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Motivation: b → sℓℓ flavor anomaly

Flavor anomalies: sizable deviations from SM predictions for decay rates and

angular observables (e.g. P2, P′
5) in b → sµµ decays (e.g. B0 → K ∗0µ+µ−)
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↪→ effects beyond the Standard Model (BSM)?

↪→ unaccounted non-local effects in form factors mimicking BSM effects?
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Motivation: non-local form factors in B → K (∗)ℓℓ

Hadronic matrix element for B → K (∗)ℓℓ in Weak Effective Theory

A
(
B → K (∗)ℓℓ

)
∼ N

[(
C9Lµ

V + C10Lµ
A

)
Fµ −

Lµ
V

q2

(
C7FT ,µ +Hµ

)]
conventions from Asatrian, Greub, Virto 2019

Local form factors (FFs) Fµ and FT ,µ

↪→ known with good precision

b s
O9,10

ℓ+ ℓ−

b s

O7

ℓ+ ℓ−
γ

Non-local FFs Hµ

↪→ charm-loop effects important

↪→ still with large uncertainties

↪→ complicated analytic structure! ℓ+ ℓ−

u, c

b s

γ

O1,2
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Crash course: analyticity

Fundamental principles:
analyticity (causality): amplitudes are analytic in all kinematic invariants

↪→ photon virtuality s ≡ q2

↪→ can analytically continue in complex-s plane

unitarity (probability conservation): intermediate states lead to branch cut

discMif (s) ≡ lim
ε→0

[
Mif (s + iε)−Mif (s − iε)

]
= i

∑
n

M∗
fn Min

↪→ discontinuity from summing over intermediate states n ∈ {π+π−,DD̄, . . .}
B K(∗)

ππ,DD̄

s ≡ q2

ℓ−ℓ+

Re s

Im s

Dispersion relation: reconstruct amplitude via Cauchy’s theorem

Mif (s) =
1

2πi

∮
ds′ Mif (s′)

s′ − s
=

1
2πi

∫ ∞

sthr

ds′ discMif (s′)

s′ − s

↪→ only input: knowledge on discontinuity from intermediate states
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Crash course: anomalous thresholds

Light-quark / charm loops hadronize into triangle topology:
b s

u, c

b s

d̄ d̄
B K(∗)

K(∗)

B K(∗)
D

(∗)
s

ππ DD̄

↪→ all three particles can go on-shell simultaneously

Additional anomalous threshold (“triangle singularity”)

Additional cut: need to modify dispersion relation

Mif (s) =
1

2πi

∫ ∞

sthr
ds′

disc Mif (s
′)

s′ − s
+

1

2πi

∫ 1

0
dx

∂sx

∂x

discan Mif (sx )

sx − s

↪→ with integration contour sx = x sthr + (1 − x) sanom

Re s

Im s

Three cases → all can occur!

For light-quark loops (=̂ππ): anomalous effects ≳ O(10%) SM, Hoferichter, Kubis 2024

↪→ better not neglect them!
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Partonic vs. hadronic picture

Established analytic structures on the hadronic side

Non-local FFs Hµ computed via Operator Product Expansion

↪→ applicable for s ≪ 4m2
c , but rely on partonic calculations

↪→ how does partonic analyticity compare?

Partonic picture Hadronic picture

b s

cc̄

B K(∗)D
(∗)
s

DD̄

sthr = 4m2
c ≃ 6.5 GeV2 sthr = 4M2

D ≃ 14 GeV2

? sanom ≃ (24 − 8i)GeV2

Are anomalous contributions missed by the partonic calculations?
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b → sℓℓ at partonic two-loop order

Consider b → sℓℓ at two-loop order:
b s

cc̄ →

µ2 & (mc + ms)
2

=̂

b
s

c c

m2
b m2

s

m2
c m2

c

s = q2

sc̄

↪→ bring into “triangle shape”
Which singularities in s do we expect? (m2

c = 0.1 m2
b and m2

s = 0)

Two-particle cc̄ threshold at sthr = 4m2
c = 0.4 m2

b → unitarity cut

Anomalous threshold sanom ∼ m2
b
(
for µ2 ∼ (mc + ms)2)

Matches perturbative two-loop calculation from Asatrian, Greub, Virto 2019
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Dispersive representation

Want dispersion relation (“DR”) to confirm suspected analytic structures

F (7)
2,(c)(s) = F (7)

2,(c)(0) +
s

2πi

∫ ∞

sthr=4m2
c

ds′ disc F (7)
2,(c)(s

′)

s′(s′ − s)
Discontinuity determined by triangle diagram

↪→ allow for µ2 ≥ µ2
thr = (mc +ms)

2 via spectral function

disc F (7)
2,(c)(s) =

∫ ∞

µ2
thr

dµ2 ρ
(
µ2) disc F (7)

2,(c)

(
s;µ2)

µ2 & (mc + ms)
2

=̂

b
s

c c

m2
b m2

s

m2
c m2

c

s = q2

sc̄

Fit ρ
(
µ2) to match discontinuity of 2-loop results from Asatrian, Greub, Virto 2019

↪→ expected structures confirmed! (→ sthr = 4 m2
c , sanom ∼ m2

b)
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Reconciling partonic and hadronic analyticity

Compare the pictures again

Partonic picture Hadronic picture

µ2 & (mc + ms)
2

=̂

b
s

c c

m2
b m2

s

m2
c m2

c

s = q2

sc̄ B K(∗)D
(∗)
s

DD̄

sthr = 4m2
c ≃ 0.4 m2

b sthr = 4M2
D ≃ 0.5 M2

B

sanom ≃ m2
b sanom ≃ (0.85 − 0.3i)M2

B

Both share the same analytic structures!

Hadronic singularities in complex plane

since D(∗)
s → DK (∗) kinematically forbidden

↪→ move back to real axis for higher M
D(∗)

s

↪→ differences: mass effects & hadronization
0.4 0.6 0.8 1

-0.3

-0.2

-0.1

0

Re s+

Im
s + b → s

B → K
B → K∗

4m2
c 4M2

D
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Summary and Outlook

Analytic structure of non-local FFs richer than previously thought

↪→ anomalous thresholds!

↪→ essential for detailed understanding both on hadronic and partonic level

Both pictures match each other!

b s

cc̄ ↔
B K(∗)D

(∗)
s

DD̄

0.4 0.6 0.8 1

-0.3

-0.2

-0.1

0

Re s+

Im
s + b → s

B → K
B → K∗

4m2
c 4M2

D

↪→ justifies using partonic calculations in non-local FFs

More robust interpretation of b → sℓℓ flavor anomalies!

for details: Hoferichter, Kubis, SM 2026 [arXiv:2604.01284]
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Backup

Spare slides
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Partonic analyticity at two-loop order

Consider b → sℓℓ at two-loop order

Five gauge-invariant classes of functions F (7)
2,(i)(s), i ∈ {a, b, c, d , e}

b s

c

(a), (c) (b), (d) (e) Asatrian, Greub, Virto 2019

↪→ with photon inserted at all possible points

↪→ (a)–(d) lead to triangle topology → (a) and (c) develop anomalous threshold

(a) (b) (c) (d)

=̂

b s

s s

cc̄ m2
b m2

s

m2
s m2

s

µ2 & 4m2
c

s = q2

=̂

b s

b b

cc̄ m2
b m2

s

m2
b m2

b

µ2 & 4m2
c

s = q2

µ2 & (mc + ms)
2

=̂

b
s

c c

m2
b m2

s

m2
c m2

c

s = q2

sc̄ b µ2 & (mc + mb)
2

=̂

s

c c

m2
b m2

s

m2
c m2

c

s = q2

bc̄

sthr = 0 4m2
b 4m2

c 4m2
c

µ2
thr = 4m2

c 4m2
c (mc + ms)

2 (mc + mb)
2

sanom ∼ 0.6 m2
b ∼ m2

b
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Partonic analyticity at two-loop order

(a) (b) (c) (d)
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