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- Motivation: why quantum observables at the LHC? The top-
quark pair production as an example.


- Quantum Tomography for , with a focus 
on the relevance of EW corrections.

H → ZZ * → 4ℓ



Quantum Mechanics in high-energy physics
For decades, we have been probing, testing, and exploiting Quantum Mechanics 
and QFT at high energies in collider experiments.
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A couple of “(not-so)recent” examples in Higgs physics:


arXiv:1012.2367  [hep-ex]

4 Data and simulated event samples

The full ATLAS Run 2 data sample is used for this measurement, consisting of ?? collision data produced
at
p
B = 13 TeV and recorded between 2015 and 2018. The data are filtered according to quality criteria [34],

including the removal of events recorded when relevant detector components were not operating correctly.
The total integrated luminosity after this cleaning of the data corresponds to 140 fb−1 [35]. The events were
collected using a combination of unprescaled single-lepton and 4` dilepton triggers [36, 37] to maximise
the total trigger efficiency. The ?T thresholds for the single-electron and single-muon triggers were 24
and 20 GeV, respectively, for the first year of data taking and increased to 26 GeV for both lepton flavours
during the remainder of Run 2. The 4` dilepton trigger had ?T thresholds of 17 and 14 GeV for electrons
and muons, respectively.

Monte Carlo (MC) generators were used to model the hard ?? scattering matrix element, parton shower and
hadronisation, and underlying event. The generators that were used for modelling signal and background
processes are listed in Table 1.

Table 1: Overview of simulation tools used to generate the signal and background processes. Also summarised are
the corresponding parton distribution function (PDF) sets and the models used for the underlying event/parton shower
(UE/PS) simulation. ‘Prediction Order’ refers to the order of the perturbation theory at which the cross-sections are
computed and used to normalise the samples; when higher-orders are specified, QCD is implied if not explicitly
stated. Alternative event generators and configurations that are used to estimate systematic uncertainties are shown in
parentheses. For a given process, the alternative event generator and configuration used for the matrix element is
independent of that used for the UE/PS model.

Process Matrix element PDF set UE/PS model Prediction order

ggF � P����� B�� v2 PDF4LHC15���� P����� 8.212 N3LO QCD + NLO EW
(M��G����5_�MC@NLO) (H����� 7.13)

VBF � P����� B�� v2 PDF4LHC15���� P����� 8.230 NNLO QCD + NLO EW
(M��G����5_�MC@NLO) (H����� 7.13)

+� P����� B�� v2 PDF4LHC15���� P����� 8.212 NNLO QCD + NLO EW
66 ! /� P����� B�� v2 PDF4LHC15���� P����� 8.212 NLO + NLL
CC̄� P����� B�� v2 NNPDF3.0��� P����� 8.230 NLO QCD + NLO EW

//W
⇤
! 44/`` S����� 2.2.11 NNPDF3.0���� S����� 2.2.11 NNLO

//W
⇤
! gg S����� 2.2.14 NNPDF3.0���� S����� 2.2.14 NNLO

++ /+W⇤ S����� 2.2.11/2.2.12 NNPDF3.0���� S����� 2.2.12 NLO
++W S����� 2.2.8 NNPDF3.0���� S����� 2.2.8 NLO
66 ! ++ S����� 2.2.2 NNPDF3.0���� S����� 2.2.2 NLO
+++ S����� 2.2.2 NNPDF3.0���� S����� 2.2.2 NLO
EW / 9 9 H����� 7.1.3/7.2.0 MMHT2014��� H����� 7.1.3/7.2.0 NLO
EW ++ 9 9 M��G���� NNPDF3.0��� P����� 8 LO
CC̄ P����� B�� v2 NNPDF3.0��� P����� 8.230 NNLO + NNLL

(P����� B�� v2, ?hard
T = 1) (H����� 7.04)

,C P����� B�� v2 NNPDF3.0��� P����� 8.230 NLO + NNLL
(P����� B�� v2, ?hard

T = 1) (H����� 7.04)

The Higgs boson signal samples were simulated with the � ! ,,
⇤ decay in the four main production

modes: ggF, VBF, +�, and CC̄�. They were generated using a Higgs boson mass of 125 GeV and then
normalised to the cross-sections and branching ratios [9] computed for a mass of 125.09 GeV [38]. The nor-
malisation accounts for the decay branching ratio calculated with HDECAY [39–41] and P�������4� [42–
44]. The samples used the PDF4LHC15���� [45] (for ggF, VBF, and +�) or NNPDF3.0��� [46] (for
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Accuracies in Exp papers:




Quantum Information in high-energy physics
The study of quantum-information observables in high-energy physics is more 
recent, but it has received significant attention from a growing community in HEP, 
both theoretical and experimental!

Foundation 
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Quantum Tomography: what is it and why?
- In  production the spin states of the top and antitop quarks are entangled.

- However, neither ATLAS nor CMS detectors measure the spin of the particles 

(especially of tops ..).


QUANTUM TOMOGRAPHY:

- We can reconstruct the  density matrix of the bipartite qubit system of the 
spins via the measurement of distributions of the top-quark decay products. 
This is QUANTUM TOMOGRAPHY.


tt̄

ρ tt̄

αℓ = 1(100 % correlated)

 is the angle between the spin of the 
top and the direction of the lepton

φ
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Quantum Tomography: how?

Claudio Severi et al.: Quantum tops at the LHC: from entanglement to Bell inequalities 3

be considered as a proxy for the spin of the corresponding
top quark and the correlations between the leptons as a
proxy for those between the top quark spins. Assuming

Fig. 2: Schematic representation of the decay of a top
quark that ultimately leads to the emission of a charged
lepton, in the top rest frame.

no net polarisation is present 2, the density matrix for the
spin of a tt̄ pair can be written as:

⇢ =
1

4

�
⌦ +

3X

i,j=1

Cij �i ⌦ �j

�
. (6)

where the first term in the tensor product refers to the top
and the second term to the anti-top quark. The Cij ma-
trix encodes spin correlations, and it is measurable. Note
that Eq. (6), which will be used in the following, is more
general than the simple density matrix in Eq. (4) consid-
ered in Section 2, since C is allowed to have o↵-diagonal
entries. However, since in practice Cij ⇡ Cji, the C ma-
trix can be made (almost) diagonal with an appropriate
choice of basis, thus reducing the tt̄ system to Eq. (4). The
di↵erential cross section for pp ! tt̄ ! `+`�bb̄⌫⌫̄ can be
expressed as [12]:

1

�

d�

dxij
=

Cij xij � 1

2
log

��xij

��, (7)

where xij ⌘ cos ✓i cos ✓̄j , ✓i is the angle between the an-
tilepton momentum and the i-th axis in its parent top
rest frame, and ✓̄j the angle between the lepton momen-
tum and the j-th axis in its parent anti-top rest frame. In
particular, Eq. (7) implies:

� 9hxiji = Cij , (8)

a relation that allows direct measurement of the C ma-
trix. Spin is measured fixing a suitable reference frame.

2 Strong tt̄ production does not lead to polarised top quarks,
as parity is conserved [10]. EW e↵ects (and possibly also ab-
sorptive parts from loops), on the other hand, can give rise to a
net top quark polarisation. However, they have been estimated
to be very small [11], and therefore are neglected here.

An advantageous choice is the helicity basis {k̂, r̂, n̂},
8
>>><

>>>:

k̂ = top direction

r̂ =
p̂� k̂ cos ✓

sin ✓

n̂ = k̂ ⇥ r̂,

(9)

where p̂ is the beam axis and ✓ is the top scattering angle
in the center of mass frame, see also Figure 3. The helicity
basis is defined in terms of the top quark and also applies
to the antitop.3 Relevant reference frames are reached in
a two step process: a ẑ boost from the laboratory to the
tt̄ center of mass frame, then a k̂ boost to each top’s rest
frame.

Fig. 3: Schematic representation of a pp ! tt̄ event in
the center of mass frame, with the helicity basis {k̂, r̂, n̂}
drawn, together with the scattering angle ✓. The n̂ axis is
into the page.

The amount and type of spin correlations strongly de-
pend on the production mechanism as well as the phase
space region (energy and angle) of the top quarks. Two
complementary regimes are important: at threshold, i.e.,
when the top quarks are slow in their rest frame, and
when they are ultra-relativistic. At threshold, gluon fusion
gg ! tt̄ leads to an entangled spin-0 state while qq̄ ! tt̄
to a spin-1 state. The latter is subdominant at the LHC
and acts as an irreducible background [2].

4 Observation of entanglement

It can be shown [8] that the tt̄ spin density matrix in
Eq. (6) is separable (that is, not entangled) if and only if
the partial transpose ( ⌦ T ) ⇢, obtained by acting with
the identity on the first term of the tensor product and
transposing the second, is positive definite. As shown in
[2], this implies that

��C11 + C22

��� C33 > 1 (10)

is a su�cient condition for the presence of entanglement.
It generalises the Werner condition ⌘ > 1/3 to the case

3 We follow the sign convention of [2].
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𝑡

𝑡

💥

💥

ℓ+

ℓ−

𝑛̂

𝑟̂

𝑘̂

💥

t̄ : {− ̂k, − ̂r, − ̂n}

𝑡:

By fitting doubly 
differential angular 
distributions of the 

leptons from top decays, 
the spin density matrix 
can be reconstructed.
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Simple conditions for Entanglement and BI

⇒ Bell violation
         ⇒ Entanglement D(i) < − 1/3

−Ckk − Crr − Cnn ≡ − 3D(1)

−Ckk + Crr + Cnn ≡ − 3 D(k)

+Ckk − Crr + Cnn ≡ − 3 D(r)

+Ckk + Crr − Cnn ≡ − 3 D(n)

D(1) is precisely the quantity that has been measured and that has 
led to the observation of  entanglement!

But that was actually the beginning of another story: Toponium 
An example of how the QI-obsevervables enhance sensitivity to new physics.
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From Quantum Information to the toponium

8

Due to their short lifetime, top quarks cannot be detected directly in experiments. In the SM, they decay
almost exclusively into a bottom quark and a , boson, and the , boson subsequently decays into either a
pair of lighter quarks or a charged lepton and a neutrino. In this measurement, only , bosons decaying
into leptons are considered since charged leptons, especially electrons and muons, are readily detected with
high precision at collider experiments. To a good approximation, the degree to which the leptons carry
the spin information of their parent top quarks is 100% due to the maximally parity-violating nature of
the electro-weak charged current. The angular direction of each of these leptons is correlated with the
direction of the spin of their parent top quark or antitop quark in such a way that the normalized differential
cross-section (f) of the process may be written as [27]:

1
f

df
d⌦+d⌦�

=
1 + B

+ · q̂+ � B
� · q̂� � q̂+ · C · q̂�
(4c)2 ,

where q̂+ is the antilepton direction in the rest frame of its parent top quark and (q̂�) is the lepton direction
in the rest frame of its parent antitop quark; and ⌦+ is the solid angle associated with the antilepton
and (⌦�) is the solid angle associated with the lepton. The vectors B

± determine the top-quark and
antitop-quark polarizations, whereas the matrix C contains their spin correlations. These terms are the
same as those that appear in the general form for d. Since the information about the polarizations and spin
correlations of the short-lived top quarks is transferred to the decay leptons, their values can be extracted
from a measurement of angular observables associated with these leptons, allowing us to reconstruct the CC̄
spin quantum state.

The experiments at the LHC ring, such as ATLAS, are the only ones currently taking data which is able
to produce and study the properties of the top quark. At the LHC, CC̄ pairs are produced mainly via
gluon–gluon fusion. When they are produced close to their production threshold, i.e. when their invariant
mass <

C C̄
is close to twice the mass of the top quark (<

C C̄
⇠ 2 · <C ⇠ 350 GeV), approximately 80%

of the production cross-section of CC̄ pairs arises from a spin-singlet state [28–30], which is maximally
entangled. After averaging over all possible top-quark directions, entanglement only survives close to
threshold because of the rotational invariance of the spin-singlet. This invariance implies that the trace (the
sum of all of the diagonal elements) of the correlation matrix C, where each diagonal element corresponds
to the spin correlation in a particular direction, is a good entanglement witness. It is an observable that can
signal the presence of entanglement, with tr[C] + 1 < 0 as a sufficient condition for entanglement [18]. It
can be understood as a violation of a Cauchy–Schwarz inequality, a notable entanglement criterion in fields
such as quantum optics, condensed matter or analogue gravity [31–34]

It is more convenient to define an entanglement marker by using ⇡ = tr[C]/3 [18], which can be
experimentally measured as:

⇡ = �3 · hcos ii ,
where hcos ii is the average value of the cosine of the angle (dot product) between the charged-lepton
directions after they have been Lorentz boosted into the CC̄ rest frame and then their parent top-quark
and antitop-quark’s rest frames, which can be measured experimentally in an ensemble data set. The
existence of an entangled state is demonstrated if the measurement satisfies ⇡ < �1/3, derived from the
Peres–Horodecki criterion [35, 36], and is independent from the order of the calculation. It should be noted
that the CMS collaboration has already measured ⇡ = �0.237 ± 0.011 [26] inclusively, showing no signal
of entanglement.

The SM is a quantum theory and entanglement is implicitly present in its predictions. Nevertheless, a
demonstration of spin entanglement in CC̄ pairs is challenging due to the inability to control the internal
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correlations of the short-lived top quarks is transferred to the decay leptons, their values can be extracted
from a measurement of angular observables associated with these leptons, allowing us to reconstruct the CC̄
spin quantum state.

The experiments at the LHC ring, such as ATLAS, are the only ones currently taking data which is able
to produce and study the properties of the top quark. At the LHC, CC̄ pairs are produced mainly via
gluon–gluon fusion. When they are produced close to their production threshold, i.e. when their invariant
mass <

C C̄
is close to twice the mass of the top quark (<

C C̄
⇠ 2 · <C ⇠ 350 GeV), approximately 80%

of the production cross-section of CC̄ pairs arises from a spin-singlet state [28–30], which is maximally
entangled. After averaging over all possible top-quark directions, entanglement only survives close to
threshold because of the rotational invariance of the spin-singlet. This invariance implies that the trace (the
sum of all of the diagonal elements) of the correlation matrix C, where each diagonal element corresponds
to the spin correlation in a particular direction, is a good entanglement witness. It is an observable that can
signal the presence of entanglement, with tr[C] + 1 < 0 as a sufficient condition for entanglement [18]. It
can be understood as a violation of a Cauchy–Schwarz inequality, a notable entanglement criterion in fields
such as quantum optics, condensed matter or analogue gravity [31–34]

It is more convenient to define an entanglement marker by using ⇡ = tr[C]/3 [18], which can be
experimentally measured as:

⇡ = �3 · hcos ii ,
where hcos ii is the average value of the cosine of the angle (dot product) between the charged-lepton
directions after they have been Lorentz boosted into the CC̄ rest frame and then their parent top-quark
and antitop-quark’s rest frames, which can be measured experimentally in an ensemble data set. The
existence of an entangled state is demonstrated if the measurement satisfies ⇡ < �1/3, derived from the
Peres–Horodecki criterion [35, 36], and is independent from the order of the calculation. It should be noted
that the CMS collaboration has already measured ⇡ = �0.237 ± 0.011 [26] inclusively, showing no signal
of entanglement.

The SM is a quantum theory and entanglement is implicitly present in its predictions. Nevertheless, a
demonstration of spin entanglement in CC̄ pairs is challenging due to the inability to control the internal
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Figure 2: (a): Calibration curve for the dependence between the particle-level value of ⇡ and the detector-level value
of ⇡, in the signal region. The yellow band represents the statistical uncertainty, while the grey band represents
the total uncertainty obtained by adding the statistical and systematic uncertainties in quadrature. The measured
values and expected values from Powheg + Pythia8 (hvq) are marked with black and red circles, respectively, and the
entanglement limit is shown as a dashed line. (b): The particle-level ⇡ results in the signal and validation regions
compared with various MC models. The entanglement limit shown is a conversion from its parton-level value of
⇡ = �1/3 to the corresponding value at particle level, and the uncertainties which are considered for the band are
described in the text.

in detail in Methods A.6.

In the signal region, the observed and expected significances with respect to the entanglement limit are
well beyond five standard deviations, independently of the MC model used to correct the entanglement
limit to account for the fiducial phase space of the measurement. This is illustrated in Figure 2(b), where
the hypothesis of no entanglement is shown. The observed result in the region with 340 < <

C C̄
< 380 GeV

establishes the formation of entangled CC̄ states. This constitutes the first observation of entanglement in a
quark–antiquark pair.

Apart from the fundamental interest in testing quantum entanglement in a new environment, this
measurement in top quarks paves the way to use high-energy colliders, such as the LHC, as a laboratory to
study quantum information and foundational problems in quantum mechanics. From a quantum information
perspective, high energy colliders are particularly interesting due to their relativistic nature, and the richness
of the interactions and symmetries that can be probed there. Furthermore, highly demanding measurements,
such as measuring quantum discord and reconstructing the steering ellipsoid, can be naturally implemented
at the LHC due to the vast number of available CC̄ events [51]. From a high-energy physics perspective,
borrowing concepts from quantum information theory inspires new approaches and observables that can be
used to search for physics beyond the SM [52–55].
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There is still a gap between theory and data.
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Figure 9: Left: total cross-section for tt̄ production near threshold at fixed-order, with
the inclusion of the QCD potential [80], and with our effective model. Right: entanglement
markers D at fixed-order and with our model. For reference, the bottom row shows the
same plots for the LHC, at fixed order, with the QCD potential [81], and with our effective
model.

In the SM one has gAt = 1/4, Qt = 2/3, and gVt = 1/4 � 2/3 s2W, and in fact electroweak
interactions violate parity.

If the top production channel is P–conserving and purely vectorial (gAt = 0) the
ensemble of quantum states available becomes the same as qq̄ ! tt̄ in QCD, on the right
of Figure 4. We note in particular that the maximally–entangled and pure triplet state:

C =

0

B@
1 0 0

0 1 0

0 0 �1

1

CA , (5.3)

becomes available when gAt = 0, for the configuration ✓ = ⇡/2 and � ! 1. In this limit,
we find from (3.5):

8
>>>>><

>>>>>:

C
[0]
kk = 1,

C
[0]
kr = 0,

C
[0]
rr = 1,

C
[0]
nn = �1,

8
>>>>><

>>>>>:

C
[1]
kk = 1,

C
[1]
kr = 0,

C
[1]
rr = 0,

C
[1]
nn = 0,

8
>>>>><

>>>>>:

C
[2]
kk = 1,

C
[2]
kr = 0,

C
[2]
rr = �1,

C
[2]
nn = 1 ,

(✓ = ⇡/2, � ! 1). (5.4)

– 16 –

Figure 3: Feynman diagram corresponding to tt̄ production mediated by a scalar �.

Whilst we have focused on the impact of EW interactions within the SM, the results
shown in this section can be straightforwardly modified to account for new resonances
coupling to the top quark with a vector or axial vector coupling. In the case of new narrow
resonances, the only difference would be in the normalisation factors, that would be adjusted
to account for the different masses and couplings.

4 Spin correlations with new intermediate states

We now consider explicit new physics models, given by the extension of the SM with
new particles light enough to be resonantly produced in collider experiments.

4.1 Scalar/pseudoscalar resonances

One interesting scenario to consider is the introduction of a spin-0 state � that couples
to SM tops with a scalar and pseudoscalar interaction, in a simplified model similar to the
one studied in [41–43]:

L = LSM � 1

2
�(@2 +M

2
�)�+ cy

ytp
2
� t (cos↵+ i�

5 sin↵) t. (4.1)

In this simplified case there are only three parameters, the heavy scalar mass M�, the
coupling cy (normalised as a rescaling of the SM top-quark Yukawa coupling), and the
angle ↵, which produces a scalar particle for ↵ = 0 and a pseudoscalar particle for ↵ = ⇡/2.

At LO in cy top/anti-top quark pair production mediated by � is given by the diagram
in Figure 3.

The heavy scalar, like the SM Higgs, only couples to top quarks at tree-level, so that
for M� > 2mt the largely dominant decay channel is the on-shell tt̄ pair. Explicitly, the
decay width ��!tt̄ is given at LO by:

��!tt̄ =
3 c2y y

2
t M�

16⇡

s
1� 4m2

t

M
2
�

 
1� 4m2

t

M
2
�

cos2 ↵

!
. (4.2)

We note � may also decay at one loop to a gluon pair, which is dominant for light scalars, but
this channel is subdominant with respect to the tree-level process � ! tt̄ when M� > 2mt.
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It is possible to tune a simple colour-singlet pseudoscalar model in order to reproduce the 
“proper QCD” result for m(bb4l). Doing so, it leads to a reduction of . D7

Figure 1: Observed (points with statistical error bars) and predicted (stacked colored his-
tograms) mtt distribution in three out of nine (chel, chan) bins. In the upper panels, the tt
histogram shows the FO pQCD prediction after the fit to the data that includes the h t sig-
nal model (whose contribution is not drawn), and the shown event rates are divided by the bin
width. The lower panels display the ratio of the data to the FO pQCD + background predic-
tion, with h t signal overlaid at its best fit h t cross section (red line). The gray band indicates the
postfit uncertainty. The first and last mtt bins include all events with reconstructed mtt below
360 and above 1300 GeV, respectively, and the drawn bin width is used for the normalization
in these bins.

enhanced (right). In Fig. 2 (left), the chel distribution is shown for mtt < 360 GeV and integrated
over chan. The data show a steeper slope than the FO pQCD prediction, as expected from
an additional pseudoscalar contribution. As can be seen in both figures, the h t model can
accommodate the excess.

We measure an h t production cross section of

s(h t) = 8.8 ± 0.5 (stat) +1.1
�1.3 (syst) pb = 8.8 +1.2

�1.4 pb.

Here, the statistical component of the uncertainty is estimated by fixing all nuisance parameters
to their postfit values, while the systematic component is obtained as the quadratic difference
between the total and the statistical uncertainty. Our result is comparable to the magnitude
of the theory estimate of 6.43 pb, which is obtained by fitting the results of an NRQCD calcu-
lation from Ref. [15] and subtracting the NLO+NLL pQCD prediction [17], within the range
of 338 < mtt < 350 GeV. This is compatible with the recent NRQCD calculation in Ref. [18].
The cross section measured in this work is without any explicit restrictions on the mtt range.
The significance of the excess over the hypothesis with no h t production exceeds five standard
deviations (SDs).

To explore the spin and CP structure of the resonant excess, we perform an alternative fit that
simultaneously includes contributions from pseudoscalar h t and scalar ct production. The
results are shown in Fig. 3. While the data is compatible with zero contribution from the ct state
within one SD, zero contribution from the h t state is excluded with a significance exceeding five
SDs. This establishes the presence of a pseudoscalar excess.

Slicing in m(tt) and in angular variables (  
and ) between the two leptons, CMS 
has seen the effect of toponium.

chel
chan

CMS ’25

(Maltoni, Severi, Tentori, Vryonidou ’24) x 2

Fuks, Hagiwara, Ma, Zheng ‘24

This observable would be sensitive also to 
other pseudoscalar BSM contributions.



The Higgs ( )


one scalar decaying into 

two massive vector bosons —> 2 qutrits 

H → VV*

Studied for the first time in Aguilar-Saavedra, Bernal, Casas, Moreno ‘22    

Several papers appeared on the same topic, exploring different aspects 
of quantum observables for this process
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As can be noted, the TL,M matrices are normalised such that

Tr [TL,M (TL0,M 0)†] = 3 , (2.8)

and they satisfy the relation

(TL,M )† = (�1)MTL,�M . (2.9)

The term T0,0 corresponds to the 3⇥ 3 identity matrix 13.

Using these operators, the spin density matrix of the two qutrits can be parameterised

as

⇢ =
1

9

h
13 ⌦ 13 +Aa

L,M (TL,M ⌦ 13) +Ab
L,M (13 ⌦ TL,M ) + CLa,Ma,Lb,Mb

(TLa,Ma
⌦ TLb,Mb

)
i
,

(2.10)

where in Eq. (2.10) a sum in L = 1, 2 and �L  M  L, and similarly for La(Lb) and

Ma(Mb), is understood. Since 13 = T0,0, it is easy to see that the A coe�cients can also be

denoted as Aa
L,M = CL,M,0,0, Ab

L,M = C0,0,L,M , and that Aa
0,0 = Ab

0,0 = C0,0,0,0 = 1, which

is fixed by the requirement Tr[⇢] = 1.

The general form of ⇢, expressed in terms of AL,M and CL,M,L,M , can be found in

Appendix A.1. Before calculating the explicit expression of ⇢ for the H ! V V ⇤ decay at

LO it is interesting to see the relations imposed by symmetries or other properties that
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If only the Hermiticity of  and the 
condition  are required, there 
are 80 independent parameters.  

ρ
Tr[ρ] = 1

Several additional conditions can be 
required, reducing the number of 
independent parameters.

Spin-density matrix  of 2 qutritsρ
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When considering the H ! V V ⇤ decay in the SM, the number of non-vanishing inde-

pendent coe�cients is very small and the texture of ⇢ very simple. As shown in Ref. [23],

the state of the V V ⇤ system, for fixed values of the invariant mass of Va and Vb, can be

written for the LO H ! V V ⇤ decay in the SM as

| i = aL|0 0i+ aT
|+�i+ |�+i

p
2

, (2.16)

where (+, 0,�) are three spin-polarisation of the two V bosons and

aL =
��p
2 + �2

, aT =

p
2p

2 + �2
, � = 1 +

m2

H � (ma +mb)2

2mamb
. (2.17)

The quantity � is related to the velocities of the two V bosons with invariant masses ma

and mb. 1 We notice that for ma+mb ! mH the system is at rest, � ! 1, and the system

is maximally entangled, | i = 1/
p
3(�|0 0i+ |+�i+ |�+i).

The ⇢ matrix can then be simply constructed as the operator | ih |, which leads to:

⇢LO(�) =

0

BBBBBBBBBBBBBBBBBBBB@

· · · · · · · · ·

· · · · · · · · ·

· ·
a2
T

2
·

aLaTp
2

·
a2
T

2
· ·

· · · · · · · · ·

· ·
aLaTp

2
· a2L ·

aLaTp
2

· ·

· · · · · · · · ·

· ·
a2
T

2
·

aLaTp
2

·
a2
T

2
· ·

· · · · · · · · ·

· · · · · · · · ·

1

CCCCCCCCCCCCCCCCCCCCA

, (2.18)

where the dots correspond to entries that are equal to zero.

In other words, if ma and mb are fixed there is only one independent non-vanishing

coe�cient and it depends on �. All the other can be derived from it. Moreover, the matrix

⇢LO(�) corresponds to a pure state, and has indeed only one non-vanishing eigenvalue equal

to one.

In fact, the situation is a bit more involved than this. First, in the H ! V V ⇤
!

e+e�µ+µ� decay di↵erent pair of values (ma,mb) contribute and with di↵erent weights

(w(�)), such that

⇢LO =

Z
⇢LO(�)w(�)d� . (2.19)

For this reason, the system is not pure anymore, and the coe�cients C and A also receive

contributions from di↵erent values of � with di↵erent weights w(�). Second, and most

1
� is the scalar product of the two four-velocities for the vectors Va and Vb, generalised to the o↵-shell

case: pa · pb/(mamb) =
~p
2

mamb
+ EaEb

mamb
, where ~p is the three-momentum of Va or Vb in the Higgs rest frame

and Ea and Eb are their energies, respectively. It can be rewritten in terms of the standard velocities vi as

� = 1+vavbp
(1�v2

a)(1�v
2

b )
.
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��p
2 + �2

, aT =

p
2p

2 + �2
, � = 1 +

m2

H � (ma +mb)2

2mamb
. (2.17)

The quantity � is related to the velocities of the two V bosons with invariant masses ma

and mb. 1 We notice that for ma+mb ! mH the system is at rest, � ! 1, and the system

is maximally entangled, | i = 1/
p
3(�|0 0i+ |+�i+ |�+i).

The ⇢ matrix can then be simply constructed as the operator | ih |, which leads to:

⇢LO(�) =

0

BBBBBBBBBBBBBBBBBBBB@

· · · · · · · · ·

· · · · · · · · ·

· ·
a2
T

2
·

aLaTp
2

·
a2
T

2
· ·

· · · · · · · · ·

· ·
aLaTp

2
· a2L ·

aLaTp
2

· ·

· · · · · · · · ·

· ·
a2
T

2
·

aLaTp
2

·
a2
T

2
· ·

· · · · · · · · ·

· · · · · · · · ·

1

CCCCCCCCCCCCCCCCCCCCA

, (2.18)

where the dots correspond to entries that are equal to zero.

In other words, if ma and mb are fixed there is only one independent non-vanishing

coe�cient and it depends on �. All the other can be derived from it. Moreover, the matrix

⇢LO(�) corresponds to a pure state, and has indeed only one non-vanishing eigenvalue equal

to one.

In fact, the situation is a bit more involved than this. First, in the H ! V V ⇤
!

e+e�µ+µ� decay di↵erent pair of values (ma,mb) contribute and with di↵erent weights

(w(�)), such that

⇢LO =

Z
⇢LO(�)w(�)d� . (2.19)

For this reason, the system is not pure anymore, and the coe�cients C and A also receive

contributions from di↵erent values of � with di↵erent weights w(�). Second, and most

1
� is the scalar product of the two four-velocities for the vectors Va and Vb, generalised to the o↵-shell

case: pa · pb/(mamb) =
~p
2

mamb
+ EaEb

mamb
, where ~p is the three-momentum of Va or Vb in the Higgs rest frame

and Ea and Eb are their energies, respectively. It can be rewritten in terms of the standard velocities vi as

� = 1+vavbp
(1�v2

a)(1�v
2

b )
.
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where . The system is maximally entangled at rest .β ≡ pa ⋅ pb/(mamb) ↔ β = 1

importantly, the spin of the V bosons cannot be directly measured at the LHC and in the

envisaged future colliders. This information has to be extracted via the analysis of the

decay product of the V bosons. This method, called QT, is discussed in the next section

for the process studied in this work.

Nevertheless, we can already infer the form of ⇢LO noticing that a2T and a2L in ⇢LO(�)

are related via the linear equation a2T + a2L = 1, which is required to ensure that Tr[⇢] = 1.

This means that such relation is preserved in ⇢LO, after integrating over �, for all matrix

entries that depend solely on a2T or a2L. In contrast, the quantity aLaTp
2

is not linearly related

to either a2L or a2T , and therefore the identities aLaT = aL
q

1� a2L = aT
q

1� a2T are not

expected to hold after integration for the corresponding matrix elements. As a result, the

density matrix ⇢LO takes the form

⇢LO =

0

BBBBBBBBBB@

· · · · · · · · ·

· · · · · · · · ·

· · x · y · x · ·

· · · · · · · · ·

· · y · 1� 2x · y · ·

· · · · · · · · ·

· · x · y · x · ·

· · · · · · · · ·

· · · · · · · · ·

1

CCCCCCCCCCA

, (2.20)

and depends only on two parameters. The system is not pure anymore, and the number

of non-vanishing eigenvalues increases from one to two. The purity condition is equivalent

to y2 = x(1� 2x), as in ⇢LO(�). Moreover, in order to have ⇢LO semi-positive defined, i.e.

with eigenvalues equal or larger than zero, the condition y2  x(1 � 2x) ) 0  x  1/2

has to be satisfied.

2.2 Quantum tomography

As already anticipated, the spin of particles produced in high-energy collisions cannot

be measured by the multi-purpose detectors located around the interaction points. The

current detectors are designed to provide a precise measurement of the final-state particles’

momenta, especially for isolated charged particles. However, due to the nature of the

electroweak interaction, the information on the spin of the vector boson is either entirely

or partially transmitted to the direction of the daughter particles. As a consequence, the

spin of the parent particle can be reconstructed on a statistical basis by measuring angular

distributions of the final state particles and averaging on multiple events. This procedure

is called, as already said, Quantum-State-Tomography or simply Quantum-Tomography

(QT), and allows to reconstruct the full polarization/spin density matrix of the pair of

vector bosons, when it is only possible to measure directly the momenta and charge of

the final state fermions. In the case of H ! V V ⇤, the cleanest possible final state is

H ! ZZ⇤
! `+`�`+`�, with ` = µ± or e±. In particular, as already mentioned, in this

paper we consider the case of di↵erent-flavour lepton pairs: H ! ZZ⇤
! e+e�µ+µ�. This

final state simplifies the task of pairing the leptons in order to reconstruct the associated
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 fixed: 1 paramβ integrated over : 2 param << 80 β



Quantum Tomography

- In the  decay, the spin states of the 2 ’s are entangled.

- However, neither ATLAS nor CMS detectors measure the spin of the particles 

(especially of virtual ’s ..).


QUANTUM TOMOGRAPHY:

- We can reconstruct the  density matrix of the bipartite qutrit system of the 
 spins via the measurement of distributions of the  decay products.

H → VV* V

V

ρ
VV* V(*)

Z boson, as it will be discussed in Sec. 3. Considering the same-flavour case, the pairing of

the leptons is ambiguous and additional quantum e↵ects appear, as discussed in Ref. [26].

QT techniques have been discussed extensively in the literature [38–40]. Employing

specific parameterisations, they allow to extract the density matrix of a quantum state

from experimental data. In particular, in the polarisation operator basis the coe�cients A

and C of Eq. (2.10) can be extracted via QT from the angular distributions of the decay

products of the two Z bosons.

This approach can be used in general for any H ! V V ⇤
! 4f decay, therefore in the

following we refer to generic vector bosons and use the symbols Va and Vb. The normalised

joint angular distribution of the final decay products can be written as [41, 42]:

1

�

d�

d⌦ad⌦b
=

2Sa + 1

4⇡

2Sb + 1

4⇡

X

�a,�
0
a,�b,�

0
b

⇢(�a,�
0
a,�b,�

0
b)�a(�a,�

0
a)�b(�b,�

0
b)

=

✓
3

4⇡

◆2

Tr [⇢(�a ⌦ �b)
T ] . (2.21)

The quantities entering Eq. (2.21) are defined as follows. The term Sa(Sb) is the spin of

particle ‘a(b)’, d⌦a = sin ✓ad✓ad�a and the angles (✓a,�a) are the polar coordinates of the

three-momentum of f1 from the Va decay (Va ! f1f̄2), in the Va rest frame. Similarly,

(⌦b, ✓b,�b) correspond to the coordinates of three-momentum of f3 from the Vb decay

(Vb ! f3f̄4) in the Vb rest frame. The sum runs over all possible helicities (�Sa(b) 

�a(b),�
0
a(b)  Sa(b)) of the particles Va, Vb, and � is the total cross section of Va and Vb

production, via the Higgs decay, followed by their decays themselves. It can be written as

� = �pp!H ⇥ Br(H ! VaVb ! f1f̄2f3f̄4) , (2.22)

where �pp!H is the Higgs production mode considered and Br(H ! VaVb ! f1f̄2f3f̄4)

the branching ratio of the Higgs into the fermions considered. Finally, the term denoted

as ⇢(�a,�
0
a,�b,�

0
b) is the normalised production spin density matrix and �a(�a,�

0
a) is the

decay density matrix of Va, normalised to unit trace.

To align with the common notation already adopted in the literature and avoid a

redundancy of symbols, in this section we refer to the cross section � in Eq. (2.21). However,

the focus of the present work is solely on the Higgs decay. In fact, as can be easily seen in

Eq. (2.22),2 because the Higgs boson is a scalar, the quantity �pp!H simplifies in the d�/�

ratio, which can therefore be rewritten as dBr/Br = d�H/�H . Here, �H refers not to the

decay density matrix of either V boson, but to the partial decay width of the full process

H ! VaVb ! 1, 2, 3, 4. This explains the use of the symbol � in this section. Starting from

Sec. 3, we will instead adopt the notation �H directly.

2Equation (2.22) is derived in the Narrow-Width-Approximation, which is a very e�cient approximation

for the case of the Higgs boson, since the �H/mH ratio, where �H is the total Higgs decay width, is very

small.
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 is the spin decay-density matrix of Γ Z → ff

13



At LO the general form of �a(�a,�
0
a), i.e. the density matrix for a spin-1 particle

decaying into two spin-1/2 particles, is known, and reads [41, 42]:

(�a(�a,�
0
a))Va!f1f̄2 = (2.23)

0

BB@

1+⌘+(1�3⌘) cos2 ✓a+2↵ cos ✓a
4

sin ✓a(↵+(1�3⌘) cos ✓a)

2
p
2

ei�a
(1�3⌘)(1�cos

2 ✓a)
4

e2i�a

sin ✓a(↵+(1�3⌘) cos ✓a)

2
p
2

e�i�a ⌘ + (1� 3⌘) sin
2 ✓a
2

sin ✓a(↵�(1�3⌘) cos ✓a)

2
p
2

ei�a

(1�3⌘)(1�cos
2 ✓a)

4
e�2i�a

sin ✓a(↵�(1�3⌘) cos ✓a)

2
p
2

e�i�a
1+⌘+(1�3⌘) cos2 ✓a�2↵ cos ✓a

4

1

CCA .

In Eq. (2.23) the angle ✓a and �a are the polar and azimuthal angle of the decay particle f1 in

the rest frame of the parent particle Va, while ⌘ and ↵ are two additional parameters,3 whose

definition can be found in Refs. [41, 42]. In particular, assuming dimension-4 interactions,

parameterised as f̄1�µ(cLPL+ cRPR)f2 V
µ
a with PR/L ⌘ (1± �5)/2, and massless fermions,

the two parameters read [41]:

⌘ = 0 , ↵ =
c2R � c2L
c2R + c2L

. (2.24)

The quantity ↵ is also called the spin-analysing power of f1. If one considers V = W±,

then ↵ = �14. In the case V = Z, the value of ↵ depends on the fermion considered.

Di↵erent cases, for massless fermions, are reported for the SM in Tab. 1, together with the

values of c2R and c2L.
5

We want to stress here a point that will be crucial in the discussion of the NLO results

in Sec. 4. In the case of electrons, muons and taus the value of ↵ is particularly small due

to accidental cancellations. Indeed, sin2 ✓W ' 0.25 and in particular for sin2 ✓W = 0.25

we obtain c2L = c2R and in turn ↵ = 0. For the same reason, which is accidental and not

protected by any symmetry, ↵ is very sensitive to variation of the input parameters or to

possible corrections. For instance, it is strongly dependent on the value of sin2 ✓W : 1%

di↵erence around the value used in this work leads to ⇡ 11% e↵ects on ↵. As already

anticipated, this fact will have consequences for the case of NLO EW corrections.

In the case of massless fermions the density matrix �a can be written in terms of the

standard spherical harmonics YLa,Ma
(✓a,�a) as

�a =
1

3
[13 +Ba

1 (T1,Ma
Y1,Ma

) +Ba
2 (T2,Ma

Y2,Ma
)] , (2.25)

where we have dropped the explicit dependence on (✓a,�a) and the quantities Ba
1
and Ba

2

are defined as

Ba
1 =

p
2⇡↵a , Ba

2 =

r
2⇡

5
. (2.26)

Only Ba
1
depends on the value of ↵ for the specific type of fermions f1f̄2 associated to Va,

and has been denoted as ↵a in Eq. (2.26). Using the same convention, the value of ↵ for

3The quantity ↵ corresponds to �⌘` in Ref. [23].
4The spin-analysing power for the anti-particle f̄2 is ↵ = 1.
5Numerical values have been obtained by setting sin2

✓W = 0.222247, consistent with the input param-

eters (see Eq. (3.2)) used for LO and NLO results presented in this paper.
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Quantum Tomography at LO
 is the spin decay-density matrix and  are spherical harmonics.Γ Y(θi, ϕi)

I can rewrite 

f cL cR ↵

⌫ 1

2
0 �1

e �1+2 sin
2 ✓W

2
sin2 ✓W �0.219

u 1

2
�

2

3
sin2 ✓W �

2

3
sin2 ✓W �0.699

d �
1

2
+ 1

3
sin2 ✓W

1

3
sin2 ✓W �0.941

Table 1: Spin-analysing power ↵ of the Z decay for di↵erent fermions in the SM.

f3f̄4 associated to Vb can be denoted as ↵b. Via Eq. (2.8) we obtain

Tr [13�
T ] = 2

p
⇡Y0,0 , Tr [T1,Ma

�T ] = Ba
1Y1,Ma

, Tr [T2,Ma
�T ] = Ba

2Y2,Ma
. (2.27)

The identity matrix in Eq. (2.25) can also be written as

13 = Ba
0 (T0,0Y0,0) , (2.28)

where

Ba
0 = 2

p
⇡ = 1/Y0,0 . (2.29)

It is therefore possible to rewrite Eq. (2.21) in terms of spherical harmonics and A, C

and B coe�cients using Eqs. (2.10) and (2.27) :

1

�

d�

d⌦ad⌦b
=

1

(4⇡)2
[1 +Aa

L,MBa
LYL,M (✓a,�a) +Ab

L,MBb
LYL,M (✓b,�b)

+ CLa,Ma,Lb,Mb
Ba

La
Bb

Lb
YLa,Ma

(✓a,�a)YLb,Mb
(✓b,�b)] . (2.30)

The above equation shows the relation between the A and C coe�cients and the joint

angular distribution of the decay particles (f1, f3). This relation allows to compute the

full spin density matrix integrating over the spherical harmonics, that are functions of the

measurable angles ✓ and �. In particular, the fundamental property of the harmonics is

that they are an orthonormal basis
Z

d⌦YL,MY ⇤
L0,M 0 = �L,L0�M,M 0 . (2.31)

Exploiting this property we obtain

Z
1

�

d�

d⌦ad⌦b
Y ⇤
L,M (⌦j) d⌦ad⌦b =

Bj
L

4⇡
Aj

L,M with j = a, b , (2.32)

Z
1

�

d�

d⌦ad⌦b
Y ⇤
La,Ma

(⌦a)Y
⇤
Lb,Mb

(⌦b) d⌦ad⌦b =
Ba

La
Bb

Lb

(4⇡)2
CLa,Ma,Lb,Mb

, (2.33)

where in Eq. (2.32) we have used the fact that
R
d⌦ = 4⇡ =

R
d⌦|Y0,0|2(B0)2. 6

6In a realistic experimental scenario the integral in d⌦ cannot be performed over 4⇡ due to the unavoid-

able cuts that are present in the analysis. This aspect is beyond the scope of the paper and therefore left

for future studies.
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And finally
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2 ✓W

2
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u 1

2
�

2

3
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2

3
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d �
1

2
+ 1

3
sin2 ✓W

1

3
sin2 ✓W �0.941

Table 1: Spin-analysing power ↵ of the Z decay for di↵erent fermions in the SM.

f3f̄4 associated to Vb can be denoted as ↵b. Via Eq. (2.8) we obtain

Tr [13�
T ] = 2

p
⇡Y0,0 , Tr [T1,Ma

�T ] = Ba
1Y1,Ma

, Tr [T2,Ma
�T ] = Ba

2Y2,Ma
. (2.27)

The identity matrix in Eq. (2.25) can also be written as

13 = Ba
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Ba
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p
⇡ = 1/Y0,0 . (2.29)
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1

�

d�

d⌦ad⌦b
=

1

(4⇡)2
[1 +Aa

L,MBa
LYL,M (✓a,�a) +Ab

L,MBb
LYL,M (✓b,�b)

+ CLa,Ma,Lb,Mb
Ba

La
Bb

Lb
YLa,Ma

(✓a,�a)YLb,Mb
(✓b,�b)] . (2.30)
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Z
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�

d�

d⌦ad⌦b
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L
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Aj
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Z
1

�

d�

d⌦ad⌦b
Y ⇤
La,Ma

(⌦a)Y
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Lb,Mb
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Ba

La
Bb

Lb
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, (2.33)
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So, at LO approximation, via distributions of fermions in , it is possible 
to reconstruct , the spin-density matrix of  system.

H → VV* → ff̄ff̄
ρ VV*

This quantity , the 
spin analysing power, 
will play a crucial role 
the talk.

α
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 at LOH → VV*
Assuming SM LO decays of the  boson, thus knowing all the coefficients  (so also ), 
one can extract all the  and  coefficients. But, in the SM at LO

Z B α
A C

importantly, the spin of the V bosons cannot be directly measured at the LHC and in the

envisaged future colliders. This information has to be extracted via the analysis of the

decay product of the V bosons. This method, called QT, is discussed in the next section

for the process studied in this work.

Nevertheless, we can already infer the form of ⇢LO noticing that a2T and a2L in ⇢LO(�)

are related via the linear equation a2T + a2L = 1, which is required to ensure that Tr[⇢] = 1.

This means that such relation is preserved in ⇢LO, after integrating over �, for all matrix

entries that depend solely on a2T or a2L. In contrast, the quantity aLaTp
2

is not linearly related

to either a2L or a2T , and therefore the identities aLaT = aL
q

1� a2L = aT
q

1� a2T are not

expected to hold after integration for the corresponding matrix elements. As a result, the

density matrix ⇢LO takes the form

⇢LO =

0

BBBBBBBBBB@

· · · · · · · · ·

· · · · · · · · ·

· · x · y · x · ·

· · · · · · · · ·

· · y · 1� 2x · y · ·

· · · · · · · · ·

· · x · y · x · ·

· · · · · · · · ·

· · · · · · · · ·

1

CCCCCCCCCCA

, (2.20)

and depends only on two parameters. The system is not pure anymore, and the number

of non-vanishing eigenvalues increases from one to two. The purity condition is equivalent

to y2 = x(1� 2x), as in ⇢LO(�). Moreover, in order to have ⇢LO semi-positive defined, i.e.

with eigenvalues equal or larger than zero, the condition y2  x(1 � 2x) ) 0  x  1/2

has to be satisfied.

2.2 Quantum tomography

As already anticipated, the spin of particles produced in high-energy collisions cannot

be measured by the multi-purpose detectors located around the interaction points. The

current detectors are designed to provide a precise measurement of the final-state particles’

momenta, especially for isolated charged particles. However, due to the nature of the

electroweak interaction, the information on the spin of the vector boson is either entirely

or partially transmitted to the direction of the daughter particles. As a consequence, the

spin of the parent particle can be reconstructed on a statistical basis by measuring angular

distributions of the final state particles and averaging on multiple events. This procedure

is called, as already said, Quantum-State-Tomography or simply Quantum-Tomography

(QT), and allows to reconstruct the full polarization/spin density matrix of the pair of

vector bosons, when it is only possible to measure directly the momenta and charge of

the final state fermions. In the case of H ! V V ⇤, the cleanest possible final state is

H ! ZZ⇤
! `+`�`+`�, with ` = µ± or e±. In particular, as already mentioned, in this

paper we consider the case of di↵erent-flavour lepton pairs: H ! ZZ⇤
! e+e�µ+µ�. This

final state simplifies the task of pairing the leptons in order to reconstruct the associated
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At this point we clearly see how the QT works. First, by measuring the angular

distributions of H ! VaVb ! f1f̄2f3f̄4 we can calculate the l.h.s. of Eq. (2.32) and (2.33).

Then, assuming that the decay is the one parameterised by the density matrix �, we can

derive the coe�cients A and C and finally build the ⇢LO matrix via Eq. (2.10). However,

we know already the structure that ⇢LO must have, see Eq. (2.20), and this implies that

there are only two independent coe�cients and that

x ⌘
C2,2,2,�2

3
, (2.34)

y ⌘
C2,1,2,�1

3
. (2.35)

One finds that there are only ten A and C coe�cients that are non-vanishing, and all

are real. They are related as:

Aa
2,0 = Ab

2,0 6= 0 , (2.36)

C1,�1,1,1 = C1,1,1,�1 = �C2,�1,2,1 = �C2,1,2,�1 6= 0 , (2.37)

C2,�2,2,2 = C2,2,2,�2 = �C1,0,1,0 = 2� C2,0,2,0 6= 0 , (2.38)

consistently with the properties discussed in the previous section (up-down symmetry,

cylindrical symmetry, etc.). Moreover,

Aa
2,0

p
2

+ 1 = C2,2,2,�2 . (2.39)

At this point we want to stress an aspect that will be of particular relevance when

this framework will be extended to the NLO level in Sec. 4. The quantity in the l.h.s.

of Eqs. (2.32) and (2.33) depends on the entire process H ! VaVb ! 1, 2, 3, 4, while by

construction the A and C coe�cients depend only on the H ! V V ⇤ decay, and therefore

cannot depend on the interactions among the V bosons and the fermions. Since Ba
1
and

Bb
1
are functions of, respectively, ↵a and ↵b, this means that for the case C1,�1,1,1 (or

C1,0,1,0) the l.h.s. of Eq. (2.33) does depend on ↵a and ↵b, and that Ba
1
and Bb

1
cancel this

dependence when solving the equation for C1,�1,1,1 (or C1,0,1,0). This can be made explicit

looking at their analytical expression at a fixed �, which takes the general form

CLa,Ma,Lb,Mb
(�) =

(4⇡)2

Ba
La
Bb

Lb

GLa,Ma,Lb,Mb
. (2.40)

Here GLa,Ma,Lb,Mb
is the l.h.s. of Eq. (2.33) at fixed �, and the only two independent and

non-vanishing G1,Ma,1,Mb
read

G1,1,1,�1 = ↵a↵b

✓
�3�

8⇡(2 + �2)

◆
, (2.41)

G1,0,1,0 = ↵a↵b

✓
�3

8⇡(2 + �2)

◆
, (2.42)

while the other non-vanishing GLa,Ma,Lb,Mb
coe�cients with La 6= 1 and Lb 6= 1 do not

depend on the spin-analysing powers ↵a and ↵b. It is therefore manifest that the correct
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Only 10 ,  coefficients are non-zero, and only two are independent.A C
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Quantum-observables at LO
For such a form of , the Peres-Horodecki criterion tell us that the condition 

 or  are not only necessary but also sufficient for entanglement. 

ρ

C2,2,2,−2 ≠ 0 C2,1,2,−1 ≠ 0

Otherwise, more common criteria are the lower and upper bound on the Concurrence. 

Lower-bound > 0 implies entanglement, upper-bound = 0 implies no entanglement. 
upper bounds on the squared concurrence. These quantities can be derived analytically [53]:

(C(⇢))2 � 2max(Tr ⇢2 � Tr ⇢2a, Tr ⇢
2
� Tr ⇢2b) , (C(⇢))2  2min(1� Tr ⇢2a, 1� Tr ⇢2b) ,

(2.44)

where ⇢ is defined in Eq. (2.20) and ⇢a and ⇢b are the reduced density matrices respectively

evaluated by “tracing out” the b and a subsystem:

⇢j =
1

3
(13 +Aj

Lj ,Mj
TLj ,Mj

) with j = a, b . (2.45)

We can calculate the previous expression in terms of the A and C coe�cients, using

the above definition and Eq. (2.11):

Tr ⇢2 =
1

9

0

@1 +
X

j=a,b

X

L,M

|Aj
L,M |

2 +
X

La,Lb,Ma,Mb

|CLa,Ma,Lb,Mb
|
2

1

A , (2.46)

Tr ⇢2j =
1

3

0

@1 +
X

L,M

|Aj
L,M |

2)

1

A with j = a, b . (2.47)

We can thus rewrite the lower (CLB) and upper (CUB) bounds on the squared concur-
rence as following:

(C(⇢))2 �
2

9
max

"⇣
� 2� 2

X

L,M

|Aa

L,M
|
2 +

X

L,M

|Ab

L,M
|
2 +

X

La,Lb,Ma,Mb

|CLa,Ma,Lb,Mb |
2

⌘
,

⇣
� 2 +

X

L,M

|Aa

L,M
|
2
� 2

X

L,M

|Ab

L,M
|
2 +

X

La,Lb,Ma,Mb

|CLa,Ma,Lb,Mb |
2

⌘#
, (2.48)

(C(⇢))2 
2

3
min

"⇣
2�

X

L,M

|Aa

L,M
|
2

⌘
,
⇣
2�

X

L,M

|Ab

L,M
|
2

⌘#
. (2.49)

While these quantities by themselves do not provide a precise measure of entanglement,

they can be used to establish the presence of entanglement: CLB > 0 implies a non vanishing

concurrence and consequently an entangled state, on the other hand a null CUB implies a

separable state.

2.4 Bell inequality violation

Bell-type inequalities, introduced by J. Bell in 1964 [54], arose as a way to formulate a

measurable observable in reply to the thought experiment originally proposed by Einstein,

Podolsky, and Rosen (EPR) to argue that quantum mechanics (QM) might be incomplete

[55]. Bell inequalities establish upper bounds on correlations predicted by local hidden

variable theories; any observed violation of these bounds is taken as evidence of non-local

behaviour, directly contradicting the EPR argument. Experimental measurements of Bell

inequality violations have been conducted across various systems — photons, ions, solid-

state, and superconducting systems [56–59] — with recent studies aiming to address the

communication, detection, and freedom-of-choice loopholes in experimental setups [60–62].
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A Bell-type inequality for a two-qutrit system is the CGLMP one. With local theories, the maximum 
value for       is 2, where      can be evaluated as:   


leading to:

OBell =

0

BBBBBBBBBBBBBB@

0 0 0 0 2p
3

0 0 0 2

0 0 0 0 0 2p
3

0 0 0

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 2p

3
0

2p
3

0 0 0 0 0 0 0 2p
3

0 2p
3

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0
0 0 0 2p

3
0 0 0 0 0

2 0 0 0 2p
3

0 0 0 0

1

CCCCCCCCCCCCCCA

. (2.53)

The above operator yields the maximal violation of the Bell inequality according to QM

(I3 ⇡ 2.9149) [63] for any generic two-qutrit system, and such violation is realised for

the entangled qutrit state | i = 1p
2+�2

(|11i + �|22i + |33i), where � ⇡ 0.7923. This state

slightly deviates from the maximally entangled qutrit state | i = 1p
3
(|11i + |22i + |33i),

which in the case of spins for a qutrit pair, and using our notation, corresponds to | i =
1p
3
(|0 0i+ |+�i+ |�+i). Notably, there is a sign di↵erence compared to Eq. (2.16). To

reach the maximal value of I3, according to the state at hand, the Bell operator can be

modified by local unitary transformations:

OB = (V †
⌦ U †)OBell(V ⌦ U) , (2.54)

I3 = Tr [⇢OB] , (2.55)

where U and V are three-dimensional unitary matrices. Few studies have proposed optimal

transformations to maximise I3 [22, 63] for the H ! V V ⇤ state across the whole phase

space. Notably, no single unitary transformation that can universally maximise I3 for all

values of ma, mb has been found; instead, the optimal matrices vary depending on the

(invariant) masses of the two V bosons. The value of I3 as a function of ma and mb,

obtained by maximising I3 using random 3 ⇥ 3 unitary matrices U and V , is shown in

Figure 1a. The region where I3 reaches its maximum is along the primary diagonal of the

ma and mb plane, corresponding to the region where the sum of the two masses is precisely

the Higgs boson mass. I3 is above two on a large region of the phase space, dropping

below the local realism bound only when both V bosons are produced significantly o↵-shell

(⇡ � > 6), which is a very suppressed configuration.

In the following we would like to focus on a method to evaluate the Bell inequality

violations that could be applied both to numerical results, and to real data collected in

collider experiments. An optimisation of OB dependent on � is currently un-feasible in the

case of real measurements, as it would require the extraction of the spin density matrix

across a finely-grained � spectrum, which is very limited by statistics. As a consequence

we will focus on an inclusive optimisation, based on the ⇢ extracted in the region(s) of

interest.

A convenient way of maximising I3, in the region close to � = 1, was introduced in

Ref. [23]. Here, instead of a generic unitary transformation depending on two matrix U, V ,
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2+�2
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3
(|11i + |22i + |33i),
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1p
3
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At very high energies, or equivalently at very small scales, the situation becomes more

nuanced. Quantum field theory has proven extremely powerful in accurately describing

fundamental interactions, with quantum mechanics playing an essential role in countless

instances. However, only recently have high-energy collider experiments begun to focus on

observables specifically designed to be sensitive to quantum entanglement or violations of

Bell-type inequalities. The interest in such observables is multifaceted, ranging from testing

the very foundations of quantum mechanics to employing entanglement as a resource for

probing fundamental interactions more deeply.

In high-dimensional quantum systems, such as pair of qutrits, various Bell-type in-

equalities have been formulated. Among these, the Collins-Gisin-Linden-Massar-Popescu

(CGLMP) inequality [17] is especially notable. This inequality has been shown to yield the

largest deviation from the locality bound in diboson systems generated from scalar decays

at rest or with small boosts [31].

The CGLMP inequality can be illustrated as follows: consider a scenario in which

a Higgs boson decays into two vector bosons, Va and Vb, measured independently by two

observers, Alice and Bob. Alice performs two distinct measurements, a1 and a2, on particle

Va, while Bob performs two measurements, b1 and b2, on particle Vb. Alice and Bob’s

measurements are conducted without communication, preserving the locality condition.

For a qutrit system, each measurement outcome is one of three possible values: 0, 1, or 2.

The CGLMP inequality is then evaluated by analyzing the joint probabilities of Alice and

Bob’s measurement outcomes [17, 61, 62]:

I3 = [P (a1 = b1) + P (b1 = a2 + 1) + P (a2 = b2) + P (b2 = a1)]

� [P (a1 = b1 � 1) + P (b1 + a2) + P (a2 = b2 � 1) + P (b2 = a1 � 1)] , (2.50)

where P (ai = bj + k) is the probability that the outcome ai di↵ers from the outcome bj
by an integer k, modulo 3. The maximum value of I3 for local variable theories is 2, and

for non-local theories, still respecting causality, is 4 [17]. A relevant aspect of all Bell

inequalities is that the violation depends on the type of measurement performed. If we

take the measurement as the projection of the spin on a certain axis, then the choice of

the axis is essential to observe a violation of the Bell inequality. The maximum value that

can be reached by I3, according to quantum mechanics, for maximally entangled states

is I3 ⇡ 2.8729 [17]. Noticeably, for mixed qutrit systems this does not correspond to the

maximal violation of the inequality [63].

The CGLMP inequality can be expressed in terms of an operator acting on the spin

density matrix [63] by defining

I3 = Tr [⇢OBell] , (2.51)

where OBell can be expressed in di↵erent ways, corresponding to di↵erent a and b measure-

ments. In this work we use the Bell operator presented in Ref. [63], that can be derived

using irreducible tensor operators as following:

OBell =
4

3
p
3
(T1,1 ⌦ T1,1 + T1,�1 ⌦ T1,�1) +

2

3
(T2,2 ⌦ T2,2 + T2,�2 ⌦ T2,�2) , (2.52)
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 at LOH → ZZ* → e+e−μ+μ−

Given the (x̂, ŷ, ẑ) directions, it is possible to define (✓1,�1) as the polar coordinates of

the three-momentum of the negatively charged lepton `�
1
from the Z1 in the Z1 rest frame.

Similarly, (✓2,�2) correspond to the angles that give the direction of the `�
2

momentum

in the Z2 rest frame.7 Once the angles are defined, it is directly possible to numerically

calculate the integrals in Eqs. (2.32)–(2.33), compute all the A and C coe�cients and in

turn the entries of the spin density matrix. In order to solve the integrals, we split them

in real and imaginary components. We always verify that the integral of the imaginary

components are compatible with zero within the numerical error. The A and C coe�cients

are therefore real numbers, unless otherwise specified. We remind the reader that the

entries of the spin density matrix as a function of all the A and C coe�cients are given in

Appendix A.1.

If no cuts are imposed on the momenta of the four leptons, the LO spin density matrix

obtained through the tomographic procedure is:

⇢LO =

0

BBBBBBBBBB@

· · · · · · · · ·

· · · · · · · · ·

· · 0.195(2) · �0.313(3) · 0.194(1) · ·

· · · · · · · · ·

· · �0.313(3) · 0.612(1) · �0.313(3) · ·

· · · · · · · · ·

· · 0.194(1) · �0.313(3) · 0.195(3) · ·

· · · · · · · · ·

· · · · · · · · ·

1

CCCCCCCCCCA

, (3.1)

where we have written in parentheses the numerical error in the Monte Carlo simulation

on the last digit, and denoted with a dot all the vanishing entries.

The uncertainties have been evaluated by repeating the QT procedure several times

on independent simulations. The elements of the spin density matrix are evaluated as the

mean and standard deviation across the values calculated in each run. The shape of the

spin density matrix at LO follows the structure shown in Eq. (2.20) and the values obtained

are in good agreement with the literature [23]. We have also verified that all the relations

from Eq. (2.34) to Eq. (2.39) are satisfied.

The numerical results have been obtained MadGraph5 aMC@NLO8 using as input

parameters9

MZ = 91.188 GeV, MW = 80.419 GeV, Gµ = 1.16639⇥ 10�5 GeV�2 , (3.2)

and the top quark and Higgs boson masses set equal to

MH = 125 GeV, mt = 173.3 GeV . (3.3)

7Notice that unlike the previous section we do not use the convention H ! VaVb ! f1f̄2f3f̄4 but

H ! Z1Z2 ! `
�
1
`
+

1
`
�
2
`
+

2
, where `

±
i

originates from Zi

8In particular have we used the version 3.5.5 importing the UFO model [66, 67] loop qcd qed sm Gmu

and setting the Complex-Mass-Scheme on, consistently with what is discussed later in Sec. 4.1 for the NLO

EW case.
9The value reported here are the input parameters used for both LO and NLO EW simulations. Since,

as we will explain later in Sec. 4.1, we will use the Complex-Mass-Scheme, they can be identified as the

value of the pole mass and total width used in the simulations.
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inclusive m(Z2) > 10 GeV m(Z2) > 20 GeV m(Z2) > 30 GeV

C2,2,2,�2 0.581(5) 0.619(4) 0.713(4) 0.775(3)

C2,1,2,�1 -0.938(4) -0.975(3) -1.017(3) -1.014(3)

I3

⇣
OOA,Ufix

B

⌘
2.601(6) 2.672(4) 2.772(4) 2.794(5)

I3

⇣
O(OA)

B

⌘
2.63 2.69 2.77 2.80

Table 2: Independent C coe�cients of the spin density matrix, extracted with a QT

approach using a LO simulation. The table also includes the I3 values obtained with

two di↵erent approaches. The variables are presented as a function of the minimum mass

required for Z2. The numerical error on the last digit is in parentheses.

Figure 4: �H as a function of RY Y for RY Y = Re
⇥
Y ⇤
2,2Y

⇤
2,�2

⇤
and RY Y = Re

⇥
Y ⇤
2,1Y

⇤
2,�1

⇤
.

The average of the distributions are respectively proportional to C2,2,2,�2 and C2,1,2,�1. See

Eq. (3.4).

In fact, the LO computation does not depend on the quantities in Eq. (3.3), which instead

enter the computation of NLO EW correction that is discussed in Sec. 4.

The results for the only two independent and non-zero C coe�cients at LO (see

Eqs. (2.34) and (2.35)) are shown in Tab. 2. There, we also show their values for three

di↵erent cuts on the invariant mass of the trailing Z boson. In Tab. 2 we also report the

values of I3, both evaluated as I3
⇣
OOA,Ufix

B

⌘
(see Eq. (2.58)) and by optimising the random
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Fantastic, there is entanglement and the sign of non-local 
effects!

Also, NLO QCD corrections are not present for this process 
and EW corrections typically affects only at the percent 
level ……
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Fantastic, there is entanglement and the sign of non-local 
effects!

Also, NLO QCD corrections are not present for this process 
and EW corrections typically affects only at the percent 
level …… unfortunately it is a bit more complicated
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 at NLO EWH → ZZ* → e+e−μ+μ−

We can simulate the  process at NLO EW and apply QT as 
before (so assuming LO decay). 

H → ZZ* → e+e−μ+μ−

H
Z

Z

µ+

µ�

e+

e�
�

(a) Photon radiation in the
final state.

H
W+

W�

⌫e

W

e+

e�

�

µ�

µ+

(b) Loop involving W .

H

Z

Z

e+

�

µ�

e�

e+

µ+

µ�

(c) Loop with
photon-exchange between
di↵erent-flavour leptons.

H

Z

Z

µ+

µ�

µ�
µ�

Z

e+

e�

(d) Lepton-pair not
originating from a Z boson
decay.

H
Z

Z

µ+

µ�

Z
e+

e�

(e) HV V ⇤ genuine topology.

Figure 5: Representative diagrams contributing to NLO EW corrections for the H !

e+e�µ+µ� process. Besides 5e all the displayed loop diagrams modify the intermediate

state compared to the LO picture. The diagram 5a is associated to QED final-state radia-

tion.

From the previous argument it is therefore obvious that the QT approach, which relies

on the presence of an intermediate H ! ZZ⇤ decay whose spin density matrix can be

studied via the angular distribution of the fermions emerging from the Z decays, may

be formally inconsistent. Even considering the gauge-dependent contributions with H(!

ZZ⇤) ! e+e�µ+µ� topology, such as the one in Fig. 5e, the LO picture of the QT approach

discussed in Sec. 2.2 would be a↵ected. Indeed, due to the NLO EW corrections to the

decay, the spin-analysing power ↵ would depend on the invariant mass of the corresponding

fermion pair, and would be di↵erent for the two di↵erent pairs.

Nevertheless, since NLO EW corrections typically induce relative e↵ects at the percent

level,12 one may simply argue that, although formally inaccurate, the NLO EW corrections

12Notable exceptions are the EW Sudakov logarithms, which however are not relevant in this context,

or final-state radiation (FSR) of photons from light fermions which instead is relevant in this study. The

impact of the latter in fact can be strongly reduce via large-cone recombination. We will discuss in detail
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Consistently with the results shown in Tab. 3, the right plots of both Figs. 8 and 9 show

that, while the prediction is negative at LO, it almost goes to zero at NLO. On the other

hand, this e↵ect is not clearly visible on the left plots of the same figures. The comparison

between the left and right plots shows that the values of the C1,M,1,�M coe�cients originate

from large cancellations in the integral over the spherical harmonics. For C1,M,1,�M , the

NLO EW corrections lead to a symmetrisation of the distributions in the left plots, and

consequently to much smaller predictions for C1,M,1,�M . As it will be clear from the

discussion later in this section, this symmetrisation is accidental.

Another surprising e↵ect of the NLO EW corrections is the asymmetry between the

two A coe�cients. In particular, NLO EW corrections have a much larger impact on A1
2,0

(⇠ �15% vs. on A2
2,0 ⇠ �5%), which is related to the Z boson with leading mass. Before

discussing the origin of these large e↵ects on A1
2,0 and the C1,M,1,�M coe�cients, we analyse

their implications, especially for the interpretation of the ⇢ spin density matrix.

The uneven impact of the NLO corrections on the various A and C coe�cients has

significant consequences, in particular it breaks the relations in Eqs. (2.36)–(2.39). This

is clearly visible in Tab. 3, where a comparison within the same blocks shows that these

relations hold at LO, but are largely broken when including NLO EW corrections, especially

those involving C1,M,1,�M coe�cients. As a result, several of the cancellations that occur

at LO, leading to a simplified form of the spin density matrix, are no longer present at

NLO, resulting in a di↵erent structure for ⇢:

⇢NLO =

0

BBBBBBBB@

0.099(4) · · · · · · · ·

· 0.004(2) · 0.131(4) · · · · ·

· · 0.111(4) · �0.183(4) · 0.189(1) · ·

· 0.131(4) · �0.009(2) · · · · ·

· · �0.183(4) · 0.591(1) · �0.183(4) · ·

· · · · · �0.009(2) · 0.131(4) ·

· · 0.189(1) · �0.183(4) · 0.110(3) · ·

· · · · · 0.131(4) · 0.004(2) ·

· · · · · · · · 0.099(3)

1

CCCCCCCCA

.

(4.2)

In this matrix, entries that are already present at LO are highlighted in blue, while the

new NLO entries which are at least of order 0.01 are shown in green.14 Some of these

new entries are comparable to, or even larger than, the LO entries. Looking at the basic

requirements for a spin density matrix it is visible that ⇢NLO is ill defined, as it violates

the condition:

|⇢ij |
2
 ⇢ii⇢jj , i 6= j (4.3)

and also leads to some negative eigenvalues. Thus, at this point it is already clear that the

naive application of the LO QT approach onto NLO EW accurate results is not feasible

for the H ! e+e�µ+µ� decay. Not only NLO EW corrections are large, but they disrupt

14We will see later in the text that this distinction is not only quantitative but also qualitative.
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This matrix has a different texture than the LO 
one, leading to negative eigenvalues. 
Therefore it makes no sense. The situation is 
as bad as when an NLO calculation leads to 
negative cross sections.
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 at NLO EWH → ZZ* → e+e−μ+μ−

LO NLO NLO/LO

A1
2,0 �0.592(1) �0.509(2) 0.860(2)

A2
2,0 �0.591(1) �0.565(2) 0.956(2)

C2,1,2,�1 �0.937(2) �0.943(4) 1.006(3)

�C1,1,1,�1 �0.94(1) �0.16(2) 0.17(2)

A1
2,0/

p
2 + 1 0.5817(7) 0.640(1) 1.101(2)

C2,2,2,�2 0.581(3) 0.568(4) 0.977(6)

�C1,0,1,0 0.59(1) 0.03(2) 0.06(4)

C2,0,2,0 1.418(3) 1.400(5) 0.987(3)

C1,0,1,0 + 2 1.41(1) 1.97(2) 1.39(1)

Table 3: Non-vanishing A and C coe�cients of the spin density matrix calculated

using a LO simulation or including NLO EW corrections, the third column reports

the ratio between the two results. The di↵erent blocks of rows highlight the equalities

between the coe�cients that should be present at LO. No phase-space restrictions are

applied. The error on the last digit is in parentheses.

of the four final-state leptons.13 Consequently, the same method used to extract the C

and A coe�cients of the spin density matrix can also be applied to NLO simulations, using

dressed leptons. As already mentioned in Sec. 4.1, this approach makes some important

approximations, indeed it tries to restrict the complex structure depicted in Fig. 5 to a

simple structure of two intermediate Z bosons decaying to leptons. While the angular

distributions of the leptons are properly defined at NLO EW accuracy, the extraction of

the C and A coe�cients relies on a LO picture: the � matrix at LO, see Eq. (2.23),

parameterised by the spin-analysing power ↵, which is also formally defined only at LO.

In Tab. 3 we show all the non-vanishing C and A coe�cients at LO and NLO EW

accuracy. Each horizontal block of the table displays coe�cients (or relations) that have

the same value at LO, but not at NLO EW, as we will discuss. The first interesting aspect

to notice is that the same non-zero coe�cients found at LO are still the only non-vanishing

coe�cients at NLO, as this is imposed from the geometry of the system. Another inter-

esting observation is that the e↵ects of the NLO corrections are uneven across the various

coe�cients. While some coe�cients are only mildly impacted, with corrections ranging

from 1% to 14%, the CL1,M1,L2,M2
coe�cients with L1 = L2 = 1 (C1,1,1,�1 and C1,0,1,0) are

significantly modified at NLO EW, with deviations exceeding 90%, in agreement with the

13We consider the reference frame of the Higgs boson and not of the four final-state leptons. One should

notice that at the experimental level the requirement m(4`) ' mH is imposed, such that the two definitions

are equivalent. Both choices have been studied in Ref. [28] and we did not explore again this aspect.
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Giant corrections

At this point we clearly see how the QT works. First, by measuring the angular

distributions of H ! VaVb ! f1f̄2f3f̄4 we can calculate the l.h.s. of Eq. (2.32) and (2.33).

Then, assuming that the decay is the one parameterised by the density matrix �, we can

derive the coe�cients A and C and finally build the ⇢LO matrix via Eq. (2.10). However,

we know already the structure that ⇢LO must have, see Eq. (2.20), and this implies that

there are only two independent coe�cients and that

x ⌘
C2,2,2,�2

3
, (2.34)

y ⌘
C2,1,2,�1

3
. (2.35)

One finds that there are only ten A and C coe�cients that are non-vanishing, and all

are real. They are related as:

Aa
2,0 = Ab

2,0 6= 0 , (2.36)

C1,�1,1,1 = C1,1,1,�1 = �C2,�1,2,1 = �C2,1,2,�1 6= 0 , (2.37)

C2,�2,2,2 = C2,2,2,�2 = �C1,0,1,0 = 2� C2,0,2,0 6= 0 , (2.38)

consistently with the properties discussed in the previous section (up-down symmetry,

cylindrical symmetry, etc.). Moreover,

Aa
2,0

p
2

+ 1 = C2,2,2,�2 . (2.39)

At this point we want to stress an aspect that will be of particular relevance when

this framework will be extended to the NLO level in Sec. 4. The quantity in the l.h.s.

of Eqs. (2.32) and (2.33) depends on the entire process H ! VaVb ! 1, 2, 3, 4, while by

construction the A and C coe�cients depend only on the H ! V V ⇤ decay, and therefore

cannot depend on the interactions among the V bosons and the fermions. Since Ba
1
and

Bb
1
are functions of, respectively, ↵a and ↵b, this means that for the case C1,�1,1,1 (or

C1,0,1,0) the l.h.s. of Eq. (2.33) does depend on ↵a and ↵b, and that Ba
1
and Bb

1
cancel this

dependence when solving the equation for C1,�1,1,1 (or C1,0,1,0). This can be made explicit

looking at their analytical expression at a fixed �, which takes the general form

CLa,Ma,Lb,Mb
(�) =

(4⇡)2

Ba
La
Bb

Lb

GLa,Ma,Lb,Mb
. (2.40)

Here GLa,Ma,Lb,Mb
is the l.h.s. of Eq. (2.33) at fixed �, and the only two independent and

non-vanishing G1,Ma,1,Mb
read

G1,1,1,�1 = ↵a↵b

✓
�3�

8⇡(2 + �2)

◆
, (2.41)

G1,0,1,0 = ↵a↵b

✓
�3

8⇡(2 + �2)

◆
, (2.42)

while the other non-vanishing GLa,Ma,Lb,Mb
coe�cients with La 6= 1 and Lb 6= 1 do not

depend on the spin-analysing powers ↵a and ↵b. It is therefore manifest that the correct
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and
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are functions of, respectively, ↵a and ↵b, this means that for the case C1,�1,1,1 (or

C1,0,1,0) the l.h.s. of Eq. (2.33) does depend on ↵a and ↵b, and that Ba
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and Bb
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cancel this

dependence when solving the equation for C1,�1,1,1 (or C1,0,1,0). This can be made explicit

looking at their analytical expression at a fixed �, which takes the general form

CLa,Ma,Lb,Mb
(�) =

(4⇡)2

Ba
La
Bb

Lb

GLa,Ma,Lb,Mb
. (2.40)

Here GLa,Ma,Lb,Mb
is the l.h.s. of Eq. (2.33) at fixed �, and the only two independent and

non-vanishing G1,Ma,1,Mb
read

G1,1,1,�1 = ↵a↵b
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8⇡(2 + �2)
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, (2.41)

G1,0,1,0 = ↵a↵b
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coe�cients with La 6= 1 and Lb 6= 1 do not

depend on the spin-analysing powers ↵a and ↵b. It is therefore manifest that the correct
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LO Relations violated
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The culprit:  the spin analysing powerα

At LO the general form of �a(�a,�
0
a), i.e. the density matrix for a spin-1 particle

decaying into two spin-1/2 particles, is known, and reads [41, 42]:

(�a(�a,�
0
a))Va!f1f̄2 = (2.23)

0

BB@

1+⌘+(1�3⌘) cos2 ✓a+2↵ cos ✓a
4

sin ✓a(↵+(1�3⌘) cos ✓a)

2
p
2

ei�a
(1�3⌘)(1�cos

2 ✓a)
4

e2i�a

sin ✓a(↵+(1�3⌘) cos ✓a)

2
p
2

e�i�a ⌘ + (1� 3⌘) sin
2 ✓a
2

sin ✓a(↵�(1�3⌘) cos ✓a)

2
p
2

ei�a

(1�3⌘)(1�cos
2 ✓a)

4
e�2i�a

sin ✓a(↵�(1�3⌘) cos ✓a)

2
p
2

e�i�a
1+⌘+(1�3⌘) cos2 ✓a�2↵ cos ✓a

4

1

CCA .

In Eq. (2.23) the angle ✓a and �a are the polar and azimuthal angle of the decay particle f1 in

the rest frame of the parent particle Va, while ⌘ and ↵ are two additional parameters,3 whose

definition can be found in Refs. [41, 42]. In particular, assuming dimension-4 interactions,

parameterised as f̄1�µ(cLPL+ cRPR)f2 V
µ
a with PR/L ⌘ (1± �5)/2, and massless fermions,

the two parameters read [41]:

⌘ = 0 , ↵ =
c2R � c2L
c2R + c2L

. (2.24)

The quantity ↵ is also called the spin-analysing power of f1. If one considers V = W±,

then ↵ = �14. In the case V = Z, the value of ↵ depends on the fermion considered.

Di↵erent cases, for massless fermions, are reported for the SM in Tab. 1, together with the

values of c2R and c2L.
5

We want to stress here a point that will be crucial in the discussion of the NLO results

in Sec. 4. In the case of electrons, muons and taus the value of ↵ is particularly small due

to accidental cancellations. Indeed, sin2 ✓W ' 0.25 and in particular for sin2 ✓W = 0.25

we obtain c2L = c2R and in turn ↵ = 0. For the same reason, which is accidental and not

protected by any symmetry, ↵ is very sensitive to variation of the input parameters or to

possible corrections. For instance, it is strongly dependent on the value of sin2 ✓W : 1%

di↵erence around the value used in this work leads to ⇡ 11% e↵ects on ↵. As already

anticipated, this fact will have consequences for the case of NLO EW corrections.

In the case of massless fermions the density matrix �a can be written in terms of the

standard spherical harmonics YLa,Ma
(✓a,�a) as

�a =
1

3
[13 +Ba

1 (T1,Ma
Y1,Ma

) +Ba
2 (T2,Ma

Y2,Ma
)] , (2.25)

where we have dropped the explicit dependence on (✓a,�a) and the quantities Ba
1
and Ba

2

are defined as

Ba
1 =

p
2⇡↵a , Ba

2 =

r
2⇡

5
. (2.26)

Only Ba
1
depends on the value of ↵ for the specific type of fermions f1f̄2 associated to Va,

and has been denoted as ↵a in Eq. (2.26). Using the same convention, the value of ↵ for

3The quantity ↵ corresponds to �⌘` in Ref. [23].
4The spin-analysing power for the anti-particle f̄2 is ↵ = 1.
5Numerical values have been obtained by setting sin2

✓W = 0.222247, consistent with the input param-

eters (see Eq. (3.2)) used for LO and NLO results presented in this paper.
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f cL cR ↵

⌫ 1

2
0 �1

e �1+2 sin
2 ✓W

2
sin2 ✓W �0.219

u 1

2
�

2

3
sin2 ✓W �

2

3
sin2 ✓W �0.699

d �
1

2
+ 1

3
sin2 ✓W

1

3
sin2 ✓W �0.941

Table 1: Spin-analysing power ↵ of the Z decay for di↵erent fermions in the SM.

f3f̄4 associated to Vb can be denoted as ↵b. Via Eq. (2.8) we obtain

Tr [13�
T ] = 2

p
⇡Y0,0 , Tr [T1,Ma

�T ] = Ba
1Y1,Ma

, Tr [T2,Ma
�T ] = Ba

2Y2,Ma
. (2.27)

The identity matrix in Eq. (2.25) can also be written as

13 = Ba
0 (T0,0Y0,0) , (2.28)

where

Ba
0 = 2

p
⇡ = 1/Y0,0 . (2.29)

It is therefore possible to rewrite Eq. (2.21) in terms of spherical harmonics and A, C

and B coe�cients using Eqs. (2.10) and (2.27) :

1

�

d�

d⌦ad⌦b
=

1

(4⇡)2
[1 +Aa

L,MBa
LYL,M (✓a,�a) +Ab

L,MBb
LYL,M (✓b,�b)

+ CLa,Ma,Lb,Mb
Ba

La
Bb

Lb
YLa,Ma

(✓a,�a)YLb,Mb
(✓b,�b)] . (2.30)

The above equation shows the relation between the A and C coe�cients and the joint

angular distribution of the decay particles (f1, f3). This relation allows to compute the

full spin density matrix integrating over the spherical harmonics, that are functions of the

measurable angles ✓ and �. In particular, the fundamental property of the harmonics is

that they are an orthonormal basis
Z

d⌦YL,MY ⇤
L0,M 0 = �L,L0�M,M 0 . (2.31)

Exploiting this property we obtain

Z
1

�

d�

d⌦ad⌦b
Y ⇤
L,M (⌦j) d⌦ad⌦b =

Bj
L

4⇡
Aj

L,M with j = a, b , (2.32)

Z
1

�

d�

d⌦ad⌦b
Y ⇤
La,Ma

(⌦a)Y
⇤
Lb,Mb

(⌦b) d⌦ad⌦b =
Ba

La
Bb

Lb

(4⇡)2
CLa,Ma,Lb,Mb

, (2.33)

where in Eq. (2.32) we have used the fact that
R
d⌦ = 4⇡ =

R
d⌦|Y0,0|2(B0)2. 6

6In a realistic experimental scenario the integral in d⌦ cannot be performed over 4⇡ due to the unavoid-

able cuts that are present in the analysis. This aspect is beyond the scope of the paper and therefore left

for future studies.
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For , there are large cancellations in the numerator of  that are not protected 
by any symmetry and so they can be spoiled by higher-order corrections, leading to giant 
effects. The large effects are in , in particular , but they are erroneously 
propagated on  via QT at LO.

Z → ℓ+ℓ− α

Γ α
ρ

NLO

LO
� 1 [%] `+`�`0+`0� uūcc̄ dd̄ss̄

A1
2,0 �14.0 �5.2 �1.1

A2
2,0 �4.4 �1.0 < 1

C2,1,2,�1 < 1 < 1 < 1

C1,1,1,�1 �83.0 �17.8 �3.1

C2,2,2,�2 �2.3 �1.3 < 1

C1,0,1,0 �94.0 �14.9 �2.2

C2,0,2,0 �1.3 < 1 < 1

Table 4: Percentage deviation from LO due to NLO corrections in all non-vanishing

A and C coe�cients of the spin density matrix. The columns refer to di↵erent final

states, and di↵erent blocks of rows highlight the equalities between the coe�cients

that should be present at LO. No phase-space restrictions are applied.

in each final state. Given the dependence of the EW corrections in general on the particle

electric charge, further e↵ects are present for the other coe�cients as well, but we will focus

the discussion of the comparison on C1,M,1,�M .

The results of our calculations are shown in Tab. 4, where we list the relative impact

of NLO EW corrections for all the non-vanishing coe�cients. It is manifest that their

impact is reduced for final states with quarks. Especially, the impact on the C1,M,1,�M

coe�cients drastically changes. While the relative NLO EW corrections are of the order

of 90% for charged leptons, they reduce to ⇡ 20% for up-type quarks and to only a few

percents for down-type quarks. We have calculated the NLO EW corrections for the process

H ! WW ⇤
! e+⌫eµ�⌫̄µ, where ↵2 = 1, i.e., even larger than the case of down-type quarks

for ZZ⇤. We see corrections of at most a few percents for all C coe�cients, including the

C1,M,1,�M .

From the results of these tests we can confidently state that the large NLO EW correc-

tions on the C1,M,1,�M coe�cients, in the case of Z decaying to leptons, arise specifically

from the smallness of the value of ↵ and in turn to its sensitivity to radiative corrections.

Keeping the LO value of this parameter for the extraction of ⇢NLO from NLO EW simula-

tions leads to inconsistent results. As already explained before in the text, the calculation

of the ↵ parameter at NLO EW is not theoretically well defined for an o↵-shell Z boson

(gauge dependence) and would be anyway dependent on its invariant mass. The main

consequence is that, without a tomographic approach including NLO EW corrections, it is

not possible to estimate the correct C1,M,1,�M coe�cients, and consequently determine the

entire ⇢ matrix for the process. Still, is important to note that this conclusion should not

be generalised to other processes, including similar ones such as the H(! WW ⇤) ! 4f

decay and the H ! qq̄qq̄0 process with q, q0 = d, s, b. Although with milder e↵ects, the

– 32 –

We do not see such effects in other channels, including . It is not a 
problem of tomography, it is not a problem of . It is a problem of  

.

H → WW*
H → VV*

H → ZZ* → 4ℓ
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Solution: avoid  dependenceα
The quantity  affects only coefficients with L=1.α

no cuts m(Z2) > 30 GeV 85 GeV < m(Z1) < 95 GeV

LO CLB 0.94 1.18 0.97

LO C
L>1

LB 0.47 0.59 0.49

NLO C
L>1

LB 0.49 0.55 0.48

Table 9: Values obtained for the lower bound of the concurrence squared, (C(⇢))2. At

LO two di↵erent definitions of the lower bound are compared, where the second row

is defined to be stable against NLO EW corrections.

approximation, CL>1

LB < CLB. The corresponding results are shown in Tab. 9 for the three

di↵erent sets of cuts already chosen in Sec. 4.2. At LO, both definitions of the lower bounds

on (C(⇢))2 confirm the presence of entanglement in all investigated regions. However, the

definition CLB
L>1 leads to a value significantly closer to 0, leading to a more di�cult

observation at the experimental level of a clear signal of the presence of entanglement in

this final state. The trend of the lower bound is the same using the two definitions, with the

maximum value reached in the region m(Z2) > 30 GeV. At NLO the values obtained with

CLB
L>1 are very similar to the LO, confirming the stability of this definition against the

NLO EW corrections. Clearly, based on the discussion of Sec. 4.2, the same consideration

would not be true for CLB and we refrain from showing the corresponding prediction in the

Tab. 9, since as already explained several times, this result would be unreliable.

Also in the case of Bell inequalities it is possible to define an operator independent

of C1,M,1,�M , by exploiting the possibility of applying unitary transformations to the Bell

operator. Indeed, the evaluation of I3 with the O(OA)

B operator requires a maximisation

performed extracting random unitary matrices, and to remove the dependence on C1,M,1,�M

we imposed a restriction to the sampled phase space of the unitary matrices, in order to

include only those that render I3 independent of the C1,M,1,�M values. Technically this

can be done by parametrising I3 as a function of the C1,M,1,�M coe�cients15

I3 = A · C1,0,1,0 +B · C1,�1,1,1 +D , (4.8)

and discarding all random unitary matrices leading to |A| or |B| larger than 0.01. Then the

value of I3 can be maximised inside this reduced set of unitary matrices, by maximising

D.

Figure 10 shows, for the inclusive case, the spread of I3 values obtained during the

maximisation only accepting matrices leading to no dependence on C1,M,1,�M , which is

denoted as O(OA,CL>1)

B . The figure also displays all the discarded I3, that showed a de-

pendence on the C1,M,1,�M coe�cients. It is clearly visible that, even if just 0.25% of the

random matrices sampled are accepted to maximise I3, the actual values are all close to

15Where we used the relation C1,�1,1,1 = C1,1,1,�1.

– 38 –

The lower bound on concurrence (with 
L=1 excluded) is stable under NLO 
corrections. But it is closer to zero.

no cuts m(Z2) > 30 GeV 85 GeV < m(Z1) < 95 GeV

I3, LO

O(OA,Ufix)

B 2.600 ± 0.003 2.794 ± 0.004 2.639 ± 0.003

O(OA)

B 2.63 2.79 2.65

O(OA,CL>1)

B 2.63 2.79 2.65

I3, NLO

O(OA,CL>1)

B 2.60 2.72 2.64

Table 10: I3 calculated using ⇢LO and ⇢NLO in di↵erent regions of the phase space.

Three di↵erent operators are applied at LO, each obtained with a di↵erent optimisation

of the unitary transformation to the initial Bell operator.

Figure 10: I3 NLO values in the inclusive region obtained in the maximisation procedure

O(OA)

B , run on 105 three-dimensional unitary matrices. The blue histogram includes only

results accepted using the O(OA,CL>1)

B approach, while the discarded I3 values are included

in the red histogram. Both histograms are normalised to unity and the acceptance rate is

shown in the legend.

the maximum I3, while using all the random matrices leads to a larger spread in the I3

values. As a consequence, this method does not lead to a reduction of the maximum of I3,
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      is also stable if dependence on L=1

is avoided

At very high energies, or equivalently at very small scales, the situation becomes more

nuanced. Quantum field theory has proven extremely powerful in accurately describing

fundamental interactions, with quantum mechanics playing an essential role in countless

instances. However, only recently have high-energy collider experiments begun to focus on

observables specifically designed to be sensitive to quantum entanglement or violations of

Bell-type inequalities. The interest in such observables is multifaceted, ranging from testing

the very foundations of quantum mechanics to employing entanglement as a resource for

probing fundamental interactions more deeply.

In high-dimensional quantum systems, such as pair of qutrits, various Bell-type in-

equalities have been formulated. Among these, the Collins-Gisin-Linden-Massar-Popescu

(CGLMP) inequality [17] is especially notable. This inequality has been shown to yield the

largest deviation from the locality bound in diboson systems generated from scalar decays

at rest or with small boosts [31].

The CGLMP inequality can be illustrated as follows: consider a scenario in which

a Higgs boson decays into two vector bosons, Va and Vb, measured independently by two

observers, Alice and Bob. Alice performs two distinct measurements, a1 and a2, on particle

Va, while Bob performs two measurements, b1 and b2, on particle Vb. Alice and Bob’s

measurements are conducted without communication, preserving the locality condition.

For a qutrit system, each measurement outcome is one of three possible values: 0, 1, or 2.

The CGLMP inequality is then evaluated by analyzing the joint probabilities of Alice and

Bob’s measurement outcomes [17, 61, 62]:

I3 = [P (a1 = b1) + P (b1 = a2 + 1) + P (a2 = b2) + P (b2 = a1)]

� [P (a1 = b1 � 1) + P (b1 + a2) + P (a2 = b2 � 1) + P (b2 = a1 � 1)] , (2.50)

where P (ai = bj + k) is the probability that the outcome ai di↵ers from the outcome bj
by an integer k, modulo 3. The maximum value of I3 for local variable theories is 2, and

for non-local theories, still respecting causality, is 4 [17]. A relevant aspect of all Bell

inequalities is that the violation depends on the type of measurement performed. If we

take the measurement as the projection of the spin on a certain axis, then the choice of

the axis is essential to observe a violation of the Bell inequality. The maximum value that

can be reached by I3, according to quantum mechanics, for maximally entangled states

is I3 ⇡ 2.8729 [17]. Noticeably, for mixed qutrit systems this does not correspond to the

maximal violation of the inequality [63].

The CGLMP inequality can be expressed in terms of an operator acting on the spin

density matrix [63] by defining

I3 = Tr [⇢OBell] , (2.51)

where OBell can be expressed in di↵erent ways, corresponding to di↵erent a and b measure-

ments. In this work we use the Bell operator presented in Ref. [63], that can be derived

using irreducible tensor operators as following:

OBell =
4

3
p
3
(T1,1 ⌦ T1,1 + T1,�1 ⌦ T1,�1) +

2

3
(T2,2 ⌦ T2,2 + T2,�2 ⌦ T2,�2) , (2.52)
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Could we have , aka , at NLO and correct QT?α ηℓ

YES for on-shell , NO for off-shell . The latter quantity is not gauge invariant and not 
well defined. In the Higgs decay, at least one  is off-shell. 

Z Z
Z

If direct ZZ production is considered (no Higgs in the middle), similar large effects are 
present for  and  coefficients with L=1, but they can be “cured”.A C

CHANGE OF NOTATION: A different name for  is , which we will use in the following.α ηℓ

decay entering �. Such contributions are never present in an NLO EW calculation for the

cross section of the production + decay process; they would appear only at NNLO EW or

at higher orders.6 Instead, the O(↵2
ew) term corresponds to contributions that involve at

the same time, after the expansion, corrections in the production and in one decay (or in

two di↵erent decays), but with one contribution coming from the numerator of the l.h.s. of

Eq. (2.16) and the other one from the denominator. In other words, they depend on the

unpolarised production and/or decay. However, if at the unpolarised and inclusive level the

NLO corrections are small, as typically it is unless very boosted kinematics are selected, such

contributions are negligible in our discussion.

Following the same logic, when ⌘` is present, the relations that allow for translating the

information from angular distributions (↵ and �) to the coe�cients of the ⇢ matrix (A and

C), see Eq. (2.9), are expected to be modified as

p
8⇡↵NLO

1m = ⌘
LO
` A

LO
1m

✓
1 +

�⌘
NLO
`

⌘
LO
`

+
�A

NLO
1m

A
LO
1m

◆
, (2.17)

8⇡
p
5�NLO

1m2m0 = ⌘
LO
` C

LO
1m2m0

✓
1 +

�⌘
NLO
`

⌘
LO
`

+
�C

NLO
1m2m0

C
LO
1m2m0

◆
, (2.18)

8⇡�NLO
1m1m0 = (⌘LO` )2CLO

1m1m0

✓
1 + 2

�⌘
NLO
`

⌘
LO
`

+
�C

NLO
1m1m0

C
LO
1m1m0

◆
, (2.19)

where the same convention already adopted for ⇢ and � has been used in order to denote

LO and NLO quantities also for ⌘` and the A and C coe�cients. The main point is that the

NLO EW version of each quantity cannot be simply plugged into Eq. (2.16) for a consistent

comparison between the results obtained via QT or the HA method.

A crucial step is also the definition of ⌘NLO
` . In order to correctly retain the relation

between the ↵, � and A,C coe�cients, ⌘NLO
` has to be properly defined. One needs that also

at NLO EW accuracy the analytic formula of Eq. (2.5) is preserved and that, if it is the

case, ⌘NLO
` is the corresponding value of ⌘`. This fact is far from obvious, since the NLO EW

corrections also include the real radiation of photons (Z ! `
+
`
�
�). The decay matrix could

have higher powers in cos ✓ or ei�, i.e., it could depend on Ylm

�
✓,�

�
with l > 2.

We stress that this definition of ⌘`, which we dub ⌘
NLO
` , is di↵erent form taking the LO

definition in Eq. (2.6) and directly plug the value sin2✓ e↵
w :

⌘
e↵
` ⌘ ⌘

LO
`

���
sin2 ✓w!sin2✓ e↵

w

=
1� 4 sin2✓ e↵

w

1� 4 sin2✓ e↵
w + 8 sin4✓ e↵

w

. (2.20)

Still, we reckon that sin2✓ e↵
w has been precisely defined for the asymmetries on the Z resonance

and so it is expected that if the analytic structure of the � matrix is unaltered at NLO, the

two definitions, ⌘e↵` and ⌘
NLO
` , should be equivalent. This is precisely what we investigate in

Sec. 3. First in Sec. 3.1 we calculate the decay density matrix � at NLO EW accuracy and

we check the validity of the approximating it via a LO simulation with ⌘
e↵
` . Then in Sec. 3.2

6The relevance of these contributions in the comparison with data is precisely the subject of Sec. 5.2.
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Level 1 improvement:

Level 2 improvement:          Compute  in DPA and evaluate  with the 
corresponding set-up:                  

pp → ZZ → 4ℓ ηℓ

Applying the QT approach directly on the four-lepton momenta, using the calculation in

the DPA, we obtain

QT (DPA) : �
LO
1010 = 0.001774(5), �

NLO
1010 = 0.000404(6) . (4.8)

The values in Eq. (4.7) and Eq. (4.8) are in perfect agreement, validating our procedure.

We have also checked that taking into account the full o↵-shell corrections, including

non-resonant e↵ects, and performing the QT,

QT (full) : �
LO
1010 = 0.001708(2), �

NLO
1010 = 0.000411(9) . (4.9)

the di↵erences with Eq. (4.8) are very mild.10

These results further confirm that the largest e↵ects for the coe�cients �1m1m0 originate

from the NLO corrections to the spin-analysing power ⌘`, while minor e↵ects are found for the

spin-density matrix at the production-level. It is manifest from Eq. (4.4) that the quantity

�F
NLO
± is completely negligible. Also, by comparing Eqs. (2.19) and (4.6), it is clear that the

quantity F± and C1010 are the same quantity with a di↵erent normalisation

C1010 = 8⇡F± , (4.10)

so also NLO EW corrections to C1010 are negligible: CNLO
1010 ' C

LO
1010.

We can now proceed in the opposite direction and test whethere starting from the cal-

culation of �1010 with the QT at NLO EW, the correct C1010 is obtained. We perform this

test using only the DPA results. First of all, we identify the true value that has be used as a

benchmark. Via the HA method we know that

C
NLO
1010 ' C

LO
1010 =

8⇡�LO1010
(⌘LO` )2

= 0.977 . (4.11)

Then, we write di↵erent definitions of C1010, adopting di↵erent choices in the extraction

from �
NLO
1010 : (1) dividing by the LO value of the spin-analysing power (⌘LO` )2, (2) dividing

by the NLO value (⌘NLO
` )2 or (3) taking into account the expansion (⌘NLO

` )2 +2 ⌘LO` · �⌘
NLO
` .

Also, for the last two choices, we look at the di↵erence between (a) using ⌘
NLO
` for the process

and cuts considered, and the specific recombination-radius R that has been chosen and (b)

10We reckon that the good agreement also between the QT (full) and HA (DPA) results is favoured by the

presence of the cuts in Eq. (4.3), which select the on-shell region.
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full o↵-shell e↵ects or in DPA. Thus, QT can be applied in both cases and validated against

the HA method in DPA.

We focus on the coe�cient �1010, which is related to the left- and right-helicity content

of the diboson process [17]. Via the HA method it can be written as

�1010 = �
3 ⌘`2

16⇡
(f�� + f++ � f�+ � f+�) = ⌘`

2
F± , (4.1)

with

fab ⌘ ⇢aabb , and F± ⌘ �
3

16⇡
(f�� + f++ � f�+ � f+�) . (4.2)

As it is manifest, fab corresponds to the diagonal entry ⇢aabb of the spin-density matrix, namely

the joint helicity fraction for two intermediate Z bosons with helicities a and b, respectively.

We consider massless leptons and apply to both the same-flavour lepton pairs the

invariant-mass constraint

81GeV < M`+`� < 101GeV , ` = e, µ , (4.3)

as in Eq. (3.7). Note that in the generic case of two di↵erent-flavour lepton-antilepton pairs

the factor ⌘2` is replaced by the product ⌘(1)` · ⌘
(2)
` , where the two spin-analysing powers take

slightly di↵erent values owing to possibly di↵erent cuts applied to the two Z-boson virtualities.

The same consideration would hold if the two fermion-antifermion pairs are characterised by

di↵erent SU(2)L and U(1)Y quantum numbers, e.g. in the decay channel with two leptons

and two quarks.

The direct calculation at LO and at NLO EW, via the HA method, of the spin-analysing

power ⌘` and of the quantity F± (defined in Eq. (4.1)) returns,

F
LO
± = �0.0389(1), F

NLO
± = �0.0388(1), ⌘

LO
` = 0.2136(3), ⌘

NLO
` = 0.1313(7) . (4.4)

Using the same convention adopted in the previous sections for denoting results at LO, NLO

EW accuracy and their di↵erence, at NLO EW we obtain

(⌘NLO
` )2(FNLO

± ) = (⌘LO` + �⌘
NLO
` )2(FLO

± + �F
NLO
± )

= (⌘LO` )2(FLO
± ) + 2 ⌘LO` · �⌘

NLO
` · F

LO
± + (⌘LO` )2 · �FNLO

± +O(↵2
ew) (4.5)

= �
NLO
1010 +O(↵2

ew) .

Thus we can write

�
LO
1010 = (⌘LO` )2(FLO

± ) , �
NLO
1010 = �

LO
1010 + 2 ⌘LO` · �⌘

NLO
` · F

LO
± + (⌘LO` )2 · �FNLO

± , (4.6)

which lead to the following predictions,

HA (DPA) : �
LO
1010 = 0.001775(1), �

NLO
1010 = 0.000407(3) . (4.7)
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Figure 1. Real (top row) and virtual (bottom row) diagrams contributing to the Z-boson decay into
a massless lepton–antilepton pair at NLO EW.

in the polar and azimuthal angle of the positively charged lepton. Since we treat the leptons

as massless, in the case of exact NLO EW corrections leptons are clustered together with

radiated photons (dressed leptons) if

�R`� =
q
(y` � y�)2 + (�` � ��)2 < R , (3.3)

with R corresponding to the resolution radius.

In Fig. 2 we show di↵erential distributions at LO (dashed) and NLO EW (solid) accu-

racy in the polar and azimuthal decay angle of the dressed lepton `
+, obtained with our

direct computation of the �NLO entries via HA. The angle is in the Z-boson rest frame and

we find that results obtained for R = 0.01, 0.1, 1 agree with each other within integration

uncertainties. We therefore show only results for the choice R = 0.1.

In the left panel the polar decay angle is considered, for the three diagonal entries: left-left

(�1,�1), longitudinal-longitudinal (0, 0), and right-right (+1,+1). At LO, the three diagonal

entries have a quadratic and linear dependence on the cosine of the polar angle, as can be

evinced from Eq. (2.5). For the two entries �±1,±1, corresponding to the transverse helicity of

the Z boson, the quadratic dependence on cos ✓`+ is the same at LO and at NLO, as can be

understood by the ratio between NLO EW and LO predictions shown in the inset. Instead,

the linear term, proportional to ⌘`, changes sizeably between LO and NLO EW. Performing

a quadratic fit of the curves we obtain the values

⌘
LO
` = 0.2131(1) , ⌘

EW,virt
` = 0.1409(1) , ⌘

NLO
` = 0.1405(8) , (3.4)

where the number in parentheses is the error on the last digit.

We have checked numerically that the analytic form of the decay matrix at NLO EW
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in the polar and azimuthal angle of the positively charged lepton. Since we treat the leptons

as massless, in the case of exact NLO EW corrections leptons are clustered together with

radiated photons (dressed leptons) if

�R`� =
q
(y` � y�)2 + (�` � ��)2 < R , (3.3)

with R corresponding to the resolution radius.

In Fig. 2 we show di↵erential distributions at LO (dashed) and NLO EW (solid) accu-

racy in the polar and azimuthal decay angle of the dressed lepton `
+, obtained with our

direct computation of the �NLO entries via HA. The angle is in the Z-boson rest frame and

we find that results obtained for R = 0.01, 0.1, 1 agree with each other within integration

uncertainties. We therefore show only results for the choice R = 0.1.

In the left panel the polar decay angle is considered, for the three diagonal entries: left-left

(�1,�1), longitudinal-longitudinal (0, 0), and right-right (+1,+1). At LO, the three diagonal

entries have a quadratic and linear dependence on the cosine of the polar angle, as can be

evinced from Eq. (2.5). For the two entries �±1,±1, corresponding to the transverse helicity of

the Z boson, the quadratic dependence on cos ✓`+ is the same at LO and at NLO, as can be

understood by the ratio between NLO EW and LO predictions shown in the inset. Instead,

the linear term, proportional to ⌘`, changes sizeably between LO and NLO EW. Performing

a quadratic fit of the curves we obtain the values

⌘
LO
` = 0.2131(1) , ⌘

EW,virt
` = 0.1409(1) , ⌘

NLO
` = 0.1405(8) , (3.4)

where the number in parentheses is the error on the last digit.

We have checked numerically that the analytic form of the decay matrix at NLO EW

– 12 –

decay entering �. Such contributions are never present in an NLO EW calculation for the

cross section of the production + decay process; they would appear only at NNLO EW or

at higher orders.6 Instead, the O(↵2
ew) term corresponds to contributions that involve at

the same time, after the expansion, corrections in the production and in one decay (or in

two di↵erent decays), but with one contribution coming from the numerator of the l.h.s. of

Eq. (2.16) and the other one from the denominator. In other words, they depend on the

unpolarised production and/or decay. However, if at the unpolarised and inclusive level the

NLO corrections are small, as typically it is unless very boosted kinematics are selected, such

contributions are negligible in our discussion.

Following the same logic, when ⌘` is present, the relations that allow for translating the

information from angular distributions (↵ and �) to the coe�cients of the ⇢ matrix (A and

C), see Eq. (2.9), are expected to be modified as

p
8⇡↵NLO

1m = ⌘
LO
` A

LO
1m

✓
1 +

�⌘
NLO
`

⌘
LO
`

+
�A

NLO
1m

A
LO
1m

◆
, (2.17)

8⇡
p
5�NLO

1m2m0 = ⌘
LO
` C

LO
1m2m0

✓
1 +

�⌘
NLO
`

⌘
LO
`

+
�C

NLO
1m2m0

C
LO
1m2m0

◆
, (2.18)

8⇡�NLO
1m1m0 = (⌘LO` )2CLO

1m1m0

✓
1 + 2

�⌘
NLO
`

⌘
LO
`

+
�C

NLO
1m1m0

C
LO
1m1m0

◆
, (2.19)

where the same convention already adopted for ⇢ and � has been used in order to denote

LO and NLO quantities also for ⌘` and the A and C coe�cients. The main point is that the

NLO EW version of each quantity cannot be simply plugged into Eq. (2.16) for a consistent

comparison between the results obtained via QT or the HA method.

A crucial step is also the definition of ⌘NLO
` . In order to correctly retain the relation

between the ↵, � and A,C coe�cients, ⌘NLO
` has to be properly defined. One needs that also

at NLO EW accuracy the analytic formula of Eq. (2.5) is preserved and that, if it is the

case, ⌘NLO
` is the corresponding value of ⌘`. This fact is far from obvious, since the NLO EW

corrections also include the real radiation of photons (Z ! `
+
`
�
�). The decay matrix could

have higher powers in cos ✓ or ei�, i.e., it could depend on Ylm

�
✓,�

�
with l > 2.

We stress that this definition of ⌘`, which we dub ⌘
NLO
` , is di↵erent form taking the LO

definition in Eq. (2.6) and directly plug the value sin2✓ e↵
w :

⌘
e↵
` ⌘ ⌘

LO
`

���
sin2 ✓w!sin2✓ e↵

w

=
1� 4 sin2✓ e↵

w

1� 4 sin2✓ e↵
w + 8 sin4✓ e↵

w

. (2.20)

Still, we reckon that sin2✓ e↵
w has been precisely defined for the asymmetries on the Z resonance

and so it is expected that if the analytic structure of the � matrix is unaltered at NLO, the

two definitions, ⌘e↵` and ⌘
NLO
` , should be equivalent. This is precisely what we investigate in

Sec. 3. First in Sec. 3.1 we calculate the decay density matrix � at NLO EW accuracy and

we check the validity of the approximating it via a LO simulation with ⌘
e↵
` . Then in Sec. 3.2

6The relevance of these contributions in the comparison with data is precisely the subject of Sec. 5.2.
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 at NLO EWηℓ

Applying the QT approach directly on the four-lepton momenta, using the calculation in

the DPA, we obtain

QT (DPA) : �
LO
1010 = 0.001774(5), �

NLO
1010 = 0.000404(6) . (4.8)

The values in Eq. (4.7) and Eq. (4.8) are in perfect agreement, validating our procedure.

We have also checked that taking into account the full o↵-shell corrections, including

non-resonant e↵ects, and performing the QT,

QT (full) : �
LO
1010 = 0.001708(2), �

NLO
1010 = 0.000411(9) . (4.9)

the di↵erences with Eq. (4.8) are very mild.10

These results further confirm that the largest e↵ects for the coe�cients �1m1m0 originate

from the NLO corrections to the spin-analysing power ⌘`, while minor e↵ects are found for the

spin-density matrix at the production-level. It is manifest from Eq. (4.4) that the quantity

�F
NLO
± is completely negligible. Also, by comparing Eqs. (2.19) and (4.6), it is clear that the

quantity F± and C1010 are the same quantity with a di↵erent normalisation

C1010 = 8⇡F± , (4.10)

so also NLO EW corrections to C1010 are negligible: CNLO
1010 ' C

LO
1010.

We can now proceed in the opposite direction and test whethere starting from the cal-

culation of �1010 with the QT at NLO EW, the correct C1010 is obtained. We perform this

test using only the DPA results. First of all, we identify the true value that has be used as a

benchmark. Via the HA method we know that

C
NLO
1010 ' C

LO
1010 =

8⇡�LO1010
(⌘LO` )2

= 0.977 . (4.11)

Then, we write di↵erent definitions of C1010, adopting di↵erent choices in the extraction

from �
NLO
1010 : (1) dividing by the LO value of the spin-analysing power (⌘LO` )2, (2) dividing

by the NLO value (⌘NLO
` )2 or (3) taking into account the expansion (⌘NLO

` )2 +2 ⌘LO` · �⌘
NLO
` .

Also, for the last two choices, we look at the di↵erence between (a) using ⌘
NLO
` for the process

and cuts considered, and the specific recombination-radius R that has been chosen and (b)

10We reckon that the good agreement also between the QT (full) and HA (DPA) results is favoured by the

presence of the cuts in Eq. (4.3), which select the on-shell region.
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Calculated directly Extracted via QT at LO from LO simulation of .pp → ZZ → 4ℓ
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quantity F± and C1010 are the same quantity with a di↵erent normalisation

C1010 = 8⇡F± , (4.10)

so also NLO EW corrections to C1010 are negligible: CNLO
1010 ' C

LO
1010.

We can now proceed in the opposite direction and test whethere starting from the cal-

culation of �1010 with the QT at NLO EW, the correct C1010 is obtained. We perform this

test using only the DPA results. First of all, we identify the true value that has be used as a

benchmark. Via the HA method we know that

C
NLO
1010 ' C

LO
1010 =

8⇡�LO1010
(⌘LO` )2

= 0.977 . (4.11)

Then, we write di↵erent definitions of C1010, adopting di↵erent choices in the extraction

from �
NLO
1010 : (1) dividing by the LO value of the spin-analysing power (⌘LO` )2, (2) dividing

by the NLO value (⌘NLO
` )2 or (3) taking into account the expansion (⌘NLO

` )2 +2 ⌘LO` · �⌘
NLO
` .

Also, for the last two choices, we look at the di↵erence between (a) using ⌘
NLO
` for the process

and cuts considered, and the specific recombination-radius R that has been chosen and (b)

10We reckon that the good agreement also between the QT (full) and HA (DPA) results is favoured by the

presence of the cuts in Eq. (4.3), which select the on-shell region.
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Calculated directly Extracted via QT at LO from LO simulation of .pp → ZZ → 4ℓ

the value at the simple decay level without cuts, which corresponds to ⌘
e↵
` in Eq. (2.20):

8⇡�NLO
1010

(⌘LO` )2
= 0.224 (1 ) (4.12)

8⇡�NLO
1010

(⌘NLO
` )2

= 0.593 (2a) (4.13)

8⇡�NLO
1010

(⌘e↵` )2
= 0.518 (2b) (4.14)

8⇡�NLO
1010

(⌘LO` )2 + 2 ⌘LO` · �⌘NLO
`

= 0.977 (3a) (4.15)

8⇡�NLO
1010

(⌘LO` )2 + 2 ⌘LO` · �⌘e↵`

= 0.710 (3b) (4.16)

The result in Eq. (4.12) is the standard QT procedure applied to a NLO EW calculation,

where using a LO value for the spin-analysing power the NLO EW corrections to this quantity

are erroneously propagated to the spin-density matrix ⇢. The result in Eq. (4.14) is the

procedure proposed in Ref. [26]. It is interesting to note that only the procedure in Eq. (4.15)

returns the correct value, which we know since we have calculated directly via the HA method

and we know it is equal to the LO value up to per mille e↵ects.

We want to stress that the conclusion of this check is not that the procedure used in

Eq. (4.15) is the correct one to be applied to data when performing QT. Indeed, data is not

at NLO EW accuracy, as it naturally takes into account higher-order e↵ects. This test is

precisely saying that the higher-order e↵ects induced by the combined one-loop corrections to

both Z decays, which e↵ectively consist of two-loop corrections from NNLO EW corrections,

are not negligible. The di↵erence between Eqs. (4.13) and (4.15) or Eqs. (4.14) and (4.16)

are those O(↵2
ew) e↵ects that have been discarded in the second line of Eq. (4.5). In fact,

when QT is applied to data, one should use the definition in Eqs. (4.13), where ⌘
NLO
` has

been calculated for the specific process and cuts considered. The usage of (⌘e↵` )2 is definitely

an improvement w.r.t. (⌘LO` )2, but non optimal. Moreover, as already mentioned before, if

di↵erent cuts are present for the two Z bosons, the quantity ⌘
NLO
µ ⌘

NLO
e should be used in the

normalisation, with ⌘
NLO
` calculated for the µ

+
µ
�(e+e�) pair when ` = µ(e).

In the next section we further support the statements of the previous paragraph consider-

ing a simplified scenario and we discuss the limitations for the case of the SM Higgs decaying

into four leptons.

5 Z-boson pairs from a (heavy) Higgs-boson decay

In this section, we consider a system whose spin structure is much more constrained—and

therefore simpler—than that of inclusive ZZ production at the LHC: the decay of a scalar

particle into a pair of Z bosons. Our primary interest is the case where the scalar corresponds

to the SM Higgs boson, but we will focus the discussion on the academic scenario in which
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=  Benchmark

Extracted via QT (different assumptions) from NLO simulation  in DPA.pp → ZZ → 4ℓ

LO QT

NLO QT for both V

“NLO” QT for both V

NLO QT for expanded

“NLO QT” for expanded
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 at NLO EWηℓ

Applying the QT approach directly on the four-lepton momenta, using the calculation in

the DPA, we obtain

QT (DPA) : �
LO
1010 = 0.001774(5), �

NLO
1010 = 0.000404(6) . (4.8)

The values in Eq. (4.7) and Eq. (4.8) are in perfect agreement, validating our procedure.

We have also checked that taking into account the full o↵-shell corrections, including

non-resonant e↵ects, and performing the QT,

QT (full) : �
LO
1010 = 0.001708(2), �

NLO
1010 = 0.000411(9) . (4.9)

the di↵erences with Eq. (4.8) are very mild.10

These results further confirm that the largest e↵ects for the coe�cients �1m1m0 originate

from the NLO corrections to the spin-analysing power ⌘`, while minor e↵ects are found for the

spin-density matrix at the production-level. It is manifest from Eq. (4.4) that the quantity

�F
NLO
± is completely negligible. Also, by comparing Eqs. (2.19) and (4.6), it is clear that the

quantity F± and C1010 are the same quantity with a di↵erent normalisation

C1010 = 8⇡F± , (4.10)

so also NLO EW corrections to C1010 are negligible: CNLO
1010 ' C

LO
1010.

We can now proceed in the opposite direction and test whethere starting from the cal-

culation of �1010 with the QT at NLO EW, the correct C1010 is obtained. We perform this

test using only the DPA results. First of all, we identify the true value that has be used as a

benchmark. Via the HA method we know that

C
NLO
1010 ' C

LO
1010 =

8⇡�LO1010
(⌘LO` )2

= 0.977 . (4.11)

Then, we write di↵erent definitions of C1010, adopting di↵erent choices in the extraction

from �
NLO
1010 : (1) dividing by the LO value of the spin-analysing power (⌘LO` )2, (2) dividing

by the NLO value (⌘NLO
` )2 or (3) taking into account the expansion (⌘NLO

` )2 +2 ⌘LO` · �⌘
NLO
` .

Also, for the last two choices, we look at the di↵erence between (a) using ⌘
NLO
` for the process

and cuts considered, and the specific recombination-radius R that has been chosen and (b)

10We reckon that the good agreement also between the QT (full) and HA (DPA) results is favoured by the

presence of the cuts in Eq. (4.3), which select the on-shell region.
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Calculated directly Extracted via QT at LO from LO simulation of .pp → ZZ → 4ℓ

the value at the simple decay level without cuts, which corresponds to ⌘
e↵
` in Eq. (2.20):

8⇡�NLO
1010

(⌘LO` )2
= 0.224 (1 ) (4.12)

8⇡�NLO
1010

(⌘NLO
` )2

= 0.593 (2a) (4.13)

8⇡�NLO
1010

(⌘e↵` )2
= 0.518 (2b) (4.14)

8⇡�NLO
1010

(⌘LO` )2 + 2 ⌘LO` · �⌘NLO
`

= 0.977 (3a) (4.15)

8⇡�NLO
1010

(⌘LO` )2 + 2 ⌘LO` · �⌘e↵`

= 0.710 (3b) (4.16)

The result in Eq. (4.12) is the standard QT procedure applied to a NLO EW calculation,

where using a LO value for the spin-analysing power the NLO EW corrections to this quantity

are erroneously propagated to the spin-density matrix ⇢. The result in Eq. (4.14) is the

procedure proposed in Ref. [26]. It is interesting to note that only the procedure in Eq. (4.15)

returns the correct value, which we know since we have calculated directly via the HA method

and we know it is equal to the LO value up to per mille e↵ects.

We want to stress that the conclusion of this check is not that the procedure used in

Eq. (4.15) is the correct one to be applied to data when performing QT. Indeed, data is not

at NLO EW accuracy, as it naturally takes into account higher-order e↵ects. This test is

precisely saying that the higher-order e↵ects induced by the combined one-loop corrections to

both Z decays, which e↵ectively consist of two-loop corrections from NNLO EW corrections,

are not negligible. The di↵erence between Eqs. (4.13) and (4.15) or Eqs. (4.14) and (4.16)

are those O(↵2
ew) e↵ects that have been discarded in the second line of Eq. (4.5). In fact,

when QT is applied to data, one should use the definition in Eqs. (4.13), where ⌘
NLO
` has

been calculated for the specific process and cuts considered. The usage of (⌘e↵` )2 is definitely

an improvement w.r.t. (⌘LO` )2, but non optimal. Moreover, as already mentioned before, if

di↵erent cuts are present for the two Z bosons, the quantity ⌘
NLO
µ ⌘

NLO
e should be used in the

normalisation, with ⌘
NLO
` calculated for the µ

+
µ
�(e+e�) pair when ` = µ(e).

In the next section we further support the statements of the previous paragraph consider-

ing a simplified scenario and we discuss the limitations for the case of the SM Higgs decaying

into four leptons.

5 Z-boson pairs from a (heavy) Higgs-boson decay

In this section, we consider a system whose spin structure is much more constrained—and

therefore simpler—than that of inclusive ZZ production at the LHC: the decay of a scalar

particle into a pair of Z bosons. Our primary interest is the case where the scalar corresponds

to the SM Higgs boson, but we will focus the discussion on the academic scenario in which
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=  Benchmark

Extracted via QT (different assumptions) from NLO simulation  in DPA.pp → ZZ → 4ℓ

LO QT

NLO QT for both V

“NLO” QT for both V

NLO QT for expanded

“NLO QT” for expanded

This results should be interpreted 
as follow:

 improves but  is better.ηeff
ℓ ηNLO

ℓ

DPA at NLO has at most one loop 
for one , never for both of them.

The results on the left points to 
the fact that NNLO is large.

Nature is all-order not NLO so 
data should be extracted by 
simply diving by 

Z

(ηNLO
ℓ )2
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and the Higgs?
NOT possible to do this test with an off-shell . We considered the case of a heavy 
SM-like Higgs with , do both  can be on-shell.

Z
MH > 2MZ Z

�1010 coe�cient (⇥103)

QT HA

MH LO NLO LO NLO

183 GeV �1.5506(9) �0.44(1) �1.790(1) �0.596(6)

200 GeV �1.3085(5) �0.417(9) �1.364(1) �0.469(5)

225 GeV �0.8601(7) �0.294(7) �0.8776(7) �0.315(3)

250 GeV �0.559(1) �0.200(3) �0.5643(4) �0.208(2)

Table 5. Numerical results for the �1010 coe�cient (inflated by a factor 103) extracted via QT from
full o↵-shell simulations and via HA methods by direct calculation with intermediate on-shell Z bosons,
using Eqs. (4.5) and (4.6) and inputs from Tab. 4. The Z bosons are identified by the flavour of the
decay products and the spin-quantisation axis is given by the direction of the Z decaying to the e+e�

pair in the Higgs reference frame (HR). MC-integration uncertainties are shown in parentheses.

The values of �1010 obtained via the HA method for the four benchmark masses in (5.3)

are listed in Table 5 and compared with the corresponding results obtained via QT. We note

from the previous equations that also for this process the values of F±, and therefore of also

the “true values” of C1010, receive very mild NLO EW corrections.

The �1010 coe�cient is generally small, as in ZZ production, and decreases for large

Higgs-boson masses. Indeed, at large MH the longitudinal polarisations of the two Z bosons

is favoured, both at LO and NLO EW. Since fLL increases, f�� must decrease.

For masses above MH = 225GeV, although Z o↵-shell e↵ects are taken into account only

in the QT result, the HA method, which is performed in NWA, reproduces very well both the

LO and NLO predictions. While a fairly good agreement is found also for the intermediate

cases, the Higgs mass MH = 183GeV & 2MZ leads to a larger discrepancy. We notice that

the discrepancy (QT/HA = 0.87 at LO) is even larger at NLO (QT/HA = 0.77).

When the mass of the Higgs is just above the value 2MZ, the two Z bosons emerging from

the decay are almost at rest in the Higgs rest frame. Thus, if the two Z bosons are allowed

to be o↵-shell, a sizeable fraction of events will feature at least one of the lepton pairs that

is not on-shell. This feature can be easily seen in the left plot of Fig. 5 where we compare,

for MH = 183 GeV, the invariant-mass spectrum at NLO (solid lines) and LO (dashed lines)

for three di↵erent lepton-pair definitions. Red lines refer to the lepton pair identified via its

specific flavour, which for definiteness we choose as e: Me+e� . Ochre (Green) lines refer to

the same-flavour lepton pair with the largest (smallest) invariant mass: Mmax
`+`� (Mmin

`+`�).

We notice that the typical Breit-Wigner line-shape is present only for the distribution of

M
max
`+`� . Instead, in the case of Me+e� many events are o↵-shell, with lower values than MZ,

and even more for M
min
`+`� . In other words, for Me+e� and Mµ+µ� , which are identical, the
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Figure 5. Invariant-mass distributions of the same-flavour lepton pair with the largest/smallest
invariant mass (yellow/green) and of the electron-positron pair (red) in the H ! e

+
e
�
µ
+
µ
� o↵-shell

process, for MH = 183GeV (left) and MH = 250GeV (right). Solid curves: NLO EW, dashed curves:
LO. A lepton-dressing resolution radius of R = 0.1 is understood at NLO EW.

o↵-shell fraction is very large and even larger at NLO w.r.t. the LO case. On the contrary,

the o↵-shell fraction for Mmax
`+`� is very small, while M

min
`+`� is almost always o↵-shell.

Looking at the right plot of Fig. 5, we find the same information as in the left one but

for MH = 250 GeV, showing a very di↵erent picture. The Me+e� distribution features the

typical Breit-Wigner lines-shape, while the Mmax
`+`� (Mmin

`+`�) distribution is tilted towards large

(small) invariant-mass values. Thus, a large fraction of events have both M
max
`+`� and M

min
`+`�

pairs that are o↵-shell. On the contrary, both Me+e� and Mµ+µ� are typically on-shell.

The QT results for MH = 183 GeV, unlike those for high masses, are biased by the

presence of non-resonant e↵ects, which therefore a↵ect the two-qutrit interpretation of the

angular coe�cients. One could significantly mitigate this e↵ect by applying strict cuts around

MZ on the same-flavour lepton pairs, but this condition would not be anyway possible for the

case MH = 125 GeV. 13

In conclusion, while it is tempting to apply the proposed strategy outlined at the end

of Sec. 4 to the decay of a SM Higgs boson to four charged leptons, this is not possible

owing to the unavoidable large o↵-shell e↵ects. The SM Higgs mass forbids the presence

of two intermediate on-shell bosons and therefore critically a↵ects the spin interpretation of

the results extracted through QT [17, 23]. At MH = 250 GeV, the approach would work,

but already with MH = 183 GeV, where both Z bosons can still be in principle on-shell, this

13The coordinate system is defined with the spin-quantisation axis aligned to the Z boson labeled V1. Since

each Z is reconstructed from same-flavor leptons, the only ambiguity is in the assignment of V1. Here, we follow

Ref. [17] and assign V1 according to the flavor of its decay leptons. Alternatively, V1 can be chosen as the lepton

pair with the largest invariant mass [23, 25, 26]. As shown in Fig. 5, this choice induces an asymmetry between

V1 and V2 (↵(1)

lm 6= ↵(2)

lm), complicating interpretation without invariant-mass constraints. For MH = 183 GeV,

both definitions have drawbacks: the flavor-based choice yields asymmetric invariant-mass distributions for V1

and V2, while the mass-based choice enhances their di↵erence.
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full o↵-shell e↵ects or in DPA. Thus, QT can be applied in both cases and validated against

the HA method in DPA.

We focus on the coe�cient �1010, which is related to the left- and right-helicity content

of the diboson process [17]. Via the HA method it can be written as

�1010 = �
3 ⌘`2

16⇡
(f�� + f++ � f�+ � f+�) = ⌘`

2
F± , (4.1)

with

fab ⌘ ⇢aabb , and F± ⌘ �
3

16⇡
(f�� + f++ � f�+ � f+�) . (4.2)

As it is manifest, fab corresponds to the diagonal entry ⇢aabb of the spin-density matrix, namely

the joint helicity fraction for two intermediate Z bosons with helicities a and b, respectively.

We consider massless leptons and apply to both the same-flavour lepton pairs the

invariant-mass constraint

81GeV < M`+`� < 101GeV , ` = e, µ , (4.3)

as in Eq. (3.7). Note that in the generic case of two di↵erent-flavour lepton-antilepton pairs

the factor ⌘2` is replaced by the product ⌘(1)` · ⌘
(2)
` , where the two spin-analysing powers take

slightly di↵erent values owing to possibly di↵erent cuts applied to the two Z-boson virtualities.

The same consideration would hold if the two fermion-antifermion pairs are characterised by

di↵erent SU(2)L and U(1)Y quantum numbers, e.g. in the decay channel with two leptons

and two quarks.

The direct calculation at LO and at NLO EW, via the HA method, of the spin-analysing

power ⌘` and of the quantity F± (defined in Eq. (4.1)) returns,

F
LO
± = �0.0389(1), F

NLO
± = �0.0388(1), ⌘

LO
` = 0.2136(3), ⌘

NLO
` = 0.1313(7) . (4.4)

Using the same convention adopted in the previous sections for denoting results at LO, NLO

EW accuracy and their di↵erence, at NLO EW we obtain

(⌘NLO
` )2(FNLO

± ) = (⌘LO` + �⌘
NLO
` )2(FLO

± + �F
NLO
± )

= (⌘LO` )2(FLO
± ) + 2 ⌘LO` · �⌘

NLO
` · F

LO
± + (⌘LO` )2 · �FNLO

± +O(↵2
ew) (4.5)

= �
NLO
1010 +O(↵2

ew) .

Thus we can write

�
LO
1010 = (⌘LO` )2(FLO

± ) , �
NLO
1010 = �

LO
1010 + 2 ⌘LO` · �⌘

NLO
` · F

LO
± + (⌘LO` )2 · �FNLO

± , (4.6)

which lead to the following predictions,

HA (DPA) : �
LO
1010 = 0.001775(1), �

NLO
1010 = 0.000407(3) . (4.7)
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The lower is , the more the  boson is off-shell and we are back to the original 
problem.

MH Z

Alternative approaches:

Consider higher-order corrections as a background and subtract them. 
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BSM  at the tree-levelH → VV*

sis of the possible e↵ects of EFT corrections on QI observables, comparing them against

predictions that incorporate NLO accuracy for at least the SM.

This section is structured as follows. In Sec. 5.1 we provide the analytical results at LO

including BSM contributions for the ⇢ density matrix of the V V system at fixed invariant

masses of the two V bosons, decaying to the four fermions f1f̄2f3f̄4. We stress that this

approach focuses only on specific points in the phase space, and estimating the prediction

for the spin density matrix obtained in the Higgs decay would require integration across the

whole phase space. Nevertheless, the analytical formulas are very useful for understanding

the impact of NP on the ⇢ density matrix.

In Sec. 5.2 we instead provide numerical results for the H ! e+e�µ+µ� process and

we discuss the impact of BSM e↵ects on the A and C coe�cients and QI observables that

are extracted from the four-lepton system, via the QT approach described in Sec. 3. We

also discuss the size of the impact of BSM e↵ects in comparison with the e↵ects of NLO

EW corrections, which we calculate only for the SM component.16

5.1 Analytical formulas for the V V density matrix

In this section we provide analytical results at LO in the BSM context for the ⇢ density

matrix of the V V system at fixed �, further specifying the dependence on the invariant

masses of the two V bosons: ma and mb. Rather than employing an explicit e↵ective La-

grangian, as we will do in Sec. 5.2, we adopt a general Lorentz-invariant parameterisation

of the HV V vertex in order to systematically capture modifications to the spin density

matrix from higher-dimensional operators. This approach accounts for potential modifi-

cations, including those from dimension-five or higher operators, through the parameters

a1, a2 and a3. Here, we establish a general theoretical framework for these e↵ects, while

the next section focuses on the explicit analysis of dimension-five operators.

The most general Lorentz-invariant vertex describing the coupling of the Higgs boson

to two massive vector bosons V can be written as [83]:

V
HVaVb

µ⌫ =
1

v

h
a1gµ⌫M

2

V + a2 (gµ⌫pa · pb � (pa)⌫(pb)µ) + a3✏µ⌫↵�p
↵
ap

�
b

i
, (5.1)

where pa and pb are the four-momenta of the massive vector bosons, which we consider as

the qutrits “a” and “b”, respectively.17 The parameter MV represents the physical mass

of the vector boson and has only normalisation purpose. In the case of the possible pairs

of SM vector bosons stemming from the Higgs boson we conventionally use MZ for ZZ, ��

and Z�, and MW for WW . The term ✏µ⌫↵� is the fully antisymmetric Levi-Civita tensor,

and v is a scale conventionally taken as the vacuum expectation value (vev) of the Higgs

16The calculation of EW corrections in the context of BSM in an EFT framework is developing in these

last years. It has never been performed for QI observables (for the H ! ZZ process see Ref. [82]) and

it is clearly beyond the scope of this paper. Nevertheless, we acknowledge that given the size of the EW

corrections found in the previous sections for the SM, also in the BSM context they may lead to non-

negligible results.
17In Sec. 5.2 we will consider also cases where V = �, but the � will be always o↵-shell and therefore still

a qutrit. Moreover we will consider also the case where the two V bosons are di↵erent: Z and �. We keep

here the notation general, having these two possibilities in mind.
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 and : CP evena1 a2
: CP odda3

SM tree: only  for  and a1 ≠ 0 ZZ WW

Non-vanishing coe�cients also in the SM Vanishing coe�cients in the SM

Aa
2,0 = Ab

2,0 Aa
1,0 = �Ab

1,0
Aa

2,0p
2
+ 1 = �C1,0,1,0

Ab

1,0p
2

= C2,0,1,0

C2,0,2,0 = 2 + C1,0,1,0 C1,0,2,0 = �C2,0,1,0

C1,�1,1,1 = �C2,�1,2,1 C1,�1,2,1 = �C2,�1,1,1

C1,�1,1,1 = C⇤
1,1,1,�1

C1,�1,2,1 = C⇤
1,1,2,�1

C2,�1,2,1 = C⇤
2,1,2,�1

C2,�1,1,1 = C⇤
2,1,1,�1

C2,2,2,�2 = C⇤
2,�2,2,2

Table 12: Non-zero A and C coe�cients and relations among them at fixed ma and mb

and assuming the parameterisation of Eq. (5.1) for the two qutrits VaVb emerging from the

H ! V V ⇤ decay.

A and C, which by definition do not depend neither on ↵a nor on ↵b. We determine the A

and C coe�cients independently for each momentum structure given in Tab. 11, and the

corresponding values are provided in Tabs. 14–18 of Appendix D. Substituting the value

of each momentum structure in Eqs. (5.5) – (5.10) and then plugging them into Eq. (5.3),

we obtain the value for each A and C coe�cient.

Before showing the explicit formulas for (some of) the non-zero coe�cients, we list

them in Tab. 12 together with their relations. The left column lists coe�cients that are

also non-vanishing in the SM. We stress that they do not satisfy exactly the same relations

as in the SM (Eqs. (2.36)–(2.39)), notably, the relation C2,2,2,�2 = �C1,0,1,0 is not true.

Moreover, some of these coe�cients acquire non-zero imaginary contributions, which is not

the case in the SM due to the presence of CP-conserving interactions only. The right column

contains instead coe�cients that are strictly zero in the SM but become non-vanishing due

to the NP e↵ects. It is important to note that these coe�cients remain zero if all three

parameters a1, a2, and a3 are real, as is the case for the results in Sec. 5.2. Additionally, for

both columns, the relations among the coe�cients in the lower rows arise due to cylindrical

symmetry.

Using the information of Tab. 12, together with the formulas of Appendix A.1, we

can construct the density matrix at fixed ma and mb, assuming the parameterisation of
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at fixed β
Eq. (5.1) for the two qutrits V V emerging from the H ! V V ⇤ decay:

⇢NP(ma,mb) =
1

3
⇥ (5.12)
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.

We have highlighted entries that are equal or linearly dependent using di↵erent colours.

The di↵erence w.r.t. Eq. (2.18) is evident: while in the SM at fixed � the ⇢ matrix depends

only on �, here, besides the dependence on separately ma and mb, the dependence on a1, a2
and a3 enters as well, leading to many more degrees of freedom, especially if the A and C

coe�cients are complex and even more if also a1, a2 and a3 are complex.

Assuming all three ai parameters as real, as we will in practice do for the numerical

analysis of Sec. 5.2, all coe�cients in the right column of Tab. 12 become zero, while

the remaining coe�cients in the left column reduce to only three independent coe�cients.

These three coe�cients can be fully expressed in terms of coe�cients with only even L

values. The analytical expressions for these coe�cients at fixed invariant masses of Va and

Vb, denoted by ma and mb, respectively, are given by:
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The second limitation, which again is not present in the WW case or the aforemen-

tioned scenario for µ+µ�e+e�, is that in a general case not only the ZZ, Z� and ��

intermediate states are present, but they also interfere. This is precisely what happens

at NLO EW accuracy where one-loop amplitudes, featuring ZZ, Z� and �� intermediate

states, contribute only via the interference with the tree-level amplitude, which instead

features only the ZZ intermediate state. The formulas in this section do not explicitly

account for this e↵ect.

5.2 EFT analysis: numerical results via quantum tomography

In this section we provide numerical results and we discuss the impact of BSM e↵ects on

the A and C coe�cients, and in turn on QI observables, extracted via the QT approach

from the four-lepton system. We also discuss the size of BSM e↵ects in comparison with

the NLO EW corrections in the SM. Moreover, we investigate the sensitivity to NP that

can be obtained via these quantities.

In order to assess the potential of A and C coe�cients and QI observables in constrain-

ing the ai parameters introduced in the previous section in Eq. (5.1), we perform numerical

simulations. As anticipated, we limit our study to the case of NP associated only to new

heavy-states that do not interact with the fermions of the SM. Specifically, we employ the

“Higgs Characterisation model” [84], which provides an EFT parametrisation at the elec-

troweak scale of a spin-0 neutral state (X0) interacting with two SM vector bosons, taking

into account both CP-even and CP-odd contributions. This model is written directly via

the fields after the electroweak-symmetry breaking (EWSB), i.e. Z, � and W , and includes

only contributions of dimension four and five in the expansion in powers of 1/⇤, where

⇤ is the NP scale. The e↵ective couplings employed here can be mapped to the SMEFT

dimension-6 operators [85], as shown in Appendix E.

The e↵ective Lagrangian for this model reads:

LX0V V =

"
c�SM


1

2
gHZZZ

µZµ + gHWWW+

µ W�µ

�

�
1

4

h
c�H��gH��Aµ⌫A

µ⌫ + s�A��gA��Aµ⌫
eAµ⌫

i

�
1

2

h
c�HZ�gHZ�Zµ⌫A

µ⌫ + s�AZ�gAZ�Zµ⌫
eAµ⌫

i

�
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4

1

⇤

h
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µ⌫ + s�AZZZµ⌫
eZµ⌫

i

�
1

2

1

⇤

h
c�HWWW+

µ⌫W
�µ⌫ + s�AWWW+

µ⌫
fW�µ⌫

i

�
1

⇤
c�

⇥
H@�Z⌫@µA

µ⌫ + H@ZZ⌫@µZ
µ⌫ + (H@WW+

⌫ @µW
�µ⌫ + h.c.

�
]

#
X0 .

(5.22)

The V µ⌫ terms are defined as V µ⌫
⌘ @µV ⌫

� @⌫V µ and eV µ⌫
⌘

1

2
✏µ⌫⇢�V⇢�. The terms

c� ⌘ cos� and s� ⌘ sin� respectively parameterise the CP-even and CP-odd interactions

via the CP-phase �. The coe�cients i are real parameters (with the exception of H@W )
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1
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Table 13: Parameters a1,2,3 from Eq. (5.1) expressed in terms of the parameters of

Eq. (5.22), for di↵erent V V pairs.

quantifying potential new physics contributions. The SM is recovered, at LO, by setting

c� = 1, SM = 1 and all other i = 0. As can be seen, the normalisation parameters gijk
are present only for the four-dimension operators and are defined as follows.

In the case of gHZZ and gHWW , the parameters are precisely set to the values that

lead to the corresponding SM interactions after EWSB, when c� = 1 and SM = 1. In

the case of gH�� and gHZ� , the parameters are instead set to the values that lead to the

corresponding UV-finite one-loop induced SM interactions, when c� = 1 and respectively

H�� = 1 and HZ� = 1, after having integrated out any mass dependence of the particles

running in the loop. The cases of gA�� and gAZ� are equivalent to those of gH�� and gHZ�

respectively, but assuming that the Higgs is a purely CP-odd pseudo-scalar with the same

strength interactions of the SM purely CP-even scalar. The values of each normalisation

parameter gijk can be found in Tab. 2 of Ref. [84]. The dimension-5 operators are strictly

speaking non-renormalisable, and therefore a normalisation procedure based on the same

logic of the normalisation parameters gijk is not possible, instead here enters the NP scale

⇤ at denominator.

The Lagrangian includes interaction terms that modify the couplings of the Higgs

boson not only to ZZ, but also to WW, Z� and ��. The relations among the couplings

ai that have been introduced in the previous section and the  parameters in the e↵ective

Lagrangian for the di↵erent V V pairs (ZZ,WW,Z� and ��) are summarised in Tab. 13. All

the parameters appearing in Eq. (5.22) are real (except H@W ) and therefore, as anticipated

in the previous section, all the ai parameters for the “Higgs Characterisation model” are

also real (except a1 for WW ). For the numerical analysis that we are going to discuss,

only the case of WW is not relevant.

In the following analysis, we investigate multiple couplings by varying either a single i
coe�cient at the time or simultaneously with the CP phase (�). The simulation of the H !

e+e�µ+µ� process was performed at LO using MadGraph5 aMC@NLO, incorporating the

dedicated UFO model for the modified Lagrangian. The A and C have been reconstructed
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The second limitation, which again is not present in the WW case or the aforemen-

tioned scenario for µ+µ�e+e�, is that in a general case not only the ZZ, Z� and ��

intermediate states are present, but they also interfere. This is precisely what happens

at NLO EW accuracy where one-loop amplitudes, featuring ZZ, Z� and �� intermediate

states, contribute only via the interference with the tree-level amplitude, which instead

features only the ZZ intermediate state. The formulas in this section do not explicitly

account for this e↵ect.

5.2 EFT analysis: numerical results via quantum tomography

In this section we provide numerical results and we discuss the impact of BSM e↵ects on

the A and C coe�cients, and in turn on QI observables, extracted via the QT approach

from the four-lepton system. We also discuss the size of BSM e↵ects in comparison with

the NLO EW corrections in the SM. Moreover, we investigate the sensitivity to NP that

can be obtained via these quantities.

In order to assess the potential of A and C coe�cients and QI observables in constrain-

ing the ai parameters introduced in the previous section in Eq. (5.1), we perform numerical

simulations. As anticipated, we limit our study to the case of NP associated only to new

heavy-states that do not interact with the fermions of the SM. Specifically, we employ the

“Higgs Characterisation model” [84], which provides an EFT parametrisation at the elec-

troweak scale of a spin-0 neutral state (X0) interacting with two SM vector bosons, taking

into account both CP-even and CP-odd contributions. This model is written directly via

the fields after the electroweak-symmetry breaking (EWSB), i.e. Z, � and W , and includes

only contributions of dimension four and five in the expansion in powers of 1/⇤, where

⇤ is the NP scale. The e↵ective couplings employed here can be mapped to the SMEFT

dimension-6 operators [85], as shown in Appendix E.

The e↵ective Lagrangian for this model reads:
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"
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(5.22)

The V µ⌫ terms are defined as V µ⌫
⌘ @µV ⌫

� @⌫V µ and eV µ⌫
⌘

1

2
✏µ⌫⇢�V⇢�. The terms

c� ⌘ cos� and s� ⌘ sin� respectively parameterise the CP-even and CP-odd interactions

via the CP-phase �. The coe�cients i are real parameters (with the exception of H@W )
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(a) (b)

Figure 11: Values of di↵erent observables as functions of HZZ . Each prediction is

normalised over its LO SM value. The SM NLO EW predictions are also shown, for

comparison.

From the fixed-mass analytical expressions for the coe�cients in Eqs. (5.14) and (5.15),

we observe that the C coe�cients can acquire nonzero imaginary components—an e↵ect

absent in the SM at both LO and NLO accuracy. This occurs when the coupling AZZ

is activated and the phase � is modified such that s� 6= 0. As can be seen from Tab. 13,

in this way a3 becomes non-vanishing and in turn the C coe�cients acquire an imaginary

component.

The results for the A and C coe�cients, as well as the observables I3(O
(OA,CL>1)

B ), CL>1

LB

and CUB, as a function of the variation of the HZZ coupling, are shown in Fig. 11. The

plots illustrate that all A and C coe�cients exhibit a linear dependence on HZZ within

the explored range. For fixed invariant masses, this dependence can be derived from a

linear expansion in powers of 1/⇤ of Eq. (5.14)–(5.15). We notice that for all coe�cients

the common denominator contains both linear and quadratic terms in 1/⇤, while the

numerator’s order depends on the specific coe�cients. In the case of A2,0
2

it involves only

⇤-independent (therefore of SM origin in this case) and 1/⇤2 terms, whereas for the C

coe�cients the numerator contains ⇤-independent, 1/⇤ and 1/⇤2 terms.

The coe�cient that shows the largest sensitivity to HZZ variations turns out to be

A2
2,0, reaching up to 30% e↵ects at the lower edge of the explored range. As can be seen

from the comparison of Eq. (5.13) vs. Eqs. (5.14) and (5.15) the relative impact of a2 on

A2
2,0 is anti-correlated to the one on the C coe�cients, when a1 = 1 and a3 = 0 as in

our case. This suggests that simultaneous measurements of the A and C coe�cients could

impose more stringent constraints on HZZ .

The observables examined in Fig. 11b exhibit trends similar to those of the individual

A and C coe�cients. However, in particular, I3(O
(OA,CL>1)

B ) and C
L>1

LB are more challenging

to evaluate in real data, as they require the measurement of multiple coe�cients and their

correlations. An interesting aspect to note is that positive values of HZZ appear to enhance

the quantum correlation between the two bosons.
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(a) (b)

Figure 13: Values of di↵erent observables as functions of � for HZZ = 1 and AZZ = 5.

Each prediction is normalised over its LO SM value. The SM NLO EW predictions are

also shown, for comparison.

The reduction in entanglement in this case can be understood by examining Eqs. (5.18)–

(5.20). The dependence of a+ and a� on HZZ is identical, ensuring a+ = a�, as in the

SM at LO. However, their dependence on s�AZZ , which enters via a3, di↵ers and leads

to (a+ � a�) / s�AZZ . Consequently, as |s�AZZ | increases, the system further devi-

ates from a maximally entangled state (a+ = a� = a0), explaining the overall decrease in

I3(O
(OA,CL>1)

B ) across the entire AZZ range.

Figure 12b illustrates the dependence of the imaginary component of the C coe�cients

on AZZ . All coe�cients exhibit a linear dependence and similar sensitivity, receiving up

to ±60% corrections at the edges of the investigated range. This figure also includes

C1,1,1,�1 since the imaginary contributions to all coe�cients from the SM, including NLO

EW corrections, are zero. As expected from Tab. 12, C1,1,1,�1 contributes equally and

oppositely to C2,1,2,�1.

Figure 13 shows the variations of the coe�cients and QI-inspired observables as a

function of the CP phase �, while keeping HZZ = 1 and AZZ = 5, such that they

lead to e↵ects of similar size and are both within the allowed ranges of Eq. (5.24) at the

same time. All investigated variables exhibit a combination of sine and cosine dependence,

with amplitudes determined by the coupling values. Since the coe�cients are dominated

by the SM contribution (SMc� = 1), they show only a moderate dependence on the

phase variations, with C2,2,2,�2 displaying the greatest sensitivity. On the other hand,

C2,1,2,�1 seems quite flat with respect to the phase variation. In relation to the observables

I3(O
(OA,CL>1)

B ), CLB
L>1 and CUB shown in Fig. 13b, the maximum value is observed at

� = 0, where only the HZZ contributes to the decay width, in agreement with Fig. 11b.

The modification of the phase (s� 6= 0), corresponding also to a non-vanishing contribution

of the pseudo-scalar component, reduces the observables. I3(O
(OA,CL>1)

B ) is the observable

where the oscillation as a function of � shows the highest frequency, even if the magnitude
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from the four final-state lepton distributions, following the same procedure used for the

SM at LO, as described in Sec. 3. Thus, the value assumed for the spin-analysing power ↵

is the one of the Z interacting with leptons, also in the presence of contributions involving

the operators with one or more photon fields. Starting from the A and C coe�cients, we

have also reconstructed the observables sensitive to entanglement and the Bell operator,

as outlined in Sec. 4.3.

Since we consider the amplitude squared, where all the NP interactions are present, in

our predictions both linear and quadratic terms are present in the expansion 1/⇤. More-

over, each contribution to our prediction is proportional to ij , where i and j is any

of the  in Eq. (5.22), besides those involving W bosons. However, the Lagrangian in

Eq. (5.22) involves several free parameters, and we had to make choices in order to be

definite in the discussion. To this purpose, we neglect the impact of H@Z by setting it

equal to zero and fix SM = 1/c�, such that a1 = 1 for ZZ and therefore we recover the

SM prediction if any other  = 0. The advantage of this choice is that minimal variation

of any of the  couplings will parametrise the departure from the SM prediction; from

numerical results it will be manifest if the dominant e↵ect is induced by linear or quadratic

contributions in 1/⇤. Special attention is necessary for the variation of �, and we will get

back to this point in the discussion.

We start to examine the parameters a↵ecting the HZZ vertex: HZZ , AZZ and �.

The range of variation for these parameters around their SM value, which is clearly equal

to zero for all of them, has been chosen based on the limits imposed by recent experimental

results. In particular, a study conducted by the CMS collaboration [86] has set constraints

on the Higgs interaction couplings using a parameterisation of NP e↵ects similar to the

one adopted in Eq. (5.1).

Specifically, the CMS analysis obtained the following constraints on these couplings:

aCMS
3

aCMS
1

2 [�1.13, 0.80] ,
aCMS
2

aCMS
1

2 [�0.12, 0.26] . (5.23)

The couplings aCMS
2

and aCMS
3

, but not aCMS
1

, that have been used in the CMS parametri-

sation, corresponds respectively to a2/2 and a3/2 in Eq. (5.1). Keeping this in mind and

using Tab. 13, we can determine reasonable ranges for varying the i coe�cients. Setting

⇤ = 1 TeV they are

HZZ 2 [�4.2, 2.0] , AZZ 2 [�13.1, 18.5] . (5.24)

Since no intermediate photons are possible if only HZZ and AZZ are non-vanishing,

for this case the formulas of Sec. 5.1 can be exploited to understand which coe�cients

are non-vanishing and the relations among them.18 Considering the relations in the left

column of Tab. 12, only three A and C coe�cients are independent. We focus on those

with L > 1, where NLO corrections are not very large.

18Still we remind the reader that all the formulas in Sec. 5.1 are for fixed ma and mb, while here we

integrate over the full phase space.
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(a) (b)

Figure 13: Values of di↵erent observables as functions of � for HZZ = 1 and AZZ = 5.

Each prediction is normalised over its LO SM value. The SM NLO EW predictions are

also shown, for comparison.

The reduction in entanglement in this case can be understood by examining Eqs. (5.18)–

(5.20). The dependence of a+ and a� on HZZ is identical, ensuring a+ = a�, as in the

SM at LO. However, their dependence on s�AZZ , which enters via a3, di↵ers and leads

to (a+ � a�) / s�AZZ . Consequently, as |s�AZZ | increases, the system further devi-

ates from a maximally entangled state (a+ = a� = a0), explaining the overall decrease in

I3(O
(OA,CL>1)

B ) across the entire AZZ range.

Figure 12b illustrates the dependence of the imaginary component of the C coe�cients

on AZZ . All coe�cients exhibit a linear dependence and similar sensitivity, receiving up

to ±60% corrections at the edges of the investigated range. This figure also includes

C1,1,1,�1 since the imaginary contributions to all coe�cients from the SM, including NLO

EW corrections, are zero. As expected from Tab. 12, C1,1,1,�1 contributes equally and

oppositely to C2,1,2,�1.

Figure 13 shows the variations of the coe�cients and QI-inspired observables as a

function of the CP phase �, while keeping HZZ = 1 and AZZ = 5, such that they

lead to e↵ects of similar size and are both within the allowed ranges of Eq. (5.24) at the

same time. All investigated variables exhibit a combination of sine and cosine dependence,

with amplitudes determined by the coupling values. Since the coe�cients are dominated

by the SM contribution (SMc� = 1), they show only a moderate dependence on the

phase variations, with C2,2,2,�2 displaying the greatest sensitivity. On the other hand,

C2,1,2,�1 seems quite flat with respect to the phase variation. In relation to the observables

I3(O
(OA,CL>1)

B ), CLB
L>1 and CUB shown in Fig. 13b, the maximum value is observed at

� = 0, where only the HZZ contributes to the decay width, in agreement with Fig. 11b.

The modification of the phase (s� 6= 0), corresponding also to a non-vanishing contribution

of the pseudo-scalar component, reduces the observables. I3(O
(OA,CL>1)

B ) is the observable

where the oscillation as a function of � shows the highest frequency, even if the magnitude
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Figure 14: Values of di↵erent spin density matrix coe�cients A and C as functions of

HZ� (left plot) and H�� (right plot). Each prediction is normalised over its LO SM value.

The SM NLO EW predictions are also shown, for comparison.

of the variation is limited to 2% with this choice of HZZ = 1 and AZZ = 5.

Finally, we investigated the sensitivity of a subset of the A and C coe�cients to the

variations of HZ� and H�� . We vary these coe�cients while keeping c�SM = 1. This

setup allows multiple types of diboson pairs to contribute to the four-lepton final state.

While this scenario can be described by the e↵ective Lagrangian shown in Eq. (5.22),

unlike the previous cases it cannot be directly derived from the analytical formulas given

in Sec. 5.1. The problem is precisely what has been discussed at the end of Sec. 5.1: there

are multiple possible intermediate V V states, i.e. ZZ, Z� and ��, but we are forced to

assume a specific value of ↵ to perform the QT. Also in this case, the A and C coe�cients

are reconstructed, as described in Section 3, employing the LO spin-analysing power of

the leptons originating from a Z decay. Thus, the C1,M,1,�M coe�cients are not the true

quantities entering the ⇢ density matrix, since they depend on the mismatch between the

value of ↵ assumed and the one for Z� and �� contributions. Moreover, in the simulations

we impose a cut on m(Z2) in order to avoid divergences from the � ! `+`� splitting.20

We choose m(Z2) > 30 GeV, consistently with what has also been done in Sec. 4.2.

In this case, the concepts we have introduced in the last paragraph of Sec. 3 are par-

ticularly relevant for the C1,M,1,�M coe�cients: C1,M,1,�M can be calculated and measured

regardless of the reconstruction of the ⇢ density matrix via QT and its interpretation in the

context of QI. In particular, C1,M,1,�M coe�cients are a↵ected by the spin-analysing power

↵, and so they are expected to be sensitive to HZ� and H�� . In fact, an inconsistency

similar to the one observed at NLO EW is present, and therefore a similar large sensitivity

would not be surprising. Thus, we include C1,1,1,�1 among the observables considered in

our analysis.

20This divergence is arising from the terms scaling as 
2

H�� or 
2

A�� , while in the linear dependence on

H�� or A�� it originates from the interference of the SM contribution, which does not involve photons,

with diagrams featuring the � ! `
+
`
� splitting. This quantity, similar to the case of NLO EW corrections,

leads to an integrable divergence.
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G r e a t s e n s i t i v i t y f r o m 
, but this is not well 

defined for QI observables.

What is the intermediate state, 

 or ? 

C1,1,1,−1

ZZ Zγ(γγ)
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CONCLUSION


32

The study of Quantum-Information observables at high energies has 
started since a few years and it involves the Quantum-Tomography 

approach.


We have seen for  that once again precise 
predictions are essential also in this context.


H → ZZ* → 4ℓ

The study of Quantum Observable is per se valuable, but as byproduct 
it also offers new options for leveraging the sensitivity


 on New Physics Effects.
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(a) (b)

Figure 1: (a) I3 calculated for the decay H ! V V ⇤ as a function of the masses of the two

vector bosons V . The quantity I3 is maximised by sampling random three-dimensional

unitary matrices U and V , which are used as defined in OB. (b) I3 values obtained by

sampling only the unitary matrix U according to the O(OA)

B definition, compared to those

obtained using the OB definition. The density matrix ⇢ is evaluated with � fixed at 1.5.

at � = 1 (| i = 1p
3
(|�+i�|00i+|+�i)) directly in the form | i = 1p

3
(|�+i+|00i+|+�i).

This transformation can be written as: | i ! UOA ⌦ U⇤
| i; it depends on a single three-

dimensional unitary matrix U that can be selected to maximise I3, while OA is fixed:

OA =

 
0 0 1
0 �1 0
1 0 0

!
. (2.56)

The transformation can be translated on the Bell operator as

O(OA)

B = (UOA ⌦ U)†OBell(UOA ⌦ U) . (2.57)

We have seen that, in the range � < 5, the maximal value of I3 achieved using

the transformation involving OA (i.e., O(OA)

B ) is very similar to that obtained using two

completely random unitary matrices (OB), where no assumptions are made about the state.

The main di↵erence lies in the advantage of having O(OA)

B in the numerical optimisation,

as shown in Figure 1b. Here, the optimisation of the two methods is compared, using the

⇢ matrix for H ! V V ⇤ evaluated for �=1.5 and 100000 random extractions of one or two

unitary matrices. While the maximum of I3 is very similar in the two cases, the region

with I3 > 2 represents only a tail of the I3 values extracted with OB. On the contrary, all

the I3 derived using O(OA)

B lie in this region. As a consequence, in the rest of the paper we

will exploit the method O(OA)

B to evaluate I3.

In Ref. [23] a specific value of the unitary matrix U that maximises I3 for a large range

of � is identified (see Eq. (40) in Ref. [23]), still considering � < 5. This matrix, which we

denote as Ufix, is employed in conjunction to OA in order to transform the Bell operator,

which is then applied to the analytical form of the matrix in Eq. (2.20). As a result, a
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no cuts m(Z2) > 30 GeV 85 GeV < m(Z1) < 95 GeV

I3, LO

O(OA,Ufix)

B 2.600 ± 0.003 2.794 ± 0.004 2.639 ± 0.003

O(OA)

B 2.63 2.79 2.65

O(OA,CL>1)

B 2.63 2.79 2.65

I3, NLO

O(OA,CL>1)

B 2.60 2.72 2.64

Table 10: I3 calculated using ⇢LO and ⇢NLO in di↵erent regions of the phase space.

Three di↵erent operators are applied at LO, each obtained with a di↵erent optimisation

of the unitary transformation to the initial Bell operator.

Figure 10: I3 NLO values in the inclusive region obtained in the maximisation procedure

O(OA)

B , run on 105 three-dimensional unitary matrices. The blue histogram includes only

results accepted using the O(OA,CL>1)

B approach, while the discarded I3 values are included

in the red histogram. Both histograms are normalised to unity and the acceptance rate is

shown in the legend.

the maximum I3, while using all the random matrices leads to a larger spread in the I3

values. As a consequence, this method does not lead to a reduction of the maximum of I3,
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no cuts m(Z2) > 30 GeV 85 GeV < m(Z1) < 95 GeV

LO CLB 0.94 1.18 0.97

LO C
L>1

LB 0.47 0.59 0.49

NLO C
L>1

LB 0.49 0.55 0.48

Table 9: Values obtained for the lower bound of the concurrence squared, (C(⇢))2. At

LO two di↵erent definitions of the lower bound are compared, where the second row

is defined to be stable against NLO EW corrections.

approximation, CL>1

LB < CLB. The corresponding results are shown in Tab. 9 for the three

di↵erent sets of cuts already chosen in Sec. 4.2. At LO, both definitions of the lower bounds

on (C(⇢))2 confirm the presence of entanglement in all investigated regions. However, the

definition CLB
L>1 leads to a value significantly closer to 0, leading to a more di�cult

observation at the experimental level of a clear signal of the presence of entanglement in

this final state. The trend of the lower bound is the same using the two definitions, with the

maximum value reached in the region m(Z2) > 30 GeV. At NLO the values obtained with

CLB
L>1 are very similar to the LO, confirming the stability of this definition against the

NLO EW corrections. Clearly, based on the discussion of Sec. 4.2, the same consideration

would not be true for CLB and we refrain from showing the corresponding prediction in the

Tab. 9, since as already explained several times, this result would be unreliable.

Also in the case of Bell inequalities it is possible to define an operator independent

of C1,M,1,�M , by exploiting the possibility of applying unitary transformations to the Bell

operator. Indeed, the evaluation of I3 with the O(OA)

B operator requires a maximisation

performed extracting random unitary matrices, and to remove the dependence on C1,M,1,�M

we imposed a restriction to the sampled phase space of the unitary matrices, in order to

include only those that render I3 independent of the C1,M,1,�M values. Technically this

can be done by parametrising I3 as a function of the C1,M,1,�M coe�cients15

I3 = A · C1,0,1,0 +B · C1,�1,1,1 +D , (4.8)

and discarding all random unitary matrices leading to |A| or |B| larger than 0.01. Then the

value of I3 can be maximised inside this reduced set of unitary matrices, by maximising

D.

Figure 10 shows, for the inclusive case, the spread of I3 values obtained during the

maximisation only accepting matrices leading to no dependence on C1,M,1,�M , which is

denoted as O(OA,CL>1)

B . The figure also displays all the discarded I3, that showed a de-

pendence on the C1,M,1,�M coe�cients. It is clearly visible that, even if just 0.25% of the

random matrices sampled are accepted to maximise I3, the actual values are all close to

15Where we used the relation C1,�1,1,1 = C1,1,1,�1.
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H
Z

Z

µ+

µ�

e+

e�

Figure 2: The only Feynman diagram that contributes to the H ! e+e�µ+µ� tree-level

amplitude in the SM.

simple analytical expression for I3 is derived:

I3 ! Tr [⇢O(OA,Ufix)

B ] ⌘ Tr [⇢ (UfixOA ⌦ Ufix)
†OBell(UfixOA ⌦ Ufix)] =

1

36
(18 + 16

p
3�

p
2(9� 8

p
3)A1

2,0 � 8(3 + 2
p
3)C2,1,2,�1 + 6C2,2,2,�2) . (2.58)

This formula is however valid only if the spin-density matrix has the form in Eq. (2.20).

In the following, the results indicated byO(OA,Ufix)

B are simply obtained by applying Eq. (2.58),

even in instances where the spin density matrix deviates from the form described in

Eq. (2.20) and therefore Eq. (2.58) is in principle not valid.

3 H ! ZZ
⇤
! e

+
e
�
µ
+
µ
�
at LO

In this section we present numerical results based on the theoretical framework described

in Sec. 2. We focus on the H ! ZZ⇤
! e+e�µ+µ� process at LO (see Figure 2 for the

relevant Feynman diagram), while NLO EW corrections are discussed in Sec. 4.

Although limited by the small statistics available, the e+e�µ+µ� final state is the one

among those emerging from the H ! V V ⇤ decays that can be more easily separated from

the background and reconstructed. The numerical evaluation of the spin density matrix

in this work is performed by simulating the H ! e+e�µ+µ� process using MadGraph5 -

aMC@NLO [64, 65] and performing QT. As already mentioned in Sec. 2.2, we consider

only the (on-shell) Higgs boson decay; our simulations do not take into account the H

production mechanism. We remind the reader that the main subject of this work is indeed

the impact of NLO EW corrections on the ⇢ density matrix and in turn on its interpretation

in the context of QI.

As can be explicitly seen in Eqs. (2.32)–(2.33), the key observables that need to be

reconstructed for the QT approach are the polar (✓) and azimuthal (�) angles of the leptons

in the parent Z rest frame. As a consequence, the first step of the analysis consists in

reconstructing the two Z bosons. This is done simply by combining the four-momentum of

the four leptons in pairs, requiring the same flavour as condition for the combination. The

two Z bosons reconstructed with this approach are then used to define the reference frames.

This reconstruction technique is applied independently of the order of the simulation.
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Valid only at LO

NLO: minimise dependence on L=1

More on      .

At very high energies, or equivalently at very small scales, the situation becomes more

nuanced. Quantum field theory has proven extremely powerful in accurately describing

fundamental interactions, with quantum mechanics playing an essential role in countless

instances. However, only recently have high-energy collider experiments begun to focus on

observables specifically designed to be sensitive to quantum entanglement or violations of

Bell-type inequalities. The interest in such observables is multifaceted, ranging from testing

the very foundations of quantum mechanics to employing entanglement as a resource for

probing fundamental interactions more deeply.

In high-dimensional quantum systems, such as pair of qutrits, various Bell-type in-

equalities have been formulated. Among these, the Collins-Gisin-Linden-Massar-Popescu

(CGLMP) inequality [17] is especially notable. This inequality has been shown to yield the

largest deviation from the locality bound in diboson systems generated from scalar decays

at rest or with small boosts [31].

The CGLMP inequality can be illustrated as follows: consider a scenario in which

a Higgs boson decays into two vector bosons, Va and Vb, measured independently by two

observers, Alice and Bob. Alice performs two distinct measurements, a1 and a2, on particle

Va, while Bob performs two measurements, b1 and b2, on particle Vb. Alice and Bob’s

measurements are conducted without communication, preserving the locality condition.

For a qutrit system, each measurement outcome is one of three possible values: 0, 1, or 2.

The CGLMP inequality is then evaluated by analyzing the joint probabilities of Alice and

Bob’s measurement outcomes [17, 61, 62]:

I3 = [P (a1 = b1) + P (b1 = a2 + 1) + P (a2 = b2) + P (b2 = a1)]

� [P (a1 = b1 � 1) + P (b1 + a2) + P (a2 = b2 � 1) + P (b2 = a1 � 1)] , (2.50)

where P (ai = bj + k) is the probability that the outcome ai di↵ers from the outcome bj
by an integer k, modulo 3. The maximum value of I3 for local variable theories is 2, and

for non-local theories, still respecting causality, is 4 [17]. A relevant aspect of all Bell

inequalities is that the violation depends on the type of measurement performed. If we

take the measurement as the projection of the spin on a certain axis, then the choice of

the axis is essential to observe a violation of the Bell inequality. The maximum value that

can be reached by I3, according to quantum mechanics, for maximally entangled states

is I3 ⇡ 2.8729 [17]. Noticeably, for mixed qutrit systems this does not correspond to the

maximal violation of the inequality [63].

The CGLMP inequality can be expressed in terms of an operator acting on the spin

density matrix [63] by defining

I3 = Tr [⇢OBell] , (2.51)

where OBell can be expressed in di↵erent ways, corresponding to di↵erent a and b measure-

ments. In this work we use the Bell operator presented in Ref. [63], that can be derived

using irreducible tensor operators as following:

OBell =
4

3
p
3
(T1,1 ⌦ T1,1 + T1,�1 ⌦ T1,�1) +

2

3
(T2,2 ⌦ T2,2 + T2,�2 ⌦ T2,�2) , (2.52)
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We have seen that, in the range � < 5, the maximal value of I3 achieved using

the transformation involving OA (i.e., O(OA)

B ) is very similar to that obtained using two
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will exploit the method O(OA)

B to evaluate I3.
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