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The top quark
Introduction

Mass:
Spin:
Lifetime:
Hadronization time:

172,5 GeV
½
5 x 10-25 s
1/ΛQCD ≈ 10-24 s

Top quark
The heaviest elementary particle

Special Traits:
Decays before hadronizing

Strongest coupling to the
Higgs boson → Affects EW
vacuum stability

 Should I stay 
or should I go?

1973. PREDICTED A THIRD
GENERATION OF QUARKS
To explain CP violations in kaon
decay (Kobayashi and Maskawa)

1995. DISCOVERY OF
THE TOP QUARK
By the CDF and DØ
experiments at Fermilab

2008. LHC IS
A TOP FACTORY!
Exploration of its properties
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Top quark production @ LHC

[ATLAS Collaboration ‘25]

Introduction

https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/PUBNOTES/ATL-PHYS-PUB-2025-024/
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Pushing the theoretical precision
Introduction
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From cross section to amplitude
Partonic cross section for 2 → n scattering:

Phase-space integration:

with matrix elements computed in perturbation theory

  finite                                   divergent Subtraction schemes for 
infrared divergences

Introduction



6Colomba Brancaccio A TOP Overview

From amplitude to Feynman integrals
● The amplitude is written in terms of a large set of Feynman integrals:

● Feynman integrals     linear combination of an integral basis
     obtained by solving Integration by Parts Identities (IBPs)

● IBP reduction automated thanks to the wide availability of advanced tools
e.g. NeatIBP + FiniteFlow,          BLADE,          KIRA 3,          FIRE 7,          REDUZE 2, …

 e.g. 

      

[Tkachov, ’81][Chetyrkin, Tkachov, ’81]
[Laporta, ’00]

Introduction

[Wu, Boehm, Ma, 
Xu, Zhang ’23]

[Peraro ‘19] [Guan, Liu, Ma, Wu ‘24] [Lange, Usovitsch, 
Wu ‘25]

[von Manteuffel, Studerus, ‘12][Smirnov, Zeng ‘25]

https://inspirehep.net/literature/552763
https://inspirehep.net/literature/171845
https://inspirehep.net/literature/552763
https://arxiv.org/pdf/2305.08783
https://arxiv.org/pdf/2305.08783
https://inspirehep.net/literature/1735575
https://arxiv.org/pdf/2405.14621v1
https://arxiv.org/pdf/2505.20197
https://arxiv.org/pdf/2505.20197
https://arxiv.org/pdf/1201.4330
https://arxiv.org/pdf/2510.07150
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Steps towards fixed order prediction

# particles

# loops

Difficulty grows with:
● Loop order
● Number of particles

Rational coefficients     
Algebraic complexity                

Feynman integrals
Analytic complexity               

Phase-space 
integration               

+                

Introduction



Growing challenges for phenomenology
Introduction

Massless amplitudes Internal masses
Massless 
internal 
propagators

Massive 
internal 
propagators

Typically Logs, 
Classical Polylogs, 

MPLs …

Elliptic
functions …

● Analytic cancellation 
of the IR/UV poles

● Compact expressions
● Fast and stable 

numerics

● Functions under 
investigation

Special functions 
approach

How to obtain the 
same advantages of 
the massless case?
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For more on amplitudes with massive 
propagators, see also Niggetiedt, Jones, 

Buccioni and Armadillo's talk



[ChatGPT]



NNLO QCD frontier for on-shell top production
2-loop 5-point Feynman integrals 
with internal and external masses:
 

     

[Badger, Becchetti, Chaubey, Marzucca ’23] 
[Badger, Becchetti, Giraudo, Zoia ’24]
[Becchetti, Dlapa, Zoia ‘25]

[Becchetti, Canko, Chestnov, 
Peraro, Pozzoli, Zoia ‘25]

[Cordero, Figueiredo, Kraus, Page, Reina ‘25]

2-loop 5-point amplitudes with 
internal and external masses:

● qq → ttH (nf part, numerical evaluation)

● pp → ttj (leading colour, analytic results) 

   

[Agarwal, Heinrich, Jones, Kerner, Klein, Lang, Magerya, Olsson ’24]

[Badger, Becchetti, CB, Czakon, Hartanto, Poncelet, Zoia, ‘25]

NNLO subtraction schemes to cancel IR 
singularities (applied to 2→3 processes):
● STRIPPER

applied to ttj production
● qT-slicing

for ttW/H production, amplitudes
obtained with approximations
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[Czakon ‘10][Czakon, Heymes ‘14] 
[Czakon, van Hameren, Mitov, Poncelet ‘19]

[Catani, Grazzini ‘07]

Introduction

See also Garbarino’s talk 

https://arxiv.org/pdf/2210.17477
https://arxiv.org/pdf/2404.12325
https://arxiv.org/pdf/2503.03603
https://link.springer.com/article/10.1007/JHEP07(2025)001
https://link.springer.com/article/10.1007/JHEP07(2025)001
https://link.springer.com/article/10.1007/JHEP07(2024)084
https://link.springer.com/article/10.1007/JHEP05(2024)013
https://arxiv.org/abs/2511.11424
https://arxiv.org/abs/1005.0274
https://arxiv.org/abs/1408.2500
https://arxiv.org/abs/1907.12911
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.98.222002
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Top quark production @ LHC
tt Production

[ATLAS Collaboration ‘25]

https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/PUBNOTES/ATL-PHYS-PUB-2025-024/


tt+jet production at the LHC

[ATLAS Collaboration ‘24]

Need NNLO tt+jet

~40% events associated
with a jet (pT>40 GeV)

tt Production

[ATLAS Collaboration ‘25]

top mass from 
ttj distributions

[Alioli, Fernandez, Fuster, Irles, Moch, Uver, Vos ‘14]
[Bevilacqua, Hartanto, Kraus, Schulze, Worek ‘17]
[Alioli, Fuster, Garzelli, Gavardi, Irles, 
Melini, Moch, Uwer, Vos ‘22]

tt+jet production highly sensitive to m t
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https://link.springer.com/article/10.1007/JHEP08(2024)182
https://arxiv.org/pdf/2108.02803
https://link.springer.com/article/10.1140/epjc/s10052-013-2438-2
https://arxiv.org/abs/1711.01831
https://inspirehep.net/literature/2033575
https://inspirehep.net/literature/2033575
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Towards NNLO QCD corrections tt+jet
Cross section = Amplitude + Phase space integration

NNLO QCD corrections to tt+jet

STRIPPER
[Czakon ‘10][Czakon, Heymes ‘14]
[Czakon, van Hameren, Mitov, Poncelet ‘19]

[Buccioni, Lang, Lindert, Maierhöfer, 
Pozzorini, Zhang, Zoller ‘19]

OpenLoops2

AvH library
[Bury, Hameren ‘15]

tt Production

Computed in the 
leading colour approx!

https://arxiv.org/abs/1005.0274
https://arxiv.org/abs/1408.2500
https://arxiv.org/abs/1907.12911
https://arxiv.org/pdf/1907.13071
https://arxiv.org/pdf/1907.13071
https://www.sciencedirect.com/science/article/abs/pii/S0010465515002684


Amplitude computation: the challenges

High algebraic complexity High analytic complexity

● Minimised impact of non-polylogarithmic 
functions

● Derived a (potential over-complete) special 
function basis allowing for: 

● Numerical integration of their differential 
equations with Bulirsch–Stoer algorithm

1. Analytic UV/IR pole subtraction
2. Simplification of finite remainders

   Special functionsExpanded around ε=0

[Badger, Becchetti, CB, Hartanto, Zoia ’24]
[Badger, Becchetti, CB, Czakon, Hartanto, Poncelet, Zoia, ‘25]

Tamed with finite-field approach
[von Manteuffel, Schabinger ’14]
[Peraro ’16][Peraro ’19]
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tt Production

https://arxiv.org/pdf/2412.13876
https://arxiv.org/abs/2511.11424
https://arxiv.org/pdf/1406.4513
https://arxiv.org/pdf/1608.01902
https://inspirehep.net/literature/1735575


●
● PDF4LHC21 PDF set
● Stable top productions

● Two fiducial phase spaces:

● Scales:

pp→ttj cross section

Theory uncertainties from 7-point scale variations

Hard                                   Soft
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tt Production

[Badger, Becchetti, CB, Czakon, Hartanto, Poncelet, Zoia, ‘25]

https://inspirehep.net/literature/3083439


TNP: 
[Lim, Poncelet, ‘24]

pp→ttj differential distributions

  Highly sensitive to mt

[Badger, Becchetti, CB, Czakon, Hartanto, Poncelet, Zoia, ‘25]
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tt Production

https://arxiv.org/abs/2412.14910
https://inspirehep.net/literature/3083439


State of the art of tt theoretical predictions
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tt Production

On-shell top quarks:
● NNLO QCD corrections for total cross section and differential distributions
● + NNLL threshold resummation      + NLO EW
● fixed-order matched with parton shower
● + tree-level decays of the top quarks as well as spin-correlation effects

NNLO QCD with top decays in narrow-width approximation (NWA)

Off-shell top quarks:
● NLO QCD corrections in 5FS
● NLO QCD corrections in 4FS
● NLO EW corrections
● NLO QCD matched to parton showers 
● Complete NLO QCD+EW predictions
● NNLO QCD corrections for the total cross section

[Czakon et al. ‘12-’16]
[Catani et al. ‘19-’20]

[Czakon et al. ‘17][Beneke et al.  ‘09] [Czakon et al. ‘09] [Cacciari et al. ‘11] 

[Mazzitelli, Monni, Nason, Re, Wiesemann, Zanderighi ‘20] 

[Mazzitelli et al. ‘21]

[Denner et al. ‘12][Bevilacqua et al. ‘11] [Heinrich et al. ‘13]

[Cascioli, Kallweit, Maierhöfer, Pozzorini ‘13]

[Czakon, Mitov, Poncelet ‘20]

[Denner, Pellen ‘16]

[Mans, Stremmer, Worek ‘25]

[Jezo et al. ‘16]                          [Jezo, Lindert, Pozzorini ‘23]

[Buonocore, Grazzini, Kallweit, Lindert, Savoini ‘25]

dilepton channel

dilepton channel

dilepton channel

dilepton channel

dilepton channel

semi-leptonic channel

dilepton channel

semi-leptonic 
channel
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tt Production

On-shell top quarks:
● NNLO QCD corrections for total cross section and differential distributions
● + NNLL threshold resummation      + NLO EW
● fixed-order matched with parton shower
● + tree-level decays of the top quarks as well as spin-correlation effects

NNLO QCD with top decays in narrow-width approximation (NWA)

Off-shell top quarks:
● NLO QCD corrections in 5FS
● NLO QCD corrections in 4FS
● NLO EW corrections
● NLO QCD matched to parton showers 
● Complete NLO QCD+EW predictions
● NNLO QCD corrections for the total cross section

[Czakon et al. ‘12-’16]
[Catani et al. ‘19-’20]

[Czakon et al. ‘17][Beneke et al.  ‘09] [Czakon et al. ‘09] [Cacciari et al. ‘11] 

[Mazzitelli, Monni, Nason, Re, Wiesemann, Zanderighi ‘20] 

[Mazzitelli et al. ‘21]

[Denner et al. ‘12][Bevilacqua et al. ‘11] [Heinrich et al. ‘13]

[Cascioli, Kallweit, Maierhöfer, Pozzorini ‘13]

[Denner, Pellen ‘16]

[Mans, Stremmer, Worek ‘25]

[Jezo et al. ‘16] [Jezo, Lindert, Pozzorini ‘23]

[Buonocore, Grazzini, Kallweit, Lindert, Savoini ‘25]

State of the art of tt theoretical predictions

[Czakon, Mitov, Poncelet ‘20]



NLO QCD+EW corrections to off-shell tt
production
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tt Production

Semi-leptonic channel:
BR ∼ 30%, of all tt events

<1%                 <1‰              ~100%              <1%                 <1% 

<1%                  <1‰                ~-6%                 <1%                 <1%                 <1‰       

Impact on inclusive cross-section

LO3+NLO3 dominant contributions!
But all contributions are essential for accurate predictions

[Mans, Stremmer, Worek ‘25]

RECOLA
+

COLLIER
+

HELAC-DIPOLE

[Actis, Denner, 
Hofer, Scharf, 
Uccirati ‘13]

[Denner, 
Dittmaier, 
Hofer ‘16]

[Czakon, Papadopoulos, Worek ‘09]

https://arxiv.org/abs/2512.18391
https://link.springer.com/article/10.1007/JHEP04(2013)037
https://link.springer.com/article/10.1007/JHEP04(2013)037
https://link.springer.com/article/10.1007/JHEP04(2013)037
https://www.sciencedirect.com/science/article/abs/pii/S0010465516303320?via%3Dihub
https://www.sciencedirect.com/science/article/abs/pii/S0010465516303320?via%3Dihub
https://www.sciencedirect.com/science/article/abs/pii/S0010465516303320?via%3Dihub
https://iopscience.iop.org/article/10.1088/1126-6708/2009/08/085


Towards NNLO QCD predictions for off-shell tt 
production
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tt Production

●  Two-loop virtual amplitude computed in the Double-Pole Approximation (DPA)  

● Obtained first NNLO computation for the off-shell total cross section

● Implemented within the framework: MATRIX
 

DPA: systematic expansion around the 
double-resonant structure

dominant
contribution

[Buonocore, Grazzini, Kallweit, Lindert, Savoini ‘25]

Dilepton channel:
Small BR, but clear signature

[Grazzini, Kallweit, Wiesemann ‘18]

See also Kallweit’s talk 

See also Pelliccioli’s talk 

[Denner, Dittmaier, Roth, Wackeroth ‘00]

https://matrix.hepforge.org/
https://link.springer.com/article/10.1007/JHEP10(2025)195
https://link.springer.com/article/10.1140/epjc/s10052-018-5771-7
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Top quark production @ LHC
tt Associated Production

[ATLAS Collaboration ‘25]

https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/PUBNOTES/ATL-PHYS-PUB-2025-024/


Precise predictions for ttH production
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tt Associated Production

Implemented within the framework: MATRIX [Grazzini, Kallweit, Wiesemann ‘18]

Main bottleneck: Two-loop amplitude computation! two approximations employed
[Devoto, Grazzini, Kallweit, Mazzitelli, Savoini ‘25]

[Kniehl, Spira ‘95]

[Mitov, Moch ‘06]
[Wang, Xia, Yang, Ye ‘23] [Badger, Hartanto, Kryś, Zoia ‘21]

https://matrix.hepforge.org/
https://link.springer.com/article/10.1140/epjc/s10052-018-5771-7
https://inspirehep.net/literature/2851688


Precise predictions for ttH production
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tt Associated Production

[Devoto, Grazzini, Kallweit, Mazzitelli, Savoini ‘25]

Thanks to these techniques:

● NNLO QCD + NLO EW cross section and differential distributions for ttH production have 

been computed

● + fixed order has been matched with parton shower

●  Similar strategy used for ttW production

How do approximate two-loop contributions behave in differential distributions? 
And how can we estimate the associated uncertainties?

[Biello, Savoini, Signorile-Signorile, Wiesemann ‘26]

[Buonocore, Devoto, Grazzini, 
Kallweit, Mazzitelli, Rottoli, Savoini ‘25]

For precise predictions of ttW 
production see Canko’s talk!

https://inspirehep.net/literature/2851688
https://inspirehep.net/literature/3127284
https://inspirehep.net/literature/2672565
https://inspirehep.net/literature/2672565


Conclusions
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[ChatGPT]

● Top quark remains a key probe of the SM and beyond:

○ EW vacuum 

○ Higgs sector

○ tensions theory vs data

● High-precision predictions essential to match experimental

accuracy     major progress in multi-loop multi-scale 

amplitude computations 

○ previously inaccessible NNLO results 

○ towards new precision predictions, i.e. tt+W/H/Z/γ

● How far can current technology be pushed?

Which approximations are sufficient to capture the relevant physical information? 



Conclusions
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[ChatGPT]

● Top quark remains a key probe of the SM and beyond:

○ EW vacuum 

○ Higgs sector

○ tensions theory vs data

● High-precision predictions essential to match experimental

accuracy     major progress in multi-loop multi-scale 

amplitude computations 

○ previously inaccessible NNLO results 

○ towards new precision predictions, i.e. tt+W/H/Z/γ

● How far can current technology be pushed?

Which approximations are sufficient to capture the relevant physical information? 

Thank you!



Numerical evaluation

Bulirsch–Stoer algorithm 
Previously used for pp→tt production

new implementation for the ttj – highly 
promising for phenomenological applications

Numerical integration of the DEs for the special functions

Numerical C++ implementation
~20 seconds per point
(double-double for rational coefficients,
double for special functions)

    interface to STRIPPER
    on-the-fly evaluation

dominates the total 
evaluation time

[Caffo, Czyz, Remiddi, 02]
[Boughezal, Czakon, Schutzmeier, ‘07]
[Czakon, ‘08]

Check also [Petit Rosàs, Torres Bobadilla, ‘25]

BACKUP
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https://arxiv.org/abs/hep-ph/0203256
https://arxiv.org/abs/0707.3090
https://arxiv.org/abs/0803.1400
https://arxiv.org/abs/2507.12548


Numerical evaluation of special functions
BACKUP

Generalised power series method 
(as implemented in DiffExp)

[Moriello ’20] [Hidding ’21]

Evaluation time per segment - Special functions
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Numerical integration with 
Bulirsch–Stoer algorithm
From M. Czakon’s talk at 2nd HOCTools-II

https://gitlab.com/hiddingm/diffexp
https://arxiv.org/pdf/1907.13234
https://arxiv.org/pdf/2006.05510
https://indico.global/event/15809/contributions/137657/attachments/63801/123233/talk.pdf

