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The Need for Theory Predictions
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H

~5-10% @ Run 2 LHC
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III ~10-20% @ Run 2 LHC H
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H III ~10-20% @ Run 2 LHC 
II  ~60% / first hints
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HH Production channels similar to H 

Important difference: 

 $(pp % HH) &
$(pp % H)
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Fig. IV.9: Diagrams contributing to Higgs-boson pair production via gluon fusion. The contri-
bution of the trilinear Higgs coupling is marked in red.

! (H ! ! !! )
!
!
!
Q=900 GeV

= 158.7+16%
" 1.5% keV, ! (H ! ! !! )

!
!
!
Q=1200 GeV

= 572.3+3 .4%
" 0% keV

(IV.20)

where the very large uncertainty at Q = 600 GeV is generated by the strong cancellation between
the W and top loops as indicated by the strong dip in Fig. IV.8. In analogy to the production
cross section these results indicate that the top-mass scheme and scale uncertainties are sizeable
for o! -shell Higgs bosons and have to be included in analyses to derive the total Higgs width
from the interplay between on-shell and o! -shell Higgs production and decay.

3.4 Higgs-pair production

Higgs-pair production via gluon fusion is mediated by triangle and box diagrams involving
closed top-quark loops at LO [1006, 1007], the decomposition is therefore very similar to the
usual o! -shell Higgs-boson production corresponding to the triangle diagrams and the contin-
uum contribution in terms of the box diagrams. Both contributions develop a relevant top-mass
dependence so that the related uncertainties have to be included in the total theoretical uncer-
tainty.

Higgs-boson pairs are mainly produced via the gluon-fusion mechanismgg ! HH which
is primarily mediated by top-quark loops and receives only a small contribution from bottom-
quark loops, see Fig.IV.9. There are box (left diagram) and triangle (right diagram) diagrams,
with the latter involving the trilinear Higgs coupling " [1006,1007], which interfere destructively.
The dependence of the cross section on the size of the trilinear coupling can roughly be estimated
as" #/ # " # " " / " in the vicinity of the SM value of " . Thus, the determination of the trilinear
coupling from Higgs pair production requires a reduction of the theoretical uncertainties of the
corresponding cross section, i.e. the inclusion of higher-order corrections becomes indispensable.
The full QCD corrections are known up next-to-leading order (NLO) [127Ð129] and at next-to-
next-to-leading order (NNLO) in the limit of heavy top quarks [ 338, 436, 1008]. Very recently,
the N3LO QCD corrections have been computed in the limit of heavy top quarks resulting in
a small further increase of the cross section [444Ð446]. The QCD corrections increase the total
LO cross section by about a factor of two. Recently, the full NLO results have been matched
to parton showers [441, 442] and the full NNLO results in the limit of heavy top quarks have
been merged with the NLO mass e! ects and supplemented by additional top-mass e! ects in
the double-real corrections [282]. However, a reliable estimate of the theoretical uncertainties is
necessary, i.e. considering the usual renormalization and factorization scale dependences but in
addition also the uncertainties induced by the top-mass scheme and scale dependence.

This analysis has been performed in Ref. [129] for the Þrst time including the full NLO
QCD corrections. The Þnal results look very similar to the single o! -shell Higgs case, i.e. the
top-mass scheme and scale uncertainties drop by roughly a factor of two from LO to NLO. At

110
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Experimental Progress

Experimental Limits (Run 2) @ 95% CL 
ATLAS:                 

CMS:            

A+C:                 

$ 1.2($ 1.6) < %3 < 7.2(7.2) $ ' 2.9 (2.4) ( $SM

$ 1.39($ 1.02) < %3 < 7.02(7.19) $ ' 3.5 (2.5) ( $SM

$ 0.71($ 1.3) < %3 < 6.1(6.7) $ ' 2.5 (1.7) ( $SM

ATLAS CERN-EP-2024-160

CMS-PAS-HIG-20-011

Projections for HL-LHC (European Strategy 2026) 
Expected measurement of  with uncertainty  

TH systematics approximately halved in projections

%3 < 30%

ATLAS-CONF-2025-012

7.6$

ATL-PHYS-PUB-2025-018 / CMS-HIG-25-002
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Figure 1: Sample Feynman diagrams contributing to the real radiation. Contributions
such as those shown in (c) lead ton3

h contributions which have already been computed in
Ref. [25]. Then3

h contributions of (d) contain a top quark loop without a Higgs coupling
and have not been computed in Ref. [25]; they are considered here.

(a) (b) (c) (d)

Figure 2: Sample Feynman diagrams in the forward-scattering kinematics. Three- and
four-particle cuts are shown by blue and green dashed lines, respectively. Then3

h contri-
butions as shown in (b) have already been considered in [25] but those in (c) have not;
they are considered here.

butions which have a closed loop with only gluon couplings (as shown in Fig. 1(c)). Such
terms are not included in Ref. [25], but are computed in this paper.

The remainder of the paper is organized as follows: in the next section we discuss the
individual parts of our calculation. This concerns in particular the setup used for the
computation of the real-radiation corrections including the asymptotic expansion and the
reduction to phase-space master integrals. Furthermore, we discuss the ultraviolet and
collinear counterterms to subtract the divergences from initial-state radiation. Section 3
is dedicated to the phase-space master integrals. We provide details on the transformation
of the system of di! erential equations to! form and on the computation of the boundary
conditions in the soft limit. We discuss our analytic and numerical results in Section 4 and
summarize our Þndings in Section 5. In the appendix we provide useful additional mate-
rial such as explicit formulae used for the computation of the collinear counterterms, the
integrands of the phase-space master integrals, NNLO virtual corrections to the channel
qøq ! HH and NNLO virtual corrections involving four closed top quark loops. Further-
more, we describe in detail our approach to obtain the leading 1/m t term for double Higgs
production from the analytic expressions of the single-Higgs production cross section.
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! LO (fb) ! NLO (fb) ! NNLO (fb) ! N3LO (fb)
Basic HTL 17.07+30 .9%

! 22.2% 31.93+17 .6%
! 15.2% 37.52+5 .2%

! 7.6% 38.65+0 .65%
! 2.7%

B-i/proj HTL 19.85+27 .6%
! 20.5% 38.32+18 .1%

! 14.9% 39.58+1 .4%
! 4.7% 40.44+1 .9%

! 4.7%

FTapprox 19.85+27 .6%
! 20.5% 34.25+14 .7%

! 13.2% 36.69+2 .1%
! 4.9% Ð

Full Theory 19.85+27 .6%
! 20.5% 32.88+13 .5%

! 12.5% Ð Ð
NLO-i. HTL Ð 32.88+13 .5%

! 12.5% 38.66+5 .3%
! 7.7% 39.56+0 .64%

! 2.7%

<latexit sha1_base64="bwlscOmLqUtFwmh0oTgZ0pQLO4A="></latexit>
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mH = 125 GeV

µR = µF =
mHH

2
µ !

! µ0

2
, 2µ0

"
(7 " point)
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YR4: Total Cross Section & Scale Uncertainty @ 14 TeV

LHC HWG HH Twiki

s = 14 TeV

Review of the status of HH shortly after the Yellow Report 4 (~2016-2018)

PDF4LHC15_nlo/nnlo 
                  mT = 173 GeV

If we trust the NLO + NmLO HTL combinations 

Scale:           PDF+ :            approx:      scheme: + 2.1%/ $ 4.9% ( s ± 2.2% mT ± 2.7% mT + 4.0%/ $ 18.0%
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R5: Total Cross Section & Scale Uncertainty @ 14 TeV

Recommendation  

$( s) = $2( s) ( K3( s) ( KEW( s)

Uncertainties

$2 = NNLO FTapprox K3 =
(

N3LO + N3LL HTL

NNLO HTL )
& 1.03 KEW =

$NLO EW

$LO
& 0.96

SciPost Physics Community Reports Submission

Final recommendations. The resulting central values and uncertainties are summarized in1190

Table 12.1191

!
s [TeV] ! rec. [ fb] ± QCD scale unc.[%] ± THU [%] ± " s unc. [%] ± PDF unc. [%]

13 30.40 + 2.11
" 4.98 0.14 1.51 2.89

13.6 33.62 + 2.07
" 4.85 0.19 1.49 2.90

14 35.81 + 2.01
" 4.78 0.21 1.47 2.89

Table 12: Final recommended total cross sections obtained using Eq. (51). The QCD
scale uncertainty is taken directly from the NNLO FTapprox prediction (Table 9).
The PDF uncertainty includes (in quadrature) the additional fractional uncertainty
! MHOU

NNLO = 2.18% at all energies.

7.5 Di-Higgs Boson Invariant Mass Distribution1192

AP: What about differential top mass scheme uncertainties or PDF uncertainties?
1193

The differential distribution for mhh is also generated following the multiplicative descrip-1194

tion of Eq. (51). We maintain the scale uncertainties of the NNLO FTapprox calculation.1195

Figure 35: Invariant-mass distributions for Higgs-boson pair production at
!

S = 13
TeV, including the N3LO+ NLL/ NNLO and NLO EWK-factors (solid red). The un-
rescaled NNLO FTapprox is represented by the red-dashed line. The red error bands
stem from 7-point scale variations of the NNLO FTapprox calculation. The lower
panel shows theK-factors N3LO+ NLL/ NNLO and NLO EWK-factors, as well as their
product.

50

SciPost Physics Community Reports Submission

Figure 36: Invariant-mass distributions for Higgs-boson pair production at
!

S = 13.6
TeV, including the N3LO+ NLL/ NNLO and NLO EWK-factors (solid red). The un-
rescaled NNLO FTapprox is represented by the red-dashed line. The red error bands
stem from 7-point scale variations of the NNLO FTapprox calculation. The lower
panel shows theK-factors N3LO+ NLL/ NNLO and NLO EWK-factors, as well as their
product.

Figure 37: Invariant-mass distributions for Higgs-boson pair production at
!

S = 14
TeV, including the N3LO+ NLL/ NNLO and NLO EWK-factors (solid red). The un-
rescaled NNLO FTapprox is represented by the red-dashed line. The red error bands
stem from 7-point scale variations of the NNLO FTapprox calculation. The lower
panel shows theK-factors N3LO+ NLL/ NNLO and NLO EWK-factors, as well as their
product.

51

Efforts to update the recommendation are almost concluded

@ NLO  &+4.0%
$18.0%

Numerics & rcut % 0

Report 5 contribution on EW corrections in SMEFT/HEFT complete!
LHCHWG-2025-015
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2. QCD Corrections
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NLO QCD Corrections: ggxy

Actis, Passarino, Sturm, Uccirati 08

Fast C++ library with NLO QCD results for  

 Combines expansions to cover phase-space: forward 

limit (to  and  + high-energy (to  and ) 

 Easily vary ,  and  for mass-scheme uncertainties/
BSM scans 

 Linked to Powheg (ggxy_ggHH), around 4-5x faster than 
existing code (ggHH) 

 Validated against fully numeric calculations, yields 
excellent agreement

gg % HH

+
m4

H t5) m4
H m120

t

+ mH mt %3

+

+

Davies, Mishima, Schšnwald, Steinhauser 23 
Davies,!Schšnwald,!Steinhauser,!Stremmer 25

10! 4

10! 3

10! 2

10! 1

d!
/d

p T
,H

H
[fb

/G
eV

]

on-shell
µt = mt(mt)
µt = mHH

µt = mHH / 2

µt = mHH / 4

0 100 200 300 400 500 600
pT,HH [GeV]

0.4

0.7

1.0

1.3

1.6

R
at

io
to

O
S

Figure 2: NLO predictions for mHH and pT,HH distributions using the on-shell mass scheme as well as
the MS scheme for di! erent settings of µt . Input parameters are adapted from Ref. [35] with

!
s = 13.6

TeV. The lower panels display the ratio to the on-shell predictions. Statistical uncertainties from Monte
Carlo integration are shown as vertical lines.

corrections to Higgs boson pair production. Example Þles are provided which demonstrate
how to compute LO and NLO corrections to the form factors, NLO virtual corrections,
total cross sections and distributions. All results can be obtained for on-shell orMS top
quark masses. Furthermore, it is possible to modify the self-coupling of the Higgs boson! .
The typical runtime for partonic quantities is a few milliseconds and for hadronic quantities
minutes to hours. The high degree of ßexibility and the low runtime makesggxy attractive
for use as an amplitude library for parton shower programs such as, e.g.,POWHEG[67].

It is straightforward to extend ggxy in various directions. NLO QCD corrections to
processes such as top-quark mediatedgg " ZZ or gg " ZH can be implemented in
complete analogy togg " HH and will be made available in a future version. In future
versions we additionally plan to implement NNLO QCD and NLO electroweak corrections
for these processes.

Note added:

A user process forgg " HH based onggxy has been implemented in the POWHEG-
BOX framework, and can be obtained from

https://gitlab.com/POWHEG-BOX/V2/User-Processes/ggxy_ggHH.
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Parton Showers: NNLO + PS

Actis, Passarino, Sturm, Uccirati 08

Figure 5 : Comparison of showered predictions obtained with the three top-quark mass
approximations: mt ! " (blue), B-proj (light green) and FT approx (dark orange), shown
for various di! erential distributions. These include the invariant mass of the Higgs boson
pair (mHH , top-left), the transverse momentum of the pair system (pHH

T , top-right), the
transverse momentum of the hardest Higgs boson (pH 1

T , bottom-left) and the T0 distribution
(bottom-right). Results are obtained at

#
S = 13.6 TeV, with central scale µ = mHH , using

PDFLHC21nnlo PDF set and 3-point scale variations.

Ð 15 Ð

NNLO+PS results including top-mass corrections 

 Reproduces  result of MATRIX, adds PYTHIA shower 

 Uses GENEVA framework, adds resummation of  to  

+ FTapprox

+ *0 NNLL,!

Alioli,!Billis,!Broggio, Gavardi, Kallweit et al 22 
Alioli, Marinelli, Napoletano 25

Several NLO+PS results available for some time 

 MadGraph & POWHEG 

 Sherpa 

Can suffer from very large shower scale uncertainties, especially for 

LO accurate distributions such as 

+

+

pHH
T

Heinrich, SPJ, Kerner, Luisoni, Vryonidou 17; SPJ, Kuttimalai 17; 

+  variations: Heinrich, SPJ, Kerner, Luisoni, Scyboz 19; 
Bagnaschi,!Degrassi, Gršber 23; 

+HEFT: Heinrich, SPJ, Kerner, Scyboz 20 

+SMEFT: Heinrich, Lang, Scyboz 22; Heinrich, Lang 23, 24;

%3, yt
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N3LO HTL + NLO QCD: Fully Differential
Chen, Dai, Tao Li, Li, Shao, Wang 26

(a) (b) (c)

Figure 3 : Representative Born-level Cutkosky-cut diagrams for the three classes of Higgs-
pair production in the HTL.

perturbative order in ! s are summarized in table1. In summary, up to NkLO (k ! N), one

Class
Perturbative Order

LO NLO NNLO N 3LO

Sum O(! 2
s) O(! 3

s) O(! 4
s) O(! 5

s)
Class-a O(! 2

s) O(! 3
s) O(! 4

s) O(! 5
s)

Class-b Ñ O(! 3
s) O(! 4

s) O(! 5
s)

Class-c Ñ Ñ O(! 4
s) O(! 5

s)

Table 1 : Contributions of the di ! erent classes at each perturbative order in! s.

needs to compute the NkLO, Nk! 1LO, and Nk! 2LO corrections to d" a
hh , d" b

hh , and d" c
hh ,

respectively. In the following, we describe the di! erent techniques employed to compute
the di! erential distributions in each class up to N3LO.

2.1 Calculation of the class- a contribution

The class-a di! erential cross section can be directly related to the single-Higgs di! erential
cross sectiond" h via [57, 60, 61]

d" a
hh =

dm2
hh

2#
d! (phh " ph,1ph,2)

1
2v2

!
!
!
!
Chh

Ch
#

6$3hv2

m2
hh # m2

h

!
!
!
!

2 "
d" h|ph " phh

#
, (2.3)

where ph,1 and ph,2 denote the four-momenta of the two Þnal-state Higgs bosons, andphh

is the four-momentum of the Higgs-boson pair, with the invariant massp2
hh = m2

hh . The
two-body phase-space measured! (phh " ph,1ph,2) is deÞned as

d! (phh " ph,1ph,2) = (2 #)4%(4) (phh # ph,1 # ph,2)
2$

i =1

%
d3&ph,i

(2#)32Eh,i

&
, (2.4)

whereEh,i and &ph,i are the energy and three-momentum components ofph,i . In this paper,
we Þx the trilinear Higgs coupling to its SM value,$3h = $SM

3h , as given in eq. (1.6). The
single-Higgs production cross sectiond" h is known up to N3LO in QCD [84Ð90]. The
substitution ph " phh in eq. (2.3) implies that the Higgs four-momentum in the single-
Higgs cross section is replaced by the four-momentum of the Higgs-boson pair. The factor
inside the absolute-value brackets corresponds to the ratio of the squared amplitude for
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(a) (b)

(c) (d)

Figure 10 : Di! erential distributions for Higgs-boson pair production in theNkLO! NLOmt

scheme: (a) Invariant mass of the Higgs pair,mhh ; (b) Transverse momentum of the leading-
pT Higgs,pT,h1 ; (c) Transverse momentum of the subleading-pT Higgs,pT,h2 ; (d) Azimuthal-
angle di! erence between the Higgs bosons,|! h1 " ! h2 |/ " . The colored bands represent
theoretical uncertainties from 7-point scale variations. The bottom panels show the ratios
with respect to NLOmt .

mhh . As the rapidity decreases, this enhancement gradually turns into a suppression, with
the transition occurring around |yhh | # 1. A similar, though much weaker, behavior is
observed in the |yh1 | and |yh2 | distributions shown in Þgures11c and 11d, respectively.
On the other hand, for the rapidity-gap distribution |yh1 " yh2 | shown in Þgure11b, a
pronounced suppression is observed at large rapidity gaps, while an enhancement appears
at small rapidity separations. This behavior can be understood as follows. AtpT,hh = 0 ,
where the bulk of the cross section resides, the Higgs-pair invariant massmhh is closely

Ð 20 Ð

pT,h1
> 30 GeV, pT,h2

> 20 GeV, ! yh! < 2.4

Fully differential predictions at N 3LO HTL + NLO QCD, can 
apply experimental fiducial cuts and produce any distribution

Consider various scheme for including NLO  effectsmt

 NNLO HTL enhance by 17-20% (depending on comb.) 

 N3LO HTL enhance by 4% (less dependent on comb.) 

Scale uncertainties strongly depend on comb. scheme

+

+

where d!
(N)LO m t
hh denotes the (N)LO di! erential cross section with full top-quark mass

dependence. In the Þrst scheme, labeledNkLO ! NLOmt , the QCD corrections beyond
NLO computed in the HTL are combined additively with the full top-mass NLO result.
In the second scheme,NkLOB! i ! NLOmt , a di! erential reweighting of the HTL NkLO
contributions by the LO full- mt -dependent results is performed; this is referred to as the
Born-improved reweighting. In the third scheme,NkLO " NLOmt , the HTL predictions are
reweighted by the NLO full-mt results [27Ð33]. In this study, the full mt -dependent results
are calculated using the public codeggxy [33], which implements the analytic expansions
of two-loop amplitudes in various phase-space regions [148Ð150]. 5 The scale variations of
the combined cross sections are evaluated using eq. (3.4) in ref. [61].

3.3.1 Phase-space-integrated Þducial cross sections

The phase-space-integrated Þducial cross sections for the three schemes introduced above
are listed in table 5. The NNLO QCD corrections enhance the NLO cross section by approx-

!
Nk LO " NLO m t
hh [fb] !

Nk LO B ! i " NLO m t
hh [fb] !

Nk LO # NLO m t
hh [fb]

k = 1 28.44+14%
! 12% 28.44+14%

! 12% 28.44+14%
! 12%

k = 2 33.30+8 .1%
! 7.2% 34.03+7 .6%

! 6.8% 33.40+5 .2%
! 7.3%

k = 3 34.56(4)+6 .8%
! 8.0% 35.47(4)+6 .6%

! 9.2% 34.68(4)+1 .4%
! 2.9%

Table 5 : Phase-space-integrated Þducial cross sections (in units of fb) at the LHC with a
center-of-mass energy of

#
s = 14 TeV for three schemes combining Þnite top-quark-mass

e! ects. The percentages indicate the systematic uncertainties arising from scale variations
according to eq. (3.2). Values in parentheses denote the Monte Carlo statistical uncertain-
ties.

imately 17%-20%, depending on the combination scheme. In contrast, in all three schemes,
the N3LO corrections increase the NNLO cross sections by around4%. However, the scale
uncertainties strongly depend on the scheme. In particular, except for the N3LO" NLOmt

scheme, no evident reduction of scale uncertainties is observed when going from NNLO
to N3LO accuracy. For instance, in the NkLO ! NLOmt scheme, the scale uncertainties
are almost the same at NNLO and N3LO. In the NkLOB! i ! NLOmt scheme, the scale
uncertainties are even slightly larger at N3LO than at NNLO. This behavior di ! ers from
the inclusive case shown in table 4 of ref. [61], where a clear reduction of scale uncertainties
is observed in all three schemes when going from NNLO to N3LO at

#
s = 14 TeV. This

di! erence arises because the absence of Þnite top-quark-mass corrections at NNLO and
N3LO prevents the scale cancellations that occur in the Þrst two schemes for Þducial cross
sections. In the last scheme, since di! erent perturbative orders in the HTL are assigned the
same reweighting factor, the scale variations are, by construction, identical to those in the
HTL case. In the following, when discussing di! erential distributions, we restrict ourselves

5Other analytic expansions of two-loop amplitudes with full mt dependence are provided in refs. [151Ð
154].
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(a) (b)

(c) (d)

Figure 9 : Di! erential distributions for Higgs-boson pair production in the HTL from LO
to N3LO accuracy: (a) The absolute rapidity of the Higgs-pair system,|yhh |. (b) The
absolute rapidity gap between the Higgs bosons,|yh1 ! yh2 |. (c) The absolute rapidity of
the leading-pT Higgs, |yh1 |. (d) The absolute rapidity of the subleading-pT Higgs, |yh2 |.
The colored bands represent theoretical uncertainties from7-point scale variations. The
bottom panels show the ratios with respect to NNLO for three di! erent values ofpveto

T .

assumptions:

NkLO " NLOmt : d!
Nk LO ! NLO m t
hh = d!

NLO m t
hh + d! Nk LO

hh ! d! NLO
hh ,

NkLOB" i " NLOmt : d!
Nk LO B ! i ! NLO m t
hh = d!

NLO m t
hh +

!
d! Nk LO

hh ! d! NLO
hh

" d!
LO m t
hh

d! LO
hh

,

NkLO # NLOmt : d!
Nk LO # NLO m t
hh = d! Nk LO

hh
d!

NLO m t
hh

d! NLO
hh

, (3.5)

Ð 17 Ð
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Electroweak Corrections to gg % HH

Electroweak Corrections to  are and very dependent on  

Interesting to explore the impact of EW corrections on  where they can spoil 
the delicate cancellations happening at LO

gg % H* ± 5% mH

HH

Actis, Passarino, Sturm, Uccirati 08

hg

g h g

g

h

h

1/s

1.1. Overview of production modes 7

gg !  HH (NNLOFTapprox)

VBF (N3LO)

WHH (NNLO)

ZHH (NNLO)

ttHH (NLO)

tjHH (NLO)

" (pp !  HH + X) [fb]

MH = 125 GeV

PDF4LHC15
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Figure 1.2: Total production cross sections for Higgs pairs within the SM via gluon fusion,
vector-boson fusion, double Higgs-strahlung and double Higgs bremsstrahlung off top quarks.
PDF4LHC15 parton densities have been used with the scale choices according to Table 1.1. The size
of the bands shows the total uncertainties originating from the scale dependence and the PDF+ ! s
uncertainties.
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Figure 1.3: Higgs pair invariant mass distribution at leading order for the different contributions to
the gluon fusion production mechanism and their interference.

3 Numerical results

For the NLO electroweak corrections we use our recent result[8] and consider a Higgs mass
range spanning from 100 GeV to 500 GeV. In this region we crossthe W W , ZZ and tøt thresholds.
A naive computation of the amplitude with conventional on-shell masses as input data reveals the
presence of singularities at theW W and ZZ thresholds; in order to cure them, we have introduced
in our computation complex masses [11], following the suggestion of Ref. [10]. The behavior at the
tøt thresholds, instead, is smooth, and the on-shell mass of thetop quark can be safely used.

In the calculation all light-fermion masses have been set tozero and we have deÞned theW and
Z boson complex poles by

sj = µj (µj ! i ! j ) , µ2
j = M 2

j ! ! 2
j , ! j = ! j

!

1 !
! 2

j

2M 2
j

"

, (8)

with j = W, Z . As input parameters for the numerical evaluation we have used the following values
taken from Ref. [22]:

M W = 80.398 GeV, M Z = 91.1876 GeV,
! Z = 2 .4952 GeV, GF = 1 .16637 " 10! 5 GeV! 2.

(9)

For the mass of the top quark, we have usedM t = 170.9 GeV [23]; for the width of the W boson,
we have chosen the value! W = 2 .093 GeV, predicted by the Standard Model with electroweak and
QCD corrections at one loop.

Our results for "EW deÞned in Eq.(7) are shown in Fig. 1, where we include the complete
corrections, comprehensive of light- and top-quark contributions, in the entire range of interest. The
introduction of the complex-mass scheme in our two-loop evaluation has a striking consequence,
visible around two-particle thresholds, where artiÞcial cusp e" ects disappear. A detailed analysis
of this issue can be found in Ref. [9].

! 4

! 2

0

2

4

6

! E
W

[%
]

! E
W

[%
]

100 150 200 250 300 350 400 450 500

M H [GeV]M H [GeV]

Figure 1: NLO electroweak percentage corrections to the partonic cross section#(g g # H ).

For including the NLO electroweak corrections in the hadronic cross section of Eq.(1), we have
used theFORTRAN codeHIGGSNNLO written by M. Grazzini (see also Ref. [24]), with QCD

4

gg % H*

 has a strong interference between the 2 possible LO topologiespp % HH

hg

g h g

g

h

h

1/s

Different  behaviour of triangle/box heavily 

exploited by experiments for extracting 

mHH

g3

Actis, Passarino, Sturm, Uccirati 08
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using an array of techniques!
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masses present 
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Figure adapted from Marco Bonetti (LHCHWG R5) + Philip Rendler (LHCHWG 25)
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Full  by numerically solving DEQs, boundary AMFlowmT

Small  limit, , full  via numerical integrationmT mT % - mT
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Large-  expansionmT
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Analytic (factorisable contribution)
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Gluon-Induced Corrections

Actis, Passarino, Sturm, Uccirati 08

Bi, Huang, Huang, Ma, Yu 23

Complete NLO EW corrections to  

Extremely Challenging Calculation 
Fully analytic result beyond reach 

 

Renormalise all masses on-shell 

Reduce integrals with Blade + FiniteFlow 

Compute boundary conditions with AMFlow 

Evolve using series solutions of DEQs 

Results 

K-factor ~ 0.96, very stable with respect to  variations

gg % HH

m2
H

m2
t

=
12

23
,

m2
Z

m2
t

=
23

83
,

m2
W

m2
t

=
14

65
, += ±

1

1000

! R, ! FSciPost Physics Community Reports Submission

µ mhh/ 2
!

p2
T + m2

h mh

LO 19.96(6) 21.11(7) 25.09(8)
NLO 19.12(6) 20.21(6) 23.94(8)

K-factor 0.958(1) 0.957(1) 0.954(1)

Table 6: LO and NLO EW corrected integrated cross sections (in fb) with
!

s= 14TeV
based on 1.8" 104 reweighted events. The uncertainties arise from statistical errors
in phase space integration.

torization scale, öt ± = m2
H # ös

2 (1 $
!

1 # 4m2
H/ ös), and MLO(NLO) are given by764

MLO = |F(0)
1 |2 + |F(0)

2 |2 , (33)

MNLO = |F(0)
1 + F(1)

1 |2 # |F(1)
1 |2

+ |F(0)
2 + F(1)

2 |2 # |F(1)
2 |2, (34)

where F(0)
i and F(1)

i correspond to the lowest order and the next-order terms in the ! expan-765

sion of the form factors. The phase-space integration is carried out by optimized sampling766

techniques implemented through the Parni package[157] .767

The masses of the particles are set to768

m2
h

m2
t

=
12
23

,
m2

Z

m2
t

=
23
83

m2
W

m2
t

=
14
65

, (35)

with mt = 172.69 GeV[158] . The electromagnetic coupling ! = 1/ 133.12 = 7.512 " 10# 3 is769

derived from the Fermi constant GF = 1.166378 " 10# 5 GeV# 2 via770

! =

!
2

"
GFm2

W

"

1 #
m2

W

m2
Z

#

. (36)

The CabibboÐKobayashiÐMaskawa (CKM) mixing matrix is set to be the unit matrix. The de-771

fault PDF set for both LO and NLO calculations is NNPDF3.1[75] , in particular NNPDF31_nlo_as_0118.772

The running of the strong coupling ! s with two-loop accuracy as provided by the LHAPDF6773

library [88] including Þve active ßavours. The default renormalization and factorization scales774

are µ = mhh/ 2, where mhh is the invariant mass of the produced Higgs boson pair.775

We generate 1.8" 104 events at LO and then these events are reweighted to NLO. This776

enables us to calculate theK factors for the total and differential cross sections. We compute777

an additional 400 reweighted events per bin to reduce the statistical uncertainties for the mhh778

and pT distribution.779

Table ?? shows LO and NLO EW corrected total cross sections at
!

s = 14 TeV for varying780

µ. A difference of about 20% arises for both LO and NLO cross sections from! s and PDF781

sensitivity, mitigable via higher-order QCD corrections [159] . In contrast, the K factor ranges782

from 0.954 to 0.958 and remains stable, indicating that the EW corrections approximately783

factorize from the QCD corrections.784

To assess the EW uncertainties, we investigate the EW corrections inGµ, ! 0 and ! mZ
renor-785

malization schemes for the electromagnetic coupling[156, 160] . Table 7 presents the results786

based on these three different schemes. We Þnd that the scale uncertainties (or scheme un-787

certainties) quantiÞed by788

max(# Gµ
, # ! 0

, # ! mZ
) # min(# Gµ

, # ! 0
, # ! mZ

)

min(# Gµ
, # ! 0

, # ! mZ
)

, (37)
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schemes Gµ ! 0 ! mZ

LO 19.96 18.84 21.28
NLO 19.12 19.19 19.03

K-factor 0.958 1.019 0.894

Table 7: LO and NLO EW corrected integrated cross sections (in fb) with
!

s= 14TeV
and µ = mhh/ 2 in the Gµ, ! 0 and ! mZ

schemes. The electromagnetic couplings are
taken as! Gµ

= 1/ 133.12, ! 0 = 1/ 137.035999 and ! mZ
= 1/ 128.932 respectively.

are sizably 13.0% at LO and are further reduced to 0.8% once the EW corrections are included.789

These results indicate that the dominant scale uncertainties are effectively absorbed at NLO790

EW.791

The invariant mass distribution of the Higgs pair mhh is shown in Fig. 19a. A signiÞcant792

positive correction, of approximately + 15%, is observed in the Þrst bin. In fact, we Þnd that793

the EW correction for phase space points near thehh production threshold can exceed+ 70%.794

Asmhh increases, theK factor initially decreases dramatically and then moderates farther from795

the threshold. A similar pattern occurs for the pT distribution in Fig. 19b, where the correction796

is initially positive before turning negative around 100GeV. For regions of large mhh or large797

pT, the NLO EW correction is approximately" 10%. Note that, while the corrections can reach798

" 30% for the squared matrix element at
!

ös # 14 TeV, the extreme suppression of the gluon799

luminosity at high energy makes this impact insigniÞcant.800

In Fig. 19c, we display the rapidity distribution of one Higgs boson. The K factor is nearly801

ßat, approximately 0.96, matching that of the total cross section.802
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Figure 19: Invariant mass distribution of the Higgs boson pair (a), transverse mo-
mentum distribution of one of the two Higgs bosons (b), and rapidity distribution of
one of the two Higgs bosons (c), all at

!
s = 14 TeV. In each Þgure, the upper plot

shows absolute predictions and the lower panel displays the differentialK-factor with
error bars representing statistical errors.
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Significant ( ) distortions to  and  

Corrections reduce dependence on EW input scheme

± 10% mHH pT

Liu, Ma, (Wang) 
(17), 22, 22 

Guan, Liu, Ma, Wu 25; 
Peraro 19;
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Yukawa and Self-Coupling Corrections

Result  
Fully symbolic ( ) reduction to basis of 494 finite -factorising* master integrals 
Up to 11 coupled master integrals within a single sector 

Keep exact  dependence, evaluate master integrals numerically using pySecDec

s, t,mT,mH d

mT,mH

Calculation neglects diagrams containing vector bosons 
and/or Goldstone bosons (fixed to unitary gauge) 

Retain complete control and generality in all couplings 
and diagram types (1PI/1PR) 

 Couplings can be varied for experimental limit setting 

 Can adapt calculation for EFTs/BSM scenarios

+
+

Type g3g4gt g3
3gt g4g2

t g2
3g2

t g3g3
t g4

t

1PI 0 0 3 6 24 60
1PR 12 6 1 6 24 26
Total 12 6 4 12 48 86

Table 1 : Number of Feynman diagrams (one-particle-irreducible, one-particle-reducible
and total), excluding tadpole diagrams, which contribute to each of the bare coupling
structures at NLO.

(a) g3g4gt (b) g3
3gt

(c) g4g2
t (d) g2

3g2
t

(e) g3g3
t (f) g4

t

Figure 1 : Example diagrams contributing to each of the6 coupling structures on which
we separate the bare two-loop amplitude.

corrections to the Higgs propagator or trilinear vertex, they are therefore entirely 1PR (see
Figs. 1a and 1b). The 1PR contribution to the g4g2

t coupling structure consists of a diagram
containing a triple gluon vertex with a single gluon connected to the fermion loop and thus
has a vanishing colour factor. Theg4g2

t coupling structure, therefore, receives only a 1PI
contribution, see Fig. 1c. The remaining coupling structures receive contributions from
both 1PI and 1PR diagrams.

The complete EW corrections, obtained using the large-mt limit in Ref. [ 38] and fully
using AMFlow in Ref. [41], contain within them all coupling structures presented in
this work, as well as additional contributions from diagrams containingW and Z bosons
and their ghosts, as well as the Goldstone bosons. The coupling structuresg3g4gt and
g3

3gt consist of factorisable one-loop contributions and are comparatively straightforward
to compute, they have appeared previously in the literature e.g. Refs. [35, 39, 40]. The
coupling structure g4g2

t contains only three-point integrals, the relevant integrals are known

Ð 8 Ð

Heinrich,!SPJ,!Kerner,!Stone,!Vestner 24

gt,0 .
mT,0

v0
, g3,0 .

3m2
H,0

v0
, g4,0 .

3m2
H,0

v2
0

.
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Interpretation

Can fix vev counterterm using any vertexÉ
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32, 2m2
HmT+
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32, 2g4m4
H+

SM limit

Ok to talk about  when considering QCD corrections, EW corrections make this much more delicate%3,%4

Heinrich,!SPJ,!Kerner,!Stone,!Vestner 24

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 6 : Example diagrams contributing to the Þxing of ! v from the Higgs cubic vertex
(a, b, c), the Yukawa vertex (d, e) and the Higgs quartic vertex (f, g, h, i).

the counterterm, it does not matter which vertex is picked, and we are free to use either
the Yukawa, Higgs cubic or Higgs quartic vertex. By explicit calculation, we Þnd that all
three vertices give the same UV divergent part for the vev counterterm,

! v|UV = !
3m4

H + 2m2
H m2

t Nc ! 8m4
t Nc
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where g4 is included as an argument because! gt
v can, in principle, have a g4-dependence
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NLO Electroweak Corrections to gg % HH

Computing all  diagrams (retaining control of all couplings) + combine with  + QCD corrections 
Reduction to 1291 master integrals complete, extensive cross-checks & renormalisation (in progressÉ)

gg % HH qq % HH

!
s 13 TeV 13.6 TeV 14 TeV

LO [fb] 16.45 18.26 19.52
NLOEW [fb] 16.69 18.52 19.79
NLOEW / LO 1.01 1.01 1.01

Table 4 : Inclusive cross section for Higgs boson pair production for di! erent centre-of-mass
energies atLO and NLOEW including only the Yukawa and self-coupling type corrections.
The QCD renormalisation and factorisation scales are set toµr = µf = mHH / 2.
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Figure 5 : Invariant mass and transverse momentum distributions for Higgs boson pair
production at LO and NLOEW including only the Yukawa and self-coupling type corrections.
The QCD renormalisation and factorisation scales are set toµr = µf = mHH / 2.

For the presentation of our Þnal results, we use thePDF4LHC21_40[77] distribution
functions interfaced viaLHAPDF [78] and set the factorisation and renormalisation scale to
µr = µf = mHH / 2. The masses of the Higgs boson and top quark are set tomH = 125 GeV,
mt =

!
23/ 12mH = 173.055 GeV, respectively, and we setGF = 1 .1663787á10! 5 GeV! 2,

corresponding tov = 246.22 GeV.

Results for the total and di! erential cross section at the LHC with a centre-of-mass
energy of

!
s = 13 TeV , 13.6 TeV and 14 TeV are given in Table 4 and shown di! erentially

in mHH and pT,H in Fig. 5, respectively. These results are obtained by reweighting" 7000
unweighted LO events with the NLOEW contribution. We observe that the partial NLO EW

corrections computed here increase the total cross section by" 1%. This is comparable to
the size of the QCD scale uncertainty of" 3% obtained at N3LO in the heavy top-quark
limit [ 27, 28].

For the invariant mass distribution, shown in Fig. 5, the corrections introduce very large
shape distortions, " 30% with the binning we select, close to the Higgs pair production
threshold, compatible with the observations of Ref. [35]. In Ref. [40], it was found that
the full EW corrections lead to an enhancement of themHH spectrum close to the Higgs
boson pair production threshold of up to 15%. Reproducing the binning used in Ref. [40]
we Þnd an enhancement of" 25%, suggesting that the gauge boson contributions included

Ð 19 Ð

 +1% on total cross section 

 +30% near production threshold* 
Can be adapted for EFT analyses

+
+

Heinrich,!SPJ,!Kerner,!Stone,!Vestner 24

4

Di ! erential cross sections. Ñ Di! erential cross
sections o! er a wealth of information about physics, both
within the SM and in scenarios beyond it. The impact
of NLO EW corrections can vary across speciÞc regions
of the phase space compared to the full phase space.

As indicated in Table I, the statistical uncertainty for
the K factor is smaller than that of the NLO cross sec-
tion. This discrepancy arises because the di! erential K
factor exhibits a much ßatter behavior compared to the
di! erential cross section, enabling the former to get a
controllable error with far fewer events for numerical in-
tegration. Given that the computation at LO is signif-
icantly more economical, we proceed to compute NLO
di! erential cross sections using the following relation:

" ! NLO = " K" ! LO , (13)

where " K is the K factor calculated in a speciÞc phase
space region using the same events at LO and NLO, and
" ! LO is the LO result computed in the same region but
using a signiÞcantly larger number of events.

With the 1 .8! 104 reweighted events, we can compute
the K factor quite accurately for most bins, except for
those with very large M HH or pT . For each of these bins,
we compute an additional 400 reweighted events and use
them to determine the correspondingK factor.
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FIG. 2. Invariant mass distribution of the Higgs pair with!
s = 14 TeV. The upper plot shows absolute predictions, and

the lower panel displays the di! erential K factor with error
bars representing statistical errors.

In Fig. 2, we present theM HH distribution. A signif-
icant positive correction of approximately +15% is ob-
served in the Þrst bin. In fact, we Þnd that the EW
correction for phase space points near theHH produc-
tion threshold can exceed +70%. A similar result has also
been obtained in Ref. [32] where top-Yukawa corrections
have been considered, partially in the heavy top-quark
mass limit. This can be understood by examining the
EW corrections using heavy top-quark mass expansion.
As shown in Ref. [34], the leading term in the expan-
sion at NLO is larger than that at LO by m4

t , which ex-
plains the substantial increase near threshold. However,

FIG. 3. Same as Fig. 2, but for transverse momentum
distribution of one of the two Higgs bosons.

above the threshold, the expansion becomes unreliable,
and consequently, the enhancement should no longer ex-
ist. Indeed, as M HH increases, theK factor decreases
dramatically initially and then slows down as it moves
away from the threshold. The pattern is similar for the
pT distribution in Fig. 3, where the correction is posi-
tive initially and subsequently becomes negative. In re-
gions of either largeM HH or large pT , we Þnd the NLO
EW correction to be approximately " 10%. We explic-
itly checked phase space points with

#
ös close to 14 TeV

and found the corrections to be as substantial as" 30%
at the matrix element squared level. However, the gluon
luminosity is highly suppressed in this region, and thus,
it does not contribute signiÞcantly to (di ! erential) cross
sections.

FIG. 4. Same as Fig. 2, but for rapidity distribution distri-
bution of one of the two Higgs bosons.

In Fig. 4, we display the rapidity distribution of one of
the two Higgs bosons. A nearly ßatK factor is observed,
approximately 0.96, similar to the total cross section.

Summary. Ñ Double Higgs production is considered

Full 
Electroweak 
Corrections 

 -4% on total cross section 

 +15% near production threshold* 

 -10% at high energy (Sudakov-like)

+
+
+
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Yukawa/ 
Self-coupling 
Corrections
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Figure 2 : Example of two-loop light-quark factorisable diagram.
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Figure 3 : Representatives for the three di! erent subsets of non-factorisable diagrams.

3 Two-loop scattering amplitudes for gg ! HH

In this section, we construct the analytic expressions for the two-loop scattering amplitudes
describing the light-quark EW corrections to double Higgs production in gluon fusion, using
the set of Feynman integrals calculated in Sec.2.

3.1 Scattering amplitudes and form factors

We consider the scattering process

g(p1) + g(p2) ! H (" p3) + H (" p4) , (3.1)

with the same kinematic constraints as in Eq. (2.1). All the quarks considered in this
process are massless, therefore the Higgs boson can only couple to the EW bosons or to
itself.3 We always need a quark loop to connect the gluons to the EW part of the diagrams,
which leads to the presence of a! µ (gV + gA ! 5) term from Zqq vertices. We can divide
the diagrams contributing to the amplitude into two classes: factorisable diagrams, which
consist of two one-loop sub-diagrams connected via an EW boson line (e.g. Fig.2) and non-
factorisable diagrams, which feature genuine two-loop conÞgurations (e.g. Fig.3). Since
we are considering multi-loop integrals in dimensional regularisation,! 5 is not properly
deÞned and requires the application of aschemeto be consistently handled. We adopt
here the so-called Kreimer scheme [77, 78], see also discussion in [79, Section 2.1].

The contribution of the factorisable diagrams is zero. At this level in perturbation
theory, we can only have photon andZ boson as connecting particles.4 Vector contribu-
tions vanish because of Furry theorem, while axial contributions vanish once we sum over

3For text compactness, we refer to Goldstone bosons (if the gauge choice allows them) and to theW
and Z bosons comprehensively as ÒEW bosonsÓ.

4We cannot have Goldstone or Higgs bosons connecting the two sub-diagrams, since they couple to
quarks proportionally to the quark masses.
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Figure 31: Light-quark and Yukawa contributions to the Higgs pair invariant mass
(a) and Higgs transverse momentum distributions (b).

to the production threshold, where they have a negative effect of more than! 15% on the mhh1073

distribution and around ! 4% on the pT,h distribution. In both cases, the corrections quickly1074

approach zero as the center-of-mass energy grows.1075

1076

Arunima Bhattacharya, Francisco Campanario, Sauro Carlotti, Jamie Chang, Javier Mazz-1077

itelli, Milada Margarete MŸhlleitner, Jonathan Ronca, Michael Spira [162] .1078

Ref. [162] provides an independent evaluation of the light-quark contributions to g g " hh.1079

The bottleneck of this calculation is the evaluation of the genuine two-loop box diagramsV V V1080

(see Fig. 30c). The numerical stability of these diagrams is quite demanding, since strong1081

cancellations emerge between all diagrams, which requires the form factors of the individual1082

diagrams to be numerically determined with very signiÞcant precision. The numerical method1083

applied to these diagrams is the same as in Section6.2.1, i.e. projection on the two form1084

factors of Eq. (1) in D = 4 ! 2! dimensions, no tensor reduction, Feynman parametrization1085

and analytical continuation of all propagator masses including the W and Z boson masses,1086

M2
W/ Z " M2

W/ Z(1! i ø! ). To isolate the singularities, multiple end-point subtractions need to be1087

performed. In order to reach the narrow-width limit ø! " 0, a Richardson extrapolation was1088

performed with a minimal regulator down to ø! = 0.025 depending on mhh.1089

The two-loop triangle diagrams V Vh(see Fig.30a) can be adopted from the single-Higgs1090

calculation [187,188] and translated to the two-loop box diagrams with a 4-point vertex V Vhh1091

(see Fig.30b).1092

The total sum of all light-quark loop diagrams is Þnite, and no renormalization is required.1093

The result is a small correction at the sub-percent level for large values ofmhh, see Fig.32,1094

while the corrections are larger close to the production threshold due to the cancellation of1095

the leading top-mass terms of the LO matrix element, to which the results are normalized. In1096

total, the light-quark loops do not play a dominant role in Higgs pair production via gluon1097

fusion in contrast to single-Higgs production [189,190] .1098

1099

Comparison. The two independent evaluations of the light-quark contributions mentioned1100

above have been found to agree within the numerical uncertainties.1101
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to the correction ! HHH , while the two-loop triangle diagrams, depicted in Fig. 2, result in the
correction term ! 1,

! ! = ! HHH + ! 1 . (17)

The analytical result of ! HHH can be found in Ref. [26].
For the two-loop triangle diagrams we have used the same method asdescribed in Ref. [16],

i.e. we introduced suitable Feynman parametrizations of each diagram individually, performed
end-point subtractions to separate the divergences, and appliedintegrations by parts of the
integrands to reduce the power of the denominators, which stabilize the numerical integrations
above the individual virtual thresholds. In all diagrams, we encounter virtual tøt and tøtH
thresholds. For charged Goldstone exchanges, there is an additional virtual bøb threshold which
induces the largest instabilities of the three. To regularize the virtual thresholds we have
introduced small imaginary parts of the propagator masses,

m2
t/b ! m2

t/b (1 " iø"), M 2
H ! M 2

H (1 " iø") (18)

and performed Richardson extrapolations to obtain the limit ø" ! 0.
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Figure 2: Two-loop triangle diagrams of the top-Yukawa-induced electroweak corrections to
Higgs-boson pair production involving HiggsH and GoldstoneG0, G± exchanges. The bottom
propagators only contribute to the diagrams with charged Goldstone exchange.

The counterterm ! 1,CT for the two-loop triangle diagrams consists of the counterterms for
the on-shell Higgs wave function3, the vacuum expectation value4 and the top mass that is

3Half of this counterterm is already contained in the correction ! HHH .
4This counterterm is determined from the muon decay in theGF scheme.
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the original polynomials displayed in Eq. (3.33) of Ref. [16]5 to

R1(ø! ) =

!
2I (ø! ) " I (2ø! )

!
2 " 1

R2(ø! ) =
2
!

2I (ø! ) " (2 +
!

2)I (2ø! ) + I (4ø! )
!

2 " 1

R3(ø! ) =
" 8I (ø! ) + 2(2 + 3

!
2)I (2ø! ) " (2 + 3

!
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3
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2 " 5
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!
2)I (2ø! ) " 6(2 + 3

!
2)I (4ø!) + 3(2 +

!
2)I (8ø! ) " I (16ø!)

3(3
!

2 " 5)
(22)

and so forth. We used these polynomials in the region of± 1 GeV around thetøt threshold for
the Richardson extrapolation.
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Figure 5: Sample two-loop box diagrams of the top-Yukawa-induced electroweak corrections to
Higgs-boson pair production involving HiggsH and GoldstoneG0, G± exchanges. The bottom
propagators only contribute to the diagrams with charged Goldstone exchange.

The on-shell Higgs wave function, vacuum expectation value and on-shell top mass coun-
terterms appear in the counterterms of the two-loop box diagrams. They are given by

! ! ,CT = "ZH " 2
"v
v

" 2"mt
1

F!

#F!

#mt

! G,CT = "ZH " 2
"v
v

" 2"mt
1

G!

#G!

#mt

(23)

5With the polynomial dependence I (ø! ) =
!

i ci ø! i/ 2 the Richardson polynomials behave asRi (ø! ) = I (0) +
O(ø! ( i +1) / 2).

10

for the two form factors F! and G! , respectively. The Þnal results are summarized by the
Þnite correction factors! ! , ! G of Eq. (6). It is known that in the HTL, ! ! ! 4xt [26], and
we have checked numerically that this limit is reproduced by our numerical calculation within
numerical errors by artiÞcially increasing the size of the virtual topmass to 3 TeV.

3.2 Light-Quark-induced corrections

The second class of electroweak corrections we have calculated is the light-quark-loop induced
corrections. We take into account closed loops of all light-quark ßavors up to the bottom quark
in diagrams involving Z bosons, and up to the charm quark in diagrams involvingW bosons,
in order to avoid top-quark contributions. Also, we donot work in the gaugeless limit in this
case. For single-Higgs production, these types of corrections were the dominant part of the full
NLO electroweak corrections [33, 34]. The corresponding Higgs-pair diagrams are split into
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We have applied the same method as for the top-Yukawa induced diagrams for these cor-
rections, i.e. suitable Feynman parametrizations of the individual diagrams after projecting
onto the two form factors, end-point subtractions to separatethe divergencies and integration-
by-parts to stabilize the virtual thresholds, where we introducedcomplex propagator masses
(including the W and Z boson masses,M 2
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W/Z (1 " iø! )) as in Eq. (18). We have ex-

plicitly checked that there are no infrared or collinear divergences inthe individual diagrams,
so end-point subtractions alone are su# cient to isolate the divergences. The UV poles cancel
between the planar and non-planar box diagrams, as well as for thetriangle and four-point dia-
grams individually. As a quantitative cross-check, we implemented the corresponding results of
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Light-quark Mediated Corrections  
Computed generally using numerical integration 

Yukawa Corrections  
Calculated in gaugeless limit i.e. neglecting vector bosons but 
including massless Goldstone bosons 

Includes corrections to 1PR ``triangleÕÕ diagrams and 1PI ``boxÕÕ 

diagrams, neglects new  topologies arising at NLO EW 

Calculation 
Numerical integration in Feynman parameter space 

Regularise the virtual thresholds by introducing small 
imaginary parts 

  

Extrapolate  using Richardson extrapolation
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Figure 10: The relative total two-loop top-Yukawa induced contribution to the electroweak cor-
rections of the Higgs-pair production cross section as a function of the invariant Higgs-pair
massMHH . The dots along the curves represent the numerical numbers we have generated and
their error bars.

thresholds, we introduced complex propagator masses with a smallimaginary part and used
Richardson extrapolations to arrive at the narrow-width limit. The total top-Yukawa induced
corrections amount to the level of 5Ð10% for moderate and large values of the invariant Higgs-
pair massMHH , while they are larger close to the production thresholdMHH >! 2MH due to
the strong destructive interference of the LO matrix element. The top-Yukawa induced cor-
rections develop a shoulder at the virtualtøt threshold that is in line with the P-wave nature
of this threshold at LO. For larger values ofMHH , we observe a Þnite slope in the relative
corrections that modify the di! erential cross section by a few per-cent up to the 5%-level. On
the other hand, the light-quark induced corrections are tiny in thelarge MHH range and only
contribute signiÞcantly close to the production threshold, again, due to strong suppression of
the LO matrix element. The individual corrections to the total hadronic cross section amount
to " 1.9% for the top-Yukawa induced part and" 1.5% for the light-quark induced corrections.
This work presents the Þrst steps towards the calculation of the full electroweak corrections.
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Gluon-Induced Corrections
Davies, Schšnwald, Steinhauser, Zhang 25, 26

Figure 7 : rEW for various values ofpT as a function of
!

s. The plots show the same
data for di! erent ranges of

!
s on the x axis.

and mH .
In Fig. 7, we show the ratio rEW for Þxed values ofpT as a function of

!
s which

we extend up to 10 TeV. For each curve we use the highest available approximation and
show, besides the central value, also the uncertainty bands as obtained from the Pad«e
approximation. These are only visible for pT ! 300 GeV. The result for rEW shows a
more stable behaviour than for the individual (box) form factors. This can be explained
by the dominance of the triangle form factors for smaller value of

!
s. For larger

!
s the

approximations for the box form factors are stable for all pT values shown in Fig.7. The
partonic quantity rEW is negative and of the order of" 10%, which is in agreement with
the observations from Ref. [9] for the hadronic invariant mass or pT distribution.

6 Conclusions and outlook

In this work, we compute NLO electroweak corrections to Higgs boson pair production in
gluon fusion. We consider the top quark-induced contributions in the high-energy limit.
Since we include all sectors of the Standard Model, several mass scales are involved in the
computation. We identify certain hierarchies that allow us to perform nested expansions
is several small parameters. In particular, we assume that the mass of the Higgs boson
in the Þnal state is small as compared to the top quark mass. Furthermore, we expand
in mass di! erences in case several distinct masses appear inside the loop diagrams. Most
importantly, we perform a deep expansion with more than 100 expansion terms around the
high-energy limit. The calculation of the electroweak corrections is much more challenging
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Covers  with small expansion uncertainty 
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seen in first calculation of the NLO EW corrections to  

  
!
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Light-Quark Induced Corrections
�h���#�H�2 �R�, �1�t���K�T�H�2 �/�B���;�`���K�b �7�Q�` �/�B�z�2�`�2�M�i �+�H���b�b�2�b �Q�7 �+�Q�M�i�`�B�#�m�i�B�Q�M�b �i�Qqq ! HH (+ g) ���i
�G�P�- �p�B�`�i�m���H �L�G�P�- ���M�/ �`�2���H �L�G�P�X �1���+�? �+�H���b�b �7�2���i�m�`�2�b �/�B���;�`���K�b �+�Q�M�i���B�M�B�M�; �2�B�i�?�2�` �Q�M�H�vW
�U�:�Q�H�/�b�i�Q�M�2�V �#�Q�b�Q�M�b�- �Q�` �Q�M�H�vZ �U�:�Q�H�/�b�i�Q�M�2�V �#�Q�b�Q�M�b�X

gV V HH gV V H g3 g2
V V H �"�`�B�/�;�2

�G�P

�p�L�G�P

�`�L�G�P

W ���M�/Z �#�Q�b�Q�M�b �B�M�i�2�`���+�i �r�B�i�? �[�m���`�F�b �i�?�`�Q�m�;�? �p�2�`�i�B�+�2�b �Q�7 �i�?�2 �7�Q�`�K! µ(gL PL + gRPR)�-
�T�Q�i�2�M�i�B���H�H�v �B�M�i�`�Q�/�m�+�B�M�; �i�`���+�2�b �Q�7 �;���K�K�� �K���i�`�B�+�2�b �+�Q�M�i���B�M�B�M�;! 5 ���M�/ �`�2�b�m�H�i�B�M�; �B�M �G�2�p�B�@�*�B�p�B�i��
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�i�Q �i�?�2 �7�Q�H�H�Q�r�B�M�; �T�`�Q�+�2�/�m�`�2�X
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�h���#�H�2 �j�, �h�Q�i���H �G�P ���M�/ �L�G�P �+�`�Q�b�b �b�2�+�i�B�Q�M�b ���i �T�`�Q�i�Q�M�@�T�`�Q�i�Q�M �+�2�M�i�`�2�@�Q�7�@�K���b�b �2�M�2�`�;�B�2�b �Q�7
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!
S [�h�2�o] qq�G�P[�7�#] qq�L�G�P[�7�#] gg�G�P[�7�#] qq�L�G�P/q q�G�P qq�L�G�P/gg�G�P

13.0 0.039 0.061 16.45 +59% +0 .37%
13.6 0.041 0.066 18.26 +60% +0 .36%
14.0 0.043 0.069 19.52 +60% +0 .35%
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Quark-induced contribution from EW topologies + NLO QCD 
corrections 

Canonical differential equations obtained (boundary values @ 

 ) evolve boundary values using series-solution via 
DiffExp
s, t, u / m2

V
Moriello 19; Hidding 20;

Total cross-section effects are quite small (<1%) 

Very large NLO corrections (mainly due to opening gq channel) 

Can significantly modify distributions +10% in first  bin,  at 1-2% 
Initial state bottom quarks can lead to further modifications at 1-2% level

mHH pT

Bonetti, Heinrich, Rendler, Torres Bobadilla 26
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Mass Scheme Uncertainty

7

choice ofmt = 172.5 GeV for the top pole mass to anMS
mass ofmt(mt) = 163.02 GeV. The renormalisation of the
top mass has been adjusted accordingly. Taking the maxi-
mum and minimum of the differential cross section inQ2

at four different values ofQ2 for a variation of theMS top
mass in the range betweenQ/ 4 andQ we obtain the follow-
ing variations of the Higgs-pair cross section,

d! (gg! HH)
dQ

!
!
!
Q= 300 GeV

= 0.0312(5)+ 9%
" 23%fb/ GeV,

d! (gg! HH)
dQ

!
!
!
Q= 400 GeV

= 0.1609(4)+ 7%
" 7%fb/ GeV,

d! (gg! HH)
dQ

!
!
!
Q= 600 GeV

= 0.03204(9)+ 0%
" 26%fb/ GeV,

d! (gg! HH)
dQ

!
!
!
Q= 1200 GeV

= 0.000435(4)+ 0%
" 30%fb/ GeV,

(20)

using PDF4LHC parton densities. The top-quark scheme un-
certainty is signiÞcant over the whole range ofmHH. The
prediction involving the top pole mass, that we take as our
central prediction, is the maximal prediction for highmHH

values. The uncertainties induced by the top-mass scheme
and scale choice on the total cross section at NLO will be
given in a forthcoming publication [50].

6 Conclusions

We have presented the calculation of the full NLO QCD
corrections to Higgs-boson pair production via gluon fu-
sion for the top-loop contributions. This has been performed
by numerical integrations of the involved virtual two-loop
corrections to the four-point functions, while the results of
the single-Higgs case have been translated to the three-point
contributions that involve the trilinear Higgs self-coupling.
The one-particle reducible contributions that appear for the
Þrst time at NLO have been inferred from the explicit analyt-
ical one-loop results forH ! Z" , where theZ-boson mass
plays the role of the virtuality of the gluon in the dressed
Hgg# vertex. In order to isolate the ultraviolet, infrared and
collinear divergences, we have performed appropriate end-
point subtractions at the integrand level and described the
explicit construction of infrared subtraction terms that al-
low for a clean separation of the infrared singularities from
the regular rest. The real corrections have been obtained by
generating the full matrix elements with automatic tools. We
have constructed the infrared and collinear subtraction term
as the heavy-top limit of the real matrix elements involving
the fully massive LO sub-matrix element. Adding back the
full results in the heavy-top limit completed the full real cor-
rections. The Þnal results we have obtained agree with pre-
vious calculations for the individual Þnite parts of the real
and virtual corrections. We Þnd Þnite NLO mass effects that

are up to" 30% for large invariant Higgs-pair masses, while
the total NLO top-mass effects modify the total cross section
by about" 15%.

We have studied the theoretical uncertainties related to
variations of the renormalisation and factorisation scales and
have found agreement with the previously known results
Þnding uncertainties at the level of 10" 15%. A novel out-
come of our calculation is the additional uncertainty induced
by the scheme and scale dependence of the top mass that
can be signiÞcant, amounting to+ 9%/ " 23% atmHH =
300 GeV and+ 0%/ " 30% atmHH = 1200 GeV. The in-
duced uncertainty on the total cross section will be given in
a forthcoming publication [50].

In the future we plan to extend our calculation to beyond-
the-SM models as e.g. the 2HDM or MSSM.
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Top quark mass scheme uncertainty

Why do we 
have a large 
uncertainty 

comparing  

with  mass?
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Converting the top-quark mass from OS to  scheme MS

4-loop: Marquard, Smirnov, Smirnov, Steinhauser, Wellmann 16



Structure of QCD corrections in the amplitude 
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Amplitude Structure

1.1. Overview of production modes 7
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Figure 1.2: Total production cross sections for Higgs pairs within the SM via gluon fusion,
vector-boson fusion, double Higgs-strahlung and double Higgs bremsstrahlung off top quarks.
PDF4LHC15 parton densities have been used with the scale choices according to Table 1.1. The size
of the bands shows the total uncertainties originating from the scale dependence and the PDF+ ! s
uncertainties.
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Figure 1.3: Higgs pair invariant mass distribution at leading order for the different contributions to
the gluon fusion production mechanism and their interference.
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Triangle type amplitudes studied in literature

We will study the box type amplitudes in the 
high-energy or small quark mass limit 

s, ! t ! , ! u! 3 m2
t 3 m2

H

See also: Hu, Liu 25
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High-energy limit

A(0)
i,y2

t
& y2

t fi(s, t) + y2
t ) (m2

t )

A(1)
i,y2

t
& 3CFA(0)

i log
[

m2
t

s ]
+ y2

t ) (m2
t )

A(0)
i & yt mt fi(s, t) log2

[

m2
t

s ]

A(1)
i &

(CA $ CF)

12
A(0)

i log2

[

m2
t

s ]

gg % HH gg % ZH
Davies, Mishima, 
Steinhauser 20; 
Chen,!Davies,!Heinrich,SPJ,
!Kerner,!Mishima, 
Schlenk,!Steinhauser 22

Davies, Mishima, 
Steinhauser, Wellmann 18; 
Baglio, Campanario, Glaus, 
MŸhlleitner, Ronca, Spira, 
Streicher 20

Leading  from mass counter term, converting 

to  gives   scale choice of 

log(m2
t )

MS log[ ! 2
t /s] % ! 2

t & s
Leading  not coming from mass counter term 

(  structure)

log(m2
t )

CA $ CF

Expanding amplitude perturbatively  and around AÞn
i =

( s

2,
A(0),Þn

i +
(

( s

2, )

2

A(1),Þn
i + ) (( 3

s) mt & 0

How does this simple structure arise? Does it generalise to all orders?
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Expansion of  @ 1-loopgg % HH

q1

q4

q3

q2

ℓ

t

ℓ + q1

s

ℓ + q1 + q2

ℓ− q3

α

β

γ

δ

1

2

3

4

Limit:  ,    and s, ! t ! , ! u! 3 m2
t 3 m2

H m2
H % 0 && mt/Q

uR order interpretation routing

(-2, -2, 0, 0) 4 ! 2(! + " + #) c1 $

(0, -2, -2, 0) 4 ! 2(! + # + %) c2 $! q1

(-2, 0, 0, -2) 4 ! 2(! + " + &) c3 $+ q3

(0, 0, -2, -2) 4 ! 2(! + %+ &) c4 $! q1 ! q2

(0, 0, 0, 0) 0 h n/a

Table 1: The regions of the one-loop diagram and their interpretation in terms of hard
and collinear modes. The routing is identiÞed by specifying the momentum ßowing
through the propagator labelled" in Fig. 2. Note that for the scalar ÒcornerÓ integral
" = # = %= &= 1 and all regions enter at leading power.

we obtain the following scalings for the scalar products

$2 " ' 2 Q2, $áq1 " ' 2 Q2, $áq2 " ' 0 Q2, $áq3 " ' 0 Q2, (2.18)

since by construction there is a wide separation between the directions of the four ex-
ternal particles. Inputting these scalings into the propagators, we see that the region
described by the region vectoru(1) is consistently identiÞed as the one with loop mo-
mentum collinear to q1. We denote this region asc1.

To reveal the nature of the second regionu(2) , we need to perform a shift in the
loop momentum because, according to the region vector, the third propagator, namely
($+ q1 + q2)2 ! m2

t in the original routing, should scale as' 2. However, despite the fact
that $áq2 " ' 2, the propagator scales as' 0 sinceq1 áq2 " ' 0. As such, we note a well-
known fact: the diagramÕs momentum routing can obscure a regionÕs physical nature.
In the region where the loop momentum$ is collinear to q2, the scalar products scale as

$2 " ' 2 Q2, $áq1 " ' 0 Q2, $áq2 " ' 2 Q2, $áq3 " ' 0 Q2, (2.19)

and we Þnd that the correct scaling for the propagators is obtained after shifting$# $! q1

in Fig. 2. With the correct routing, we can now identify the region described by region
vector u(2) as collinear toq2, i.e. c2.

Finally, to reveal u(3) and u(4) we must consider the frame spanned byq3 and q4.
It should not be surprising that our ability to identify regions depends on which of the
four-momenta we eliminate or, in other words, which frame we choose. One can easily
show that using the shifts$# $+ q3 and $# $! q1 ! q2 we can identify the momentum-
space representation for regions deÞned by vectorsu(3) and u(4) respectively. The Þfth
region, u(5) , is easily identiÞed as the hard region, which always manifests asuR

i = 0.
As all components of the loop momentum are large, it does not matter which frame or
routing we consider.

We summarise our Þndings in Table1. The order in ' at which each region begins
contributing is shown in the second column. At the level of the scalar integral, in the
limit ! # 0 and " , #, %, & # 1, all regions enter and contribute at leading power" ' 0.

8

Automatically find remaining regions in parameter space

Using a set of possible loop momenta modes can systematically 
search for momentum routing to give a momentum space 
interpretation
Implemented in pySecDec by Y. Ulrich (TBA)

Jaskiewicz, SPJ,!Szafron,!Ulrich 25

Kinematics: s+ t + u = 0, mH = 0
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Amplitude Level Results @ 1-loop

q1

q4

q3

q2

ℓ

t

ℓ + q1

s

ℓ + q1 + q2

ℓ− q3

α

β

γ

δ

1

2

3

4

Hard region

q1

q4

q3

q2

!

s13

! + q1

s12

! + q1 + q2

! ! q3

"

#

$

%

! &

! &+&

+&

Collinear  regionq1

Leading Power (LP)

Next-to-Leading Power (NLP)

Can compute amplitude level results for each region, at the 1-loop level:

Generates 

 at NLPlog(m2
t )

Jaskiewicz, SPJ,!Szafron,!Ulrich 25
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Leading Power Analysis

Leading power matching J[i]
LP

(t1, t2, t3, t4) = y2
t P! .

i 4 c15 1 ! (t1n1+) 4 c25 2 . (t2n2+) hc3
(t3n3+) hc4

(t4n4+)

= CA0
[i ] (s, t)

(h)

(h)

(h) (h) A0[i ]+ . . .

Collinear Regions c1, c2

NLP
[i ]

Mixing with the external 
gluon is forbidden at LP

Soft Collinear Effective Theory (SCET) an approximation of QCD based on 
soft/collinear expansion Bauer, Fleming, Pirjol, Stewart, Beneke, Chapovsky, Diehl, Feldmann, É

#(x) % #1(x)+ É + #N(x)

NcollinearfermionÞelds

+ q(x)

NLP
[i ]

Mixing with the external 
Higgs is forbidden at LP

Result holds to all orders in  due to helicity conservation for ( s mt % 0

Jaskiewicz, SPJ,!Szafron,!Ulrich 25

Collinear Regions c3, c4
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Overview of Structure

LO : ( sy
2
t (c0+ mt n0),

NLO : ( 2
sy2

t (a1l! + c1+ mt n1),

NNLO : ( 3
sy2

t (a2l
2
! + b2lm + c2+ mt n2),

N3LO : ( 4
sy2

t (a3l
3
! + b3l

2
m + d3lm + c3+ mt n3),

NiLO : ( i$1
s y2

t (ail
i
! + bil

i! 1
m + dil

i! 2
m + É + ci+ mtni) .

l! = log(! 2
t /s)

lm = log(! 2
t /s), log(m2

t /s)

The  amplitude in the  scheme has the following leading power structuregg % HH MS

LP LL 
Known from RG running 

of top-quark mass

LP NLL 
RG running + 
massification

Penin 06; Moch, Mitov 07; Becher, 
Melnikov 07; Engel et al 19; Wang, 
Xia, Yang, Ye 23;

LP Constant 
Hard region ( ) 

contribution only, 
known to NLO

mt = 0

mLL(! ) = M exp[ aLL
' m

(! )] zm(M)

aLL
' m

(! ) =
3CF

2/ 0
ln 1 $

( s(! )

2,
/ 0 ln

(

! 2

M2)

Leading log structure generated 
to all orders by RG running

Jaskiewicz, SPJ,!Szafron,!Ulrich 25

Integrals are known
Henn, Mistlberger, Smirnov, Wasser 20 

Caola, von Manteuffel, Tancredi 20;  

Bargiela, Caola, von Manteuffel, Tancredi 22;
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Mass Scheme Uncertainty

For finite virtual correction at very high energy 

Compare  

Very large uncertainty obtained 

LO: ~60-70% (blue band) 

NLO: ~30-40% (red band) 

LO: ~13-16% 

NLO: ~7-8% 

Uncertainty significantly reduced 

Not yet studied for physical cross-section!
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+ known LP LL (green tower of logs)

Jaskiewicz, SPJ,!Szafron,!Ulrich 25
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3-loop Massless Limit ( )c2

3728 Feynman diagrams

3 integral families + crossings

Large-  and large-  in the forward limit ( , )nf Nc t = 0 mH = 0
Davies,!Schšnwald,!Steinhauser 23, 25

 Reducible contributions with exact    (Higgs production with off-shell gluon leg)mt 6 2

Davies,!Schšnwald,!Steinhauser,!Vitti 24

Several pieces known

Ajjath, SPJ, Magerya (WIP)

Hard region ( ) Box ( ) AmplitudesmH = 0,mT = 0 y2
t

Integrals in terms of GPLs

Ideally want  at NNLO QCD with the full mass dependencegg % HH
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Conclusion

Thank you for listening!

Importance 
Theory work needed to match experimental precision 

EW corrections can change our interpretation of limits/deviations 

Results 
Have NLO QCD + N 3LO HTL + NLO EW andNNLO FTapprox + PS 

Significant work undertaken to pick apart, understand and validate EW corrections 

Largest uncertainty remains the NLO QCD top-quark mass scheme uncertainty 

Outlook 
Important to have control of complete EW calculation also in EFT context (SMEFT/HEFT) 

Full NNLO QCD calculation desperately needed 



Backup
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process known desired

pp ! H

N3LOHTL

NNLO (t,t ! b)
QCD

N(1,1)LO(HTL)
QCD " EW

NLOQCD

N4LOHTL (incl.)

pp ! H + j

NNLO HTL

NLOQCD

N(1,1)LOQCD " EW

NNLO HTL " NLOQCD + NLO EW

N3LOHTL

NNLO QCD

pp ! H + 2 j

NLOHTL " LOQCD

N3LO(VBF ! )
QCD (incl.)

NNLO (VBF ! )
QCD

NLO(VBF)
EW

NNLO HTL " NLOQCD + NLO EW

N3LO(VBF ! )
QCD

NNLO (VBF)
QCD

NLOQCD

pp ! H + 3 j
NLOHTL

NLO(VBF)
QCD

NLOQCD + NLO EW

NNLO (VBF ! )
QCD

pp ! V H
N3LOQCD (incl.)+ NLO EW

NLO(t,b)
gg# HZ

N3LOQCD

N(1,1)LOQCD " EW

pp ! V H + j
NNLO QCD

NLOQCD + NLO EW

pp ! HH
N3LOHTL " NLOQCD

NLOEW

NNLO QCD

pp ! HH + 2 j

N3LO(VBF ! )
QCD (incl.)

NNLO (VBF ! )
QCD

NLO(VBF)
EW

NLOQCD

pp ! HHH NNLO HTL NLOQCD

pp ! H + tøt
NLOQCD + NLO EW

NNLO QCD (approx.)
NNLO QCD

pp ! H + t/ øt NLOQCD + NLO EW NNLO QCD

Table 2: Precision wish list: Higgs boson Þnal states. NxLO(VBF ! )
QCD means a calculation using

the structure function approximation. V = W, Z .

pered by the di! culty in computing two-loop gg ! V V amplitudes with a massive quark loop.
Approximate NLO QCD corrections were computed using the heavy-top expansion [482Ð484], the
high-energy expansion [485], and a combination of these two approximations and the threshold

17

process known desired

pp ! 2 jets
NNLO QCD

NLOQCD + NLO EW

N3LOQCD + NLO EW

pp ! 3 jets NNLO QCD + NLO EW

Table 3: Precision wish list: jet Þnal states.

and 5FS predictions [700Ð704]; NLOEW corrections calculated [705]. Complete predictions at
O(! m

s ! n+1 ) with m+ n = 2 , 3 (i.e. including both QCD and EW corrections) for bøbH production
presented in Ref. [706] in the 4FS. Two-loop leading colour planar helicity amplitudes in the
5FS computed in Ref. [707].

The N3LOQCD corrections to bøb ! H are available in the public coden3loxs [473]. The
NNLO QCD corrections have been matched to parton shower using the MiNNLOPS method in
Ref. [708], and the resulting transverse momentum distribution of the Higgs was compared to
NNLO QCD + NNLL results of Ref. [ 688]. Results for the Higgs transverse momentum spectrum
resummed to N3LLÕ and matched to NNLOQCD and approximate N3LOQCD were presented in
Ref. [709]. The perturbative uncertainties are small, opening the possibility of distinguishing
di! erent ßavour production modes. Soft-virtual (SV) and next-to-soft-virtual (NSV) terms,
resummed to N3LL accuracy, were presented in Ref. [710] for the inclusive cross section and
Higgs rapidity distribution. The authors observe that the improvement in the perturbative
precision when including the SV and NSV terms on top of the N3LOQCD results is quite small,
indicating good convergence of the series.

In bøbH production, the calculation of Ref. [698], which included both O(y2
b) and O(y2

t )
contributions to NLO QCD in the 4FS, has been matched to PS in Ref. [636]. NNLO QCD results
matched to parton shower were presented in Ref. [711], using the MiNNLOPS framework. The
bottom quarks are treated as massive, with the two-loop amplitudes being evaluated using a
small-mass expansion. The authors Þnd that the NNLOQCD corrections in the 4FS resolve
tensions between this scheme and the 5FS. Analytic expressions for the two-loop amplitudes for
bøbH production with masslessb quarks are now available for all color structures [712].

3.2 Jet Þnal states

An overview of the status of jet Þnal states is given in Table3.

3.2.1 2j

LH21 status: Di! erential NNLO QCD corrections available from two independent groups using
the antenna [136,713] and the sector-improved residue subtraction [179] formalisms. Complete
NLO QCD+EW corrections available [ 714].

NNLO QCD interpolation grids were made available for this process in [715], which facilitate
the inclusion of this process into PDF Þts without K -factor approximations. Such grids were
used to perform an! s extraction based on LHC di-jet data in [716]. Based on the NNLOQCD
corrections to massive bottom quark production [218], NNLO+PS predictions were obtained for
B-hadron production at the LHC in [ 717]. Ref. [718] explored new slicing variables at NLOQCD
for jet processes. Jet angularities in a resummed and matched calculation were studied in
Ref. [719] that also took into account non-perturbative corrections from the underlying event
and hadronisation.

25

process known desired

pp ! V
N3LOQCD + N (1,1)LOQCD ! EW

NLOEW

N2LOEW

pp ! V V"

NNLO QCD + NLO EW

+ Full NLO QCD (gg ! ZZ ),

approx. NLOQCD (gg ! W W )

Full NLO QCD

(gg channel, w/ massive loops)

N(1,1)LOQCD ! EW

pp ! V + j NNLO QCD + NLO EW hadronic decays

pp ! V + 2 j
NLOQCD + NLO EW (QCD component)

NLOQCD + NLO EW (EW component)
NNLO QCD

pp ! V + bøb NLOQCD NNLO QCD + NLO EW

pp ! W + bøb NNLO QCD

pp ! V V" + 1 j NLOQCD + NLO EW NNLO QCD

pp ! V V" + 2 j
NLOQCD (QCD component)

NLOQCD + NLO EW (EW component)
Full NLO QCD + NLO EW

pp ! W + W + + 2 j Full NLO QCD + NLO EW

pp ! W + W # + 2 j NLOQCD + NLO EW (EW component)

pp ! W + Z + 2 j NLOQCD + NLO EW (EW component)

pp ! ZZ + 2 j Full NLO QCD + NLO EW

pp ! V V"V ""
NLOQCD +NLO EW (w/ decays) NLO QCD + NLO EW (o! -shell)

pp ! W W W NLOQCD + NLO EW (o! -shell)

pp ! W + W + (V ! jj ) NLOQCD + NLO EW (o! -shell)

pp ! W Z (V ! jj ) NLOQCD + NLO EW (o! -shell)

pp ! !! NNLO QCD + NLO EW N3LOQCD

pp ! ! + j NNLO QCD + NLO EW N3LOQCD

pp ! !! + j
NNLO QCD + NLO EW

+ NLO QCD (gg channel)

pp ! !!! NNLO QCD NLOEW

Table 4: Precision wish list: vector boson Þnal states.V = W, Z and V ", V "" = W, Z, ! . Full
leptonic decays are understood if not stated otherwise.
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process known desired

pp ! tøt

NNLO QCD + NLO EW (w/o decays)

NLOQCD + NLO EW (o! -shell)

NNLO QCD (w/ decays)

N3LOQCD

pp ! tøt + j
NLOQCD (o! -shell e! ects)

NLOEW (w/o decays)
NNLO QCD + NLO EW (w decays)

pp ! tøt + 2 j NLOQCD (w/o decays) NLOQCD + NLO EW (w decays)

pp ! tøt + V !
NLOQCD + NLO EW (w decays) NNLO QCD + NLO EW (w decays)

pp ! tøt + ! NLOQCD (o! -shell)

pp ! tøt + Z NLOQCD + NLO EW (o! -shell)

pp ! tøt + W NLOQCD + NLO EW (o! -shell)

pp ! t/ øt
NNLO QCD *(w decays)

NLOEW (w/o decays)
NNLO QCD + NLO EW (w decays)

pp ! tZj NLOQCD + NLO EW (o! shell) NNLOQCD + NLO EW (w/o decays)

pp ! tøtt øt
NLOQCD (w decay)

NLOEW (w/o decays)

NLOQCD + NLO EW (o! -shell)

NNLO QCD

Table 5: Precision wish list: top quark Þnal states. NNLOQCD
" means a calculation using the

structure function approximation. V ! = W, Z, ! .

to two jets at tree level. These amplitudes can be used for NNLOQCD calculations to top-pair
production.

The scale dependence of top-pair production has been investigated in several renormal-
isation schemes in Ref. [945]. This is particularly important for the experimental extraction
of the top quark mass, especially in the low top-pair invariant mass regime. Along the same
line of research, a study [946] of the top-quark pole mass extraction has been carried out at
NNLO QCD accuracy, using total, single-, and double-di! erential cross sections. In Ref. [188],
non-perturbative fragmentation functions, for B-hadrons, J/ ! and muons resulting from semilep-
tonic B decays have been derived at NNLOQCD . These fragmentation functions are then used
to study the production of top-quark pairs with these Þnal states.

In Ref. [947], the Þrst event generator at NLOQCD accuracy matched to parton shower for
the o! -shell production of a top-quark pair in the lepton+jets channel has been presented. This
implementation also allows the separation betweentW and tøt production mechanisms.

In Refs. [948, 949], the di! erential transverse momentum and azimuthal decorrelation of
the top-quark pair have been computed with degrees of Þxed-order accuracy combined with
resummation, including NNLL +NNLO QCD accuracy. Particular emphasis has been put on
the interplay between soft-collinear resummation and Coulomb singularities. In Ref. [950], the
computation of the soft-parton contributions at low transverse momentum of the top-quark pair
up to NNLO QCD has been presented. This is the Þnal ingredient for the implementation of the
qT subtraction formalism at NNLO QCD for top-quark production.

34

Higgs Vector Bosons Top

Jets

- completed since 2021

- progress since 2021

Precision Progress

Higgs is just one example, in reality the success of the HL-LHC programme+ requires many accurate predictions

Huss, Huston, SPJ, Pellen, Ršntsch 25 (Les Houches Wishlist)
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2-loop Massless Limit ( )c1 Ajjath, SPJ, Magerya (WIP)

Renormalised amplitudes

$ 24Cf m
2
f log(s) 24Cf m

2
f log( m2

f )

Match small-  result at leading power: explicit check that only hard region contributes at LP @ 2-loopmt

Hard region ( ) + Box ( ) AmplitudesmH = 0,mT = 0 y2
t

138 Feynman diagrams

2 integral families + crossings

Integrals in terms of GPLs

Davies, Mishima, Steinhauser, Wellmann 18;
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Delicate Limits

(a) (b) (c)

Figure 1: Classification of the three-loop virtual corrections to gg ! HH. (a) shows
“class (i)”, where both Higgs bosons couple to the same top quark loop. (b) and (c) show
“class (ii)”, where each Higgs boson couples to a di↵erent top quark loop, in a one-particle
irreducible and reducible way, respectively.

A
µ⌫

2 = g
µ⌫ +

1

p
2
T
q12

(q33q
⌫

1q
µ

2 � 2q23q
⌫

1q
µ

3 � 2q13q
⌫

3q
µ

2 + 2q12q
µ

3 q
⌫

3 ) , (2)

with

qij = qi · qj , p
2
T

=
2q13q23
q12

� q33 =
tu�m

4
H

s
(3)

where s, t = (q1 + q3)2 and u = (q2 + q3)2 are Mandelstam variables which fulfill s+t+u =
2m2

H
. The quantity X0 is given by

X0 =
GF
p
2

↵s(µ)

2⇡
TF , (4)

with TF = 1/2, GF is Fermi’s constant and ↵s(µ) is the strong coupling constant evaluated
at the renormalization scale µ.

We define the expansion in ↵s of the form factors as

F = F
(0) +

↵s(µ)

⇡
F

(1) +

✓
↵s(µ)

⇡

◆2

F
(2) + · · · . (5)

Figure 2: Sample two- and three-loop Feynman diagrams contributing to the one-particle
reducible part of gg ! HH. Solid, dashed and curly lines represent top quarks, Higgs
bosons and gluons, respectively.

3

So far we set  from the start (  Taylor exp.) then expanded around  (  asymptotic exp)mH = 0 7 mT = 0 7

Davies,!Schšnwald,!Steinhauser,!Vitti 24

The commutativity of these limits is not trivial 

Expansion around  can develop  behaviour 

(even for  component!) 

Configurations we identified all involve a single Higgs boson coupled to 
a closed fermion loop 

Suppressed by at least one power of  (helicity flip)  

Do not affect the  term but may appear beyond LP 

mH % 0 ln(m2
H)

y2
t

mt

y2
t m0

t

A complete explicit cross-check of this behaviour at fixed order (3-loop/4-loop/…) is desired
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High-Energy Expansion of  @ 2-loopsgg % HH

From this we can infer that I ! (n! áq3)! ! (n! áq2)! " . Sinceqµ
1! is the only external

vector in the nµ
! direction, we can deduce

I =
!

" (n+ áq1)(n! áq3)
" #$ %

t

&! ! !
" (n+ áq1)(n! áq2)

" #$ %
s

&! " !
m2

t

&D/ 2! # ! $
I 0(! , " , #, $; D) ,

(2.24)

where we have found the dependence onmt from dimensional analysis. The remaining
integral I 0 is now a function of the powers of propagators and the space-time dimension.
Explicit calculation shows that

I 0 =
!

e" E %µ2%
&

(" 1)#+ $+ " + ! ! [" 2 + %+ ! + " ]
! [" ]! [! ]

! [! " #]! [" " $]
! [! + " " $ " #]

. (2.25)

This result concludes our discussion of the one-loop box, all other box integrals appearing
in the amplitude can be obtained from crossing the diagram in Fig.2.

2.1.2 Two-loop

! 1 ! 2

q1

q2

q3

q4

P1

! 1

! 2q1

q2

q4

q3

NP1

! 1 ! 2

q1

q2

q3

q4

P2

! 1

! 2q1

q2

q4

q3

NP2

Figure 4: The four top-level two-loop topologies. Massless particles (Higgs bosons and
gluons) are depicted with dashed lines, massive top quarks are shown as solid lines. We
indicate the lines that carry the loop momenta for our default routing.

At the two-loop order, there are four top-level (7-propagator) topologies to consider,
they are shown in Fig.4: a planar box and a non-planar box that each contain either
predominantly top quarks or gluon propagators. As the number of possible routings,
frame choices, and regions proliferates beyond one-loop, we have automated the routing-
Þnding algorithm. Our code considers the scaling of each scalar product for each possible
region and frame and then applies it to all possible shifts. To limit the number of shifts,
we only consider those that result in two propagators being directly identical to the
two-loop momenta. We observe that this procedure is su" cient for the problem of
identifying soft and collinear regions at hand, but it is possible to construct regions
that cannot be straightforwardly revealed this way, for example Glauber, threshold and
potential regions. This code is currently being integrated as part of pySecDec [107].

We begin by considering the diagramP1, shown in Fig. 4. We Þrst use standard
techniques to obtain the region vectors of expansion around smallmt in parameter space.
In total, we obtain 13 regions for this diagram. In the limit %# 0 we Þnd that, for
this planar scalar integral, all regions enter at leading power. Next, using the routing
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Figure 6: Regions for the two-loop diagramNP1 in Fig. 4. Propagators and external
lines are colouredorange for the Þrst collinear mode,blue for the second collinear
mode, pink for the soft modes, andblack for the hard modes. Purely hard region is
not depicted.
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Regions (Parameter Space)
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Figure 6: Regions for the two-loop diagramNP1 in Fig. 4. Propagators and external
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mode, pink for the soft modes, andblack for the hard modes. Purely hard region is
not depicted.
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Inserting into amplitude, projecting form 
factors and computing traces 

Numerator gives a  suppression for 
all soft/collinear regions

&2
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Amplitude Level Results @ 2-loop

Could compute each region at 2-loops (tedious), can instead examine numerator prior to reduction

Region   

 

 

Region  

 
 

c1c1

0!
1

& 0!
2

& Q(1,&2,&)

l 2
1 & &2Q2, l 2

2 & &2Q2, l1 8l2 & &2Q2,

l1 8q1 & &2Q2, l2 8q1 & &2Q2,
l1 6 q1, l2 6 q1 .

ss

0!
1

& 0!
2

& Q(&,&,&)

l2
1 & &2Q2, l 2

2 & &2Q2, l1 8l2 & &2Q2,

l1 8q2 & &2Q2, l1 8q3 & &2Q2, l1 8q4 & &2Q2,

l2 8q2 & &2Q2, l2 8q3 & &2Q2, l2 8q4 & &2Q2,

Consistent with the result of Steinhauser 

et al. for the  limit 

Suggests that regions other than the hard 
region are helicity suppressed by at least 

mt % 0

&& mt

Davies, Mishima, Steinhauser, Wellmann 18;

Jaskiewicz, SPJ,!Szafron,!Ulrich 25
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Expansion of  @ 1-loopgg % HH

q1

q4

q3

q2

ℓ

t

ℓ + q1

s

ℓ + q1 + q2

ℓ− q3

α

β

γ

δ

1

2

3

4

Limit:  ,    and s, ! t ! , ! u! 3 m2
t 3 m2

H m2
H % 0 && mt/Q

!
dd0

(2, )d

1

02 $ m2
t

1

(0 + q1)2 $ m2
t

1

(0 + q1 + q2)2 $ m2
t

1

(0 $ q3)2 $ m2
t

!
dd0

(2, )d

1

02

1

(0 + q1)2

1

(0 + q1 + q2)2

1

(0 $ q3)2
& &0

Every propagator scales as  

Achieved by hard scaling of the loop momenta 

&0

0! = Q(1,1,1)

u(0) = (0,0,0,0)Hard region

Jaskiewicz, SPJ,!Szafron,!Ulrich 25

Kinematics: s+ t + u = 0, mH = 0



New features: 

1. Soft modes appear  

2. Soft regions are power enhanced at 
level of scalar integral

l !
S

= Q(&,&,&)
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Expansion of  @ 2-loopgg % HH

uR order interpretation routing

(-2, -2, -2, 0, 0, 0, -2) ! 4! c1c1 "1, "2

(-2, -2, 0, 0, -2, -2, 0) ! 4! c1c1 "1, "2 ! q3 ! q4

(-2, -1, 0, -1, -2, -2, -1) ! 1 ! 4! ss "1, "2 ! q3 ! q4

(-2, 0, 0, -2, -2, -2, 0) ! 4! c3c3 "1, "2 ! q4

(-2, 0, 0, 0, -2, -2, -2) ! 4! c2c2 "1, "2 ! q3 ! q4

(-1, -2, -2, -1, 0, -1, -2) ! 1 ! 4! ss "1 ! q1, "2

(0, -2, -2, -2, 0, 0, -2) ! 4! c4c4 "1 ! q1, "2

(0, -2, -2, 0, 0, -2, -2) ! 4! c2c2 "1 ! q1, "2

(0, 0, -2, -2, 0, -2, -2) ! 4! c4øc2 "1 ! "2 + q3 + q4, "1

(0, 0, -2, -2, 0, 0, 0) ! 2! c4h "1 ! "2 + q3 + q4, "1

(0, 0, 0, -2, -2, -2, -2) ! 4! c3øc2 "1 ! "2 + q3, "1 ! q4

(0, 0, 0, -2, -2, 0, 0) ! 2! c3h "1 ! "2 + q3, "1 ! q4

(0, 0, 0, 0, 0, -2, -2) ! 2! hc2 "1, "1 + "2 ! q3 ! q4

(0, 0, 0, 0, 0, 0, 0) 0 hh n/a

Table 2: The regions of the two-loop diagramNP1 and their interpretation in terms of
hard, collinear, and soft modes. The routing shifts are relative to one given for theNP1
diagram in Fig. 4. The order given is valid when all propagators are raised to power 1
and the dependence on additional analytic regulators is suppressed.

13

Can again find momentum space interpretation

From this we can infer that I ! (n! áq3)! ! (n! áq2)! " . Sinceqµ
1! is the only external

vector in the nµ
! direction, we can deduce

I =
!

" (n+ áq1)(n! áq3)
" #$ %

t

&! ! !
" (n+ áq1)(n! áq2)

" #$ %
s

&! " !
m2

t

&D/ 2! # ! $
I 0(! , " , #, $; D) ,

(2.24)

where we have found the dependence onmt from dimensional analysis. The remaining
integral I 0 is now a function of the powers of propagators and the space-time dimension.
Explicit calculation shows that

I 0 =
!

e" E %µ2%
&

(" 1)#+ $+ " + ! ! [" 2 + %+ ! + " ]
! [" ]! [! ]

! [! " #]! [" " $]
! [! + " " $ " #]

. (2.25)

This result concludes our discussion of the one-loop box, all other box integrals appearing
in the amplitude can be obtained from crossing the diagram in Fig.2.

2.1.2 Two-loop

! 1 ! 2
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NP1

! 1 ! 2
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! 2q1

q2

q4
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NP2

Figure 4: The four top-level two-loop topologies. Massless particles (Higgs bosons and
gluons) are depicted with dashed lines, massive top quarks are shown as solid lines. We
indicate the lines that carry the loop momenta for our default routing.

At the two-loop order, there are four top-level (7-propagator) topologies to consider,
they are shown in Fig.4: a planar box and a non-planar box that each contain either
predominantly top quarks or gluon propagators. As the number of possible routings,
frame choices, and regions proliferates beyond one-loop, we have automated the routing-
Þnding algorithm. Our code considers the scaling of each scalar product for each possible
region and frame and then applies it to all possible shifts. To limit the number of shifts,
we only consider those that result in two propagators being directly identical to the
two-loop momenta. We observe that this procedure is su" cient for the problem of
identifying soft and collinear regions at hand, but it is possible to construct regions
that cannot be straightforwardly revealed this way, for example Glauber, threshold and
potential regions. This code is currently being integrated as part of pySecDec [107].

We begin by considering the diagramP1, shown in Fig. 4. We Þrst use standard
techniques to obtain the region vectors of expansion around smallmt in parameter space.
In total, we obtain 13 regions for this diagram. In the limit %# 0 we Þnd that, for
this planar scalar integral, all regions enter at leading power. Next, using the routing

10

Jaskiewicz, SPJ,!Szafron,!Ulrich 25
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Expansion of  @ 3-loopgg % HH

Considering  at 3-loops we systematically checked for new loop momenta modesgg % HH

modes are su�cient to interpret all regions appearing in the small-mass expansion,

hard : ! µ
H ! Q (1, 1, 1), (2.26)

collinear " qi : ! µ
Ci

! Q (1, " 2, " ), (2.27)

soft : ! µ
S ! Q (" , " , " ). (2.28)

For the collinear-qi mode we use light-cone vectors nµ
+ and nµ

! defined above generalised
for each of the collinear directions. See beginning of Section 3 for explicit construction.

2.1.3 Three-loop and beyond

In the previous sections, we have categorised the loop momenta scaling relevant for
understanding the region expansion up to two-loops. The complete knowledge of these
regions allows us to compute the one-loop and two-loop amplitudes not only at leading
power but also at any order in the power expansion.

q1

q2 q4

q3
! 1

! 2

! 3

q1

q2 q4

q3

! 1 ! 2! 3

Figure 7: Example three-loop diagrams containing modes beyond soft, collinear, and
hard. (left) A region with a hard-collinear-q2 loop momentum, shown in green . (right)
A region containing a soft-collinear-q1 loop momentum, shown in yellow . Both diagrams
also contain soft in pink and collinear in orange loop momenta.

If we wish to understand the all-order structure of the QCD corrections to HH
production at any order in the power expansion, we must ask if additional loop momenta
scalings appear in the region expansion beyond two-loops. We generate all diagrams
relevant to Higgs pair production at three-loops and obtain a list of all regions appearing
in the MoR analysis for each diagram. Using the tool described in the previous section,
we find that considering only the collinear and soft loop momenta modes is insu�cient
to capture the regions appearing at three-loops, see Figure 7 for example diagrams
that contain additional loop momenta modes. However, adding the following three-loop
momenta modes allows us to describe the regions appearing in diagrams containing up
to three-loops,

hard " collinear " qi : ! µ
HC i

! Q (1, " , " 1/ 2), (2.29)

soft " collinear " qi : ! µ
SCi

! Q (" , " 2, " 3/ 2), (2.30)

ultra " soft : ! µ
US ! Q (" 2, " 2, " 2). (2.31)

14

Indeed find new modes entering 

Hard-collinear     

Soft-collinear      

Ultra-soft            

l !
HCi

= Q(1,&,&
1
2)

l !
SCi

= Q(&,&2,&
3
2)

l !
US

= Q(&2,&2,&2)

Expect new modes entering at 
each loop order, consistent with 
results in the literature 

Ma 23

Jaskiewicz, SPJ,!Szafron,!Ulrich 25
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Expansion of  @ 1-loopgg % HH

u(1) = ($ 2,$ 2,0,0) u(2) = (0,$ 2,$ 2,0) u(3) = ($ 2,0,0,$ 2)u(4) = (0,0,$ 2,$ 2)
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"
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! + q4

"
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%
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Collinear Regions
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dd0

(2, )d

!
&4

1

02 $ m2
t

1
&2

1

(0 + q1)2 $ m2
t

1
&2

1

2(0 + q1) 8q2

1

$ 20 8q3

0! = Q(1,&2,&)Collinear  regionq1

Collinear regions are also leading 
power at the level of scalar integrals!

Jaskiewicz, SPJ,!Szafron,!Ulrich 25
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Effective field theory Analysis

h

B

A

h
nµ

1!

nµ
2!

nµ
3!

nµ
4!

#(x) % #1(x)+ É + #N(x)

NcollinearfermionÞelds

+ q(x) " SCET =
N

!
i=1

" ci
+ "

soft

" ci
= " (0)

ci

!
LP

+ " (1)
ci

!
) (&1)

+ " (2)
ci

!
) (&2)

+ . . .

Lagrangians belong to a specific collinear direction 
Can be expanded in powers of the small parameter

Soft Collinear Effective Theory (SCET) an approximation of QCD based on soft/collinear expansion

Generic N-jet operator has the form:

J =
! [ "

ik

dtik]
C({ tik} )

N

"
i=1

Jci
(ti1, ti2 . . . )

Bauer, Fleming, Pirjol, Stewart, Beneke, Chapovsky, Diehl, Feldmann, É

Beneke, Garny, Szafron, Wang, 17, 17, 18, 19
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Leading Power Analysis

Leading power matching J[i]
LP

(t1, t2, t3, t4) = y2
t P! .

i 4 c15 1 ! (t1n1+) 4 c25 2 . (t2n2+) hc3
(t3n3+) hc4

(t4n4+)

= CA0
[i ] (s, t)

(h)

(h)

(h) (h) A0[i ]+ . . .

Collinear Regions c1, c2 6

NLP
[i ]

Mixing with the external 
gluon is forbidden at LP

Relevant operator structures are scalar/pseudoscalar

Jaskiewicz, SPJ,!Szafron,!Ulrich 25
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Leading Power Analysis

Collinear Regions c3, c4

Situation reversed, structures 
appearing at LP are vector-like

NLP
[i ]

Mixing with the external 
Higgs is forbidden at LP

Result holds to all orders in  due to helicity conservation for ( s mt % 0

Next-to-Leading Power

NLP
[i ]

Structure of the amplitude allows mixing with 
external gluon/Higgs 

Expect contributions from collinear/soft regions

NLP
[i ]

Jaskiewicz, SPJ,!Szafron,!Ulrich 25
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Leading Power Expansion

Use ``SCETÕÕ IR scheme for virtuals 

Neglecting real contributions

AÞn
i,j =

( s

2,
A(0)

i,j +
(

( s

2, )

2

A(1)
i,j + ) (( 3

s)

Solid Lines: Full TH result 

Dashed Lines: Leading power expansion 

Leading power is a good approximation 

for , let us focus on the very 
high energy behaviour of the amplitude

s 0 1 TeV

Davies, Mishima, Steinhauser, Wellmann 18;

Becher, Neubert 09, 13;

Consider the LO and NLO finite virtual corrections
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3-loop Massless Limit ( )c2

(PL) (NPL1) (NPL2)

Figure 1 : Representative top level topologies for the planar (PL), single nonplanar
(NPL1), and double nonplanar (NPL2) integral families.

form ki ákj and 9 of the form ki ápj , so we can write a generic Feynman integral of the
form eq. (4.2) as

! "
3#

i =1

Ddki

$
f (d; { pi ápj } )
D n1

1 . . . D n15
15

, (4.4)

where nowni can also be negative integers. We refer to each set of inequivalent{ D1, ..., D15}
as an Òintegral familyÓ. Within each family, it is well known that not all the integrals
are linearly independent. Indeed, Feynman integrals satisfy integration-by-parts (IBP)
identities [36] of the form

! "
3#

i =1

Ddki

$
!

! kµ
j

vµ
j

D n1
1 ...D nm

m
= 0 , (4.5)

where vj can be any loop or external momentum. In principle, it is possible to use these
identities to express all theF i form factors in terms of a minimal set of independent Òmaster
integralsÓ (MI) [37]. While all the steps described above are well-understood in principle,
the complexity involved in intermediate stages grows very quickly with the number of loops
and external scales. In our case, the three-loop calculation involves 3 di! erent families, each
of which can contribute with 6 independent crossings of the external legs, and more than
4! 106 integrals to the amplitude. Moreover, using (4.5) directly would lead to a very large
number of equations involving also many additional auxiliary integrals. We now describe
the procedure that we have adopted to keep the degree of complexity manageable.

First, we generated all Feynman diagrams withQgraf [38] and mapped each diagram to
an integral family using Reduze 2[39, 40] to generate the required shifts of loop momenta.
At this stage, it is useful to group diagrams that present similar structures together and
perform the P1,...,8 projections for each of these groups separately. This can be done by
keeping together diagrams that can be mapped to the same crossing of the same integral
families. This allows us to reduce redundancy in the algebraic manipulations required.
Examples of top sectors from our three families of integrals are depicted in Fig.1, while
their complete deÞnition can be found in the ancillary Þles. To evaluate the contributions
to the form factors, we performed the colour, Lorentz and Dirac algebra as well as further
symbolic manipulations described in the following with Form[41].

We Þnd it important to stress that by expressing the result for eachF 1,...,8 in terms
of a minimal set of integrals under crossings and shift symmetries, prior to performing the

Ð 8 Ð

PL NPL1 NPL2
k2

1 k2
1 k2

1

k2
2 k2

2 k2
2

k2
3 k2

3 k2
3

(k1 ! p1)2 (k1 ! p1)2 (k1 ! p1)2

(k2 ! p1)2 (k2 ! p1)2 (k2 ! p1)2

(k3 ! p1)2 (k3 ! p1)2 (k3 ! p1)2

(k1 ! p1 ! p2)2 (k1 ! p1 ! p2)2 (k1 ! p1 ! p2)2

(k2 ! p1 ! p2)2 (k2 ! p1 ! p2)2 (k3 ! p1 ! p2)2

(k3 ! p1 ! p2)2 (k3 ! p1 ! p2)2 (k1 ! k2)2

(k1 ! p1 ! p2 ! p3)2 (k1 ! p1 ! p2 ! p3)2 (k2 ! k3)2

(k2 ! p1 ! p2 ! p3)2 (k2 ! p1 ! p2 ! p3)2 (k1 ! k2 ! p3)2

(k3 ! p1 ! p2 ! p3)2 (k3 ! p1 ! p2 ! p3)2 (k2 ! k3 + p1 + p2 + p3)2

(k1 ! k2)2 (k1 ! k2)2 (k2 + p3)2

(k1 ! k3)2 (k2 ! k3)2 (k1 ! k3)2

(k2 ! k3)2 (k1 ! k2 + k3)2 (k2 ! p1 ! p2)2

Table 1 : Integral families for light quark contributions at 3 loop
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Bargiela, Caola, von Manteuffel, Tancredi 22;

Integral Families 
15 propagators 
6 independent crossings per family  
486 master integrals  expressible in HPLs (or GPLs) 

Amplitude  
 integrals 

Up to 5 inverse propagators (s 5)

%

gg % HH
) (106)

'

Henn, Mistlberger, Smirnov, Wasser 20
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3-loop Massless Limit ( )c2 Ajjath, SPJ, Magerya (WIP)

Reduce entire amplitude as a single job - impossibly slow and exhausts memory (>1 TB RAM) 
Many symmetry/crossing/family relations clutter up system

Workflow

2) Kira 
Generate IBPs for each top-level sector, crossing, family separately 
Ensure IBPs never mix crossings/families

3) Ratracer 
Record solution of system in a finite field (trace) 
Rapidly replay solution for different probes (reconstruction)  

Allows complete control of expressions in system and 
specifying precisely what to solve for

1) Separate amplitude into family, crossing, top-level sector 

Maierhofer, Usovitsch, Uwer 17; Klappert, Lange, Maierhofer, Usovitsch 20; Lange,!Usovitsch, Wu 23; 25

PL[1, 1, 1, 0, 0, 1, 1, 1, 1, 0, 1, 0, 1, 1, 0] *(-1) 
masterCan@1 *(2240/(9*(-4 + d)^6*s12^4*(-1 - s13/s12))) 
masterCan@2 *(-320/(3*(-4 + d)^6*s12^4*(-1 - s13/s12))) 
masterCan@3 *(-3584/(3*(-4 + d)^6*s12^4*(-1 - s13/s12))) 
masterCan@4 *(1024/(3*(-4 + d)^6*s12^4*(-1 - s13/s12))) 
masterCan@5 *(160/(3*(-4 + d)^6*s12^4*(-1 - s13/s12))) 
masterCan@7 *(1280/(9*(-4 + d)^6*s12^4*(-1 - s13/s12))) 
masterCan@8 *(-1280/(9*(-4 + d)^6*s12^4*(-1 - s13/s12))) 
masterCan@9 *(640/(9*(-4 + d)^6*s12^4*(-1 - s13/s12))) 
masterCan@10 *(-1120/(3*(-4 + d)^6*s12^4*(-1 - s13/s12))) 
...Firefly: Klappert, Lange 19; Klappert, Klein, Lange 20 

Ratracer: Magerya 22


