]   Goal: find a basis of 

• Symmetry group = d+2 
dimensional Lorentz

<latexit sha1_base64="Ug2eB8XghKR/k0fxO4e8Sd6LgWM=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRahopREpHosevFmRfsBbSibzbZdutmE3Ym0hPwVLx4U8eof8ea/cdvmoK0PBh7vzTAzz4s4U2Db30ZuZXVtfSO/Wdja3tndM/eLTRXGktAGCXko2x5WlDNBG8CA03YkKQ48Tlve6Gbqt56oVCwUjzCJqBvggWB9RjBoqWcWu0DHIIPk4S4tO2f+qXPSM0t2xZ7BWiZORkooQ71nfnX9kMQBFUA4Vqrj2BG4CZbACKdpoRsrGmEywgPa0VTggCo3md2eWsda8a1+KHUJsGbq74kEB0pNAk93BhiGatGbiv95nRj6V27CRBQDFWS+qB9zC0JrGoTlM0kJ8IkmmEimb7XIEEtMQMdV0CE4iy8vk+Z5xalWqvcXpdp1FkceHaIjVEYOukQ1dIvqqIEIGqNn9IrejNR4Md6Nj3lrzshmDtAfGJ8/gKuTcg==</latexit>

SO(1, d+ 1)

<latexit sha1_base64="qa4k4Gcxy2i70AbRJeUbLjSxFjc=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV6EWi/iqYL9wHYp2TTbhmaTJckKZem/8OJBEa/+G2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q0nqjST4sGMY+pHeCBYyAg2Vnq866XXqDZBV6hXLLlldwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns4sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx46adMxImhgswXhQlHRqLp+6jPFCWGjy3BRDF7KyJDrDAxNqSCDcFbfHmZNM/KXqVcuT8vVWtZHHk4gmM4BQ8uoAq3UIcGEBDwDK/w5mjnxXl3PuatOSebOYQ/cD5/ALsXj6o=</latexit>

JAB = (0

0
( <latexit sha1_base64="DWDJw1Y6Z2mwnA8l0gMQep8rXnE=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4Gmb6dld040aoYB/QDiWTZtq0mWRIMkIZ+g9uXCji1v9x59+YTiuo6IELh3Pu5d57/IhRpR3nw8qsrW9sbmW3czu7e/sH+cOjthKxxKSFBROy6yNFGOWkpalmpBtJgkKfkY4/vVr4nXsiFRX8Ts8i4oVoxGlAMdJGat8MEjqZD/IFxy6Va269Ah27UnKKKbkoua5Th67tpCiAFZqD/Ht/KHAcEq4xQ0r1XCfSXoKkppiRea4fKxIhPEUj0jOUo5AoL0mvncMzowxhIKQprmGqfp9IUKjULPRNZ4j0WP32FuJfXi/WQd1LKI9iTTheLgpiBrWAi9fhkEqCNZsZgrCk5laIx0girE1AORPC16fwf9Iu2m7Vrt6WC43LVRxZcAJOwTlwQQ00wDVoghbAYAIewBN4toT1aL1Yr8vWjLWaOQY/YL19AhiXj4E=</latexit>

MijSpatial rotations SO(d)

Dilatation D

Translations/Boosts
<latexit sha1_base64="tKDxIl8wpl7VK190zTCUbSK8ZTY=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0VwISFJa1pxU3QjuKlgH9KGMJlO26EzSZiZCCX0K9y4UMStn+POv3HSVlDRAxcO59zLvfcEMaNSWdaHkVtaXlldy68XNja3tneKu3stGSUCkyaOWCQ6AZKE0ZA0FVWMdGJBEA8YaQfjy8xv3xMhaRTeqklMPI6GIR1QjJSW7q592js/afjUL5Ys86zmOqcOtEzLqjplNyNOteKUoa2VDCWwQMMvvvf6EU44CRVmSMqubcXKS5FQFDMyLfQSSWKEx2hIupqGiBPppbODp/BIK304iISuUMGZ+n0iRVzKCQ90J0dqJH97mfiX103UoOalNIwTRUI8XzRIGFQRzL6HfSoIVmyiCcKC6lshHiGBsNIZFXQIX5/C/0nLMW3XdG8qpfrFIo48OACH4BjYoArq4Ao0QBNgwMEDeALPhjAejRfjdd6aMxYz++AHjLdPOuCQEQ==</latexit>

Ki , Pi



M2
μ

H2
= μ2 +

d2

4
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• Since      is hermitian, the mass square is real:

Principal

 M2
μ ≥

d2

4
H2

Complementary

 M2
μ ≤

d2

4
H2

Exceptional

 M2
μ ≤ 0

<latexit sha1_base64="gfGSRCBiblUYmqzYIHEg3xV1l3I=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WWxG5cV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuG0lfu9J6YNV/IRZgkLYjKWPOKUgJX8QUxgQonIWvNhtebW3QXwOvEKUkMF2sPq12CkaBozCVQQY3zPTSDIiAZOBZtXBqlhCaFTMma+pZLEzATZIvIcX1hlhCOl7ZOAF+rvjYzExszi0E7mEc2ql4v/eX4K0W2QcZmkwCRdfhSlAoPC+f14xDWjIGaWEKq5zYrphGhCwbZUsSV4qyevk+5V3WvUGw/XteZdUUcZnaFzdIk8dIOa6B61UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHduqRZA==</latexit>

C

• Diagonalising the Casimir: classifying the possible particle masses

de Sitter Representation Theory (3/3)

M2
μ ∈ ℝ like in Minkowski

• Unlike flat space, the relevant parameter is not the mass 
but the dS frequency 

• This divides the possible irreps among three series

µ

see Roest



Finding Harmonic Functions

• We define the harmonic function as:

•     is only self-adjoint on the Wick rotated axis
<latexit sha1_base64="gfGSRCBiblUYmqzYIHEg3xV1l3I=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WWxG5cV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuG0lfu9J6YNV/IRZgkLYjKWPOKUgJX8QUxgQonIWvNhtebW3QXwOvEKUkMF2sPq12CkaBozCVQQY3zPTSDIiAZOBZtXBqlhCaFTMma+pZLEzATZIvIcX1hlhCOl7ZOAF+rvjYzExszi0E7mEc2ql4v/eX4K0W2QcZmkwCRdfhSlAoPC+f14xDWjIGaWEKq5zYrphGhCwbZUsSV4qyevk+5V3WvUGw/XteZdUUcZnaFzdIk8dIOa6B61UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHduqRZA==</latexit>

C

<latexit sha1_base64="lMS01qDzvmmBvZ/HgTKs4Xfns0M=">AAAB8XicdVBNS8NAEN3Ur1q/qh69LBbBU0jSmtZb0YvHCrYV21A22027dLMbdjdCCf0XXjwo4tV/481/46atoKIPBh7vzTAzL0wYVdpxPqzCyura+kZxs7S1vbO7V94/6CiRSkzaWDAhb0OkCKOctDXVjNwmkqA4ZKQbTi5zv3tPpKKC3+hpQoIYjTiNKEbaSHcU9kmiKBN8UK449nnD98486NiOU/eqfk68es2rQtcoOSpgidag/N4fCpzGhGvMkFI910l0kCGpKWZkVuqniiQIT9CI9AzlKCYqyOYXz+CJUYYwEtIU13Cufp/IUKzUNA5NZ4z0WP32cvEvr5fqqBFklCepJhwvFkUpg1rA/H04pJJgzaaGICypuRXiMZIIaxNSyYTw9Sn8n3Q82/Vt/7pWaV4s4yiCI3AMToEL6qAJrkALtAEGHDyAJ/BsKevRerFeF60FazlzCH7AevsE0ZaRDA==</latexit>

i✏

<latexit sha1_base64="57PuiEuEpmvbUuPvmxNkCeyYLBA=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBiyFJa1pvRS8eK9haSEPZbDft0s1u2N0IpfRnePGgiFd/jTf/jZu2goo+GHi8N8PMvChlVGnH+bAKK6tr6xvFzdLW9s7uXnn/oKNEJjFpY8GE7EZIEUY5aWuqGemmkqAkYuQuGl/l/t09kYoKfqsnKQkTNOQ0phhpIwVnFPZIqigTvF+uOPZFw/fOPejYjlP3qn5OvHrNq0LXKDkqYI lWv/zeGwicJYRrzJBSgeukOpwiqSlmZFbqZYqkCI/RkASGcpQQFU7nJ8/giVEGMBbSFNdwrn6fmKJEqUkSmc4E6ZH67eXiX16Q6bgRTilPM004XiyKMwa1gPn/cEAlwZpNDEFYUnMrxCMkEdYmpZIJ4etT+D/peLbr2/5NrdK8XMZRBEfgGJwCF9RBE1yDFmgDDAR4AE/g2dLWo/VivS5aC9Zy5hD8gPX2CTyRkUM=</latexit>�i✏

and

Solution consistent with Bunch-Davies 
vacuum boundary conditions:
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<latexit sha1_base64="1Lym2pIKMt9vtZz8fhSf8X6lEpk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX/jps1Bqw8GHu/NMDMvTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51TJxqyto0FrHuhcQwwRVrI0fBeolmRIaCdcPpbe53H5k2PFYPOEtYIMlY8YhTgrk0QJIOqzWv7i3g/iV+QWpQoDWsfg5GMU0lU0gFMabvewkGGdHIqWDzyiA1LCF0Ssasb6kikpkgW9w6d8+sMnKjWNtS6C7UnxMZkcbMZGg7JcGJWfVy8T+vn2J0HWRcJSkyRZeLolS4GLv54+6Ia0ZRzCwhVHN7q0snRBOKNp6KDcFfffkv6VzU/Ua9cX9Za94UcZThBE7hHHy4gibcQQvaQGECT/ACr450np03533ZWnKKmWP4BefjGyS/jlM=</latexit>⌧

+ Branch

- Branch

<latexit sha1_base64="GFuSG2/iMbypL6tRWr1w9xCJkeQ=">AAACEXicbVDLSsNAFJ34rPUVdekmWISCUBKR6rIqgsuK9gFNCJPJtB06eTBzI5aQX3Djr7hxoYhbd+78G6dtFG09MHA4517unOPFnEkwzU9tbn5hcWm5sFJcXVvf2NS3tpsySgShDRLxSLQ9LClnIW0AA07bsaA48DhteYPzkd+6pUKyKLyBYUydAPdC1mUEg5JcvWwDvQMRpP515qb+gZXZEBnf4sXpj+zqJbNijmHMEisnJZSj7uofth+RJKAhEI6l7FhmDE6KBTDCaVa0E0ljTAa4RzuKhjig0knHiTJjXym+0Y2EeiEYY/X3RooDKYeBpyYDDH057Y3E/7xOAt0TJ2VhnAANyeRQN+GGCj2qx/CZoAT4UBFMBFN/NUgfC0xAlVhUJVjTkWdJ87BiVSvVq6NS7Syvo4B20R4qIwsdoxq6RHXUQATdo0f0jF60B+1Je9XeJqNzWr6zg/5Ae/8C8iqdtw==</latexit>

dSd+1 ! EAdSd+1
<latexit sha1_base64="JtOay+r701ukunjfvrmOMrMCb9A="></latexit>

⇤dS ! ⇤EAdS = z2@2
z � (d� 1)z@z + z2@2

i

<latexit sha1_base64="cgq9PBywHVkVc+vv9ywaRadmNDM="></latexit>(
H

2⇤EAdS�
(µ)
p (z,p) = �M

2
µ�

(µ)
p (z,p)

@i�
(µ)
p (z,p) = �ipi�

(µ)
p (z,p)

<latexit sha1_base64="luaT7XuXb/BvGyzmdR0gLgc7hAw="></latexit>

�(µ)
p (z,p) = e

�ix·pH
d+1
2

p
⇡

z
d
dKiµ(pz)

Modified Bessel 
function

Schwinger-Keldysh (in-in) contour

z = e⌥i⇡
2 t



The harmonic function defines the Kontorovich-Lebedev-Fourier (or KLF) integral transform:

Kontorovich-Lebedev-Fourier Space

<latexit sha1_base64="Zui7mcBL40ZugjcB4PN5B0wMkyI="></latexit>

f(z,x) =

Z

KLF
�(µ)

p (z,x)f (µ)
p

<latexit sha1_base64="n95w5498cmgaKksFX5Udqm1aB1I="></latexit>

f (µ)
p =

Z

EAdS

h
�(µ)

p (z,x)
i⇤

f(z,x)
<latexit sha1_base64="tZ8mdnUtFnTYAHnIMgVPnDJjsdA="></latexit>Z

KLF
⌘

+1Z

�1

dµNµ

Z

Rd

ddp

(2⇡)d

<latexit sha1_base64="c9TzWMff4/tdDNNarWUxSWNVWks="></latexit>Z

EAdS
⌘

1Z

0

dz

(Hz)d+1

Z

Rd

ddx .

 with
<latexit sha1_base64="AnkAaC2sXpwe8UkRurSoJmac6zU=">AAACGnicbZDLSsNAFIYnXmu9RV26GSxCBSmJSBVEKLpxJRXsBZoQJtNJO3QyCTMToYQ8hxtfxY0LRdyJG9/GSZuFtv4w8PGfczhzfj9mVCrL+jYWFpeWV1ZLa+X1jc2tbXNnty2jRGDSwhGLRNdHkjDKSUtRxUg3FgSFPiMdf3Sd1zsPREga8Xs1jokbogGnAcVIacsz7WPnAjohUkOMWHqbeU6YwEsnEAinGrPUiWnmSMqHVU3aOfLMilWzJoLzYBdQAYWanvnp9COchIQrzJCUPduKlZsioShmJCs7iSQxwiM0ID2NHIVEuunktAweaqcPg0joxxWcuL8nUhRKOQ593ZkfIWdruflfrZeo4NxNKY8TRTieLgoSBlUE85xgnwqCFRtrQFhQ/VeIh0jHonSaZR2CPXvyPLRPana9Vr87rTSuijhKYB8cgCqwwRlogBvQBC2AwSN4Bq/gzXgyXox342PaumAUM3vgj4yvH2kzoSY=</latexit>

, Nµ =
µ

⇡
sinh(⇡µ)

Important: KLF integration only runs over the principal series!
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Let us see why

This is the on-shell expansion. Contrary to flat space, there is no equivalent off-shell expansion.



Completeness of  the Principal Series (1/2)

• Consider the Green function of the shifted Euclidean Laplacian in spatial Fourier space:
<latexit sha1_base64="YVvhmCjTGTQlzDZkrzcZyrX6q34="></latexit>

�z = zd+1 @

@z

✓
1

zd�1

@

@z

◆
� (pz)2 +

d2

4

<latexit sha1_base64="PRiAD3xH8JqbEyxxADP58KcKfrI="></latexit>

(�z � �)G�(z, z0) = z0d+1 �(z � z0) and

• From homogeneous solution and matching conditions, we get

<latexit sha1_base64="2mfovkgD5KTlEg0+C1WKuNHg6EQ=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1WXRjcsK9gFtKDeTSTt0MgkzE6GEfoQbF4q49Xvc+TdO2yy0emDgcM65zL0nSAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTlLVpIhLVC1AzwSVrG24E66WKYRwI1g0mt3O/+8iU5ol8MNOU+TGOJI84RWOl7kDYaIjDas2tuwuQv8QrSA0KtIbVz0GY0Cxm0lCBWvc9NzV+jspwKtisMsg0S5FOcMT6lkqMmfbzxbozcmaVkESJsk8aslB/TuQYaz2NA5uM0Yz1qjcX//P6mYmu/ZzLNDNM0uVHUSaIScj8dhJyxagRU0uQKm53JXSMCqmxDVVsCd7qyX9J56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGChN4ghd4dVLn2Xlz3pfRklPMHMMvOB/fQFePiA==</latexit>

�
<latexit sha1_base64="nu2A+jawV4PLChE3NXijVydq0+o=">AAAB7nicdVDLSgMxFL3js9ZX1aWbYBFcDTN9uyu6cVnBPqAdSiaTtqGZzJBkhDL0I9y4UMSt3+POvzGdVlDRA4HDOeeSe48fc6a043xYa+sbm1vbuZ387t7+wWHh6LijokQS2iYRj2TPx4pyJmhbM81pL5YUhz6nXX96vfC791QqFok7PYupF+KxYCNGsDZSd8BNNMDDQtGxy5W626gix66WnVJGLsuu6zSQazsZirBCa1h4HwQRSUIqNOFYqb7rxNpLsdSMcDrPDxJFY0ymeEz7hgocUuWl2bpzdG6UAI0iaZ7QKFO/T6Q4VGoW+iYZYj1Rv72F+JfXT/So4aVMxImmgiw/GiUc6QgtbkcBk5RoPjMEE8nMrohMsMREm4bypoSvS9H/pFOy3Zpdu60Um1erOnJwCmdwAS7UoQk30II2EJjCAzzBsxVbj9aL9bqMrlmrmRP4AevtE6oqj9E=</latexit>

�

• Analytic in the cut plane 

<latexit sha1_base64="csx2Fw6scj2MpPuk5jAecolz5eU="></latexit>

G�(z, z0) =

Z 0

�1

d�0

2⇡i

Disc�0(G�0
(z, z0))

�0 � �

16

<latexit sha1_base64="g5mfMxCtZt2jg0oyau2nVEELEkA="></latexit>

G�(z, z0) = �(zz0)
d
2

⇢
Ip�(pz)K

p
�(pz

0) for z < z0

Ip�(pz
0)Kp

�(pz) for z0 < z

� 2 C \ (�1, 0)



Completeness of  the Principal Series (2/2)
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• Using Bessel function connection formula and with                 , we get 
<latexit sha1_base64="t0pvJNTf0GETb2toOaY37lDECKw=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBHcWJIi1Y1QdOOygn1Ak5bJZNIOnUnCzEQpof/hxoUibv0Xd/6N0zYLbT0wcDjnXO6d4yecKW3b39bK6tr6xmZhq7i9s7u3Xzo4bKk4lYQ2Scxj2fGxopxFtKmZ5rSTSIqFz2nbH91O/fYjlYrF0YMeJ9QTeBCxkBGsjdRzuYkG+PrcFWmv2i+V7Yo9A1omTk7KkKPRL325QUxSQSNNOFaq69iJ9jIsNSOcTopuqmiCyQgPaNfQCAuqvGx29QSdGiVAYSzNizSaqb8nMiyUGgvfJAXWQ7XoTcX/vG6qwysvY1GSahqR+aIw5UjHaFoBCpikRPOxIZhIZm5FZIglJtoUVTQlOItfXiatasWpVWr3F+X6TV5HAY7hBM7AgUuowx00oAkEJDzDK7xZT9aL9W59zKMrVj5zBH9gff4AuaaSBg==</latexit>

� = �µ2

<latexit sha1_base64="n+gpzoOQS8dRVcUaisIbIoVPmJc="></latexit>

G�(z, z0) = � (zz0)
d
2

⇡

1Z

�1

dµNµ
Kiµ(pz)Kiµ(pz0)

µ2 � µ2
�

• Acting with                 gives the completeness relation for the functions

<latexit sha1_base64="LD7JVslpDImjS/jY8OkW0l2e9HA="></latexit>

(zz0)
d
2

⇡

1!

�1

dµNµ Kiµ (kz)Kiµ (kz
0) = zd+1 �(z ! z0)

<latexit sha1_base64="26HKWVHgTPo+didmkL5eIQEDVYo=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAhuLIlIdVnUhcsK9gFNCJPJbTt0Mgkzk0IN/RM3LhRx65+482+ctllo64GBwzn3cO+cMOVMacf5tlZW19Y3Nktb5e2d3b19++CwpZJMUmjShCeyExIFnAloaqY5dFIJJA45tMPh7dRvj0AqlohHPU7Bj0lfsB6jRBspsG3vDrgmwdO5x00qIoFdcarODHiZuAWpoAKNwP7yooRmMQhNOVGq6zqp9nMiNaMcJmUvU5ASOiR96BoqSAzKz2eXT/CpUSLcS6R5QuOZ+juRk1ipcRyayZjogVr0puJ/XjfTvWs/ZyLNNAg6X9TLONYJntaAIyaBaj42hFDJzK2YDogkVJuyyqYEd/HLy6R1UXVr1drDZaV+U9RRQsfoBJ0hF12hOrpHDdREFI3QM3pFb1ZuvVjv1sd8dMUqMkfoD6zPHyjxk18=</latexit>

! z ! !

<latexit sha1_base64="YVvhmCjTGTQlzDZkrzcZyrX6q34="></latexit>

�z = zd+1 @

@z

✓
1

zd�1

@

@z

◆
� (pz)2 +

d2

4

<latexit sha1_base64="PRiAD3xH8JqbEyxxADP58KcKfrI="></latexit>

(�z � �)G�(z, z0) = z0d+1 �(z � z0) and

• Consider the Green function of the shifted Euclidean Laplacian in spatial Fourier space:

K iµ



Where is the complementary Series?

• We showed that:
<latexit sha1_base64="Zui7mcBL40ZugjcB4PN5B0wMkyI="></latexit>

f(z,x) =

Z

KLF
�(µ)

p (z,x)f (µ)
p

• We restricted to  functions since they are those that appear in the path integral!L2

• Correlators can be more general functions and generally include all the irrep of                      
<latexit sha1_base64="Ug2eB8XghKR/k0fxO4e8Sd6LgWM=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRahopREpHosevFmRfsBbSibzbZdutmE3Ym0hPwVLx4U8eof8ea/cdvmoK0PBh7vzTAzz4s4U2Db30ZuZXVtfSO/Wdja3tndM/eLTRXGktAGCXko2x5WlDNBG8CA03YkKQ48Tlve6Gbqt56oVCwUjzCJqBvggWB9RjBoqWcWu0DHIIPk4S4tO2f+qXPSM0t2xZ7BWiZORkooQ71nfnX9kMQBFUA4Vqrj2BG4CZbACKdpoRsrGmEywgPa0VTggCo3md2eWsda8a1+KHUJsGbq74kEB0pNAk93BhiGatGbiv95nRj6V27CRBQDFWS+qB9zC0JrGoTlM0kJ8IkmmEimb7XIEEtMQMdV0CE4iy8vk+Z5xalWqvcXpdp1FkceHaIjVEYOukQ1dIvqqIEIGqNn9IrejNR4Md6Nj3lrzshmDtAfGJ8/gKuTcg==</latexit>

SO(1, d + 1)

• For instance, Källén-Lehmann representation of a generic two-point function:
<latexit sha1_base64="s+4vt0u4EpabGcWwRrVcEDTktWs="></latexit>

GO (X E
1 , X E

2 ) =
!

P ! C
dµ

ddp
(2! )d " P ,C

O (µ)! (µ )
p (z1, x 1)! (µ )

" p (z2, x 2)

• The principal series is enough to determine the other contributions
18

<latexit sha1_base64="d70vDCqhm6rSSufRmn2S8Yyaom8=">AAAB/3icbVDNS8MwHE3n15xfVcGLl+IQJshoRaYXYSiCxwnuA7Y60jTdwtKkJKk46w7+K148KOLVf8Ob/43p1oNuPgh5vPf7kZfnRZRIZdvfRm5ufmFxKb9cWFldW98wN7cakscC4TrilIuWByWmhOG6IoriViQwDD2Km97gIvWbd1hIwtmNGkbYDWGPkYAgqLTUNXdat5dnpYfDjsepL4ehvpL70UHXLNplewxrljgZKYIMta751fE5ikPMFKJQyrZjR8pNoFAEUTwqdGKJI4gGsIfbmjIYYukm4/wja18rvhVwoQ9T1lj9vZHAUKbZ9GQIVV9Oe6n4n9eOVXDqJoRFscIMTR4KYmopbqVlWD4RGCk61AQiQXRWC/WhgEjpygq6BGf6y7OkcVR2KuXK9XGxep7VkQe7YA+UgANOQBVcgRqoAwQewTN4BW/Gk/FivBsfk9Gcke1sgz8wPn8AcfOVxA==</latexit>

X E = ( z, x )
 with

Positive spectral 
densities 

L2 [EAdSd+1 ] Principal series only



This gives a series expansion 

also valid for
<latexit sha1_base64="9b6S99pfjF1pvFmZxDdplky8FEw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRFqgsXRV24rGAf0IQymUzaoZMHMzdCCPVX3LhQxK0f4s6/cdpmoa0HLhzOuZd77/ESwRVY1rdRWlvf2Nwqb1d2dvf2D8zDo66KU0lZh8Yiln2PKCZ4xDrAQbB+IhkJPcF63uRm5vcemVQ8jh4gS5gbklHEA04JaGloVp1bJoDgKyeQhOb+NG9Mh2bNqltz4FViF6SGCrSH5pfjxzQNWQRUEKUGtpWAmxMJnAo2rTipYgmhEzJiA00jEjLl5vPjp/hUKz4OYqkrAjxXf0/kJFQqCz3dGRIYq2VvJv7nDVIILt2cR0kKLKKLRUEqMMR4lgT2uWQURKYJoZLrWzEdE50C6LwqOgR7+eVV0m3U7Wa9eX9ea10XcZTRMTpBZ8hGF6iF7lAbdRBFGXpGr+jNeDJejHfjY9FaMoqZKvoD4/MHT+6UlA==</latexit>

! <
d
2

what happens 

in this regime?

Example: CFT 2-point function (1/3)

• For a bulk scalar CFT, the non-perturbative 2-point function is:

19

<latexit sha1_base64="7fXhXBmcweoRO5ecGlOQ2zfpXTM="></latexit>

G! (X E
1 , X E

2 ) =
1

2! (1 ! X E
1 áX E

2 )!

<latexit sha1_base64="Fv9i7vUf4hro8QagKRJ8A3sUHYU=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgxpIUqa6kqAuXFewDmlAmk0k7dPJg5kYoIeCvuHGhiFu/w51/47TNQlsPXDiccy/33uMlgiuwrG9jaXlldW29tFHe3Nre2TX39tsqTiVlLRqLWHY9opjgEWsBB8G6iWQk9ATreKObid95ZFLxOHqAccLckAwiHnBKQEt989C5ZQIIvnICSWjmn9l5Vsv7ZsWqWlPgRWIXpIIKNPvml+PHNA1ZBFQQpXq2lYCbEQmcCpaXnVSxhNARGbCephEJmXKz6fk5PtGKj4NY6ooAT9XfExkJlRqHnu4MCQzVvDcR//N6KQSXbsajJAUW0dmiIBUYYjzJAvtcMgpirAmhkutbMR0SnQPoxMo6BHv+5UXSrlXterV+f15pXBdxlNAROkanyEYXqIHuUBO1EEUZekav6M14Ml6Md+Nj1rpkFDMH6A+Mzx84fpUI</latexit>

! >
d ! 1

2
 with operator scaling dimension

<latexit sha1_base64="1kwsO48ufGBcqyvwJ3BtQfRMrL0=">AAAB+XicdVDLSgMxFM34rPU16tJNsAgV7DDTx9TZFd24rGAf0JaSSTNtaCYzJJlCGfonblwo4tY/ceffmD4EFT1wL4dz7iU3x48Zlcq2P4y19Y3Nre3MTnZ3b//g0Dw6bsooEZg0cMQi0faRJIxy0lBUMdKOBUGhz0jLH9/M/daECEkjfq+mMemFaMhpQDFSWuqbZpdymC/oHqjpZcG56Js52yqXHK9UhbZVdKtVz9XErXhexYGOZS+QAyvU++Z7dxDhJCRcYYak7Dh2rHopEopiRmbZbiJJjPAYDUlHU45CInvp4vIZPNfKAAaR0MUVXKjfN1IUSjkNfT0ZIjWSv725+JfXSVRw1UspjxNFOF4+FCQMqgjOY4ADKghWbKoJwoLqWyEeIYGw0mFldQhfP4X/k2bRclzLvSvnaterODLgFJyBPHBAFdTALaiDBsBgAh7AE3g2UuPReDFel6NrxmrnBPyA8fYJ8UySmg==</latexit>

! ("# , " 1)

• The KLF transform converges for 

<latexit sha1_base64="kKRJVYxfFzGFuN45UDPLq8uZ1Io=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRFqisp6sJlBfuAJpTJZNIOnTyYuRFCqL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7j5cIrsCyvo3S2vrG5lZ5u7Kzu7d/YB4edVWcSso6NBax7HtEMcEj1gEOgvUTyUjoCdbzJjczv/fIpOJx9ABZwtyQjCIecEpAS0Oz6twyAQRfOYEkNPeneWM6NGtW3ZoDrxK7IDVUoD00vxw/pmnIIqCCKDWwrQTcnEjgVLBpxUkVSwidkBEbaBqRkCk3nx8/xada8XEQS10R4Ln6eyInoVJZ6OnOkMBYLXsz8T9vkEJw6eY8SlJgEV0sClKBIcazJLDPJaMgMk0IlVzfiumY6BRA51XRIdjLL6+SbqNuN+vN+/Na67qIo4yO0Qk6Qza6QC10h9qogyjK0DN6RW/Gk/FivBsfi9aSUcxU0R8Ynz9TDJSW</latexit>

! >
d
2

(regime of square integrability)

<latexit sha1_base64="oZBV4eOBJ+uIX/fyi9Xt61PsQh4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc99ETaL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7qFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunRKLoRg+eVV0rqoBrVq7f6yUr/J4yjCCZzCOQRwBXW4gwY0gcAQnuEV3jzuvXjv3seiteDlM8fwB97nD2DwjeE=</latexit>µ <latexit sha1_base64="FuL1+J85sKqCLCqZpVV/MktXbZo="></latexit>

G! > d
2
(X E

1 , X E
2 ) = c!

!

KLF
! (µ )

p (X E
1 )! (µ )

! p (X E
2 )"

"
# !

d
2

± iµ
#

<latexit sha1_base64="c/SkPnuEiv2V3z6oCQmMbcfDov8=">AAACDHicbVC7SgNBFJ31GeMramkzGASrsCsSbQJBG8so5gHZGGYnd3VwdnaZuSuGJR9g46/YWChi6wfY+TdOHoUmHhg4nHMud+4JEikMuu63Mze/sLi0nFvJr66tb2wWtrYbJk41hzqPZaxbATMghYI6CpTQSjSwKJDQDO7Ohn7zHrQRsbrCfgKdiN0oEQrO0ErdQrFy6CeCCuqbNOpmquIOrn2hQuz7CA+YXYIZ2JRbckegs8SbkCKZoNYtfPm9mKcRKOSSGdP23AQ7GdMouIRB3k8NJIzfsRtoW6pYBKaTjY4Z0H2r9GgYa/sU0pH6eyJjkTH9KLDJiOGtmfaG4n9eO8XwpJMJlaQIio8XhamkGNNhM7QnNHCUfUsY18L+lfJbphlH21/eluBNnzxLGoclr1wqXxwVq6eTOnJkl+yRA+KRY1Il56RG6oSTR/JMXsmb8+S8OO/Oxzg650xmdsgfOJ8/pMmbaw==</latexit>

= 2 ! i
!!

n =0

Res( (
<latexit sha1_base64="KYof8LOWKTG5qcJF9L5Hc6R7+tI="></latexit>

i
!

! !
d
2

"

<latexit sha1_base64="gAjwJxkRI5BDIhfE5hoq2mPYqbM="></latexit>

! i
!

! !
d
2

"



Example: CFT 2-point function (2/3)
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• For                this is not given by the principal integral anymore!

valid for all Δ

<latexit sha1_base64="oZBV4eOBJ+uIX/fyi9Xt61PsQh4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc99ETaL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7qFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunRKLoRg+eVV0rqoBrVq7f6yUr/J4yjCCZzCOQRwBXW4gwY0gcAQnuEV3jzuvXjv3seiteDlM8fwB97nD2DwjeE=</latexit>µ

( (
<latexit sha1_base64="KYof8LOWKTG5qcJF9L5Hc6R7+tI="></latexit>

i
!

! !
d
2

"

<latexit sha1_base64="gAjwJxkRI5BDIhfE5hoq2mPYqbM="></latexit>

! i
!

! !
d
2

"Missing red poles

Extra green poles

<latexit sha1_base64="c/SkPnuEiv2V3z6oCQmMbcfDov8=">AAACDHicbVC7SgNBFJ31GeMramkzGASrsCsSbQJBG8so5gHZGGYnd3VwdnaZuSuGJR9g46/YWChi6wfY+TdOHoUmHhg4nHMud+4JEikMuu63Mze/sLi0nFvJr66tb2wWtrYbJk41hzqPZaxbATMghYI6CpTQSjSwKJDQDO7Ohn7zHrQRsbrCfgKdiN0oEQrO0ErdQrFy6CeCCuqbNOpmquIOrn2hQuz7CA+YXYIZ2JRbckegs8SbkCKZoNYtfPm9mKcRKOSSGdP23AQ7GdMouIRB3k8NJIzfsRtoW6pYBKaTjY4Z0H2r9GgYa/sU0pH6eyJjkTH9KLDJiOGtmfaG4n9eO8XwpJMJlaQIio8XhamkGNNhM7QnNHCUfUsY18L+lfJbphlH21/eluBNnzxLGoclr1wqXxwVq6eTOnJkl+yRA+KRY1Il56RG6oSTR/JMXsmb8+S8OO/Oxzg650xmdsgfOJ8/pMmbaw==</latexit>

= 2 ! i
!!

n =0

Res( (
<latexit sha1_base64="I+wdNvULo3wpfas3RdIKgxLkLJw=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpUl24KOrCZQXbCk0ok8mkHTp5MDMRagj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1ewplUlvVtlJaWV1bXyuuVjc2t7R1zd68j41QQ2iYxj8W9hyXlLKJtxRSn94mgOPQ47Xqjq4nffaBCsji6U+OEuiEeRCxgBCst9c0D55pyhdEFcgKBSebnWT3vm1WrZk2BFoldkCoUaPXNL8ePSRrSSBGOpezZVqLcDAvFCKd5xUklTTAZ4QHtaRrhkEo3m16fo2Ot+CiIha5Ioan6eyLDoZTj0NOdIVZDOe9NxP+8XqqCczdjUZIqGpHZoiDlSMVoEgXymaBE8bEmmAimb0VkiHUKSgdW0SHY8y8vkk69ZjdqjdvTavOyiKMMh3AEJ2DDGTThBlrQBgKP8Ayv8GY8GS/Gu/Exay0Zxcw+/IHx+QOpl5S+</latexit>

! <
d
2

<latexit sha1_base64="KjrbsD8qXxISRxZLKJP2REGA9MM="></latexit>

c!

!

KLF
! (µ )

p (X E
1 )! (µ )

! p (X E
2 )"

"
# !

d
2

± iµ
#

( (
<latexit sha1_base64="W/tNfi4hK0WDefpkLn+orDNLss8=">AAACD3icbVA9SwNBEN3z2/gVtbRZDIpYhDuRaBMQbaxExUQhF4+9zZwu7u0du3NiOO4f2PhXbCwUsbW189+4iSk0+mDg8d4MM/PCVAqDrvvpjIyOjU9MTk2XZmbn5hfKi0tNk2SaQ4MnMtEXITMghYIGCpRwkWpgcSjhPLw56Pnnt6CNSNQZdlNox+xKiUhwhlYKyuv1LT8VVPgmi4Nc1Y+CzeIy94WKsFv4CHeYn4IpgnLFrbp90L/EG5AKGeA4KH/4nYRnMSjkkhnT8twU2znTKLiEouRnBlLGb9gVtCxVLAbTzvv/FHTNKh0aJdqWQtpXf07kLDamG4e2M2Z4bYa9nvif18ow2m3nQqUZguLfi6JMUkxoLxzaERo4yq4ljGthb6X8mmnG0UZYsiF4wy//Jc2tqler1k62K3v7gzimyApZJRvEIztkjxySY9IgnNyTR/JMXpwH58l5dd6+W0ecwcwy+QXn/QuI/J0I</latexit>

= 2 ! i
!!

n = N !

Res

<latexit sha1_base64="0GI+9gqu3cJ20+Nf7ny+mcJAzNo=">AAACDHicbVDLSgMxFM34tr6qLt0EiyCKZaaIuhGKblxJFauFTi2Z9LYNzWSG5I5YhvkAN/6KGxeKuPUD3Pk3prULXwcCh3PO5eaeIJbCoOt+OGPjE5NT0zOzubn5hcWl/PLKpYkSzaHKIxnpWsAMSKGgigIl1GINLAwkXAW944F/dQPaiEhdYD+GRsg6SrQFZ2ilZr6wXfJjQYVvkvA6PW1u7XhZM1WHbuYj3GJ6DiazKbfoDkH/Em9ECmSESjP/7rcinoSgkEtmTN1zY2ykTKPgErKcnxiIGe+xDtQtVSwE00iHx2R0wyot2o60fQrpUP0+kbLQmH4Y2GTIsGt+ewPxP6+eYPugkQoVJwiKfy1qJ5JiRAfN0JbQwFH2LWFcC/tXyrtMM462v5wtwft98l9yWSp6e8W9s91C+WhUxwxZI+tkk3hkn5TJCamQKuHkjjyQJ/Ls3DuPzovz+hUdc0Yzq+QHnLdPy7aa4A==</latexit>

+2 ! i
N ! ! 1!

n =0

Res

<latexit sha1_base64="C/D+AKlnXxdeqYWLTeUOTKfit+g="></latexit>

= G! < d
2
(X E

1 , X E
2 ) ! 2! i

N ! ! 1!

n =0

[Res (R) ! Res (G)]
Complementary series!

• For a bulk scalar CFT, the non-perturbative 2-point function is:
<latexit sha1_base64="7fXhXBmcweoRO5ecGlOQ2zfpXTM="></latexit>

G! (X E
1 , X E

2 ) =
1

2! (1 ! X E
1 áX E

2 )!



Example: CFT 2-point function (3/3)
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• For unitary CFT,                    a single additional contribution
<latexit sha1_base64="Fv9i7vUf4hro8QagKRJ8A3sUHYU=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgxpIUqa6kqAuXFewDmlAmk0k7dPJg5kYoIeCvuHGhiFu/w51/47TNQlsPXDiccy/33uMlgiuwrG9jaXlldW29tFHe3Nre2TX39tsqTiVlLRqLWHY9opjgEWsBB8G6iWQk9ATreKObid95ZFLxOHqAccLckAwiHnBKQEt989C5ZQIIvnICSWjmn9l5Vsv7ZsWqWlPgRWIXpIIKNPvml+PHNA1ZBFQQpXq2lYCbEQmcCpaXnVSxhNARGbCephEJmXKz6fk5PtGKj4NY6ooAT9XfExkJlRqHnu4MCQzVvDcR//N6KQSXbsajJAUW0dmiIBUYYjzJAvtcMgpirAmhkutbMR0SnQPoxMo6BHv+5UXSrlXterV+f15pXBdxlNAROkanyEYXqIHuUBO1EEUZekav6M14Ml6Md+Nj1rpkFDMH6A+Mzx84fpUI</latexit>

! >
d ! 1

2

• We recover the result from 2306.00090 from a KLF point of view:

• The complementary series contributions in the spectral decompositions can be read from the 
non-analyticities of            along the imaginary axis.

<latexit sha1_base64="Ob6s47ftrCMmrvztsQH1DtCy/ag=">AAACDnicbVDLSsNAFJ34rPUVdekmWAp1UxKR6rLoxp0V7AOaGCbTSTt0ZhJmJkIJ+QI3/oobF4q4de3Ov3HSBtTWAwNnzrmXe+8JYkqksu0vY2l5ZXVtvbRR3tza3tk19/Y7MkoEwm0U0Uj0AigxJRy3FVEU92KBIQso7gbjy9zv3mMhScRv1STGHoNDTkKCoNKSb1ZdMYruUpdBNUKQpq0s839+11lWc1ly7JsVu25PYS0SpyAVUKDlm5/uIEIJw1whCqXsO3asvBQKRRDFWdlNJI4hGsMh7mvKIcPSS6fnZFZVKwMrjIR+XFlT9XdHCpmUExboynxROe/l4n9eP1HhuZcSHicKczQbFCbUUpGVZ2MNiMBI0YkmEAmid7XQCAqIlE6wrENw5k9eJJ2TutOoN25OK82LIo4SOARHoAYccAaa4Aq0QBsg8ACewAt4NR6NZ+PNeJ+VLhlFzwH4A+PjG3wonQQ=</latexit>

! P
O (µ)

Poles  isolated contributions→ Branch cut  continuous contribution→
No known examples!

G! (X E
1 , X E

2 ) =
!

KLF
! (µ )

p (X E
1 )! (µ )

! p (X E
2 )! P

! (µ)

+ !
!

d
2

! "
"

4! i Res
µ= i (! ! d

2 )

#
" P

! (µ)
$%

ddp
(2! )d #

(! ! d
2 )

p (X E
1 )#

(! ! d
2 )

! p (X E
2 )



Extending KLF

• Isolated complementary contributions can be accounted for by generalised  function:δ
<latexit sha1_base64="5Y6jTP7KBX8mlIdRVeYOkpAiaQg="></latexit>!

EAdS

"
! (µ )

p (z, x )
#!

! ( ! )
p ! (z, x ) =

(2! )d

Nµ
" (d) (p ! p")ö"! (µ) for any α ∈ ℂ

<latexit sha1_base64="psti4wTIqLrR9CY3MIndZwniDvA="></latexit> !!

"!

dµf (µ )
p

ö! ! (µ) =
1
2

"
f ( ! )

p + f (" ! )
p

#

It acts on square-integrable functions as a shadow symmetric analytical continuation:

• This allows to expand more general functions in KLF:

22

The KLF coefficient is now a 
distribution!

G! (X E
1 , X E

2 ) =
!

KLF

! ! (µ)
Nµ

! (µ )
p (X E

1 )! (µ )
! p (X E

2 )

! ! (µ) = ! P
! (µ) + 4 " i !

!
d
2

! "
"

ö#i (! ! d
2 ) (µ) Res

µ= i (! ! d
2 )

#
! P

! (µ)
$



II. Perturbative QFT in Momentum Space

• Path integral in KLF space


• Free theory and KLF propagators


• Interaction vertices and examples: single 
exchange & loop integral



KLF Correlators

• Path integral unaffected by the functional basis we use  we write it using KLF:→
<latexit sha1_base64="8fKZvycfMwiCWzkpXqYBZ5YYKz0="></latexit>

Z [J+ , J! ] =
!

D! ± eiS + [! + ]! iS ! [! ! ]+
!

KLF ( ! + J + + ! ! J ! )

• This motivates the definition of KLF correlators:
<latexit sha1_base64="7RZXwVV6PFM5r6cOUYNK30Xy/Ew="></latexit>

Gan ... an

!
µ 1 ...µ n
p 1 ... p n

"
=

n#

i =1

(2! )d

Nµ i

"Z [J+ , J! ]
" J µ i

ai ,p i

$
$
$
$
$
J ± =0

• Related to real space correlators by a KLF transform:
<latexit sha1_base64="7tnR8EQ2uyAsorjl+VDlQktkedU="></latexit>

Ga1 ... an (X E
1 . . . X E

n ) =
!

KLF n

n"

j =1

! (µ j )
p j

(X E
j )Gan ... an

#
µ 1 ...µ n
p 1 ... p n

$

• Like in the CFT example,                              can be a distribution, e.g.
<latexit sha1_base64="RNJA6GroLKRCK+glKUSnzdgurfc="></latexit>

Gan ... an

!
µ 1 ...µ n
p 1 ... p n

"

24

<latexit sha1_base64="ZWF3Yfes1GdAMubDhbn5Ezqa41c=">AAACKnicbVBNS8MwGE79nPOr6tFLcQgTxmhFpsepF48T3Ae0paRpuoWlaUlSYZT+Hi/+FS87KMOrP8R0q6CbD4Q8ed6PvO/jJ5QIaZozbW19Y3Nru7JT3d3bPzjUj457Ik45wl0U05gPfCgwJQx3JZEUDxKOYeRT3PfH90W8/4y5IDF7kpMEuxEcMhISBKWSPP227kSpZzUcP6aBmETqypLcy5x5a5sPfTczm+YcjRWSW/mFp9d+nsYqsUpSAyU6nj51ghilEWYSUSiEbZmJdDPIJUEU51UnFTiBaAyH2FaUwQgLN5vPkxvnSgmMMObqMGnM1d8VGYxEsYbKjKAcieVYIf4Xs1MZ3rgZYUkqMUOLj8KUGjI2Ct+MgHCMJJ0oAhEnalYDjSCHSCp3q8oEa3nlVdK7bFqtZuvxqta+K+2ogFNwBurAAtegDR5AB3QBAi/gDbyDD+1Vm2oz7XORuqaVNSfgD7Svbykfo0Y=</latexit>

(µ1, p1)

<latexit sha1_base64="nKw6D8MjIebnSBKQLsx4Luw9O9k=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIFaQkRarLohuXFewDmhAmk0k7dDITZiZCCXXjr7hxoYhb/8Kdf+OkzUJbDwxzOOde7r0nSCiRyra/jdLK6tr6RnmzsrW9s7tn7h90JU8Fwh3EKRf9AEpMCcMdRRTF/URgGAcU94LxTe73HrCQhLN7NUmwF8MhIxFBUGnJN49qbpz6jXM34DSUk1h/WTL1G2e+WbXr9gzWMnEKUgUF2r755YYcpTFmClEo5cCxE+VlUCiCKJ5W3FTiBKIxHOKBpgzGWHrZ7IKpdaqV0Iq40I8pa6b+7shgLPPtdGUM1Uguern4nzdIVXTlZYQlqcIMzQdFKbUUt/I4rJAIjBSdaAKRIHpXC42ggEjp0Co6BGfx5GXSbdSdZr15d1FtXRdxlMExOAE14IBL0AK3oA06AIFH8AxewZvxZLwY78bHvLRkFD2H4A+Mzx/LCZZ+</latexit>

(µ2, p2)
<latexit sha1_base64="kx0c/hASAkx3J8VHFCfQ3LaoQNA=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIFaQkVqrLohuXFewDmhAmk0k7dGYSZiZCCXXjr7hxoYhb/8Kdf+OkzUKrB4Y5nHMv994TJJRIZdtfRmlpeWV1rbxe2djc2t4xd/e6Mk4Fwh0U01j0AygxJRx3FFEU9xOBIQso7gXj69zv3WMhSczv1CTBHoNDTiKCoNKSbx7UXJb6jVM3iGkoJ0x/WTL1Gye+WbXr9gzWX+IUpAoKtH3z0w1jlDLMFaJQyoFjJ8rLoFAEUTytuKnECURjOMQDTTlkWHrZ7IKpdayV0IpioR9X1kz92ZFBJvPtdCWDaiQXvVz8zxukKrr0MsKTVGGO5oOilFoqtvI4rJAIjBSdaAKRIHpXC42ggEjp0Co6BGfx5L+ke1Z3mvXm7Xm1dVXEUQaH4AjUgAMuQAvcgDboAAQewBN4Aa/Go/FsvBnv89KSUfTsg18wPr4BziSWgA==</latexit>

(µ3, p3)

<latexit sha1_base64="y8Uz+20sqxbEOt5d1kCqDkyDZ6I=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJpFSXRTcuK9gHNCFMJpN26EwSZiZCCXXjr7hxoYhb/8Kdf+OkzUJbDwxzOOde7r3HTxiVyrK+jdLK6tr6RnmzsrW9s7tn7h90ZZwKTDo4ZrHo+0gSRiPSUVQx0k8EQdxnpOePb3K/90CEpHF0ryYJcTkaRjSkGCkteeZRzeGp1zh3/JgFcsL1lyVTr3HmmVWrbs0Al4ldkCoo0PbMLyeIccpJpDBDUg5sK1FuhoSimJFpxUklSRAeoyEZaBohTqSbzS6YwlOtBDCMhX6RgjP1d0eGuMy305UcqZFc9HLxP2+QqvDKzWiUpIpEeD4oTBlUMczjgAEVBCs20QRhQfWuEI+QQFjp0Co6BHvx5GXSvajbzXrzrlFtXRdxlMExOAE1YINL0AK3oA06AINH8AxewZvxZLwY78bHvLRkFD2H4A+Mzx/RP5aC</latexit>

(µ4, p4)

<latexit sha1_base64="HQ7Yc60JYzrFnevBoMx8RQqIRjM=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIFaQkYqvLohuXFewDmhAmk0k7dGYSZiZCCXXjr7hxoYhb/8Kdf+OkzUKrB4Y5nHMv994TJJRIZdtfRmlpeWV1rbxe2djc2t4xd/e6Mk4Fwh0U01j0AygxJRx3FFEU9xOBIQso7gXj69zv3WMhSczv1CTBHoNDTiKCoNKSbx7UXJb6jVM3iGkoJ0x/WTL1Gye+WbXr9gzWX+IUpAoKtH3z0w1jlDLMFaJQyoFjJ8rLoFAEUTytuKnECURjOMQDTTlkWHrZ7IKpdayV0IpioR9X1kz92ZFBJvPtdCWDaiQXvVz8zxukKrr0MsKTVGGO5oOilFoqtvI4rJAIjBSdaAKRIHpXC42ggEjp0Co6BGfx5L+ke1Z3mvXm7Xm1dVXEUQaH4AjUgAMuQAvcgDboAAQewBN4Aa/Go/FsvBnv89KSUfTsg18wPr4B1FqWhA==</latexit>

(µ5, p5)

<latexit sha1_base64="dwEeCXNn3vyMvuEzfv4Kpu1fqjU=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKkiZEakui25cVrAP6AxDJpO2oUlmSDJCGerGX3HjQhG3/oU7/8ZMOwutHgg5nHMv994TJowq7ThfVmlpeWV1rbxe2djc2t6xd/c6Kk4lJm0cs1j2QqQIo4K0NdWM9BJJEA8Z6Ybj69zv3hOpaCzu9CQhPkdDQQcUI22kwD6oeTwNxKkXxixSE26+LJkG4iSwq07dmQH+JW5BqqBAK7A/vSjGKSdCY4aU6rtOov0MSU0xI9OKlyqSIDxGQ9I3VCBOlJ/NLpjCY6NEcBBL84SGM/VnR4a4yrczlRzpkVr0cvE/r5/qwaWfUZGkmgg8HzRIGdQxzOOAEZUEazYxBGFJza4Qj5BEWJvQKiYEd/Hkv6RzVncb9cbtebV5VcRRBofgCNSACy5AE9yAFmgDDB7AE3gBr9aj9Wy9We/z0pJV9OyDX7A+vgGFbJb2</latexit>

(µn , pn )

…
=

Gan ... an

!
µ 1 ...µ n
p 1 ... p n

"
! ö! ! (µ" ) " #



Free Theory

• Free field in dS:

25

<latexit sha1_base64="IvOYdC/kO9OQkWoJxMGdwR+8ZLY="></latexit>

± iS free
± [! ] = ±

i
2

0!

!" (1# i ! )

d" ddx
(! H " )d! 1

"

(#" ! )2 ! (#i ! )2 !
m2

#

H 2" 2 ! 2

#
<latexit sha1_base64="CtgMH2FcRX+mbQEeHPEp7MjLB2s="></latexit>

=
H 2e± i ( d ! 1) !

2

2

!

KLF
! (µ )

p (µ2 ! µ2
! )! (µ )

! p

• One can perform the Gaussian path integral exactly (Weinberg 2005 in real space).

• This gives the following KLF-space Schwinger-Keldysh propagators

<latexit sha1_base64="EMv3PQLMFJ/rbm7hzb0Hx/ah+BE="></latexit>

Gµ !

!
µ µ !

p ,p !

"
=

(2! )d

Nµ

ö"µ ! (µ)" d(p + p!)

#

$
%

e" i " ( d " 1)
2

(µ 2 " µ 2
! ) i #

ö! µ ! (µ )
N µ

ö! µ ! (µ )
N µ

e+ i " ( d " 1)
2

(µ 2 " µ 2
! ) " i #

&

'
(

+

+

−
−

=

<latexit sha1_base64="67HBQJkegJvnrlgReBbWquWPyIc=">AAAB/XicbVBLS8NAGNzUV62v+Lh5CRahgpREpHosevFYwT6gCWWz2bRL9xF2N0INxb/ixYMiXv0f3vw3btoctDqw7DDzfezshAklSrvul1VaWl5ZXSuvVzY2t7Z37N29jhKpRLiNBBWyF0KFKeG4rYmmuJdIDFlIcTccX+d+9x5LRQS/05MEBwwOOYkJgtpIA/ug5rP01A8FjdSEmStLpicDu+rW3Rmcv8QrSBUUaA3sTz8SKGWYa0ShUn3PTXSQQakJonha8VOFE4jGcIj7hnLIsAqyWfqpc2yUyImFNIdrZ6b+3MggU3k2M8mgHqlFLxf/8/qpji+DjPAk1Zij+UNxSh0tnLwKJyISI00nhkAkicnqoBGUEGlTWMWU4C1++S/pnNW9Rr1xe15tXhV1lMEhOAI14IEL0AQ3oAXaAIEH8ARewKv1aD1bb9b7fLRkFTv74Besj29hTJU0</latexit>

(µ, p)
<latexit sha1_base64="rj1uVm6ZFRIEzfNrobx6Q5ox4ps=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTiECTpakelx6MXjBPcBaxlpmm7BNClJKowy8F/x4kERr/4d3vxvTLcedPNByOO934+8vCBhVGnH+bZKS8srq2vl9crG5tb2jr2711EilZi0sWBC9gKkCKOctDXVjPQSSVAcMNINHm5yv/tIpKKC3+txQvwYDTmNKEbaSAP7oObF6emZFwgWqnFsriyZnAzsqlN3poCLxC1IFRRoDewvLxQ4jQnXmCGl+q6TaD9DUlPMyKTipYokCD+gIekbylFMlJ9N40/gsVFCGAlpDtdwqv7eyFCs8mxmMkZ6pOa9XPzP66c6uvIzypNUE45nD0Upg1rAvAsYUkmwZmNDEJbUZIV4hCTC2jRWMSW4819eJJ3zutuoN+4uqs3roo4yOARHoAZccAma4Ba0QBtgkIFn8ArerCfrxXq3PmajJavY2Qd/YH3+AM7elWs=</latexit>

(µ, ! p)

± ±

 with dS  prescriptioniϵ
<latexit sha1_base64="CP2vpwO5zEVXy+6s7sz7egromcc="></latexit>

1
(µ2 ! µ2

! )i "
"

1
2 sinh(! µ! )

!
e+ # µ !

µ2 ! µ2
! + i "

!
e! # µ !

µ2 ! µ2
! ! i "

"
Pimentel,Melville 2404.05712

Werth 2409.02072



Interaction Vertices

• Interactions can be treated perturbatively like in standard QFT

• For example, polynomial self-interaction                             
<latexit sha1_base64="jLQuQQcuQHhGiSCsmo3npJrzs9E=">AAACDnicbVC7SgNBFJ2Nrxhfq5Y2oyFgY9wViTZC0EbBIoJ5QDaGu5NJMmR2dpmZDYQlX2Djr9hYKGJrbeffOHkUmnhg4HDOPcy9x484U9pxvq3UwuLS8kp6NbO2vrG5ZW/vVFQYS0LLJOShrPmgKGeCljXTnNYiSSHwOa36vauRX+1TqVgo7vUgoo0AOoK1GQFtpKad8wLQXQI8uR02b/AFPvK4SbcAe32QUZc9iGOx37SzTt4ZA88Td0qyaIpS0/7yWiGJAyo04aBU3XUi3UhAakY4HWa8WNEISA86tG6ogICqRjI+Z4hzRmnhdijNExqP1d+JBAKlBoFvJkfLq1lvJP7n1WPdPm8kTESxpoJMPmrHHOsQj7rBLSYp0XxgCBDJzK6YdEEC0abBjCnBnT15nlRO8m4hX7g7zRYvp3Wk0R46QIfIRWeoiK5RCZURQY/oGb2iN+vJerHerY/JaMqaZnbRH1ifP69zm0E=</latexit>

L I = ! !" n /n !

<latexit sha1_base64="KaM/+YsXa+e4qwBraRMuoVoBDVI="></latexit>

= ! i a! (2" )d#d

!

"
n#

j =1

pj

$

% H
( n ! 2)( d +1)

2 ea i ! d
2

"
n
2

I µ 1 ...µ n
p1 ...p n

<latexit sha1_base64="ZWF3Yfes1GdAMubDhbn5Ezqa41c=">AAACKnicbVBNS8MwGE79nPOr6tFLcQgTxmhFpsepF48T3Ae0paRpuoWlaUlSYZT+Hi/+FS87KMOrP8R0q6CbD4Q8ed6PvO/jJ5QIaZozbW19Y3Nru7JT3d3bPzjUj457Ik45wl0U05gPfCgwJQx3JZEUDxKOYeRT3PfH90W8/4y5IDF7kpMEuxEcMhISBKWSPP227kSpZzUcP6aBmETqypLcy5x5a5sPfTczm+YcjRWSW/mFp9d+nsYqsUpSAyU6nj51ghilEWYSUSiEbZmJdDPIJUEU51UnFTiBaAyH2FaUwQgLN5vPkxvnSgmMMObqMGnM1d8VGYxEsYbKjKAcieVYIf4Xs1MZ3rgZYUkqMUOLj8KUGjI2Ct+MgHCMJJ0oAhEnalYDjSCHSCp3q8oEa3nlVdK7bFqtZuvxqta+K+2ogFNwBurAAtegDR5AB3QBAi/gDbyDD+1Vm2oz7XORuqaVNSfgD7Svbykfo0Y=</latexit>

(µ1, p1)

<latexit sha1_base64="nKw6D8MjIebnSBKQLsx4Luw9O9k=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIFaQkRarLohuXFewDmhAmk0k7dDITZiZCCXXjr7hxoYhb/8Kdf+OkzUJbDwxzOOde7r0nSCiRyra/jdLK6tr6RnmzsrW9s7tn7h90JU8Fwh3EKRf9AEpMCcMdRRTF/URgGAcU94LxTe73HrCQhLN7NUmwF8MhIxFBUGnJN49qbpz6jXM34DSUk1h/WTL1G2e+WbXr9gzWMnEKUgUF2r755YYcpTFmClEo5cCxE+VlUCiCKJ5W3FTiBKIxHOKBpgzGWHrZ7IKpdaqV0Iq40I8pa6b+7shgLPPtdGUM1Uguern4nzdIVXTlZYQlqcIMzQdFKbUUt/I4rJAIjBSdaAKRIHpXC42ggEjp0Co6BGfx5GXSbdSdZr15d1FtXRdxlMExOAE14IBL0AK3oA06AIFH8AxewZvxZLwY78bHvLRkFD2H4A+Mzx/LCZZ+</latexit>

(µ2, p2)
<latexit sha1_base64="kx0c/hASAkx3J8VHFCfQ3LaoQNA=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIFaQkVqrLohuXFewDmhAmk0k7dGYSZiZCCXXjr7hxoYhb/8Kdf+OkzUKrB4Y5nHMv994TJJRIZdtfRmlpeWV1rbxe2djc2t4xd/e6Mk4Fwh0U01j0AygxJRx3FFEU9xOBIQso7gXj69zv3WMhSczv1CTBHoNDTiKCoNKSbx7UXJb6jVM3iGkoJ0x/WTL1Gye+WbXr9gzWX+IUpAoKtH3z0w1jlDLMFaJQyoFjJ8rLoFAEUTytuKnECURjOMQDTTlkWHrZ7IKpdayV0IpioR9X1kz92ZFBJvPtdCWDaiQXvVz8zxukKrr0MsKTVGGO5oOilFoqtvI4rJAIjBSdaAKRIHpXC42ggEjp0Co6BGfx5L+ke1Z3mvXm7Xm1dVXEUQaH4AjUgAMuQAvcgDboAAQewBN4Aa/Go/FsvBnv89KSUfTsg18wPr4BziSWgA==</latexit>

(µ3, p3)

<latexit sha1_base64="y8Uz+20sqxbEOt5d1kCqDkyDZ6I=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJpFSXRTcuK9gHNCFMJpN26EwSZiZCCXXjr7hxoYhb/8Kdf+OkzUJbDwxzOOde7r3HTxiVyrK+jdLK6tr6RnmzsrW9s7tn7h90ZZwKTDo4ZrHo+0gSRiPSUVQx0k8EQdxnpOePb3K/90CEpHF0ryYJcTkaRjSkGCkteeZRzeGp1zh3/JgFcsL1lyVTr3HmmVWrbs0Al4ldkCoo0PbMLyeIccpJpDBDUg5sK1FuhoSimJFpxUklSRAeoyEZaBohTqSbzS6YwlOtBDCMhX6RgjP1d0eGuMy305UcqZFc9HLxP2+QqvDKzWiUpIpEeD4oTBlUMczjgAEVBCs20QRhQfWuEI+QQFjp0Co6BHvx5GXSvajbzXrzrlFtXRdxlMExOAE1YINL0AK3oA06AINH8AxewZvxZLwY78bHvLRkFD2H4A+Mzx/RP5aC</latexit>

(µ4, p4)

<latexit sha1_base64="HQ7Yc60JYzrFnevBoMx8RQqIRjM=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIFaQkYqvLohuXFewDmhAmk0k7dGYSZiZCCXXjr7hxoYhb/8Kdf+OkzUKrB4Y5nHMv994TJJRIZdtfRmlpeWV1rbxe2djc2t4xd/e6Mk4Fwh0U01j0AygxJRx3FFEU9xOBIQso7gXj69zv3WMhSczv1CTBHoNDTiKCoNKSbx7UXJb6jVM3iGkoJ0x/WTL1Gye+WbXr9gzWX+IUpAoKtH3z0w1jlDLMFaJQyoFjJ8rLoFAEUTytuKnECURjOMQDTTlkWHrZ7IKpdayV0IpioR9X1kz92ZFBJvPtdCWDaiQXvVz8zxukKrr0MsKTVGGO5oOilFoqtvI4rJAIjBSdaAKRIHpXC42ggEjp0Co6BGfx5L+ke1Z3mvXm7Xm1dVXEUQaH4AjUgAMuQAvcgDboAAQewBN4Aa/Go/FsvBnv89KSUfTsg18wPr4B1FqWhA==</latexit>

(µ5, p5)

<latexit sha1_base64="dwEeCXNn3vyMvuEzfv4Kpu1fqjU=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKkiZEakui25cVrAP6AxDJpO2oUlmSDJCGerGX3HjQhG3/oU7/8ZMOwutHgg5nHMv994TJowq7ThfVmlpeWV1rbxe2djc2t6xd/c6Kk4lJm0cs1j2QqQIo4K0NdWM9BJJEA8Z6Ybj69zv3hOpaCzu9CQhPkdDQQcUI22kwD6oeTwNxKkXxixSE26+LJkG4iSwq07dmQH+JW5BqqBAK7A/vSjGKSdCY4aU6rtOov0MSU0xI9OKlyqSIDxGQ9I3VCBOlJ/NLpjCY6NEcBBL84SGM/VnR4a4yrczlRzpkVr0cvE/r5/qwaWfUZGkmgg8HzRIGdQxzOOAEZUEazYxBGFJza4Qj5BEWJvQKiYEd/Hkv6RzVncb9cbtebV5VcRRBofgCNSACy5AE9yAFmgDDB7AE3gBr9aj9Wy9We/z0pJV9OyDX7A+vgGFbJb2</latexit>

(µn , pn )

…

 with vertex function                given by integral:
<latexit sha1_base64="R//kKIMDH49jbX6/zHX4qtmgH/o=">AAACGnicbVDNS8MwHE3n15xfVY9egkPwNFqR6XHoRW8T3AestaRpuoWlaUlSYZT+HV78V7x4UMSbePG/Md0K6uaDwMt7vx/Je37CqFSW9WVUlpZXVteq67WNza3tHXN3ryvjVGDSwTGLRd9HkjDKSUdRxUg/EQRFPiM9f3xZ+L17IiSN+a2aJMSN0JDTkGKktOSZthMhNcKIZdf5XeZEqWdDhwWxkrC48NzLkh8pKQSzbjWsKeAisUtSByXanvnhBDFOI8IVZkjKgW0lys2QUBQzktecVJIE4TEakoGmHEVEutk0Wg6PtBLAMBb6cAWn6u+NDEVSTiJfTxZB5LxXiP95g1SF525GeZIqwvHsoTBlUMWw6AkGVBCs2EQThAXVf4V4hATCSrdZ0yXY85EXSfekYTcbzZvTeuuirKMKDsAhOAY2OAMtcAXaoAMweABP4AW8Go/Gs/FmvM9GK0a5sw/+wPj8BtMXoV4=</latexit>

I µ 1 ...µ n
p1 ...p n

<latexit sha1_base64="M30FgM0mNlZ2M92awTf6UbhXijc="></latexit>

I µ 1 ...µ n
p1 ...p n

=

!!

0

dz z
d ( n ! 2)

2 " 1
n"

j =1

K iµ j (pj z)
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• There is no frequency conservation at the vertices! lack of off-shell expansion



Application: Single exchange Diagram

• Exchange processes naturally appear in a spectral representation:

Amputated diagram: 
no external legs

+ +

• The remaining spectral integral can be performed by closing the contour (external conformally coupled fields)

Computation by N. Belrhali in general d, double exchange in progress

μ
Poles from vertex 

functions

Poles from  
prescription

iϵ

<latexit sha1_base64="B8NhEOoQZtUYGM6/1+6/rooo+Og=">AAACAHicbVDLSsNAFJ34rPVVdeHCzWARXJSa1FJdFt24rGAf0IYwmU7aoZNJnEehhGz8FTcuFHHrZ7jzb5y2WWjrgQuHc+7l3nv8mFGpbPvbWlldW9/YzG3lt3d29/YLB4ctGWmBSRNHLBIdH0nCKCdNRRUjnVgQFPqMtP3R7dRvj4mQNOIPahITN0QDTgOKkTKSVzjWJTjukUdNx1BejLzEqZTgZTX1CkW7bM8Al4mTkSLI0PAKX71+hHVIuMIMSdl17Fi5CRKKYkbSfE9LEiM8QgPSNZSjkEg3mT2QwjOj9GEQCVNcwZn6eyJBoZST0DedIVJDuehNxf+8rlbBtZtQHmtFOJ4vCjSDKoLTNGCfCoIVmxiCsKDmVoiHSCCsTGZ5E4Kz+PIyaVXKTq1cu68W6zdZHDlwAk7BOXDAFaiDO9AATYBBCp7BK3iznqwX6936mLeuWNnMEfgD6/MHUKSU8w==</latexit>

u, v ! s/k 12,34

27 Generalises 2409.02072, Werth



Another example: loop

• We write the KLF space loop correction to the propagator:

<latexit sha1_base64="67HBQJkegJvnrlgReBbWquWPyIc=">AAAB/XicbVBLS8NAGNzUV62v+Lh5CRahgpREpHosevFYwT6gCWWz2bRL9xF2N0INxb/ixYMiXv0f3vw3btoctDqw7DDzfezshAklSrvul1VaWl5ZXSuvVzY2t7Z37N29jhKpRLiNBBWyF0KFKeG4rYmmuJdIDFlIcTccX+d+9x5LRQS/05MEBwwOOYkJgtpIA/ug5rP01A8FjdSEmStLpicDu+rW3Rmcv8QrSBUUaA3sTz8SKGWYa0ShUn3PTXSQQakJonha8VOFE4jGcIj7hnLIsAqyWfqpc2yUyImFNIdrZ6b+3MggU3k2M8mgHqlFLxf/8/qpji+DjPAk1Zij+UNxSh0tnLwKJyISI00nhkAkicnqoBGUEGlTWMWU4C1++S/pnNW9Rr1xe15tXhV1lMEhOAI14IEL0AQ3oAXaAIEH8ARewKv1aD1bb9b7fLRkFTv74Besj29hTJU0</latexit>

(µ, p)
<latexit sha1_base64="s3ECh0bjwrVgkMpltFghfT9K9bY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUsiUl0W3bisYB/QhDKZTNqhk0mYmQglZOXGX3HjQhG3foM7/8ZJm4W2HhjmcM693HuPFzMqlWV9G6Wl5ZXVtfJ6ZWNza3vH3N3ryCgRmLRxxCLR85AkjHLSVlQx0osFQaHHSNcb3+R+94EISSN+ryYxcUM05DSgGCktDczDmqMo80nqhEl2euZ4EfPlJNRfGmcnA7Nq1a0p4CKxC1IFBVoD88vxI5yEhCvMkJR924qVmyKhKGYkqziJJDHCYzQkfU05Col00+kZGTzWig+DSOjHFZyqvztSFMp8N10ZIjWS814u/uf1ExVcuSnlcaIIx7NBQcKgimCeCfSpIFixiSYIC6p3hXiEBMJKJ1fRIdjzJy+SznndbtQbdxfV5nURRxkcgCNQAza4BE1wC1qgDTB4BM/gFbwZT8aL8W58zEpLRtGzD/7A+PwBb9iZIQ==</latexit>

(÷µ, ! p)

<latexit sha1_base64="ldxc0PFh57gWV5HVJoujvuGhIMw=">AAAB/3icbVDNS8MwHE3n15xfVcGLl+IQJshoRabHoRePE9wHrKWkabqFJU1NUmHUHfxXvHhQxKv/hjf/G9OtB918EPJ47/cjLy9IKJHKtr+N0tLyyupaeb2ysbm1vWPu7nUkTwXCbcQpF70ASkxJjNuKKIp7icCQBRR3g9F17ncfsJCEx3dqnGCPwUFMIoKg0pJvHtRclvrOqRtwGsox01d2Pznxzapdt6ewFolTkCoo0PLNLzfkKGU4VohCKfuOnSgvg0IRRPGk4qYSJxCN4AD3NY0hw9LLpvkn1rFWQiviQp9YWVP190YGmcyz6UkG1VDOe7n4n9dPVXTpZSROUoVjNHsoSqmluJWXYYVEYKToWBOIBNFZLTSEAiKlK6voEpz5Ly+SzlndadQbt+fV5lVRRxkcgiNQAw64AE1wA1qgDRB4BM/gFbwZT8aL8W58zEZLRrGzD/7A+PwBk6CV2Q==</latexit>

(µ1, q)

<latexit sha1_base64="OGGfVhQGNOds4PQGPmWsPzQL7UE=">AAACDnicbVC7TsMwFHXKq5RXgJEloqpUJKiSChXGChbGItGH1ESR4zitVccJtoNURfkCFn6FhQGEWJnZ+BucNkMpHMny8Tn3yvceL6ZESNP81korq2vrG+XNytb2zu6evn/QE1HCEe6iiEZ84EGBKWG4K4mkeBBzDEOP4r43uc79/gPmgkTsTk5j7IRwxEhAEJRKcvVa3Q4Tt3lqexH1xTRUVxpnZ4vP++zE1atmw5zB+EusglRBgY6rf9l+hJIQM4koFGJombF0UsglQRRnFTsROIZoAkd4qCiDIRZOOlsnM2pK8Y0g4uowaczUxY4UhiKfTVWGUI7FspeL/3nDRAaXTkpYnEjM0PyjIKGGjIw8G8MnHCNJp4pAxIma1UBjyCGSKsGKCsFaXvkv6TUbVqvRuj2vtq+KOMrgCByDOrDABWiDG9ABXYDAI3gGr+BNe9JetHftY15a0oqeQ/AL2ucPwOecmA==</latexit>

(µ2, p ! q)

+ +
<latexit sha1_base64="G43dAPgAB7R1MW3V6GNHzdk73/M="></latexit>

=
! 2H d! 3

" 3

"!

!"

dµ1Nµ 1 dµ2Nµ 2

(µ2
1 ! µ2

! )i " (µ2
2 ! µ2

! )i "

!
ddq

(2" )d I µµ 1 µ 2
pq|p ! q| I

÷µµ 1 µ 2
pq|p ! q|

• Cubic vertex function related to the dS Wigner -symbols:3μ
<latexit sha1_base64="rMHB70rO+Ji2Wz3SaOk8CL7hDWw="></latexit>

I µ 1 µ 2 µ
p1 p2 p =

!
! µ 1 µ 2 (µ)

"
µ1 µ2 µ
p1 p2 p

#
<latexit sha1_base64="9FXd/XSjeX959HSeRNtlhVJZebA="></latexit>

(!µ1, p1| " ! µ2, p2|) |µ, p# Decomposition of 
tensor product

Källén-Lehmann spectral density 
of the field product

<latexit sha1_base64="qh3SAAOR/1h0WJ+pv5CQYNwjAMc="></latexit>

! ! 1! 2(X E
1 )! 1! 2(X E

2 )" =
!

KLF

" µ 1 µ 2 (µ)
Nµ

! (µ )
k (X E

1 )! (µ )
! k (X E

2 )

<latexit sha1_base64="hRWEjl9y4oSfZEaooO7/GUl4q2E="></latexit>

H d! 3

! 3

!
ddq

(2! )d I µµ 1 µ 2
pq|p ! q| I

÷µµ 1 µ 2
pq|p ! q| =

" µ 1 µ 2 (µ)
H 4N 2

µ

ö#÷µ (µ)• Momentum integral fully fixed by symmetry:

28

∼ *

More on orthogonality and delta ?



Conclusion and prospects

• We built a natural momentum space adapted to dS isometries: KLF space

29

• General statement about analytic structure in KLF  Causality?→

• Perturbative computations become transparent in this picture

Single 
exchange: done

Loop corrections: 
almost done

Double exchange: 
work in progress!

• Effect of unitarity  EFT positivity bound?→
• Proper language for effective field theory?

• Towards renormalisation in dS - KLF Polchinksi equation?


