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BENCHMARKING QUANTUM COMPUTATION IS USEFUL
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as the validity of exponential extrapolation is no longer guaranteed  
(see Supplementary Information V and ref. 31). We restrict the circuit 
depth to five Trotter steps (15 CNOT layers) and judiciously choose 
observables that are exactly verifiable. Figure 3 shows the results as 
θh is swept between 0 and π/2 for three such observables of increasing 
weight. Figure 3a shows Mz as before, an average of weight-1 $Z % observa-
bles, whereas Fig. 3b,c show weight-10 and weight-17 observables. 
The latter operators are stabilizers of the Clifford circuit at θh = π/2, 
obtained by evolution of the initial stabilizers Z13 and Z58, respectively, 
of |0%⊗127 for five Trotter steps, ensuring non-vanishing expectation 
values in the strongly entangling regime of particular interest. Although 
the entire 127-qubit circuit is executed experimentally, light-cone and 
depth-reduced (LCDR) circuits enable brute-force classical simula-
tion of the magnetization and weight-10 operator at this depth (see 
Supplementary Information VII). Over the full extent of the θh sweep, 
the error-mitigated observables show good agreement with the exact 
evolution (see Fig. 3a,b). However, for the weight-17 operator, the light 
cone expands to 68 qubits, a scale beyond brute-force classical simula-
tion, so we turn to tensor network methods.

Tensor networks have been widely used to approximate and com-
press quantum state vectors that arise in the study of the low-energy 
eigenstates of and time evolution by local Hamiltonians2,32,33 and, more 
recently, have been successfully used to simulate low-depth noisy 
quantum circuits34–36. Simulation accuracy can be improved by increas-
ing the bond dimension χ, which constrains the amount of entangle-
ment of the represented quantum state, at a computational cost 
scaling polynomially with χ. As entanglement (bond dimension) of a 
generic state grows linearly (exponentially) with time evolution until 
it saturates the volume law, deep quantum circuits are inherently dif-
ficult for tensor networks37. We consider both quasi-1D matrix product 
states (MPS) and 2D isometric tensor network states (isoTNS)3 that 
have O χ( )3  and O χ( )7  scaling of time-evolution complexity, respectively. 
Details of both methods and their strengths are provided in Methods 

and Supplementary Information VI. Specifically for the case of the 
weight-17 operator shown in Fig. 3c, we find that an MPS simulation of 
the LCDR circuit at χ = 2,048 is sufficient to obtain the exact evolution 
(see Supplementary Information VIII). The larger causal cone of the 
weight-17 observable results in an experimental signal that is weaker 
compared with that of the weight-10 observable; nevertheless, mitiga-
tion still yields good agreement with the exact trace. This comparison 
suggests that the domain of experimental accuracy could extend 
beyond the scale of exact classical simulation.

We expect that these experiments will eventually extend to circuit 
volumes and observables in which such light-cone and depth reduc-
tions are no longer important. Therefore, we also study the perfor-
mance of MPS and isoTNS for the full 127-qubit circuit executed in Fig. 3, 
at respective bond dimensions of χ = 1,024 and χ = 12, which are primar-
ily limited by memory requirements. Figure 3 shows that the tensor 
network methods struggle with increasing θh, losing both accuracy and 
continuity near the verifiable Clifford point θh = π/2. This breakdown 
can be understood in terms of entanglement properties of the state. 
The stabilizer state produced by the circuit at θh = π/2 has an exactly flat 
bipartite entanglement spectrum, found from a Schmidt decomposi-
tion of a 1D ordering of the qubits. Thus, truncating states with small 
Schmidt weight—the basis of all tensor network algorithms—is not 
justified. However, as exact tensor network representations generi-
cally require bond dimension exponential in circuit depth, truncation 
is necessary for tractable numerical simulations.

Finally, in Fig. 4, we stretch our experiments to regimes in which the 
exact solution is not available with the classical methods considered 
here. The first example (Fig. 4a) is similar to Fig. 3c but with a further 
final layer of single-qubit Pauli rotations that interrupt the circuit-depth 
reduction that previously enabled exact verification for any θh (see Sup-
plementary Information VII). At the verifiable Clifford point θh = π/2, 
the mitigated results agree again with the ideal value, whereas the 
χ = 3,072 MPS simulation of the 68-qubit LCDR circuit markedly fails 
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Fig. 3 | Classically verifiable expectation values from 127-qubit, depth-15 
Clifford and non-Clifford circuits. Expectation value estimates for θh sweeps 
at a fixed depth of five Trotter steps for the circuit in Fig. 1a. The considered 
circuits are non-Clifford except at θh = 0, π/2. Light-cone and depth reductions 
of respective circuits enable exact classical simulation of the observables for all 
θh. For all three plotted quantities (panel titles), mitigated experimental results 
(blue) closely track the exact behaviour (grey). In all panels, error bars indicate 
68% confidence intervals obtained by means of percentile bootstrap. The 
weight-10 and weight-17 observables in b and c are stabilizers of the circuit at 
θh = π/2 with respective eigenvalues +1 and −1; all values in c have been negated 
for visual simplicity. The lower inset in a depicts variation of $Zq% at θh = 0.2 
across the device before and after mitigation and compares with exact results. 

Upper insets in all panels illustrate causal light cones, indicating in blue the 
final qubits measured (top) and the nominal set of initial qubits that can 
influence the state of the final qubits (bottom). Mz also depends on 126 other 
cones besides the example shown. Although in all panels exact results are 
obtained from simulations of only causal qubits, we include tensor network 
simulations of all 127 qubits (MPS, isoTNS) to help gauge the domain of  
validity for those techniques, as discussed in the main text. isoTNS results  
for the weight-17 operator in c are not accessible with current methods (see 
Supplementary Information VI). All experiments were carried out for G = 1, 1.2,  
1.6 and extrapolated as in Supplementary Information II.B. For each G, we 
generated 1,800–2,000 random circuit instances for a and b and 2,500–3,000 
instances for c.

Kim, Y., Eddins, A., Anand, S. et al. Evidence for the utility of quantum 
computing before fault tolerance, Nature 618, 500–505 (2023)
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COMPUTE AVERAGE DATA IN TWO DIFFERENT WAYS

<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit> ..
.

<latexit sha1_base64="F9+axHrKtyLtJFJNj+VDWS3kQDs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTVtoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/NbT6g0T+SjGacYxHQgecQZNVZ68Hter1xxq+4cZJV4OalAjkav/NXtJyyLURomqNYdz01NMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/zyKmleVL1atXZ/Wanf5HEU4QRO4Rw8uII63EEDfGAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPZ4Y2I</latexit>

U1

<latexit sha1_base64="bzVMMcZ+GD8ao00xe1FmKpCtJy4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWNF0xbaUDbbSbt0swm7G6GU/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6nfmtJ1SaJ/LRjFMMYjqQPOKMGis9+L1qr1R2K+4cZJV4OSlDjkav9NXtJyyLURomqNYdz01NMKHKcCZwWuxmGlPKRnSAHUsljVEHk/mpU3JulT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/zyKmlWK16tUru/LNdv8jgKcApncAEeXEEd7qABPjAYwDO8wpsjnBfn3flYtK45+cwJ/IHz+QPbZY2J</latexit>

U2

001101101
101110110
110000101

001101101
101110110
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<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit> ..
.

<latexit sha1_base64="bzVMMcZ+GD8ao00xe1FmKpCtJy4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWNF0xbaUDbbSbt0swm7G6GU/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6nfmtJ1SaJ/LRjFMMYjqQPOKMGis9+L1qr1R2K+4cZJV4OSlDjkav9NXtJyyLURomqNYdz01NMKHKcCZwWuxmGlPKRnSAHUsljVEHk/mpU3JulT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/zyKmlWK16tUru/LNdv8jgKcApncAEeXEEd7qABPjAYwDO8wpsjnBfn3flYtK45+cwJ/IHz+QPbZY2J</latexit>

U2

001101101
101110110
110000101

<latexit sha1_base64="lxLtfc4CtzA/d0LvGl0hHNphask="></latexit>

tr[Otest (U
†
1 |ω0→↑ω0|U1)]

COMPUTE AVERAGE DATA IN TWO DIFFERENT WAYS



<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit> ..
.

<latexit sha1_base64="lxLtfc4CtzA/d0LvGl0hHNphask="></latexit>

tr[Otest (U
†
1 |ω0→↑ω0|U1)]

<latexit sha1_base64="sJorBddPY0khems3cvNBmMVUSec="></latexit>

tr[Otest (U
†
2 |ω0→↑ω0|U2)]

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

COMPUTE AVERAGE DATA IN TWO DIFFERENT WAYS



<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit> ..
.

<latexit sha1_base64="lxLtfc4CtzA/d0LvGl0hHNphask="></latexit>

tr[Otest (U
†
1 |ω0→↑ω0|U1)]

<latexit sha1_base64="sJorBddPY0khems3cvNBmMVUSec="></latexit>

tr[Otest (U
†
2 |ω0→↑ω0|U2)]

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="RJp0aB1Jr1YNbGmmXDbBIDfduoo="></latexit>

EU [tr[Otest (U
†|ω0→↑ω0|U)]]

Quantum data

COMPUTE AVERAGE DATA IN TWO DIFFERENT WAYS



<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit> ..
.

<latexit sha1_base64="lxLtfc4CtzA/d0LvGl0hHNphask="></latexit>

tr[Otest (U
†
1 |ω0→↑ω0|U1)]

<latexit sha1_base64="sJorBddPY0khems3cvNBmMVUSec="></latexit>

tr[Otest (U
†
2 |ω0→↑ω0|U2)]

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="RJp0aB1Jr1YNbGmmXDbBIDfduoo="></latexit>

EU [tr[Otest (U
†|ω0→↑ω0|U)]]

<latexit sha1_base64="Bc11dIR1Xb2ui/4sxHzUZqCcIoM="></latexit>

tr[Otest EU [(U
†|ω0→↑ω0|U)]]

=

, , , , ,…
<latexit sha1_base64="KBYjCYIwf7tl/MinA3CEndArUfg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFEVxWsA9sh5JJ0zY0kxmSO0IZ+hduXCji1r9x59+YaWeh1QOBwzn3knNPEEth0HW/nMLK6tr6RnGztLW9s7tX3j9omSjRjDdZJCPdCajhUijeRIGSd2LNaRhI3g4m15nffuTaiEjd4zTmfkhHSgwFo2ilh15IcRwE6c2sX664VXcO8pd4OalAjka//NkbRCwJuUImqTFdz43RT6lGwSSflXqJ4TFlEzriXUsVDbnx03niGTmxyoAMI22fQjJXf26kNDRmGgZ2Mktolr1M/M/rJji89FOh4gS5YouPhokkGJHsfDIQmjOUU0so08JmJWxMNWVoSyrZErzlk/+S1lnVq1Vrd+eV+lVeRxGO4BhOwYMLqMMtNKAJDBQ8wQu8OsZ5dt6c98Vowcl3DuEXnI9vrTCQ8A==</latexit>E

<latexit sha1_base64="2JsOf2F/BVQw0jJYQtqoH/sCy1g=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqdPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDvdeM6g==</latexit>

[
<latexit sha1_base64="f8xdOQOpSNAux3tRE7zsMoE15M4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq+P1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBwN+M7A==</latexit>

] <latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>= <latexit sha1_base64="czqcUsY0lBu3KXqoTUUpIorIoGc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WVRBJcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLa+sbmVnm7srO7t39QPTzqGJVqytpUCaV7ITFMcMnawEGwXqIZiUPBuuHkNve7T0wbruQjTBMWxGQkecQpASv5/ZjAmBKR3c0G1Zpbd+fAq8QrSA0VaA2qX/2homnMJFBBjPE9N4EgIxo4FWxW6aeGJYROyIj5lkoSMxNk88gzfGaVIY6Utk8Cnqu/NzISGzONQzuZRzTLXi7+5/kpRNdBxmWSApN08VGUCgwK5/fjIdeMgphaQqjmNiumY6IJBdtSxZbgLZ+8SjoXda9Rbzxc1po3RR1ldIJO0Tny0BVqonvUQm1EkULP6BW9OeC8OO/Ox2K05BQ7x+gPnM8fefSRZg==</latexit>

E

Quantum data

COMPUTE AVERAGE DATA IN TWO DIFFERENT WAYS



<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit> ..
.

<latexit sha1_base64="lxLtfc4CtzA/d0LvGl0hHNphask="></latexit>

tr[Otest (U
†
1 |ω0→↑ω0|U1)]

<latexit sha1_base64="sJorBddPY0khems3cvNBmMVUSec="></latexit>

tr[Otest (U
†
2 |ω0→↑ω0|U2)]

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="RJp0aB1Jr1YNbGmmXDbBIDfduoo="></latexit>

EU [tr[Otest (U
†|ω0→↑ω0|U)]]

=

<latexit sha1_base64="D7lxaw1eZBo+IiB1FcD2g92+rZI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXq1ae7iuNG7zOIpwBudwCR7UoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0yHj5A=</latexit> {
<latexit sha1_base64="ryahxKpQnnV2CBDG1RAtNPMQrAQ="></latexit>

tr[Otest E(|ω0→↑ω0|)]

Quantum data

COMPUTE AVERAGE DATA IN TWO DIFFERENT WAYS



<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit> ..
.

<latexit sha1_base64="lxLtfc4CtzA/d0LvGl0hHNphask="></latexit>

tr[Otest (U
†
1 |ω0→↑ω0|U1)]

<latexit sha1_base64="sJorBddPY0khems3cvNBmMVUSec="></latexit>

tr[Otest (U
†
2 |ω0→↑ω0|U2)]

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="RJp0aB1Jr1YNbGmmXDbBIDfduoo="></latexit>

EU [tr[Otest (U
†|ω0→↑ω0|U)]]

<latexit sha1_base64="D7lxaw1eZBo+IiB1FcD2g92+rZI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXq1ae7iuNG7zOIpwBudwCR7UoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0yHj5A=</latexit> {
<latexit sha1_base64="ryahxKpQnnV2CBDG1RAtNPMQrAQ="></latexit>

tr[Otest E(|ω0→↑ω0|)]

Quantum data

Classical simulation

COMPUTE AVERAGE DATA IN TWO DIFFERENT WAYS



<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit> ..
.

<latexit sha1_base64="lxLtfc4CtzA/d0LvGl0hHNphask="></latexit>

tr[Otest (U
†
1 |ω0→↑ω0|U1)]

<latexit sha1_base64="sJorBddPY0khems3cvNBmMVUSec="></latexit>

tr[Otest (U
†
2 |ω0→↑ω0|U2)]

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="RJp0aB1Jr1YNbGmmXDbBIDfduoo="></latexit>

EU [tr[Otest (U
†|ω0→↑ω0|U)]]

<latexit sha1_base64="D7lxaw1eZBo+IiB1FcD2g92+rZI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXq1ae7iuNG7zOIpwBudwCR7UoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0yHj5A=</latexit> {
<latexit sha1_base64="ryahxKpQnnV2CBDG1RAtNPMQrAQ="></latexit>
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Otest Few-body expectation value
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Otest Few-body expectation value
Do it in a way that the 
average computation retains 
information about the 
original computation

Bad example: Haar random unitaries

Do it in a way that the 
average computation retains 
information about the 
original computation
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SPACE-TIME CHANNELS

Time

Space

P. Kos, G. Styliaris, Circuits of space and time quantum channels, Quantum 7 (2023)



SPACE-TIME CHANNELS

Time

Space

P. Kos, G. Styliaris, Circuits of space and time quantum channels, Quantum 7 (2023)



SPACE-TIME CHANNELS

Time

Space

We will adopt a convenient graphical repre-
sentation of circuits of quantum channels, as is
usually the case in tensor networks [46]. As
mentioned previously, we will focus on homoge-
neous (translationally invariant) noisy quantum
circuits, i.e, quantum circuits where each gate
represents a local quantum channel q acting over
a pair of neighbouring qudits. In particular, we
will extensively employ vectorised notation and
denote

q = = =
ÿ

k

Ek ¢ Eú
k . (7)

After the second equality we used the vectorised
Kraus form of the channel. We use Ek to distin-
guish local from global Kraus operators Fk. No-
tice the additional wire connecting the two copies
of the system, which represent the summation
over Kraus operators. In the graphical represen-
tation time flows from bottom upwards, i.e., in-
put states vectors are applied at the bottom. In
the same graphical notation, stacking operators
amounts to tensoring them, with the box in the
front corresponding to the leftmost operator in
the tensor product.

One time step of the time evolution is given by
the global quantum channel Q built out of local
channels in the following way:

Q = T2Lq¢LT†
2Lq¢L (8)

=
0

1
1
2

1
2

3
2

5
21 2 3 L· · ·

, (9)

where T2L is an operator implementing 2L pe-
riodic translation by one site. We will focus
on two kinds of boundary conditions: homoge-
nous circuits with periodic boundary conditions
or open boundary conditions with fully depolar-
ising quantum channels at the edges.

Our restriction to the homogeneous setting is
made for convenience and most of the subsequent
discussion carries over to the inhomogenous case.
Next, we discuss possible additional constraints
on the local quantum channels q. Different com-
binations of them produce different families of
models with varying degree of analytical solvabil-
ity.

2.1 Trace preservation and unital quantum

channels

Any valid quantum channel q preserves the trace,
which is reflected in a condition on the local gate
as

(i) Trace Preservation (TP):
ÿ

k

E†
kEk = ,

È##| q = È##| , = , (10)

where the three expressions are equivalent. This
channel is completely positive by construction,
since it is written in the Kraus form.

If the local quantum channel maps to , then
the channel is

(ii) Time Unital (TU):
ÿ

k

EkE†
k = ,

q |##Í = |##Í , = . (11)

This also implies the unitality of the global chan-
nel Q. Evidently, trace preservation amounts to
unitality in the backward-time direction. This is
since reversing the time direction (i.e., interpret-
ing the graphical notation from top to bottom),
trace preservation turns into (time) unitality and
vice-versa.

2.2 Space quantum channels

The defining feature of dual-unitary gates [13] is
their property to maintain unitarity even when
they are interpreted as evolutions along the spa-
tial directions. In a natural extension of dual-
unitarity to quantum channels, we demand that
the evolution along one or both of the the space
directions yields a physical evolution, i.e., a le-
gitimate quantum channel. Let us first demand
that it is a space quantum channel when consid-
ered from right to left. As in the folded picture
operators are by construction in the Kraus form,
complete positivity is automatic and we only need
to ensure trace preservation.

For that, we define the space-time rotation op-
eration ≥ which maps the right (left) indices to
the inputs (outputs)

q̃ = . (12)

Therefore trace preservation of q̃ ensures that the
evolution is a legitimate quantum channel, when
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We will adopt a convenient graphical repre-
sentation of circuits of quantum channels, as is
usually the case in tensor networks [46]. As
mentioned previously, we will focus on homoge-
neous (translationally invariant) noisy quantum
circuits, i.e, quantum circuits where each gate
represents a local quantum channel q acting over
a pair of neighbouring qudits. In particular, we
will extensively employ vectorised notation and
denote

q = = =
ÿ

k

Ek ¢ Eú
k . (7)

After the second equality we used the vectorised
Kraus form of the channel. We use Ek to distin-
guish local from global Kraus operators Fk. No-
tice the additional wire connecting the two copies
of the system, which represent the summation
over Kraus operators. In the graphical represen-
tation time flows from bottom upwards, i.e., in-
put states vectors are applied at the bottom. In
the same graphical notation, stacking operators
amounts to tensoring them, with the box in the
front corresponding to the leftmost operator in
the tensor product.

One time step of the time evolution is given by
the global quantum channel Q built out of local
channels in the following way:

Q = T2Lq¢LT†
2Lq¢L (8)
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, (9)

where T2L is an operator implementing 2L pe-
riodic translation by one site. We will focus
on two kinds of boundary conditions: homoge-
nous circuits with periodic boundary conditions
or open boundary conditions with fully depolar-
ising quantum channels at the edges.

Our restriction to the homogeneous setting is
made for convenience and most of the subsequent
discussion carries over to the inhomogenous case.
Next, we discuss possible additional constraints
on the local quantum channels q. Different com-
binations of them produce different families of
models with varying degree of analytical solvabil-
ity.

2.1 Trace preservation and unital quantum

channels

Any valid quantum channel q preserves the trace,
which is reflected in a condition on the local gate
as

(i) Trace Preservation (TP):
ÿ

k

E†
kEk = ,

È##| q = È##| , = , (10)

where the three expressions are equivalent. This
channel is completely positive by construction,
since it is written in the Kraus form.

If the local quantum channel maps to , then
the channel is

(ii) Time Unital (TU):
ÿ

k

EkE†
k = ,

q |##Í = |##Í , = . (11)

This also implies the unitality of the global chan-
nel Q. Evidently, trace preservation amounts to
unitality in the backward-time direction. This is
since reversing the time direction (i.e., interpret-
ing the graphical notation from top to bottom),
trace preservation turns into (time) unitality and
vice-versa.

2.2 Space quantum channels

The defining feature of dual-unitary gates [13] is
their property to maintain unitarity even when
they are interpreted as evolutions along the spa-
tial directions. In a natural extension of dual-
unitarity to quantum channels, we demand that
the evolution along one or both of the the space
directions yields a physical evolution, i.e., a le-
gitimate quantum channel. Let us first demand
that it is a space quantum channel when consid-
ered from right to left. As in the folded picture
operators are by construction in the Kraus form,
complete positivity is automatic and we only need
to ensure trace preservation.

For that, we define the space-time rotation op-
eration ≥ which maps the right (left) indices to
the inputs (outputs)

q̃ = . (12)

Therefore trace preservation of q̃ ensures that the
evolution is a legitimate quantum channel, when
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We will adopt a convenient graphical repre-
sentation of circuits of quantum channels, as is
usually the case in tensor networks [46]. As
mentioned previously, we will focus on homoge-
neous (translationally invariant) noisy quantum
circuits, i.e, quantum circuits where each gate
represents a local quantum channel q acting over
a pair of neighbouring qudits. In particular, we
will extensively employ vectorised notation and
denote

q = = =
ÿ

k

Ek ¢ Eú
k . (7)

After the second equality we used the vectorised
Kraus form of the channel. We use Ek to distin-
guish local from global Kraus operators Fk. No-
tice the additional wire connecting the two copies
of the system, which represent the summation
over Kraus operators. In the graphical represen-
tation time flows from bottom upwards, i.e., in-
put states vectors are applied at the bottom. In
the same graphical notation, stacking operators
amounts to tensoring them, with the box in the
front corresponding to the leftmost operator in
the tensor product.

One time step of the time evolution is given by
the global quantum channel Q built out of local
channels in the following way:

Q = T2Lq¢LT†
2Lq¢L (8)

=
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, (9)

where T2L is an operator implementing 2L pe-
riodic translation by one site. We will focus
on two kinds of boundary conditions: homoge-
nous circuits with periodic boundary conditions
or open boundary conditions with fully depolar-
ising quantum channels at the edges.

Our restriction to the homogeneous setting is
made for convenience and most of the subsequent
discussion carries over to the inhomogenous case.
Next, we discuss possible additional constraints
on the local quantum channels q. Different com-
binations of them produce different families of
models with varying degree of analytical solvabil-
ity.

2.1 Trace preservation and unital quantum

channels

Any valid quantum channel q preserves the trace,
which is reflected in a condition on the local gate
as

(i) Trace Preservation (TP):
ÿ

k

E†
kEk = ,

È##| q = È##| , = , (10)

where the three expressions are equivalent. This
channel is completely positive by construction,
since it is written in the Kraus form.

If the local quantum channel maps to , then
the channel is

(ii) Time Unital (TU):
ÿ

k

EkE†
k = ,

q |##Í = |##Í , = . (11)

This also implies the unitality of the global chan-
nel Q. Evidently, trace preservation amounts to
unitality in the backward-time direction. This is
since reversing the time direction (i.e., interpret-
ing the graphical notation from top to bottom),
trace preservation turns into (time) unitality and
vice-versa.

2.2 Space quantum channels

The defining feature of dual-unitary gates [13] is
their property to maintain unitarity even when
they are interpreted as evolutions along the spa-
tial directions. In a natural extension of dual-
unitarity to quantum channels, we demand that
the evolution along one or both of the the space
directions yields a physical evolution, i.e., a le-
gitimate quantum channel. Let us first demand
that it is a space quantum channel when consid-
ered from right to left. As in the folded picture
operators are by construction in the Kraus form,
complete positivity is automatic and we only need
to ensure trace preservation.

For that, we define the space-time rotation op-
eration ≥ which maps the right (left) indices to
the inputs (outputs)

q̃ = . (12)

Therefore trace preservation of q̃ ensures that the
evolution is a legitimate quantum channel, when
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SPACE-TIME CHANNELS

Time

Space

We will adopt a convenient graphical repre-
sentation of circuits of quantum channels, as is
usually the case in tensor networks [46]. As
mentioned previously, we will focus on homoge-
neous (translationally invariant) noisy quantum
circuits, i.e, quantum circuits where each gate
represents a local quantum channel q acting over
a pair of neighbouring qudits. In particular, we
will extensively employ vectorised notation and
denote

q = = =
ÿ

k

Ek ¢ Eú
k . (7)

After the second equality we used the vectorised
Kraus form of the channel. We use Ek to distin-
guish local from global Kraus operators Fk. No-
tice the additional wire connecting the two copies
of the system, which represent the summation
over Kraus operators. In the graphical represen-
tation time flows from bottom upwards, i.e., in-
put states vectors are applied at the bottom. In
the same graphical notation, stacking operators
amounts to tensoring them, with the box in the
front corresponding to the leftmost operator in
the tensor product.

One time step of the time evolution is given by
the global quantum channel Q built out of local
channels in the following way:

Q = T2Lq¢LT†
2Lq¢L (8)

=
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where T2L is an operator implementing 2L pe-
riodic translation by one site. We will focus
on two kinds of boundary conditions: homoge-
nous circuits with periodic boundary conditions
or open boundary conditions with fully depolar-
ising quantum channels at the edges.

Our restriction to the homogeneous setting is
made for convenience and most of the subsequent
discussion carries over to the inhomogenous case.
Next, we discuss possible additional constraints
on the local quantum channels q. Different com-
binations of them produce different families of
models with varying degree of analytical solvabil-
ity.

2.1 Trace preservation and unital quantum

channels

Any valid quantum channel q preserves the trace,
which is reflected in a condition on the local gate
as

(i) Trace Preservation (TP):
ÿ

k

E†
kEk = ,

È##| q = È##| , = , (10)

where the three expressions are equivalent. This
channel is completely positive by construction,
since it is written in the Kraus form.

If the local quantum channel maps to , then
the channel is

(ii) Time Unital (TU):
ÿ

k

EkE†
k = ,

q |##Í = |##Í , = . (11)

This also implies the unitality of the global chan-
nel Q. Evidently, trace preservation amounts to
unitality in the backward-time direction. This is
since reversing the time direction (i.e., interpret-
ing the graphical notation from top to bottom),
trace preservation turns into (time) unitality and
vice-versa.

2.2 Space quantum channels

The defining feature of dual-unitary gates [13] is
their property to maintain unitarity even when
they are interpreted as evolutions along the spa-
tial directions. In a natural extension of dual-
unitarity to quantum channels, we demand that
the evolution along one or both of the the space
directions yields a physical evolution, i.e., a le-
gitimate quantum channel. Let us first demand
that it is a space quantum channel when consid-
ered from right to left. As in the folded picture
operators are by construction in the Kraus form,
complete positivity is automatic and we only need
to ensure trace preservation.

For that, we define the space-time rotation op-
eration ≥ which maps the right (left) indices to
the inputs (outputs)

q̃ = . (12)

Therefore trace preservation of q̃ ensures that the
evolution is a legitimate quantum channel, when
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ω1

Properties:

We will adopt a convenient graphical repre-
sentation of circuits of quantum channels, as is
usually the case in tensor networks [46]. As
mentioned previously, we will focus on homoge-
neous (translationally invariant) noisy quantum
circuits, i.e, quantum circuits where each gate
represents a local quantum channel q acting over
a pair of neighbouring qudits. In particular, we
will extensively employ vectorised notation and
denote

q = = =
ÿ

k

Ek ¢ Eú
k . (7)

After the second equality we used the vectorised
Kraus form of the channel. We use Ek to distin-
guish local from global Kraus operators Fk. No-
tice the additional wire connecting the two copies
of the system, which represent the summation
over Kraus operators. In the graphical represen-
tation time flows from bottom upwards, i.e., in-
put states vectors are applied at the bottom. In
the same graphical notation, stacking operators
amounts to tensoring them, with the box in the
front corresponding to the leftmost operator in
the tensor product.

One time step of the time evolution is given by
the global quantum channel Q built out of local
channels in the following way:

Q = T2Lq¢LT†
2Lq¢L (8)

=
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1
1
2

1
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2

5
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, (9)

where T2L is an operator implementing 2L pe-
riodic translation by one site. We will focus
on two kinds of boundary conditions: homoge-
nous circuits with periodic boundary conditions
or open boundary conditions with fully depolar-
ising quantum channels at the edges.

Our restriction to the homogeneous setting is
made for convenience and most of the subsequent
discussion carries over to the inhomogenous case.
Next, we discuss possible additional constraints
on the local quantum channels q. Different com-
binations of them produce different families of
models with varying degree of analytical solvabil-
ity.

2.1 Trace preservation and unital quantum

channels

Any valid quantum channel q preserves the trace,
which is reflected in a condition on the local gate
as

(i) Trace Preservation (TP):
ÿ

k

E†
kEk = ,

È##| q = È##| , = , (10)

where the three expressions are equivalent. This
channel is completely positive by construction,
since it is written in the Kraus form.

If the local quantum channel maps to , then
the channel is

(ii) Time Unital (TU):
ÿ

k

EkE†
k = ,

q |##Í = |##Í , = . (11)

This also implies the unitality of the global chan-
nel Q. Evidently, trace preservation amounts to
unitality in the backward-time direction. This is
since reversing the time direction (i.e., interpret-
ing the graphical notation from top to bottom),
trace preservation turns into (time) unitality and
vice-versa.

2.2 Space quantum channels

The defining feature of dual-unitary gates [13] is
their property to maintain unitarity even when
they are interpreted as evolutions along the spa-
tial directions. In a natural extension of dual-
unitarity to quantum channels, we demand that
the evolution along one or both of the the space
directions yields a physical evolution, i.e., a le-
gitimate quantum channel. Let us first demand
that it is a space quantum channel when consid-
ered from right to left. As in the folded picture
operators are by construction in the Kraus form,
complete positivity is automatic and we only need
to ensure trace preservation.

For that, we define the space-time rotation op-
eration ≥ which maps the right (left) indices to
the inputs (outputs)

q̃ = . (12)

Therefore trace preservation of q̃ ensures that the
evolution is a legitimate quantum channel, when
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We will adopt a convenient graphical repre-
sentation of circuits of quantum channels, as is
usually the case in tensor networks [46]. As
mentioned previously, we will focus on homoge-
neous (translationally invariant) noisy quantum
circuits, i.e, quantum circuits where each gate
represents a local quantum channel q acting over
a pair of neighbouring qudits. In particular, we
will extensively employ vectorised notation and
denote

q = = =
ÿ

k

Ek ¢ Eú
k . (7)

After the second equality we used the vectorised
Kraus form of the channel. We use Ek to distin-
guish local from global Kraus operators Fk. No-
tice the additional wire connecting the two copies
of the system, which represent the summation
over Kraus operators. In the graphical represen-
tation time flows from bottom upwards, i.e., in-
put states vectors are applied at the bottom. In
the same graphical notation, stacking operators
amounts to tensoring them, with the box in the
front corresponding to the leftmost operator in
the tensor product.

One time step of the time evolution is given by
the global quantum channel Q built out of local
channels in the following way:

Q = T2Lq¢LT†
2Lq¢L (8)

=
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, (9)

where T2L is an operator implementing 2L pe-
riodic translation by one site. We will focus
on two kinds of boundary conditions: homoge-
nous circuits with periodic boundary conditions
or open boundary conditions with fully depolar-
ising quantum channels at the edges.

Our restriction to the homogeneous setting is
made for convenience and most of the subsequent
discussion carries over to the inhomogenous case.
Next, we discuss possible additional constraints
on the local quantum channels q. Different com-
binations of them produce different families of
models with varying degree of analytical solvabil-
ity.

2.1 Trace preservation and unital quantum

channels

Any valid quantum channel q preserves the trace,
which is reflected in a condition on the local gate
as

(i) Trace Preservation (TP):
ÿ

k

E†
kEk = ,

È##| q = È##| , = , (10)

where the three expressions are equivalent. This
channel is completely positive by construction,
since it is written in the Kraus form.

If the local quantum channel maps to , then
the channel is

(ii) Time Unital (TU):
ÿ

k

EkE†
k = ,

q |##Í = |##Í , = . (11)

This also implies the unitality of the global chan-
nel Q. Evidently, trace preservation amounts to
unitality in the backward-time direction. This is
since reversing the time direction (i.e., interpret-
ing the graphical notation from top to bottom),
trace preservation turns into (time) unitality and
vice-versa.

2.2 Space quantum channels

The defining feature of dual-unitary gates [13] is
their property to maintain unitarity even when
they are interpreted as evolutions along the spa-
tial directions. In a natural extension of dual-
unitarity to quantum channels, we demand that
the evolution along one or both of the the space
directions yields a physical evolution, i.e., a le-
gitimate quantum channel. Let us first demand
that it is a space quantum channel when consid-
ered from right to left. As in the folded picture
operators are by construction in the Kraus form,
complete positivity is automatic and we only need
to ensure trace preservation.

For that, we define the space-time rotation op-
eration ≥ which maps the right (left) indices to
the inputs (outputs)

q̃ = . (12)

Therefore trace preservation of q̃ ensures that the
evolution is a legitimate quantum channel, when
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SPACE-TIME CHANNELS

Time

Space

We will adopt a convenient graphical repre-
sentation of circuits of quantum channels, as is
usually the case in tensor networks [46]. As
mentioned previously, we will focus on homoge-
neous (translationally invariant) noisy quantum
circuits, i.e, quantum circuits where each gate
represents a local quantum channel q acting over
a pair of neighbouring qudits. In particular, we
will extensively employ vectorised notation and
denote

q = = =
ÿ

k

Ek ¢ Eú
k . (7)

After the second equality we used the vectorised
Kraus form of the channel. We use Ek to distin-
guish local from global Kraus operators Fk. No-
tice the additional wire connecting the two copies
of the system, which represent the summation
over Kraus operators. In the graphical represen-
tation time flows from bottom upwards, i.e., in-
put states vectors are applied at the bottom. In
the same graphical notation, stacking operators
amounts to tensoring them, with the box in the
front corresponding to the leftmost operator in
the tensor product.

One time step of the time evolution is given by
the global quantum channel Q built out of local
channels in the following way:

Q = T2Lq¢LT†
2Lq¢L (8)
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where T2L is an operator implementing 2L pe-
riodic translation by one site. We will focus
on two kinds of boundary conditions: homoge-
nous circuits with periodic boundary conditions
or open boundary conditions with fully depolar-
ising quantum channels at the edges.

Our restriction to the homogeneous setting is
made for convenience and most of the subsequent
discussion carries over to the inhomogenous case.
Next, we discuss possible additional constraints
on the local quantum channels q. Different com-
binations of them produce different families of
models with varying degree of analytical solvabil-
ity.

2.1 Trace preservation and unital quantum

channels

Any valid quantum channel q preserves the trace,
which is reflected in a condition on the local gate
as

(i) Trace Preservation (TP):
ÿ

k

E†
kEk = ,

È##| q = È##| , = , (10)

where the three expressions are equivalent. This
channel is completely positive by construction,
since it is written in the Kraus form.

If the local quantum channel maps to , then
the channel is

(ii) Time Unital (TU):
ÿ

k

EkE†
k = ,

q |##Í = |##Í , = . (11)

This also implies the unitality of the global chan-
nel Q. Evidently, trace preservation amounts to
unitality in the backward-time direction. This is
since reversing the time direction (i.e., interpret-
ing the graphical notation from top to bottom),
trace preservation turns into (time) unitality and
vice-versa.

2.2 Space quantum channels

The defining feature of dual-unitary gates [13] is
their property to maintain unitarity even when
they are interpreted as evolutions along the spa-
tial directions. In a natural extension of dual-
unitarity to quantum channels, we demand that
the evolution along one or both of the the space
directions yields a physical evolution, i.e., a le-
gitimate quantum channel. Let us first demand
that it is a space quantum channel when consid-
ered from right to left. As in the folded picture
operators are by construction in the Kraus form,
complete positivity is automatic and we only need
to ensure trace preservation.

For that, we define the space-time rotation op-
eration ≥ which maps the right (left) indices to
the inputs (outputs)

q̃ = . (12)

Therefore trace preservation of q̃ ensures that the
evolution is a legitimate quantum channel, when
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Properties:

We will adopt a convenient graphical repre-
sentation of circuits of quantum channels, as is
usually the case in tensor networks [46]. As
mentioned previously, we will focus on homoge-
neous (translationally invariant) noisy quantum
circuits, i.e, quantum circuits where each gate
represents a local quantum channel q acting over
a pair of neighbouring qudits. In particular, we
will extensively employ vectorised notation and
denote

q = = =
ÿ

k

Ek ¢ Eú
k . (7)

After the second equality we used the vectorised
Kraus form of the channel. We use Ek to distin-
guish local from global Kraus operators Fk. No-
tice the additional wire connecting the two copies
of the system, which represent the summation
over Kraus operators. In the graphical represen-
tation time flows from bottom upwards, i.e., in-
put states vectors are applied at the bottom. In
the same graphical notation, stacking operators
amounts to tensoring them, with the box in the
front corresponding to the leftmost operator in
the tensor product.

One time step of the time evolution is given by
the global quantum channel Q built out of local
channels in the following way:

Q = T2Lq¢LT†
2Lq¢L (8)

=
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, (9)

where T2L is an operator implementing 2L pe-
riodic translation by one site. We will focus
on two kinds of boundary conditions: homoge-
nous circuits with periodic boundary conditions
or open boundary conditions with fully depolar-
ising quantum channels at the edges.

Our restriction to the homogeneous setting is
made for convenience and most of the subsequent
discussion carries over to the inhomogenous case.
Next, we discuss possible additional constraints
on the local quantum channels q. Different com-
binations of them produce different families of
models with varying degree of analytical solvabil-
ity.

2.1 Trace preservation and unital quantum

channels

Any valid quantum channel q preserves the trace,
which is reflected in a condition on the local gate
as

(i) Trace Preservation (TP):
ÿ

k

E†
kEk = ,

È##| q = È##| , = , (10)

where the three expressions are equivalent. This
channel is completely positive by construction,
since it is written in the Kraus form.

If the local quantum channel maps to , then
the channel is

(ii) Time Unital (TU):
ÿ

k

EkE†
k = ,

q |##Í = |##Í , = . (11)

This also implies the unitality of the global chan-
nel Q. Evidently, trace preservation amounts to
unitality in the backward-time direction. This is
since reversing the time direction (i.e., interpret-
ing the graphical notation from top to bottom),
trace preservation turns into (time) unitality and
vice-versa.

2.2 Space quantum channels

The defining feature of dual-unitary gates [13] is
their property to maintain unitarity even when
they are interpreted as evolutions along the spa-
tial directions. In a natural extension of dual-
unitarity to quantum channels, we demand that
the evolution along one or both of the the space
directions yields a physical evolution, i.e., a le-
gitimate quantum channel. Let us first demand
that it is a space quantum channel when consid-
ered from right to left. As in the folded picture
operators are by construction in the Kraus form,
complete positivity is automatic and we only need
to ensure trace preservation.

For that, we define the space-time rotation op-
eration ≥ which maps the right (left) indices to
the inputs (outputs)

q̃ = . (12)

Therefore trace preservation of q̃ ensures that the
evolution is a legitimate quantum channel, when
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- Trace preservation

- Unitality

We will adopt a convenient graphical repre-
sentation of circuits of quantum channels, as is
usually the case in tensor networks [46]. As
mentioned previously, we will focus on homoge-
neous (translationally invariant) noisy quantum
circuits, i.e, quantum circuits where each gate
represents a local quantum channel q acting over
a pair of neighbouring qudits. In particular, we
will extensively employ vectorised notation and
denote

q = = =
ÿ

k

Ek ¢ Eú
k . (7)

After the second equality we used the vectorised
Kraus form of the channel. We use Ek to distin-
guish local from global Kraus operators Fk. No-
tice the additional wire connecting the two copies
of the system, which represent the summation
over Kraus operators. In the graphical represen-
tation time flows from bottom upwards, i.e., in-
put states vectors are applied at the bottom. In
the same graphical notation, stacking operators
amounts to tensoring them, with the box in the
front corresponding to the leftmost operator in
the tensor product.

One time step of the time evolution is given by
the global quantum channel Q built out of local
channels in the following way:

Q = T2Lq¢LT†
2Lq¢L (8)

=
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, (9)

where T2L is an operator implementing 2L pe-
riodic translation by one site. We will focus
on two kinds of boundary conditions: homoge-
nous circuits with periodic boundary conditions
or open boundary conditions with fully depolar-
ising quantum channels at the edges.

Our restriction to the homogeneous setting is
made for convenience and most of the subsequent
discussion carries over to the inhomogenous case.
Next, we discuss possible additional constraints
on the local quantum channels q. Different com-
binations of them produce different families of
models with varying degree of analytical solvabil-
ity.

2.1 Trace preservation and unital quantum

channels

Any valid quantum channel q preserves the trace,
which is reflected in a condition on the local gate
as

(i) Trace Preservation (TP):
ÿ

k

E†
kEk = ,

È##| q = È##| , = , (10)

where the three expressions are equivalent. This
channel is completely positive by construction,
since it is written in the Kraus form.

If the local quantum channel maps to , then
the channel is

(ii) Time Unital (TU):
ÿ

k

EkE†
k = ,

q |##Í = |##Í , = . (11)

This also implies the unitality of the global chan-
nel Q. Evidently, trace preservation amounts to
unitality in the backward-time direction. This is
since reversing the time direction (i.e., interpret-
ing the graphical notation from top to bottom),
trace preservation turns into (time) unitality and
vice-versa.

2.2 Space quantum channels

The defining feature of dual-unitary gates [13] is
their property to maintain unitarity even when
they are interpreted as evolutions along the spa-
tial directions. In a natural extension of dual-
unitarity to quantum channels, we demand that
the evolution along one or both of the the space
directions yields a physical evolution, i.e., a le-
gitimate quantum channel. Let us first demand
that it is a space quantum channel when consid-
ered from right to left. As in the folded picture
operators are by construction in the Kraus form,
complete positivity is automatic and we only need
to ensure trace preservation.

For that, we define the space-time rotation op-
eration ≥ which maps the right (left) indices to
the inputs (outputs)

q̃ = . (12)

Therefore trace preservation of q̃ ensures that the
evolution is a legitimate quantum channel, when
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We will adopt a convenient graphical repre-
sentation of circuits of quantum channels, as is
usually the case in tensor networks [46]. As
mentioned previously, we will focus on homoge-
neous (translationally invariant) noisy quantum
circuits, i.e, quantum circuits where each gate
represents a local quantum channel q acting over
a pair of neighbouring qudits. In particular, we
will extensively employ vectorised notation and
denote

q = = =
ÿ

k

Ek ¢ Eú
k . (7)

After the second equality we used the vectorised
Kraus form of the channel. We use Ek to distin-
guish local from global Kraus operators Fk. No-
tice the additional wire connecting the two copies
of the system, which represent the summation
over Kraus operators. In the graphical represen-
tation time flows from bottom upwards, i.e., in-
put states vectors are applied at the bottom. In
the same graphical notation, stacking operators
amounts to tensoring them, with the box in the
front corresponding to the leftmost operator in
the tensor product.

One time step of the time evolution is given by
the global quantum channel Q built out of local
channels in the following way:

Q = T2Lq¢LT†
2Lq¢L (8)
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where T2L is an operator implementing 2L pe-
riodic translation by one site. We will focus
on two kinds of boundary conditions: homoge-
nous circuits with periodic boundary conditions
or open boundary conditions with fully depolar-
ising quantum channels at the edges.

Our restriction to the homogeneous setting is
made for convenience and most of the subsequent
discussion carries over to the inhomogenous case.
Next, we discuss possible additional constraints
on the local quantum channels q. Different com-
binations of them produce different families of
models with varying degree of analytical solvabil-
ity.

2.1 Trace preservation and unital quantum

channels

Any valid quantum channel q preserves the trace,
which is reflected in a condition on the local gate
as

(i) Trace Preservation (TP):
ÿ

k

E†
kEk = ,

È##| q = È##| , = , (10)

where the three expressions are equivalent. This
channel is completely positive by construction,
since it is written in the Kraus form.

If the local quantum channel maps to , then
the channel is

(ii) Time Unital (TU):
ÿ

k

EkE†
k = ,

q |##Í = |##Í , = . (11)

This also implies the unitality of the global chan-
nel Q. Evidently, trace preservation amounts to
unitality in the backward-time direction. This is
since reversing the time direction (i.e., interpret-
ing the graphical notation from top to bottom),
trace preservation turns into (time) unitality and
vice-versa.

2.2 Space quantum channels

The defining feature of dual-unitary gates [13] is
their property to maintain unitarity even when
they are interpreted as evolutions along the spa-
tial directions. In a natural extension of dual-
unitarity to quantum channels, we demand that
the evolution along one or both of the the space
directions yields a physical evolution, i.e., a le-
gitimate quantum channel. Let us first demand
that it is a space quantum channel when consid-
ered from right to left. As in the folded picture
operators are by construction in the Kraus form,
complete positivity is automatic and we only need
to ensure trace preservation.

For that, we define the space-time rotation op-
eration ≥ which maps the right (left) indices to
the inputs (outputs)

q̃ = . (12)

Therefore trace preservation of q̃ ensures that the
evolution is a legitimate quantum channel, when
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SPACE-TIME CHANNELS

Time

Space

We will adopt a convenient graphical repre-
sentation of circuits of quantum channels, as is
usually the case in tensor networks [46]. As
mentioned previously, we will focus on homoge-
neous (translationally invariant) noisy quantum
circuits, i.e, quantum circuits where each gate
represents a local quantum channel q acting over
a pair of neighbouring qudits. In particular, we
will extensively employ vectorised notation and
denote

q = = =
ÿ

k

Ek ¢ Eú
k . (7)

After the second equality we used the vectorised
Kraus form of the channel. We use Ek to distin-
guish local from global Kraus operators Fk. No-
tice the additional wire connecting the two copies
of the system, which represent the summation
over Kraus operators. In the graphical represen-
tation time flows from bottom upwards, i.e., in-
put states vectors are applied at the bottom. In
the same graphical notation, stacking operators
amounts to tensoring them, with the box in the
front corresponding to the leftmost operator in
the tensor product.

One time step of the time evolution is given by
the global quantum channel Q built out of local
channels in the following way:

Q = T2Lq¢LT†
2Lq¢L (8)

=
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, (9)

where T2L is an operator implementing 2L pe-
riodic translation by one site. We will focus
on two kinds of boundary conditions: homoge-
nous circuits with periodic boundary conditions
or open boundary conditions with fully depolar-
ising quantum channels at the edges.

Our restriction to the homogeneous setting is
made for convenience and most of the subsequent
discussion carries over to the inhomogenous case.
Next, we discuss possible additional constraints
on the local quantum channels q. Different com-
binations of them produce different families of
models with varying degree of analytical solvabil-
ity.

2.1 Trace preservation and unital quantum

channels

Any valid quantum channel q preserves the trace,
which is reflected in a condition on the local gate
as

(i) Trace Preservation (TP):
ÿ

k

E†
kEk = ,

È##| q = È##| , = , (10)

where the three expressions are equivalent. This
channel is completely positive by construction,
since it is written in the Kraus form.

If the local quantum channel maps to , then
the channel is

(ii) Time Unital (TU):
ÿ

k

EkE†
k = ,

q |##Í = |##Í , = . (11)

This also implies the unitality of the global chan-
nel Q. Evidently, trace preservation amounts to
unitality in the backward-time direction. This is
since reversing the time direction (i.e., interpret-
ing the graphical notation from top to bottom),
trace preservation turns into (time) unitality and
vice-versa.

2.2 Space quantum channels

The defining feature of dual-unitary gates [13] is
their property to maintain unitarity even when
they are interpreted as evolutions along the spa-
tial directions. In a natural extension of dual-
unitarity to quantum channels, we demand that
the evolution along one or both of the the space
directions yields a physical evolution, i.e., a le-
gitimate quantum channel. Let us first demand
that it is a space quantum channel when consid-
ered from right to left. As in the folded picture
operators are by construction in the Kraus form,
complete positivity is automatic and we only need
to ensure trace preservation.

For that, we define the space-time rotation op-
eration ≥ which maps the right (left) indices to
the inputs (outputs)

q̃ = . (12)

Therefore trace preservation of q̃ ensures that the
evolution is a legitimate quantum channel, when
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ω1

Properties:

We will adopt a convenient graphical repre-
sentation of circuits of quantum channels, as is
usually the case in tensor networks [46]. As
mentioned previously, we will focus on homoge-
neous (translationally invariant) noisy quantum
circuits, i.e, quantum circuits where each gate
represents a local quantum channel q acting over
a pair of neighbouring qudits. In particular, we
will extensively employ vectorised notation and
denote

q = = =
ÿ

k

Ek ¢ Eú
k . (7)

After the second equality we used the vectorised
Kraus form of the channel. We use Ek to distin-
guish local from global Kraus operators Fk. No-
tice the additional wire connecting the two copies
of the system, which represent the summation
over Kraus operators. In the graphical represen-
tation time flows from bottom upwards, i.e., in-
put states vectors are applied at the bottom. In
the same graphical notation, stacking operators
amounts to tensoring them, with the box in the
front corresponding to the leftmost operator in
the tensor product.

One time step of the time evolution is given by
the global quantum channel Q built out of local
channels in the following way:

Q = T2Lq¢LT†
2Lq¢L (8)

=
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5
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, (9)

where T2L is an operator implementing 2L pe-
riodic translation by one site. We will focus
on two kinds of boundary conditions: homoge-
nous circuits with periodic boundary conditions
or open boundary conditions with fully depolar-
ising quantum channels at the edges.

Our restriction to the homogeneous setting is
made for convenience and most of the subsequent
discussion carries over to the inhomogenous case.
Next, we discuss possible additional constraints
on the local quantum channels q. Different com-
binations of them produce different families of
models with varying degree of analytical solvabil-
ity.

2.1 Trace preservation and unital quantum

channels

Any valid quantum channel q preserves the trace,
which is reflected in a condition on the local gate
as

(i) Trace Preservation (TP):
ÿ

k

E†
kEk = ,

È##| q = È##| , = , (10)

where the three expressions are equivalent. This
channel is completely positive by construction,
since it is written in the Kraus form.

If the local quantum channel maps to , then
the channel is

(ii) Time Unital (TU):
ÿ

k

EkE†
k = ,

q |##Í = |##Í , = . (11)

This also implies the unitality of the global chan-
nel Q. Evidently, trace preservation amounts to
unitality in the backward-time direction. This is
since reversing the time direction (i.e., interpret-
ing the graphical notation from top to bottom),
trace preservation turns into (time) unitality and
vice-versa.

2.2 Space quantum channels

The defining feature of dual-unitary gates [13] is
their property to maintain unitarity even when
they are interpreted as evolutions along the spa-
tial directions. In a natural extension of dual-
unitarity to quantum channels, we demand that
the evolution along one or both of the the space
directions yields a physical evolution, i.e., a le-
gitimate quantum channel. Let us first demand
that it is a space quantum channel when consid-
ered from right to left. As in the folded picture
operators are by construction in the Kraus form,
complete positivity is automatic and we only need
to ensure trace preservation.

For that, we define the space-time rotation op-
eration ≥ which maps the right (left) indices to
the inputs (outputs)

q̃ = . (12)

Therefore trace preservation of q̃ ensures that the
evolution is a legitimate quantum channel, when
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- Trace preservation

- Unitality

We will adopt a convenient graphical repre-
sentation of circuits of quantum channels, as is
usually the case in tensor networks [46]. As
mentioned previously, we will focus on homoge-
neous (translationally invariant) noisy quantum
circuits, i.e, quantum circuits where each gate
represents a local quantum channel q acting over
a pair of neighbouring qudits. In particular, we
will extensively employ vectorised notation and
denote

q = = =
ÿ
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k . (7)

After the second equality we used the vectorised
Kraus form of the channel. We use Ek to distin-
guish local from global Kraus operators Fk. No-
tice the additional wire connecting the two copies
of the system, which represent the summation
over Kraus operators. In the graphical represen-
tation time flows from bottom upwards, i.e., in-
put states vectors are applied at the bottom. In
the same graphical notation, stacking operators
amounts to tensoring them, with the box in the
front corresponding to the leftmost operator in
the tensor product.

One time step of the time evolution is given by
the global quantum channel Q built out of local
channels in the following way:

Q = T2Lq¢LT†
2Lq¢L (8)
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where T2L is an operator implementing 2L pe-
riodic translation by one site. We will focus
on two kinds of boundary conditions: homoge-
nous circuits with periodic boundary conditions
or open boundary conditions with fully depolar-
ising quantum channels at the edges.

Our restriction to the homogeneous setting is
made for convenience and most of the subsequent
discussion carries over to the inhomogenous case.
Next, we discuss possible additional constraints
on the local quantum channels q. Different com-
binations of them produce different families of
models with varying degree of analytical solvabil-
ity.

2.1 Trace preservation and unital quantum

channels

Any valid quantum channel q preserves the trace,
which is reflected in a condition on the local gate
as

(i) Trace Preservation (TP):
ÿ

k

E†
kEk = ,

È##| q = È##| , = , (10)

where the three expressions are equivalent. This
channel is completely positive by construction,
since it is written in the Kraus form.

If the local quantum channel maps to , then
the channel is

(ii) Time Unital (TU):
ÿ

k

EkE†
k = ,

q |##Í = |##Í , = . (11)

This also implies the unitality of the global chan-
nel Q. Evidently, trace preservation amounts to
unitality in the backward-time direction. This is
since reversing the time direction (i.e., interpret-
ing the graphical notation from top to bottom),
trace preservation turns into (time) unitality and
vice-versa.

2.2 Space quantum channels

The defining feature of dual-unitary gates [13] is
their property to maintain unitarity even when
they are interpreted as evolutions along the spa-
tial directions. In a natural extension of dual-
unitarity to quantum channels, we demand that
the evolution along one or both of the the space
directions yields a physical evolution, i.e., a le-
gitimate quantum channel. Let us first demand
that it is a space quantum channel when consid-
ered from right to left. As in the folded picture
operators are by construction in the Kraus form,
complete positivity is automatic and we only need
to ensure trace preservation.

For that, we define the space-time rotation op-
eration ≥ which maps the right (left) indices to
the inputs (outputs)

q̃ = . (12)

Therefore trace preservation of q̃ ensures that the
evolution is a legitimate quantum channel, when
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- Left unitality

- Right unitality

considered from right to left. Equivalently, this
corresponds to unitality in the left-to-right space
direction. As such, we say that q is

(iii) Left Unital (LU):
ÿ

k

(Ẽk)†Ẽk = ,

È##| q̃ = È##| , = . (13)

Here the ≥ operator changes the input (output)
legs of Ek in the same way as for q.

Analogously, we may demand that the left-to-
right evolution is as quantum channel, resulting
in q being

(iv) Right Unital (RU):
ÿ

k

Ẽk(Ẽk)† = ,

q̃ |##Í = |##Í , = . (14)

In the following, we consider families of mod-
els which satisfy different combinations of the
aforementioned conditions, which we summarise
in Tab. 1. Due to the physical relevance of quan-
tum channels, we henceforth always assume prop-
erty (i). If, in addition, one of the (iii)-(iv) holds,
we will refer to such quantum channels as 2-way
unital, and similarly, for two conditions out of
(ii)-(iv), we will refer to them as 3-way unital. In
this class, there are two possibilities with different
physical consequences. The first family is 3-way
time unital channels, which satisfies conditions
(i)-(iii) [or (i), (ii), and (iv)], and the second fam-
ily is 3-way space unital channels, which satisfies
conditions (i), (iii), and (iv). The last possibil-
ity is when all conditions (i)-(iv) are satisfied, in
which case we call the quantum channel 4-way
unital. We will momentarily show that this is
indeed possible, i.e., there exist nontrivial repre-
sentatives belonging strictly to each of the above
classes.

Let us stress that convex combinations (aver-
ages) of dual-unitary gates will always yield a
subset of 4-way unital examples, and other fami-
lies cannot be achieved in this way. However, as
we will subsequently show, 3-way unitality turns
out to be sufficient for exact solvability.

2.3 Perfect quantum channels

Perfect tensors were introduced in [47] as the
building blocks of exactly solvable toy models for
the AdS/CFT correspondence, and also indepen-
dently in [48] where the corresponding matrices

were called two-unitary. They are tensors with an
even number of indices whose defining property
is that any balanced bipartition of these indices
into inputs and outputs gives a unitary transfor-
mation1.

In analogy to perfect tensors, we define perfect
channels. Not only do they satisfy conditions (i)-
(iv), but also the diagonal unitality conditions:

(v):
ÿ

k

(̂EkS)(̂SE†
k) = , = , (15)

(vi):
ÿ

k

(̂SE†
k)(̂EkS) = , = , (16)

where S is the swap operator. The simplest ex-
ample of a perfect channel is the completely de-
polarising map

T (·) = Tr (·)
d2 .

It fulfils all conditions (i)-(vi), as is apparent from
its folded graphical representation:

= . (17)

Remarkably, in contrast to perfect tensors which
exist only for d Ø 3 [26], perfect channels exist
already for qubits (d = 2). A systematic way of
constructing them will follow in the next section.

3 Structure of Space-Time Unital

Quantum Channels

Here we investigate further the general struc-
ture of the previously introduced families of mod-
els. Specifically, after reformulating the con-
straints (i)-(vi) through the channel-state duality,
we determine the dimensions of the correspond-
ing manifolds of quantum channels by counting

1
As such, they are closely connected with absolutely

maximally entangled states [48], i.e., multipartite states

that have maximally mixed marginals after tracing out at

least half of the system. This connection can be antici-

pated by recalling that every bipartite maximally entan-

gled states is in correspondence with a vectorised unitary

(since Tr B(|UÍABÈU |) = ) [45]. In the case of four in-

dices, the perfect tensor conditions are equivalent to uni-

tarity, dual-unitarity and unitarity of the partial trans-

pose (T-duality) [26]. The last condition makes the class

more restrictive than dual-unitarity. Note that the ma-

trices corresponding to perfect tensors are also called 2-

unitaries [48], which are not to be confused with dual-

unitary matrices.
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tr(ωω1 → ωω2E(ωε1 → ωε2))

We will adopt a convenient graphical repre-
sentation of circuits of quantum channels, as is
usually the case in tensor networks [46]. As
mentioned previously, we will focus on homoge-
neous (translationally invariant) noisy quantum
circuits, i.e, quantum circuits where each gate
represents a local quantum channel q acting over
a pair of neighbouring qudits. In particular, we
will extensively employ vectorised notation and
denote

q = = =
ÿ

k

Ek ¢ Eú
k . (7)

After the second equality we used the vectorised
Kraus form of the channel. We use Ek to distin-
guish local from global Kraus operators Fk. No-
tice the additional wire connecting the two copies
of the system, which represent the summation
over Kraus operators. In the graphical represen-
tation time flows from bottom upwards, i.e., in-
put states vectors are applied at the bottom. In
the same graphical notation, stacking operators
amounts to tensoring them, with the box in the
front corresponding to the leftmost operator in
the tensor product.

One time step of the time evolution is given by
the global quantum channel Q built out of local
channels in the following way:

Q = T2Lq¢LT†
2Lq¢L (8)
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, (9)

where T2L is an operator implementing 2L pe-
riodic translation by one site. We will focus
on two kinds of boundary conditions: homoge-
nous circuits with periodic boundary conditions
or open boundary conditions with fully depolar-
ising quantum channels at the edges.

Our restriction to the homogeneous setting is
made for convenience and most of the subsequent
discussion carries over to the inhomogenous case.
Next, we discuss possible additional constraints
on the local quantum channels q. Different com-
binations of them produce different families of
models with varying degree of analytical solvabil-
ity.

2.1 Trace preservation and unital quantum

channels

Any valid quantum channel q preserves the trace,
which is reflected in a condition on the local gate
as

(i) Trace Preservation (TP):
ÿ

k

E†
kEk = ,

È##| q = È##| , = , (10)

where the three expressions are equivalent. This
channel is completely positive by construction,
since it is written in the Kraus form.

If the local quantum channel maps to , then
the channel is

(ii) Time Unital (TU):
ÿ

k

EkE†
k = ,

q |##Í = |##Í , = . (11)

This also implies the unitality of the global chan-
nel Q. Evidently, trace preservation amounts to
unitality in the backward-time direction. This is
since reversing the time direction (i.e., interpret-
ing the graphical notation from top to bottom),
trace preservation turns into (time) unitality and
vice-versa.

2.2 Space quantum channels

The defining feature of dual-unitary gates [13] is
their property to maintain unitarity even when
they are interpreted as evolutions along the spa-
tial directions. In a natural extension of dual-
unitarity to quantum channels, we demand that
the evolution along one or both of the the space
directions yields a physical evolution, i.e., a le-
gitimate quantum channel. Let us first demand
that it is a space quantum channel when consid-
ered from right to left. As in the folded picture
operators are by construction in the Kraus form,
complete positivity is automatic and we only need
to ensure trace preservation.

For that, we define the space-time rotation op-
eration ≥ which maps the right (left) indices to
the inputs (outputs)

q̃ = . (12)

Therefore trace preservation of q̃ ensures that the
evolution is a legitimate quantum channel, when
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SPACE-TIME CHANNELS

Time

Space

We will adopt a convenient graphical repre-
sentation of circuits of quantum channels, as is
usually the case in tensor networks [46]. As
mentioned previously, we will focus on homoge-
neous (translationally invariant) noisy quantum
circuits, i.e, quantum circuits where each gate
represents a local quantum channel q acting over
a pair of neighbouring qudits. In particular, we
will extensively employ vectorised notation and
denote

q = = =
ÿ

k

Ek ¢ Eú
k . (7)

After the second equality we used the vectorised
Kraus form of the channel. We use Ek to distin-
guish local from global Kraus operators Fk. No-
tice the additional wire connecting the two copies
of the system, which represent the summation
over Kraus operators. In the graphical represen-
tation time flows from bottom upwards, i.e., in-
put states vectors are applied at the bottom. In
the same graphical notation, stacking operators
amounts to tensoring them, with the box in the
front corresponding to the leftmost operator in
the tensor product.

One time step of the time evolution is given by
the global quantum channel Q built out of local
channels in the following way:

Q = T2Lq¢LT†
2Lq¢L (8)
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where T2L is an operator implementing 2L pe-
riodic translation by one site. We will focus
on two kinds of boundary conditions: homoge-
nous circuits with periodic boundary conditions
or open boundary conditions with fully depolar-
ising quantum channels at the edges.

Our restriction to the homogeneous setting is
made for convenience and most of the subsequent
discussion carries over to the inhomogenous case.
Next, we discuss possible additional constraints
on the local quantum channels q. Different com-
binations of them produce different families of
models with varying degree of analytical solvabil-
ity.

2.1 Trace preservation and unital quantum

channels

Any valid quantum channel q preserves the trace,
which is reflected in a condition on the local gate
as

(i) Trace Preservation (TP):
ÿ

k

E†
kEk = ,

È##| q = È##| , = , (10)

where the three expressions are equivalent. This
channel is completely positive by construction,
since it is written in the Kraus form.

If the local quantum channel maps to , then
the channel is

(ii) Time Unital (TU):
ÿ

k

EkE†
k = ,

q |##Í = |##Í , = . (11)

This also implies the unitality of the global chan-
nel Q. Evidently, trace preservation amounts to
unitality in the backward-time direction. This is
since reversing the time direction (i.e., interpret-
ing the graphical notation from top to bottom),
trace preservation turns into (time) unitality and
vice-versa.

2.2 Space quantum channels

The defining feature of dual-unitary gates [13] is
their property to maintain unitarity even when
they are interpreted as evolutions along the spa-
tial directions. In a natural extension of dual-
unitarity to quantum channels, we demand that
the evolution along one or both of the the space
directions yields a physical evolution, i.e., a le-
gitimate quantum channel. Let us first demand
that it is a space quantum channel when consid-
ered from right to left. As in the folded picture
operators are by construction in the Kraus form,
complete positivity is automatic and we only need
to ensure trace preservation.

For that, we define the space-time rotation op-
eration ≥ which maps the right (left) indices to
the inputs (outputs)

q̃ = . (12)

Therefore trace preservation of q̃ ensures that the
evolution is a legitimate quantum channel, when
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ω1

Properties:

We will adopt a convenient graphical repre-
sentation of circuits of quantum channels, as is
usually the case in tensor networks [46]. As
mentioned previously, we will focus on homoge-
neous (translationally invariant) noisy quantum
circuits, i.e, quantum circuits where each gate
represents a local quantum channel q acting over
a pair of neighbouring qudits. In particular, we
will extensively employ vectorised notation and
denote

q = = =
ÿ

k

Ek ¢ Eú
k . (7)

After the second equality we used the vectorised
Kraus form of the channel. We use Ek to distin-
guish local from global Kraus operators Fk. No-
tice the additional wire connecting the two copies
of the system, which represent the summation
over Kraus operators. In the graphical represen-
tation time flows from bottom upwards, i.e., in-
put states vectors are applied at the bottom. In
the same graphical notation, stacking operators
amounts to tensoring them, with the box in the
front corresponding to the leftmost operator in
the tensor product.

One time step of the time evolution is given by
the global quantum channel Q built out of local
channels in the following way:

Q = T2Lq¢LT†
2Lq¢L (8)

=
0

1
1
2

1
2

3
2

5
21 2 3 L· · ·

, (9)

where T2L is an operator implementing 2L pe-
riodic translation by one site. We will focus
on two kinds of boundary conditions: homoge-
nous circuits with periodic boundary conditions
or open boundary conditions with fully depolar-
ising quantum channels at the edges.

Our restriction to the homogeneous setting is
made for convenience and most of the subsequent
discussion carries over to the inhomogenous case.
Next, we discuss possible additional constraints
on the local quantum channels q. Different com-
binations of them produce different families of
models with varying degree of analytical solvabil-
ity.

2.1 Trace preservation and unital quantum

channels

Any valid quantum channel q preserves the trace,
which is reflected in a condition on the local gate
as

(i) Trace Preservation (TP):
ÿ

k

E†
kEk = ,

È##| q = È##| , = , (10)

where the three expressions are equivalent. This
channel is completely positive by construction,
since it is written in the Kraus form.

If the local quantum channel maps to , then
the channel is

(ii) Time Unital (TU):
ÿ

k

EkE†
k = ,

q |##Í = |##Í , = . (11)

This also implies the unitality of the global chan-
nel Q. Evidently, trace preservation amounts to
unitality in the backward-time direction. This is
since reversing the time direction (i.e., interpret-
ing the graphical notation from top to bottom),
trace preservation turns into (time) unitality and
vice-versa.

2.2 Space quantum channels

The defining feature of dual-unitary gates [13] is
their property to maintain unitarity even when
they are interpreted as evolutions along the spa-
tial directions. In a natural extension of dual-
unitarity to quantum channels, we demand that
the evolution along one or both of the the space
directions yields a physical evolution, i.e., a le-
gitimate quantum channel. Let us first demand
that it is a space quantum channel when consid-
ered from right to left. As in the folded picture
operators are by construction in the Kraus form,
complete positivity is automatic and we only need
to ensure trace preservation.

For that, we define the space-time rotation op-
eration ≥ which maps the right (left) indices to
the inputs (outputs)

q̃ = . (12)

Therefore trace preservation of q̃ ensures that the
evolution is a legitimate quantum channel, when
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- Unitality

We will adopt a convenient graphical repre-
sentation of circuits of quantum channels, as is
usually the case in tensor networks [46]. As
mentioned previously, we will focus on homoge-
neous (translationally invariant) noisy quantum
circuits, i.e, quantum circuits where each gate
represents a local quantum channel q acting over
a pair of neighbouring qudits. In particular, we
will extensively employ vectorised notation and
denote

q = = =
ÿ

k

Ek ¢ Eú
k . (7)

After the second equality we used the vectorised
Kraus form of the channel. We use Ek to distin-
guish local from global Kraus operators Fk. No-
tice the additional wire connecting the two copies
of the system, which represent the summation
over Kraus operators. In the graphical represen-
tation time flows from bottom upwards, i.e., in-
put states vectors are applied at the bottom. In
the same graphical notation, stacking operators
amounts to tensoring them, with the box in the
front corresponding to the leftmost operator in
the tensor product.

One time step of the time evolution is given by
the global quantum channel Q built out of local
channels in the following way:

Q = T2Lq¢LT†
2Lq¢L (8)

=
0

1
1
2

1
2

3
2

5
21 2 3 L· · ·

, (9)

where T2L is an operator implementing 2L pe-
riodic translation by one site. We will focus
on two kinds of boundary conditions: homoge-
nous circuits with periodic boundary conditions
or open boundary conditions with fully depolar-
ising quantum channels at the edges.

Our restriction to the homogeneous setting is
made for convenience and most of the subsequent
discussion carries over to the inhomogenous case.
Next, we discuss possible additional constraints
on the local quantum channels q. Different com-
binations of them produce different families of
models with varying degree of analytical solvabil-
ity.

2.1 Trace preservation and unital quantum

channels

Any valid quantum channel q preserves the trace,
which is reflected in a condition on the local gate
as

(i) Trace Preservation (TP):
ÿ

k

E†
kEk = ,

È##| q = È##| , = , (10)

where the three expressions are equivalent. This
channel is completely positive by construction,
since it is written in the Kraus form.

If the local quantum channel maps to , then
the channel is

(ii) Time Unital (TU):
ÿ

k

EkE†
k = ,

q |##Í = |##Í , = . (11)

This also implies the unitality of the global chan-
nel Q. Evidently, trace preservation amounts to
unitality in the backward-time direction. This is
since reversing the time direction (i.e., interpret-
ing the graphical notation from top to bottom),
trace preservation turns into (time) unitality and
vice-versa.

2.2 Space quantum channels

The defining feature of dual-unitary gates [13] is
their property to maintain unitarity even when
they are interpreted as evolutions along the spa-
tial directions. In a natural extension of dual-
unitarity to quantum channels, we demand that
the evolution along one or both of the the space
directions yields a physical evolution, i.e., a le-
gitimate quantum channel. Let us first demand
that it is a space quantum channel when consid-
ered from right to left. As in the folded picture
operators are by construction in the Kraus form,
complete positivity is automatic and we only need
to ensure trace preservation.

For that, we define the space-time rotation op-
eration ≥ which maps the right (left) indices to
the inputs (outputs)

q̃ = . (12)

Therefore trace preservation of q̃ ensures that the
evolution is a legitimate quantum channel, when
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- Right unitality

considered from right to left. Equivalently, this
corresponds to unitality in the left-to-right space
direction. As such, we say that q is

(iii) Left Unital (LU):
ÿ

k

(Ẽk)†Ẽk = ,

È##| q̃ = È##| , = . (13)

Here the ≥ operator changes the input (output)
legs of Ek in the same way as for q.

Analogously, we may demand that the left-to-
right evolution is as quantum channel, resulting
in q being

(iv) Right Unital (RU):
ÿ

k

Ẽk(Ẽk)† = ,

q̃ |##Í = |##Í , = . (14)

In the following, we consider families of mod-
els which satisfy different combinations of the
aforementioned conditions, which we summarise
in Tab. 1. Due to the physical relevance of quan-
tum channels, we henceforth always assume prop-
erty (i). If, in addition, one of the (iii)-(iv) holds,
we will refer to such quantum channels as 2-way
unital, and similarly, for two conditions out of
(ii)-(iv), we will refer to them as 3-way unital. In
this class, there are two possibilities with different
physical consequences. The first family is 3-way
time unital channels, which satisfies conditions
(i)-(iii) [or (i), (ii), and (iv)], and the second fam-
ily is 3-way space unital channels, which satisfies
conditions (i), (iii), and (iv). The last possibil-
ity is when all conditions (i)-(iv) are satisfied, in
which case we call the quantum channel 4-way
unital. We will momentarily show that this is
indeed possible, i.e., there exist nontrivial repre-
sentatives belonging strictly to each of the above
classes.

Let us stress that convex combinations (aver-
ages) of dual-unitary gates will always yield a
subset of 4-way unital examples, and other fami-
lies cannot be achieved in this way. However, as
we will subsequently show, 3-way unitality turns
out to be sufficient for exact solvability.

2.3 Perfect quantum channels

Perfect tensors were introduced in [47] as the
building blocks of exactly solvable toy models for
the AdS/CFT correspondence, and also indepen-
dently in [48] where the corresponding matrices

were called two-unitary. They are tensors with an
even number of indices whose defining property
is that any balanced bipartition of these indices
into inputs and outputs gives a unitary transfor-
mation1.

In analogy to perfect tensors, we define perfect
channels. Not only do they satisfy conditions (i)-
(iv), but also the diagonal unitality conditions:

(v):
ÿ

k

(̂EkS)(̂SE†
k) = , = , (15)

(vi):
ÿ

k

(̂SE†
k)(̂EkS) = , = , (16)

where S is the swap operator. The simplest ex-
ample of a perfect channel is the completely de-
polarising map

T (·) = Tr (·)
d2 .

It fulfils all conditions (i)-(vi), as is apparent from
its folded graphical representation:

= . (17)

Remarkably, in contrast to perfect tensors which
exist only for d Ø 3 [26], perfect channels exist
already for qubits (d = 2). A systematic way of
constructing them will follow in the next section.

3 Structure of Space-Time Unital

Quantum Channels

Here we investigate further the general struc-
ture of the previously introduced families of mod-
els. Specifically, after reformulating the con-
straints (i)-(vi) through the channel-state duality,
we determine the dimensions of the correspond-
ing manifolds of quantum channels by counting

1
As such, they are closely connected with absolutely

maximally entangled states [48], i.e., multipartite states

that have maximally mixed marginals after tracing out at

least half of the system. This connection can be antici-

pated by recalling that every bipartite maximally entan-

gled states is in correspondence with a vectorised unitary

(since Tr B(|UÍABÈU |) = ) [45]. In the case of four in-

dices, the perfect tensor conditions are equivalent to uni-

tarity, dual-unitarity and unitarity of the partial trans-

pose (T-duality) [26]. The last condition makes the class

more restrictive than dual-unitarity. Note that the ma-

trices corresponding to perfect tensors are also called 2-

unitaries [48], which are not to be confused with dual-

unitary matrices.
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tr(ωω1 → ωω2E(ωε1 → ωε2))

We will adopt a convenient graphical repre-
sentation of circuits of quantum channels, as is
usually the case in tensor networks [46]. As
mentioned previously, we will focus on homoge-
neous (translationally invariant) noisy quantum
circuits, i.e, quantum circuits where each gate
represents a local quantum channel q acting over
a pair of neighbouring qudits. In particular, we
will extensively employ vectorised notation and
denote

q = = =
ÿ

k

Ek ¢ Eú
k . (7)

After the second equality we used the vectorised
Kraus form of the channel. We use Ek to distin-
guish local from global Kraus operators Fk. No-
tice the additional wire connecting the two copies
of the system, which represent the summation
over Kraus operators. In the graphical represen-
tation time flows from bottom upwards, i.e., in-
put states vectors are applied at the bottom. In
the same graphical notation, stacking operators
amounts to tensoring them, with the box in the
front corresponding to the leftmost operator in
the tensor product.

One time step of the time evolution is given by
the global quantum channel Q built out of local
channels in the following way:

Q = T2Lq¢LT†
2Lq¢L (8)

=
0

1
1
2

1
2

3
2

5
21 2 3 L· · ·

, (9)

where T2L is an operator implementing 2L pe-
riodic translation by one site. We will focus
on two kinds of boundary conditions: homoge-
nous circuits with periodic boundary conditions
or open boundary conditions with fully depolar-
ising quantum channels at the edges.

Our restriction to the homogeneous setting is
made for convenience and most of the subsequent
discussion carries over to the inhomogenous case.
Next, we discuss possible additional constraints
on the local quantum channels q. Different com-
binations of them produce different families of
models with varying degree of analytical solvabil-
ity.

2.1 Trace preservation and unital quantum

channels

Any valid quantum channel q preserves the trace,
which is reflected in a condition on the local gate
as

(i) Trace Preservation (TP):
ÿ

k

E†
kEk = ,

È##| q = È##| , = , (10)

where the three expressions are equivalent. This
channel is completely positive by construction,
since it is written in the Kraus form.

If the local quantum channel maps to , then
the channel is

(ii) Time Unital (TU):
ÿ

k

EkE†
k = ,

q |##Í = |##Í , = . (11)

This also implies the unitality of the global chan-
nel Q. Evidently, trace preservation amounts to
unitality in the backward-time direction. This is
since reversing the time direction (i.e., interpret-
ing the graphical notation from top to bottom),
trace preservation turns into (time) unitality and
vice-versa.

2.2 Space quantum channels

The defining feature of dual-unitary gates [13] is
their property to maintain unitarity even when
they are interpreted as evolutions along the spa-
tial directions. In a natural extension of dual-
unitarity to quantum channels, we demand that
the evolution along one or both of the the space
directions yields a physical evolution, i.e., a le-
gitimate quantum channel. Let us first demand
that it is a space quantum channel when consid-
ered from right to left. As in the folded picture
operators are by construction in the Kraus form,
complete positivity is automatic and we only need
to ensure trace preservation.

For that, we define the space-time rotation op-
eration ≥ which maps the right (left) indices to
the inputs (outputs)

q̃ = . (12)

Therefore trace preservation of q̃ ensures that the
evolution is a legitimate quantum channel, when
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where we defined Èai(t)bjÍn = Èai(t)bjÍ ≠

Èai(t)bjÍlr [cf. (41)]. This can be easily evaluated
using only single qudit channels. If instead we
assume conditions (i), (ii), and (iv), we get sim-
ilar diagrams, but this time the evolution starts
by going left with a possible turn to the right. It
reads (for |i ≠ j| < t)

Èai(t)bjÍn = (46)
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As we have seen, for the time-unital local chan-
nels it is enough to demand only one of the space
unitality conditions to simplify the expressions.
Indeed, the resulting equations contain only sin-
gle qudit channels, which can be efficiently eval-
uated. The resulting correlations are, in contrast
to 3-way space unitality and dual-unitarity, non-
zero inside the light cone between operators on
different sub-lattices (integers or half integers).
Nevertheless, there are still non-zero correlations
along the light ray, suggesting the maximal Lieb-
Robinson velocity.

More concretely, let us assume that M± have
|¶Í as their unique leading eigenvector (corre-
sponding to eigenvalue one) and no other eigen-
value of the same modulus. Denote as ⁄± the
sub-leading eigenvalues. Then the correlations,
when they are non-zero, behave as

Èai(t)bjÍn ≥ (⁄+⁄≠)t
3

⁄+
⁄≠

4i≠j

. (47)

Therefore at fixed t the correlations grow or de-
cay exponentially in i≠ j, depending on the ratio
of the eigenvalues. This contrasts the zero cor-
relations inside the light-cone that appear in the
case of 4-way unital channels and dual-unitaries.

4.2 Spatial correlation functions after a quench

Next, we focus on spatial correlations between
single-site operators after a quantum quench
starting from an initial density matrix fl(0):

Cij(t) © d Tr aibjfl(t) = (48)
È# . . . a # . . . b . . .#|Qt

|fl(0)Í .

Without loss of generality we assume i < j.
For the purpose of presentation, let us restrict

ourselves to a two sites translation-invariant ini-
tial states. The discussion straightforwardly ex-
tends to the non-transnational invariant case.
Without loss of generality we write them as a
matrix product density operator (MPDO) in a
vectorised form

|fl(0)Í =
ÿ

s 1
2

,...,sL

Tr [T
(s 1

2
,s1)

. . . T
(s

L≠ 1
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. (49)

The state is defined through ‰ ◊ ‰ matrices
T (si≠1/2,si) (green boxes). In the diagram the hor-
izontal line represents the auxiliary space of bond
dimension ‰. The MPDO is taken to be normal-
ized in the thermodynamic limit

lim
LæŒ

Tr fl(0) = lim
LæŒ

Tr E(0)L = 1, (50)

meaning that the space transfer matrix

E(0) = (51)

has a unique fixed point with eigenvalue one,
which we denote by |—Í È⇤|, i.e.,

lim
LæŒ

E(0)L = |—Í È2| . (52)

with È⇤|—Í = 1.
Graphically, we express the correlations after

time t as:

Cij(t) =

a b

.

(53)

Next, we use condition (i), which results in two
backward propagating light cones originating at
the positions of the operators, connected by two
parts of the circuit consisting of powers of the
transfer matrix E(0):
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w
here
w
e
defined
Èa
i(t)b
j
Í
n

=

Èa
i(t)b
j
Í

≠

Èa
i(t)b
j
Í lr[cf.
(41)].
T
his
can
be
easily
evaluated

using
only
single
qudit
channels.
If
instead
w
e

assum
e
conditions
(i),(ii),and
(iv),w
e
get
sim
-

ilar
diagram
s,
but
this
tim
e
the
evolution
starts

by
going
left
w
ith
a
possible
turn
to
the
right.
It

reads
(for
|i
≠

j
|
<
t)

Èa
i(t)b
j
Í
n

=

(46)

” (1 2+
j)œ
Z”
iœ
Z
Èa
|
M

t+
i≠
j≠

1 2

+

E 1
M

t≠
(i≠
j)≠

1 2

≠

|b
Í
.

A
sw
e
have
seen,forthe
tim
e-unitallocalchan-

nels
it
is
enough
to
dem
and
only
one
ofthe
space

unitality
conditions
to
sim
plify
the
expressions.

Indeed,the
resulting
equations
contain
only
sin-

gle
qudit
channels,w
hich
can
be
effi
ciently
eval-

uated.
T
he
resulting
correlations
are,in
contrast

to
3-w
ay
space
unitality
and
dual-unitarity,non-

zero
inside
the
light
cone
betw
een
operators
on

different
sub-lattices
(integers
or
half
integers).

N
evertheless,there

are
stillnon-zero
correlations

along
the
light
ray,suggesting
the
m
axim
alLieb-

R
obinson
velocity.

M
ore
concretely,let
us
assum
e
that
M

±
have

|¶
Í

as
their
unique
leading
eigenvector
(corre-

sponding
to
eigenvalue
one)
and
no
other
eigen-

value
of
the
sam
e
m
odulus.
D
enote
as
⁄
±
the

sub-leading
eigenvalues.
T
hen
the
correlations,

w
hen
they
are
non-zero,behave

as

Èa
i(t)b
j
Í
n

≥

(⁄
+
⁄
≠)t3

⁄
+ ⁄

≠
4
i≠
j

.

(47)

T
herefore
at
fixed
t
the
correlations
grow
or
de-

cay
exponentially
in
i
≠

j,depending
on
the
ratio

of
the
eigenvalues.
T
his
contrasts
the
zero
cor-

relations
inside
the
light-cone
that
appear
in
the

case
of4-w
ay
unitalchannels

and
dual-unitaries.
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...a
#
...b
...#
|Q

t
|fl(0)
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.

W
ithout
loss
ofgenerality
w
e
assum
e
i
<
j.

For
the
purpose
ofpresentation,let

us
restrict

ourselves
to
a
tw
o
sites
translation-invariant

ini-

tial
states.
T
he
discussion
straightforw
ardly
ex-

tends
to
the
non-transnational

invariant
case.

W
ithout
loss
of
generality
w
e
w
rite
them
as
a

m
atrix
product
density
operator
(M
P
D
O
)
in
a

vectorised
form

|fl(0)
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s
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LTr[T
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...T
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L
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L
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=
1 d

L

.

(49)

T
he
state
is
defined
through
‰
◊

‰
m
atrices

T
(s
i≠
1
/2,s
i) (green
boxes).
In
the
diagram
the
hor-

izontalline
representsthe
auxiliary
space
ofbond

dim
ension
‰.
T
he
M
P
D
O
is
taken
to
be
norm
al-

ized
in
the
therm
odynam
ic
lim
it

lim
L
æ
Œ

Tr
fl(0)=
lim

L
æ
Œ

Tr
E
(0)L
=
1,

(50)

m
eaning
that
the
space
transfer
m
atrix

E
(0)=

(51)

has
a
unique
fixed
point
w
ith
eigenvalue
one,

w
hich
w
e
denote
by
|—

Í
È⇤
|,i.e.,

lim
L
æ
Œ

E
(0)L
=
|—

Í
È2
|.

(52)

w
ith
È⇤
|—

Í=
1.

G
raphically,
w
e
express
the
correlations
after

tim
e
t
as:

C
ij(t)=

a

b
.

(53)

N
ext,
w
e
use
condition
(i),
w
hich
results
in
tw
o

backw
ard
propagating
light
cones
originating
at

the
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operators,connected
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the
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pow
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COMPUTING CORRELATIONS

We will adopt a convenient graphical repre-
sentation of circuits of quantum channels, as is
usually the case in tensor networks [46]. As
mentioned previously, we will focus on homoge-
neous (translationally invariant) noisy quantum
circuits, i.e, quantum circuits where each gate
represents a local quantum channel q acting over
a pair of neighbouring qudits. In particular, we
will extensively employ vectorised notation and
denote

q = = =
ÿ

k

Ek ¢ Eú
k . (7)

After the second equality we used the vectorised
Kraus form of the channel. We use Ek to distin-
guish local from global Kraus operators Fk. No-
tice the additional wire connecting the two copies
of the system, which represent the summation
over Kraus operators. In the graphical represen-
tation time flows from bottom upwards, i.e., in-
put states vectors are applied at the bottom. In
the same graphical notation, stacking operators
amounts to tensoring them, with the box in the
front corresponding to the leftmost operator in
the tensor product.

One time step of the time evolution is given by
the global quantum channel Q built out of local
channels in the following way:

Q = T2Lq¢LT†
2Lq¢L (8)

=
0

1
1
2

1
2

3
2

5
21 2 3 L· · ·

, (9)

where T2L is an operator implementing 2L pe-
riodic translation by one site. We will focus
on two kinds of boundary conditions: homoge-
nous circuits with periodic boundary conditions
or open boundary conditions with fully depolar-
ising quantum channels at the edges.

Our restriction to the homogeneous setting is
made for convenience and most of the subsequent
discussion carries over to the inhomogenous case.
Next, we discuss possible additional constraints
on the local quantum channels q. Different com-
binations of them produce different families of
models with varying degree of analytical solvabil-
ity.

2.1 Trace preservation and unital quantum

channels

Any valid quantum channel q preserves the trace,
which is reflected in a condition on the local gate
as

(i) Trace Preservation (TP):
ÿ

k

E†
kEk = ,

È##| q = È##| , = , (10)

where the three expressions are equivalent. This
channel is completely positive by construction,
since it is written in the Kraus form.

If the local quantum channel maps to , then
the channel is

(ii) Time Unital (TU):
ÿ

k

EkE†
k = ,

q |##Í = |##Í , = . (11)

This also implies the unitality of the global chan-
nel Q. Evidently, trace preservation amounts to
unitality in the backward-time direction. This is
since reversing the time direction (i.e., interpret-
ing the graphical notation from top to bottom),
trace preservation turns into (time) unitality and
vice-versa.

2.2 Space quantum channels

The defining feature of dual-unitary gates [13] is
their property to maintain unitarity even when
they are interpreted as evolutions along the spa-
tial directions. In a natural extension of dual-
unitarity to quantum channels, we demand that
the evolution along one or both of the the space
directions yields a physical evolution, i.e., a le-
gitimate quantum channel. Let us first demand
that it is a space quantum channel when consid-
ered from right to left. As in the folded picture
operators are by construction in the Kraus form,
complete positivity is automatic and we only need
to ensure trace preservation.

For that, we define the space-time rotation op-
eration ≥ which maps the right (left) indices to
the inputs (outputs)

q̃ = . (12)

Therefore trace preservation of q̃ ensures that the
evolution is a legitimate quantum channel, when
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tr[ωt
a

where we defined Èai(t)bjÍn = Èai(t)bjÍ ≠

Èai(t)bjÍlr [cf. (41)]. This can be easily evaluated
using only single qudit channels. If instead we
assume conditions (i), (ii), and (iv), we get sim-
ilar diagrams, but this time the evolution starts
by going left with a possible turn to the right. It
reads (for |i ≠ j| < t)

Èai(t)bjÍn = (46)

”( 1
2 +j)œZ”iœZ Èa| M

t+i≠j≠ 1
2

+ E1M
t≠(i≠j)≠ 1

2
≠ |bÍ .

As we have seen, for the time-unital local chan-
nels it is enough to demand only one of the space
unitality conditions to simplify the expressions.
Indeed, the resulting equations contain only sin-
gle qudit channels, which can be efficiently eval-
uated. The resulting correlations are, in contrast
to 3-way space unitality and dual-unitarity, non-
zero inside the light cone between operators on
different sub-lattices (integers or half integers).
Nevertheless, there are still non-zero correlations
along the light ray, suggesting the maximal Lieb-
Robinson velocity.

More concretely, let us assume that M± have
|¶Í as their unique leading eigenvector (corre-
sponding to eigenvalue one) and no other eigen-
value of the same modulus. Denote as ⁄± the
sub-leading eigenvalues. Then the correlations,
when they are non-zero, behave as

Èai(t)bjÍn ≥ (⁄+⁄≠)t
3

⁄+
⁄≠

4i≠j

. (47)

Therefore at fixed t the correlations grow or de-
cay exponentially in i≠ j, depending on the ratio
of the eigenvalues. This contrasts the zero cor-
relations inside the light-cone that appear in the
case of 4-way unital channels and dual-unitaries.

4.2 Spatial correlation functions after a quench

Next, we focus on spatial correlations between
single-site operators after a quantum quench
starting from an initial density matrix fl(0):

Cij(t) © d Tr aibjfl(t) = (48)
È# . . . a # . . . b . . .#|Qt

|fl(0)Í .

Without loss of generality we assume i < j.
For the purpose of presentation, let us restrict

ourselves to a two sites translation-invariant ini-
tial states. The discussion straightforwardly ex-
tends to the non-transnational invariant case.
Without loss of generality we write them as a
matrix product density operator (MPDO) in a
vectorised form

|fl(0)Í =
ÿ

s 1
2

,...,sL

Tr [T
(s 1

2
,s1)

. . . T
(s

L≠ 1
2

,sL)
] |s 1

2
. . . sLÍ

= 1
dL

. (49)

The state is defined through ‰ ◊ ‰ matrices
T (si≠1/2,si) (green boxes). In the diagram the hor-
izontal line represents the auxiliary space of bond
dimension ‰. The MPDO is taken to be normal-
ized in the thermodynamic limit

lim
LæŒ

Tr fl(0) = lim
LæŒ

Tr E(0)L = 1, (50)

meaning that the space transfer matrix

E(0) = (51)

has a unique fixed point with eigenvalue one,
which we denote by |—Í È⇤|, i.e.,

lim
LæŒ

E(0)L = |—Í È2| . (52)

with È⇤|—Í = 1.
Graphically, we express the correlations after

time t as:

Cij(t) =

a b

.

(53)

Next, we use condition (i), which results in two
backward propagating light cones originating at
the positions of the operators, connected by two
parts of the circuit consisting of powers of the
transfer matrix E(0):
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w
here
w
e
defined
Èa
i(t)b
j
Í
n

=

Èa
i(t)b
j
Í

≠

Èa
i(t)b
j
Í lr[cf.
(41)].
T
his
can
be
easily
evaluated

using
only
single
qudit
channels.
If
instead
w
e

assum
e
conditions
(i),(ii),and
(iv),w
e
get
sim
-

ilar
diagram
s,
but
this
tim
e
the
evolution
starts

by
going
left
w
ith
a
possible
turn
to
the
right.
It

reads
(for
|i
≠

j
|
<
t)

Èa
i(t)b
j
Í
n

=

(46)

” (1 2+
j)œ
Z”
iœ
Z
Èa
|
M

t+
i≠
j≠

1 2

+

E 1
M

t≠
(i≠
j)≠

1 2

≠

|b
Í
.

A
sw
e
have
seen,forthe
tim
e-unitallocalchan-

nels
it
is
enough
to
dem
and
only
one
ofthe
space

unitality
conditions
to
sim
plify
the
expressions.

Indeed,the
resulting
equations
contain
only
sin-

gle
qudit
channels,w
hich
can
be
effi
ciently
eval-

uated.
T
he
resulting
correlations
are,in
contrast

to
3-w
ay
space
unitality
and
dual-unitarity,non-

zero
inside
the
light
cone
betw
een
operators
on

different
sub-lattices
(integers
or
half
integers).

N
evertheless,there

are
stillnon-zero
correlations

along
the
light
ray,suggesting
the
m
axim
alLieb-

R
obinson
velocity.

M
ore
concretely,let
us
assum
e
that
M

±
have

|¶
Í

as
their
unique
leading
eigenvector
(corre-

sponding
to
eigenvalue
one)
and
no
other
eigen-

value
of
the
sam
e
m
odulus.
D
enote
as
⁄
±
the

sub-leading
eigenvalues.
T
hen
the
correlations,

w
hen
they
are
non-zero,behave

as

Èa
i(t)b
j
Í
n

≥

(⁄
+
⁄
≠)t3

⁄
+ ⁄

≠
4
i≠
j

.

(47)

T
herefore
at
fixed
t
the
correlations
grow
or
de-

cay
exponentially
in
i
≠

j,depending
on
the
ratio

of
the
eigenvalues.
T
his
contrasts
the
zero
cor-

relations
inside
the
light-cone
that
appear
in
the

case
of4-w
ay
unitalchannels

and
dual-unitaries.

4
.2

S
p
a
tia
l
c
o
rre
la
tio
n
fu
n
c
tio
n
s
a
fte
r
a
q
u
e
n
c
h

N
ext,
w
e
focus
on
spatial
correlations
betw
een

single-site
operators
after
a
quantum
quench

starting
from
an
initialdensity
m
atrix
fl(0):

C
ij(t)
©

d
Tr
a
ib
jfl(t)=

(48)

È#
...a
#
...b
...#
|Q

t
|fl(0)
Í
.

W
ithout
loss
ofgenerality
w
e
assum
e
i
<
j.

For
the
purpose
ofpresentation,let

us
restrict

ourselves
to
a
tw
o
sites
translation-invariant

ini-

tial
states.
T
he
discussion
straightforw
ardly
ex-

tends
to
the
non-transnational

invariant
case.

W
ithout
loss
of
generality
w
e
w
rite
them
as
a

m
atrix
product
density
operator
(M
P
D
O
)
in
a

vectorised
form

|fl(0)
Í=

ÿ
s
1 2
,...,s
LTr[T

(s
1 2
,s 1)

...T
(s
L
≠

1 2
,s
L) ]
|s
1 2
...s
L
Í

=
1 d

L

.

(49)

T
he
state
is
defined
through
‰
◊

‰
m
atrices

T
(s
i≠
1
/2,s
i) (green
boxes).
In
the
diagram
the
hor-

izontalline
representsthe
auxiliary
space
ofbond

dim
ension
‰.
T
he
M
P
D
O
is
taken
to
be
norm
al-

ized
in
the
therm
odynam
ic
lim
it

lim
L
æ
Œ

Tr
fl(0)=
lim

L
æ
Œ

Tr
E
(0)L
=
1,

(50)

m
eaning
that
the
space
transfer
m
atrix

E
(0)=

(51)

has
a
unique
fixed
point
w
ith
eigenvalue
one,

w
hich
w
e
denote
by
|—

Í
È⇤
|,i.e.,

lim
L
æ
Œ

E
(0)L
=
|—

Í
È2
|.

(52)

w
ith
È⇤
|—

Í=
1.

G
raphically,
w
e
express
the
correlations
after

tim
e
t
as:

C
ij(t)=

a

b
.

(53)

N
ext,
w
e
use
condition
(i),
w
hich
results
in
tw
o

backw
ard
propagating
light
cones
originating
at

the
positions
ofthe
operators,connected

by
tw
o

parts
of
the
circuit
consisting
of
pow
ers
of
the

transfer
m
atrix
E
(0):
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tr[ωt
a

Cij(t) =

a b

. (54)

In our particular example, we have only one E(0)
in the middle, but in general the number of E(0)
depends on the separation7 j ≠ i as j ≠ i ≠ 2t + 1

2 .
In the thermodynamic limit we can substitute the
outer part of the MPDO using Eq.(52).

The above discussion assumed periodic bound-
ary conditions, where we needed to take L to be
large. If instead we consider open boundary con-
ditions with completely depolarising channels at
the edges, we can perform simplifications and ob-
tain the exact same expression even for finite sys-
tems. We need also to specify the boundary ten-
sors for MPDO, which need to be 2 and — at
the left and right boundary respectively.

We have already vastly simplified the expres-
sions, but the evaluation of the left/right light
cone can in principle still be exponentially (in t)
hard. To streamline the expression further we
need to contract the left and right edges, and

. This leads us to define that a MPDO is
solvable if the following equations hold

= , = . (55)

In this way, we arrived at a generalisation of the
initial solvable matrix product states (MPS) in-
troduced in [14] for pure states and dual-unitary
evolution. In that case, the solvable MPS were
classified by the connection that their local ten-
sors are unitaries acting on the combined auxil-
iary and physical space. We make an analogue
classification for MPDO with a local purification
in the next section 5. In this section we take the
conditions as given, and derive exact results using
them.

If our local channels satisfy conditions (iii) or
(iv), we can use them together with the MPDO
solvability condition (55) to simplify the left or

7
Remember that j is an integer, i a half-integer, and

i < j.

right light cone correspondingly. When simplify-
ing left or right light cone, we obtain zero if i is
integer or j half-integer, respectively. Assuming
both (iii) and (iv), we simplify both parts and
obtain for our particular positions of a and b

Cij(t) =

a b

.

(56)
Instead, if the separation j ≠ i is shorter than 2t,
we obtain

Cij(t) =

a b

. (57)

Both kinds of expressions can be efficiently evalu-
ated as actions of single qudit channels M±. For
i half-integer, j integer and separation s = j ≠ i,
the result reads:

Cij(t)=
I

Èab| (M≠ ¢ M+)2t
|I(s ≠ 2t + 1

2)Í, s > 2t,

Èab| (M≠ ¢ M+)s≠ 1
2 q |##Í , s < 2t,

(58)
where

|I(x)Í =

Y
____]

____[

, x = 1,

x ≠ 2 times E(0)
, x > 1.

(59)
Notice that for j ≠ i < 2t there is no informa-

tion about the initial state (cf. (57)). This means
that we obtained exact expressions for the two-
point correlation functions in the steady state,

Accepted in Quantum 2023-05-09, click title to verify. Published under CC-BY 4.0. 13

consideredfromrighttoleft.Equivalently,this
correspondstounitalityintheleft-to-rightspace
direction.Assuch,wesaythatqis

(iii)LeftUnital(LU):
ÿ

k

(Ẽk)†Ẽk=,

È##|q̃=È##|,=.(13)

Herethe≥operatorchangestheinput(output)
legsofEkinthesamewayasforq.

Analogously,wemaydemandthattheleft-to-
rightevolutionisasquantumchannel,resulting
inqbeing

(iv)RightUnital(RU):
ÿ

k

Ẽk(Ẽk)†=,

q̃|##Í=|##Í,=.(14)

Inthefollowing,weconsiderfamiliesofmod-
elswhichsatisfydifferentcombinationsofthe
aforementionedconditions,whichwesummarise
inTab.1.Duetothephysicalrelevanceofquan-
tumchannels,wehenceforthalwaysassumeprop-
erty(i).If,inaddition,oneofthe(iii)-(iv)holds,
wewillrefertosuchquantumchannelsas2-way
unital,andsimilarly,fortwoconditionsoutof
(ii)-(iv),wewillrefertothemas3-wayunital.In
thisclass,therearetwopossibilitieswithdifferent
physicalconsequences.Thefirstfamilyis3-way
timeunitalchannels,whichsatisfiesconditions
(i)-(iii)[or(i),(ii),and(iv)],andthesecondfam-
ilyis3-wayspaceunitalchannels,whichsatisfies
conditions(i),(iii),and(iv).Thelastpossibil-
ityiswhenallconditions(i)-(iv)aresatisfied,in
whichcasewecallthequantumchannel4-way
unital.Wewillmomentarilyshowthatthisis
indeedpossible,i.e.,thereexistnontrivialrepre-
sentativesbelongingstrictlytoeachoftheabove
classes.

Letusstressthatconvexcombinations(aver-
ages)ofdual-unitarygateswillalwaysyielda
subsetof4-wayunitalexamples,andotherfami-
liescannotbeachievedinthisway.However,as
wewillsubsequentlyshow,3-wayunitalityturns
outtobesufficientforexactsolvability.

2.3Perfectquantumchannels

Perfecttensorswereintroducedin[47]asthe
buildingblocksofexactlysolvabletoymodelsfor
theAdS/CFTcorrespondence,andalsoindepen-
dentlyin[48]wherethecorrespondingmatrices

werecalledtwo-unitary.Theyaretensorswithan
evennumberofindiceswhosedefiningproperty
isthatanybalancedbipartitionoftheseindices
intoinputsandoutputsgivesaunitarytransfor-
mation1.

Inanalogytoperfecttensors,wedefineperfect
channels.Notonlydotheysatisfyconditions(i)-
(iv),butalsothediagonalunitalityconditions:

(v):
ÿ

k

(̂EkS)̂(SE†
k)=,=,(15)

(vi):
ÿ

k

(̂SE†
k)̂(EkS)=,=,(16)

whereSistheswapoperator.Thesimplestex-
ampleofaperfectchannelisthecompletelyde-
polarisingmap

T(·)=Tr(·)
d2.

Itfulfilsallconditions(i)-(vi),asisapparentfrom
itsfoldedgraphicalrepresentation:

=.(17)

Remarkably,incontrasttoperfecttensorswhich
existonlyfordØ3[26],perfectchannelsexist
alreadyforqubits(d=2).Asystematicwayof
constructingthemwillfollowinthenextsection.

3StructureofSpace-TimeUnital

QuantumChannels

Hereweinvestigatefurtherthegeneralstruc-
tureofthepreviouslyintroducedfamiliesofmod-
els.Specifically,afterreformulatingthecon-
straints(i)-(vi)throughthechannel-stateduality,
wedeterminethedimensionsofthecorrespond-
ingmanifoldsofquantumchannelsbycounting

1
Assuch,theyarecloselyconnectedwithabsolutely

maximallyentangledstates[48],i.e.,multipartitestates

thathavemaximallymixedmarginalsaftertracingoutat

leasthalfofthesystem.Thisconnectioncanbeantici-

patedbyrecallingthateverybipartitemaximallyentan-

gledstatesisincorrespondencewithavectorisedunitary

(sinceTrB(|UÍABÈU|)=)[45].Inthecaseoffourin-

dices,theperfecttensorconditionsareequivalenttouni-

tarity,dual-unitarityandunitarityofthepartialtrans-

pose(T-duality)[26].Thelastconditionmakestheclass

morerestrictivethandual-unitarity.Notethatthema-

tricescorrespondingtoperfecttensorsarealsocalled2-

unitaries[48],whicharenottobeconfusedwithdual-

unitarymatrices.
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Cij(t) =

a b

. (54)

In our particular example, we have only one E(0)
in the middle, but in general the number of E(0)
depends on the separation7 j ≠ i as j ≠ i ≠ 2t + 1

2 .
In the thermodynamic limit we can substitute the
outer part of the MPDO using Eq.(52).

The above discussion assumed periodic bound-
ary conditions, where we needed to take L to be
large. If instead we consider open boundary con-
ditions with completely depolarising channels at
the edges, we can perform simplifications and ob-
tain the exact same expression even for finite sys-
tems. We need also to specify the boundary ten-
sors for MPDO, which need to be 2 and — at
the left and right boundary respectively.

We have already vastly simplified the expres-
sions, but the evaluation of the left/right light
cone can in principle still be exponentially (in t)
hard. To streamline the expression further we
need to contract the left and right edges, and

. This leads us to define that a MPDO is
solvable if the following equations hold

= , = . (55)

In this way, we arrived at a generalisation of the
initial solvable matrix product states (MPS) in-
troduced in [14] for pure states and dual-unitary
evolution. In that case, the solvable MPS were
classified by the connection that their local ten-
sors are unitaries acting on the combined auxil-
iary and physical space. We make an analogue
classification for MPDO with a local purification
in the next section 5. In this section we take the
conditions as given, and derive exact results using
them.

If our local channels satisfy conditions (iii) or
(iv), we can use them together with the MPDO
solvability condition (55) to simplify the left or

7
Remember that j is an integer, i a half-integer, and

i < j.

right light cone correspondingly. When simplify-
ing left or right light cone, we obtain zero if i is
integer or j half-integer, respectively. Assuming
both (iii) and (iv), we simplify both parts and
obtain for our particular positions of a and b

Cij(t) =

a b

.

(56)
Instead, if the separation j ≠ i is shorter than 2t,
we obtain

Cij(t) =

a b

. (57)

Both kinds of expressions can be efficiently evalu-
ated as actions of single qudit channels M±. For
i half-integer, j integer and separation s = j ≠ i,
the result reads:

Cij(t)=
I

Èab| (M≠ ¢ M+)2t
|I(s ≠ 2t + 1

2)Í, s > 2t,

Èab| (M≠ ¢ M+)s≠ 1
2 q |##Í , s < 2t,

(58)
where

|I(x)Í =

Y
____]

____[

, x = 1,

x ≠ 2 times E(0)
, x > 1.

(59)
Notice that for j ≠ i < 2t there is no informa-

tion about the initial state (cf. (57)). This means
that we obtained exact expressions for the two-
point correlation functions in the steady state,

Accepted in Quantum 2023-05-09, click title to verify. Published under CC-BY 4.0. 13

<latexit sha1_base64="ujRPnZD9wAoTBanNcL4IUEAgo2s=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSIIQklEqseiF48V7Ae0oWy2k3bpZhN2N0KJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaLSPJYPZpygH9GB5CFn1Fip80TOSVdRORDYK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m508IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSE137GZZIalGy+KEwFMTGZ/k/6XCEzYmwJZYrbWwkbUkWZsSkVbQje4svLpHlR8aqV6v1luXaTx1GAYziBM/DgCmpwB3VoAIMYnuEV3hzjvDjvzse8dcXJZ47gD5zPH18gkK8=</latexit>

|+→

<latexit sha1_base64="wU9N8iAZUxUZhrRaMUhOas7zCJM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq0H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4Axu+M8A==</latexit>a



COMPUTING CORRELATIONS

- Right unitality

considered from right to left. Equivalently, this
corresponds to unitality in the left-to-right space
direction. As such, we say that q is

(iii) Left Unital (LU):
ÿ

k

(Ẽk)†Ẽk = ,

È##| q̃ = È##| , = . (13)

Here the ≥ operator changes the input (output)
legs of Ek in the same way as for q.

Analogously, we may demand that the left-to-
right evolution is as quantum channel, resulting
in q being

(iv) Right Unital (RU):
ÿ

k

Ẽk(Ẽk)† = ,

q̃ |##Í = |##Í , = . (14)

In the following, we consider families of mod-
els which satisfy different combinations of the
aforementioned conditions, which we summarise
in Tab. 1. Due to the physical relevance of quan-
tum channels, we henceforth always assume prop-
erty (i). If, in addition, one of the (iii)-(iv) holds,
we will refer to such quantum channels as 2-way
unital, and similarly, for two conditions out of
(ii)-(iv), we will refer to them as 3-way unital. In
this class, there are two possibilities with different
physical consequences. The first family is 3-way
time unital channels, which satisfies conditions
(i)-(iii) [or (i), (ii), and (iv)], and the second fam-
ily is 3-way space unital channels, which satisfies
conditions (i), (iii), and (iv). The last possibil-
ity is when all conditions (i)-(iv) are satisfied, in
which case we call the quantum channel 4-way
unital. We will momentarily show that this is
indeed possible, i.e., there exist nontrivial repre-
sentatives belonging strictly to each of the above
classes.

Let us stress that convex combinations (aver-
ages) of dual-unitary gates will always yield a
subset of 4-way unital examples, and other fami-
lies cannot be achieved in this way. However, as
we will subsequently show, 3-way unitality turns
out to be sufficient for exact solvability.

2.3 Perfect quantum channels

Perfect tensors were introduced in [47] as the
building blocks of exactly solvable toy models for
the AdS/CFT correspondence, and also indepen-
dently in [48] where the corresponding matrices

were called two-unitary. They are tensors with an
even number of indices whose defining property
is that any balanced bipartition of these indices
into inputs and outputs gives a unitary transfor-
mation1.

In analogy to perfect tensors, we define perfect
channels. Not only do they satisfy conditions (i)-
(iv), but also the diagonal unitality conditions:

(v):
ÿ

k

(̂EkS)(̂SE†
k) = , = , (15)

(vi):
ÿ

k

(̂SE†
k)(̂EkS) = , = , (16)

where S is the swap operator. The simplest ex-
ample of a perfect channel is the completely de-
polarising map

T (·) = Tr (·)
d2 .

It fulfils all conditions (i)-(vi), as is apparent from
its folded graphical representation:

= . (17)

Remarkably, in contrast to perfect tensors which
exist only for d Ø 3 [26], perfect channels exist
already for qubits (d = 2). A systematic way of
constructing them will follow in the next section.

3 Structure of Space-Time Unital

Quantum Channels

Here we investigate further the general struc-
ture of the previously introduced families of mod-
els. Specifically, after reformulating the con-
straints (i)-(vi) through the channel-state duality,
we determine the dimensions of the correspond-
ing manifolds of quantum channels by counting

1
As such, they are closely connected with absolutely

maximally entangled states [48], i.e., multipartite states

that have maximally mixed marginals after tracing out at

least half of the system. This connection can be antici-

pated by recalling that every bipartite maximally entan-

gled states is in correspondence with a vectorised unitary

(since Tr B(|UÍABÈU |) = ) [45]. In the case of four in-

dices, the perfect tensor conditions are equivalent to uni-

tarity, dual-unitarity and unitarity of the partial trans-

pose (T-duality) [26]. The last condition makes the class

more restrictive than dual-unitarity. Note that the ma-

trices corresponding to perfect tensors are also called 2-

unitaries [48], which are not to be confused with dual-

unitary matrices.
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tr[ωaiωai+2t EU [(U
†|ε0→↑ε0|U)]]
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tr[ωt
a

consideredfromrighttoleft.Equivalently,this
correspondstounitalityintheleft-to-rightspace
direction.Assuch,wesaythatqis

(iii)LeftUnital(LU):
ÿ

k

(Ẽk)†Ẽk=,

È##|q̃=È##|,=.(13)

Herethe≥operatorchangestheinput(output)
legsofEkinthesamewayasforq.

Analogously,wemaydemandthattheleft-to-
rightevolutionisasquantumchannel,resulting
inqbeing

(iv)RightUnital(RU):
ÿ

k

Ẽk(Ẽk)†=,

q̃|##Í=|##Í,=.(14)

Inthefollowing,weconsiderfamiliesofmod-
elswhichsatisfydifferentcombinationsofthe
aforementionedconditions,whichwesummarise
inTab.1.Duetothephysicalrelevanceofquan-
tumchannels,wehenceforthalwaysassumeprop-
erty(i).If,inaddition,oneofthe(iii)-(iv)holds,
wewillrefertosuchquantumchannelsas2-way
unital,andsimilarly,fortwoconditionsoutof
(ii)-(iv),wewillrefertothemas3-wayunital.In
thisclass,therearetwopossibilitieswithdifferent
physicalconsequences.Thefirstfamilyis3-way
timeunitalchannels,whichsatisfiesconditions
(i)-(iii)[or(i),(ii),and(iv)],andthesecondfam-
ilyis3-wayspaceunitalchannels,whichsatisfies
conditions(i),(iii),and(iv).Thelastpossibil-
ityiswhenallconditions(i)-(iv)aresatisfied,in
whichcasewecallthequantumchannel4-way
unital.Wewillmomentarilyshowthatthisis
indeedpossible,i.e.,thereexistnontrivialrepre-
sentativesbelongingstrictlytoeachoftheabove
classes.

Letusstressthatconvexcombinations(aver-
ages)ofdual-unitarygateswillalwaysyielda
subsetof4-wayunitalexamples,andotherfami-
liescannotbeachievedinthisway.However,as
wewillsubsequentlyshow,3-wayunitalityturns
outtobesufficientforexactsolvability.

2.3Perfectquantumchannels

Perfecttensorswereintroducedin[47]asthe
buildingblocksofexactlysolvabletoymodelsfor
theAdS/CFTcorrespondence,andalsoindepen-
dentlyin[48]wherethecorrespondingmatrices

werecalledtwo-unitary.Theyaretensorswithan
evennumberofindiceswhosedefiningproperty
isthatanybalancedbipartitionoftheseindices
intoinputsandoutputsgivesaunitarytransfor-
mation1.

Inanalogytoperfecttensors,wedefineperfect
channels.Notonlydotheysatisfyconditions(i)-
(iv),butalsothediagonalunitalityconditions:

(v):
ÿ

k

(̂EkS)̂(SE†
k)=,=,(15)

(vi):
ÿ

k

(̂SE†
k)̂(EkS)=,=,(16)

whereSistheswapoperator.Thesimplestex-
ampleofaperfectchannelisthecompletelyde-
polarisingmap

T(·)=Tr(·)
d2.

Itfulfilsallconditions(i)-(vi),asisapparentfrom
itsfoldedgraphicalrepresentation:

=.(17)

Remarkably,incontrasttoperfecttensorswhich
existonlyfordØ3[26],perfectchannelsexist
alreadyforqubits(d=2).Asystematicwayof
constructingthemwillfollowinthenextsection.

3StructureofSpace-TimeUnital

QuantumChannels

Hereweinvestigatefurtherthegeneralstruc-
tureofthepreviouslyintroducedfamiliesofmod-
els.Specifically,afterreformulatingthecon-
straints(i)-(vi)throughthechannel-stateduality,
wedeterminethedimensionsofthecorrespond-
ingmanifoldsofquantumchannelsbycounting

1
Assuch,theyarecloselyconnectedwithabsolutely

maximallyentangledstates[48],i.e.,multipartitestates

thathavemaximallymixedmarginalsaftertracingoutat

leasthalfofthesystem.Thisconnectioncanbeantici-

patedbyrecallingthateverybipartitemaximallyentan-

gledstatesisincorrespondencewithavectorisedunitary

(sinceTrB(|UÍABÈU|)=)[45].Inthecaseoffourin-

dices,theperfecttensorconditionsareequivalenttouni-

tarity,dual-unitarityandunitarityofthepartialtrans-

pose(T-duality)[26].Thelastconditionmakestheclass

morerestrictivethandual-unitarity.Notethatthema-

tricescorrespondingtoperfecttensorsarealsocalled2-

unitaries[48],whicharenottobeconfusedwithdual-

unitarymatrices.
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Cij(t) =

a b

. (54)

In our particular example, we have only one E(0)
in the middle, but in general the number of E(0)
depends on the separation7 j ≠ i as j ≠ i ≠ 2t + 1

2 .
In the thermodynamic limit we can substitute the
outer part of the MPDO using Eq.(52).

The above discussion assumed periodic bound-
ary conditions, where we needed to take L to be
large. If instead we consider open boundary con-
ditions with completely depolarising channels at
the edges, we can perform simplifications and ob-
tain the exact same expression even for finite sys-
tems. We need also to specify the boundary ten-
sors for MPDO, which need to be 2 and — at
the left and right boundary respectively.

We have already vastly simplified the expres-
sions, but the evaluation of the left/right light
cone can in principle still be exponentially (in t)
hard. To streamline the expression further we
need to contract the left and right edges, and

. This leads us to define that a MPDO is
solvable if the following equations hold

= , = . (55)

In this way, we arrived at a generalisation of the
initial solvable matrix product states (MPS) in-
troduced in [14] for pure states and dual-unitary
evolution. In that case, the solvable MPS were
classified by the connection that their local ten-
sors are unitaries acting on the combined auxil-
iary and physical space. We make an analogue
classification for MPDO with a local purification
in the next section 5. In this section we take the
conditions as given, and derive exact results using
them.

If our local channels satisfy conditions (iii) or
(iv), we can use them together with the MPDO
solvability condition (55) to simplify the left or

7
Remember that j is an integer, i a half-integer, and

i < j.

right light cone correspondingly. When simplify-
ing left or right light cone, we obtain zero if i is
integer or j half-integer, respectively. Assuming
both (iii) and (iv), we simplify both parts and
obtain for our particular positions of a and b

Cij(t) =

a b

.

(56)
Instead, if the separation j ≠ i is shorter than 2t,
we obtain

Cij(t) =

a b

. (57)

Both kinds of expressions can be efficiently evalu-
ated as actions of single qudit channels M±. For
i half-integer, j integer and separation s = j ≠ i,
the result reads:

Cij(t)=
I

Èab| (M≠ ¢ M+)2t
|I(s ≠ 2t + 1

2)Í, s > 2t,

Èab| (M≠ ¢ M+)s≠ 1
2 q |##Í , s < 2t,

(58)
where

|I(x)Í =

Y
____]

____[

, x = 1,

x ≠ 2 times E(0)
, x > 1.

(59)
Notice that for j ≠ i < 2t there is no informa-

tion about the initial state (cf. (57)). This means
that we obtained exact expressions for the two-
point correlation functions in the steady state,
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Cij(t) =

a b

. (54)

In our particular example, we have only one E(0)
in the middle, but in general the number of E(0)
depends on the separation7 j ≠ i as j ≠ i ≠ 2t + 1

2 .
In the thermodynamic limit we can substitute the
outer part of the MPDO using Eq.(52).

The above discussion assumed periodic bound-
ary conditions, where we needed to take L to be
large. If instead we consider open boundary con-
ditions with completely depolarising channels at
the edges, we can perform simplifications and ob-
tain the exact same expression even for finite sys-
tems. We need also to specify the boundary ten-
sors for MPDO, which need to be 2 and — at
the left and right boundary respectively.

We have already vastly simplified the expres-
sions, but the evaluation of the left/right light
cone can in principle still be exponentially (in t)
hard. To streamline the expression further we
need to contract the left and right edges, and

. This leads us to define that a MPDO is
solvable if the following equations hold

= , = . (55)

In this way, we arrived at a generalisation of the
initial solvable matrix product states (MPS) in-
troduced in [14] for pure states and dual-unitary
evolution. In that case, the solvable MPS were
classified by the connection that their local ten-
sors are unitaries acting on the combined auxil-
iary and physical space. We make an analogue
classification for MPDO with a local purification
in the next section 5. In this section we take the
conditions as given, and derive exact results using
them.

If our local channels satisfy conditions (iii) or
(iv), we can use them together with the MPDO
solvability condition (55) to simplify the left or

7
Remember that j is an integer, i a half-integer, and

i < j.

right light cone correspondingly. When simplify-
ing left or right light cone, we obtain zero if i is
integer or j half-integer, respectively. Assuming
both (iii) and (iv), we simplify both parts and
obtain for our particular positions of a and b

Cij(t) =

a b

.

(56)
Instead, if the separation j ≠ i is shorter than 2t,
we obtain

Cij(t) =

a b

. (57)

Both kinds of expressions can be efficiently evalu-
ated as actions of single qudit channels M±. For
i half-integer, j integer and separation s = j ≠ i,
the result reads:

Cij(t)=
I

Èab| (M≠ ¢ M+)2t
|I(s ≠ 2t + 1

2)Í, s > 2t,

Èab| (M≠ ¢ M+)s≠ 1
2 q |##Í , s < 2t,

(58)
where

|I(x)Í =

Y
____]

____[

, x = 1,

x ≠ 2 times E(0)
, x > 1.

(59)
Notice that for j ≠ i < 2t there is no informa-

tion about the initial state (cf. (57)). This means
that we obtained exact expressions for the two-
point correlation functions in the steady state,
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COMPUTING CORRELATIONS

Matrix multiplication

4.1.1 3-way space unitality

Assuming the right unitality condition (iv), we
simplify the diagram also from the right side.
Therefore we obtain an analogue of the dual-
unitary result [13], even without assuming (time)
unitality. The correlations are exactly equal to
zero, except if they lie on the same light ray. An
example of non-zero correlation is:

Èai(t)bjÍ =

b

a

. (38)

These correlations are expressed using a single
qudit channels

M+ = , M≠ = , (39)

which can be expressed as (non-vectorised) su-
peroperators

M+(o) = Tr 1

A
ÿ

k

Ek(o ¢ )E†
k

B

, (40a)

M≠(o) = Tr 2

A
ÿ

k

Ek( ¢ o)E†
k

B

. (40b)

The correlations are thus equal to:

Èai(t)bjÍlr = (41)

”|i≠j|,t
1
”jœZ Èa| M

2t
+ |bÍ + ”( 1

2 +j)œZ Èa| M
2t
≠ |bÍ

2
.

We introduced the subscript lr (light ray) for later
reference. Since this expression only involves ac-
tions of single qudit channels, it can be evaluated
efficiently. Notice that even though q may be non-
unital, M± are always both trace-preserving and
unital, as a consequence of the space unitality
conditions.

We see that 3-way space unitality and 4-way
unitality show the same physical behaviour of the
correlation functions as in dual-unitary circuits,
even-though the former cases are much more gen-
eral. In particular, correlations stay exactly zero
inside the light cone. Moreover, the correlations
on the light ray pinpoint the fact that the Lieb-
Robinson velocity of these circuits is the maximal
one allowed by the geometry [20].

The long time behaviour of the correlations will
be given by the leading eigenvalue of M±. Gener-
ically, the correlations on the light ray will de-
cay exponentially, signalling ergodic and mixing
behaviour, but one can recover the ergodic hi-
erarchy, as in the dual-unitary case [13, 25, 26].
In contrast to the generic behaviour, all or some
correlations might remain constant in time cor-
responding to noninteracting and nonergodic be-
haviour, respectively. Or some correlations may
remain oscillating, corresponding to ergodic but
nonmixing behaviour. Here we can also observe
the so-called Bernoulli case even for qubits, where
all correlations decay to zero in one time step, in
contrast to dual-unitaries for qubits [26].

4.1.2 3-way time unitality

Instead, if we assume conditions (i)-(iii), the sit-
uation again simplifies, but with a slightly richer
behaviour of correlations. In particular, the con-
figuration of Eq. (36) simplifies from the bottom
up and gives non-zero correlations

Èai(t)bjÍ =

b

a

. (42)

This expression generalises the particular solv-
able family of half-dual-unitary reduced gates
from [15]. The expression contains E2, one of the
two additional single qudit channels

E1 = , E2 = . (43)

Explicitly, E2 as a (non-vectorised) superoperator
reads

E2(o) = Tr 2

A
ÿ

k

Ek(o ¢ )E†
k

B

. (44)

Since here we assumed (iii), E1 is trivial. How-
ever, its role becomes important if one assumes
(iv) instead of (iii). The complete expression for
correlations thus reads (for |i ≠ j| < t)

Èai(t)bjÍn = (45)

”jœZ”( 1
2 +i)œZ Èa| M

t≠(i≠j)≠ 1
2

≠ E2M
t+i≠j≠ 1

2
+ |bÍ ,
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Transfer matrices
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tr[ωaiωai+2t EU [(U
†|ε0→↑ε0|U)]]
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tr[ωt
a

Cij(t) =

a b

. (54)

In our particular example, we have only one E(0)
in the middle, but in general the number of E(0)
depends on the separation7 j ≠ i as j ≠ i ≠ 2t + 1

2 .
In the thermodynamic limit we can substitute the
outer part of the MPDO using Eq.(52).

The above discussion assumed periodic bound-
ary conditions, where we needed to take L to be
large. If instead we consider open boundary con-
ditions with completely depolarising channels at
the edges, we can perform simplifications and ob-
tain the exact same expression even for finite sys-
tems. We need also to specify the boundary ten-
sors for MPDO, which need to be 2 and — at
the left and right boundary respectively.

We have already vastly simplified the expres-
sions, but the evaluation of the left/right light
cone can in principle still be exponentially (in t)
hard. To streamline the expression further we
need to contract the left and right edges, and

. This leads us to define that a MPDO is
solvable if the following equations hold

= , = . (55)

In this way, we arrived at a generalisation of the
initial solvable matrix product states (MPS) in-
troduced in [14] for pure states and dual-unitary
evolution. In that case, the solvable MPS were
classified by the connection that their local ten-
sors are unitaries acting on the combined auxil-
iary and physical space. We make an analogue
classification for MPDO with a local purification
in the next section 5. In this section we take the
conditions as given, and derive exact results using
them.

If our local channels satisfy conditions (iii) or
(iv), we can use them together with the MPDO
solvability condition (55) to simplify the left or

7
Remember that j is an integer, i a half-integer, and

i < j.

right light cone correspondingly. When simplify-
ing left or right light cone, we obtain zero if i is
integer or j half-integer, respectively. Assuming
both (iii) and (iv), we simplify both parts and
obtain for our particular positions of a and b

Cij(t) =

a b

.

(56)
Instead, if the separation j ≠ i is shorter than 2t,
we obtain

Cij(t) =

a b

. (57)

Both kinds of expressions can be efficiently evalu-
ated as actions of single qudit channels M±. For
i half-integer, j integer and separation s = j ≠ i,
the result reads:

Cij(t)=
I

Èab| (M≠ ¢ M+)2t
|I(s ≠ 2t + 1

2)Í, s > 2t,

Èab| (M≠ ¢ M+)s≠ 1
2 q |##Í , s < 2t,

(58)
where

|I(x)Í =

Y
____]

____[

, x = 1,

x ≠ 2 times E(0)
, x > 1.

(59)
Notice that for j ≠ i < 2t there is no informa-

tion about the initial state (cf. (57)). This means
that we obtained exact expressions for the two-
point correlation functions in the steady state,
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Cij(t) =

a b

. (54)

In our particular example, we have only one E(0)
in the middle, but in general the number of E(0)
depends on the separation7 j ≠ i as j ≠ i ≠ 2t + 1

2 .
In the thermodynamic limit we can substitute the
outer part of the MPDO using Eq.(52).

The above discussion assumed periodic bound-
ary conditions, where we needed to take L to be
large. If instead we consider open boundary con-
ditions with completely depolarising channels at
the edges, we can perform simplifications and ob-
tain the exact same expression even for finite sys-
tems. We need also to specify the boundary ten-
sors for MPDO, which need to be 2 and — at
the left and right boundary respectively.

We have already vastly simplified the expres-
sions, but the evaluation of the left/right light
cone can in principle still be exponentially (in t)
hard. To streamline the expression further we
need to contract the left and right edges, and

. This leads us to define that a MPDO is
solvable if the following equations hold

= , = . (55)

In this way, we arrived at a generalisation of the
initial solvable matrix product states (MPS) in-
troduced in [14] for pure states and dual-unitary
evolution. In that case, the solvable MPS were
classified by the connection that their local ten-
sors are unitaries acting on the combined auxil-
iary and physical space. We make an analogue
classification for MPDO with a local purification
in the next section 5. In this section we take the
conditions as given, and derive exact results using
them.

If our local channels satisfy conditions (iii) or
(iv), we can use them together with the MPDO
solvability condition (55) to simplify the left or

7
Remember that j is an integer, i a half-integer, and

i < j.

right light cone correspondingly. When simplify-
ing left or right light cone, we obtain zero if i is
integer or j half-integer, respectively. Assuming
both (iii) and (iv), we simplify both parts and
obtain for our particular positions of a and b

Cij(t) =

a b

.

(56)
Instead, if the separation j ≠ i is shorter than 2t,
we obtain

Cij(t) =

a b

. (57)

Both kinds of expressions can be efficiently evalu-
ated as actions of single qudit channels M±. For
i half-integer, j integer and separation s = j ≠ i,
the result reads:

Cij(t)=
I

Èab| (M≠ ¢ M+)2t
|I(s ≠ 2t + 1

2)Í, s > 2t,

Èab| (M≠ ¢ M+)s≠ 1
2 q |##Í , s < 2t,

(58)
where

|I(x)Í =

Y
____]

____[

, x = 1,

x ≠ 2 times E(0)
, x > 1.

(59)
Notice that for j ≠ i < 2t there is no informa-

tion about the initial state (cf. (57)). This means
that we obtained exact expressions for the two-
point correlation functions in the steady state,
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consideredfromrighttoleft.Equivalently,this
correspondstounitalityintheleft-to-rightspace
direction.Assuch,wesaythatqis

(iii)LeftUnital(LU):
ÿ

k

(Ẽk)†Ẽk=,

È##|q̃=È##|,=.(13)

Herethe≥operatorchangestheinput(output)
legsofEkinthesamewayasforq.

Analogously,wemaydemandthattheleft-to-
rightevolutionisasquantumchannel,resulting
inqbeing

(iv)RightUnital(RU):
ÿ

k

Ẽk(Ẽk)†=,

q̃|##Í=|##Í,=.(14)

Inthefollowing,weconsiderfamiliesofmod-
elswhichsatisfydifferentcombinationsofthe
aforementionedconditions,whichwesummarise
inTab.1.Duetothephysicalrelevanceofquan-
tumchannels,wehenceforthalwaysassumeprop-
erty(i).If,inaddition,oneofthe(iii)-(iv)holds,
wewillrefertosuchquantumchannelsas2-way
unital,andsimilarly,fortwoconditionsoutof
(ii)-(iv),wewillrefertothemas3-wayunital.In
thisclass,therearetwopossibilitieswithdifferent
physicalconsequences.Thefirstfamilyis3-way
timeunitalchannels,whichsatisfiesconditions
(i)-(iii)[or(i),(ii),and(iv)],andthesecondfam-
ilyis3-wayspaceunitalchannels,whichsatisfies
conditions(i),(iii),and(iv).Thelastpossibil-
ityiswhenallconditions(i)-(iv)aresatisfied,in
whichcasewecallthequantumchannel4-way
unital.Wewillmomentarilyshowthatthisis
indeedpossible,i.e.,thereexistnontrivialrepre-
sentativesbelongingstrictlytoeachoftheabove
classes.

Letusstressthatconvexcombinations(aver-
ages)ofdual-unitarygateswillalwaysyielda
subsetof4-wayunitalexamples,andotherfami-
liescannotbeachievedinthisway.However,as
wewillsubsequentlyshow,3-wayunitalityturns
outtobesufficientforexactsolvability.

2.3Perfectquantumchannels

Perfecttensorswereintroducedin[47]asthe
buildingblocksofexactlysolvabletoymodelsfor
theAdS/CFTcorrespondence,andalsoindepen-
dentlyin[48]wherethecorrespondingmatrices

werecalledtwo-unitary.Theyaretensorswithan
evennumberofindiceswhosedefiningproperty
isthatanybalancedbipartitionoftheseindices
intoinputsandoutputsgivesaunitarytransfor-
mation1.

Inanalogytoperfecttensors,wedefineperfect
channels.Notonlydotheysatisfyconditions(i)-
(iv),butalsothediagonalunitalityconditions:

(v):
ÿ

k

(̂EkS)̂(SE†
k)=,=,(15)

(vi):
ÿ

k

(̂SE†
k)̂(EkS)=,=,(16)

whereSistheswapoperator.Thesimplestex-
ampleofaperfectchannelisthecompletelyde-
polarisingmap

T(·)=Tr(·)
d2.

Itfulfilsallconditions(i)-(vi),asisapparentfrom
itsfoldedgraphicalrepresentation:

=.(17)

Remarkably,incontrasttoperfecttensorswhich
existonlyfordØ3[26],perfectchannelsexist
alreadyforqubits(d=2).Asystematicwayof
constructingthemwillfollowinthenextsection.

3StructureofSpace-TimeUnital

QuantumChannels

Hereweinvestigatefurtherthegeneralstruc-
tureofthepreviouslyintroducedfamiliesofmod-
els.Specifically,afterreformulatingthecon-
straints(i)-(vi)throughthechannel-stateduality,
wedeterminethedimensionsofthecorrespond-
ingmanifoldsofquantumchannelsbycounting

1
Assuch,theyarecloselyconnectedwithabsolutely

maximallyentangledstates[48],i.e.,multipartitestates

thathavemaximallymixedmarginalsaftertracingoutat

leasthalfofthesystem.Thisconnectioncanbeantici-

patedbyrecallingthateverybipartitemaximallyentan-

gledstatesisincorrespondencewithavectorisedunitary

(sinceTrB(|UÍABÈU|)=)[45].Inthecaseoffourin-

dices,theperfecttensorconditionsareequivalenttouni-

tarity,dual-unitarityandunitarityofthepartialtrans-

pose(T-duality)[26].Thelastconditionmakestheclass

morerestrictivethandual-unitarity.Notethatthema-

tricescorrespondingtoperfecttensorsarealsocalled2-

unitaries[48],whicharenottobeconfusedwithdual-

unitarymatrices.
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Cij(t) =

a b

. (54)

In our particular example, we have only one E(0)
in the middle, but in general the number of E(0)
depends on the separation7 j ≠ i as j ≠ i ≠ 2t + 1

2 .
In the thermodynamic limit we can substitute the
outer part of the MPDO using Eq.(52).

The above discussion assumed periodic bound-
ary conditions, where we needed to take L to be
large. If instead we consider open boundary con-
ditions with completely depolarising channels at
the edges, we can perform simplifications and ob-
tain the exact same expression even for finite sys-
tems. We need also to specify the boundary ten-
sors for MPDO, which need to be 2 and — at
the left and right boundary respectively.

We have already vastly simplified the expres-
sions, but the evaluation of the left/right light
cone can in principle still be exponentially (in t)
hard. To streamline the expression further we
need to contract the left and right edges, and

. This leads us to define that a MPDO is
solvable if the following equations hold

= , = . (55)

In this way, we arrived at a generalisation of the
initial solvable matrix product states (MPS) in-
troduced in [14] for pure states and dual-unitary
evolution. In that case, the solvable MPS were
classified by the connection that their local ten-
sors are unitaries acting on the combined auxil-
iary and physical space. We make an analogue
classification for MPDO with a local purification
in the next section 5. In this section we take the
conditions as given, and derive exact results using
them.

If our local channels satisfy conditions (iii) or
(iv), we can use them together with the MPDO
solvability condition (55) to simplify the left or

7
Remember that j is an integer, i a half-integer, and

i < j.

right light cone correspondingly. When simplify-
ing left or right light cone, we obtain zero if i is
integer or j half-integer, respectively. Assuming
both (iii) and (iv), we simplify both parts and
obtain for our particular positions of a and b

Cij(t) =

a b

.

(56)
Instead, if the separation j ≠ i is shorter than 2t,
we obtain

Cij(t) =

a b

. (57)

Both kinds of expressions can be efficiently evalu-
ated as actions of single qudit channels M±. For
i half-integer, j integer and separation s = j ≠ i,
the result reads:

Cij(t)=
I

Èab| (M≠ ¢ M+)2t
|I(s ≠ 2t + 1

2)Í, s > 2t,

Èab| (M≠ ¢ M+)s≠ 1
2 q |##Í , s < 2t,

(58)
where

|I(x)Í =

Y
____]

____[

, x = 1,

x ≠ 2 times E(0)
, x > 1.

(59)
Notice that for j ≠ i < 2t there is no informa-

tion about the initial state (cf. (57)). This means
that we obtained exact expressions for the two-
point correlation functions in the steady state,
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AVERAGING TO GET SPACE-TIME CHANNELS

Define an averaging strategy such that the resulting channel is 3-way 

, , , , ,…
<latexit sha1_base64="KBYjCYIwf7tl/MinA3CEndArUfg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFEVxWsA9sh5JJ0zY0kxmSO0IZ+hduXCji1r9x59+YaWeh1QOBwzn3knNPEEth0HW/nMLK6tr6RnGztLW9s7tX3j9omSjRjDdZJCPdCajhUijeRIGSd2LNaRhI3g4m15nffuTaiEjd4zTmfkhHSgwFo2ilh15IcRwE6c2sX664VXcO8pd4OalAjka//NkbRCwJuUImqTFdz43RT6lGwSSflXqJ4TFlEzriXUsVDbnx03niGTmxyoAMI22fQjJXf26kNDRmGgZ2Mktolr1M/M/rJji89FOh4gS5YouPhokkGJHsfDIQmjOUU0so08JmJWxMNWVoSyrZErzlk/+S1lnVq1Vrd+eV+lVeRxGO4BhOwYMLqMMtNKAJDBQ8wQu8OsZ5dt6c98Vowcl3DuEXnI9vrTCQ8A==</latexit>E

<latexit sha1_base64="2JsOf2F/BVQw0jJYQtqoH/sCy1g=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqdPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDvdeM6g==</latexit>

[
<latexit sha1_base64="f8xdOQOpSNAux3tRE7zsMoE15M4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq+P1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBwN+M7A==</latexit>

] <latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>= <latexit sha1_base64="czqcUsY0lBu3KXqoTUUpIorIoGc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WVRBJcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLa+sbmVnm7srO7t39QPTzqGJVqytpUCaV7ITFMcMnawEGwXqIZiUPBuuHkNve7T0wbruQjTBMWxGQkecQpASv5/ZjAmBKR3c0G1Zpbd+fAq8QrSA0VaA2qX/2homnMJFBBjPE9N4EgIxo4FWxW6aeGJYROyIj5lkoSMxNk88gzfGaVIY6Utk8Cnqu/NzISGzONQzuZRzTLXi7+5/kpRNdBxmWSApN08VGUCgwK5/fjIdeMgphaQqjmNiumY6IJBdtSxZbgLZ+8SjoXda9Rbzxc1po3RR1ldIJO0Tny0BVqonvUQm1EkULP6BW9OeC8OO/Ox2K05BQ7x+gPnM8fefSRZg==</latexit>

E 3-way unital



AVERAGING TO GET SPACE-TIME CHANNELS

Define an averaging strategy such that the resulting channel is 3-way 

, , , , ,…
<latexit sha1_base64="KBYjCYIwf7tl/MinA3CEndArUfg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFEVxWsA9sh5JJ0zY0kxmSO0IZ+hduXCji1r9x59+YaWeh1QOBwzn3knNPEEth0HW/nMLK6tr6RnGztLW9s7tX3j9omSjRjDdZJCPdCajhUijeRIGSd2LNaRhI3g4m15nffuTaiEjd4zTmfkhHSgwFo2ilh15IcRwE6c2sX664VXcO8pd4OalAjka//NkbRCwJuUImqTFdz43RT6lGwSSflXqJ4TFlEzriXUsVDbnx03niGTmxyoAMI22fQjJXf26kNDRmGgZ2Mktolr1M/M/rJji89FOh4gS5YouPhokkGJHsfDIQmjOUU0so08JmJWxMNWVoSyrZErzlk/+S1lnVq1Vrd+eV+lVeRxGO4BhOwYMLqMMtNKAJDBQ8wQu8OsZ5dt6c98Vowcl3DuEXnI9vrTCQ8A==</latexit>E

<latexit sha1_base64="2JsOf2F/BVQw0jJYQtqoH/sCy1g=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqdPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDvdeM6g==</latexit>

[
<latexit sha1_base64="f8xdOQOpSNAux3tRE7zsMoE15M4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq+P1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBwN+M7A==</latexit>

] <latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>= <latexit sha1_base64="czqcUsY0lBu3KXqoTUUpIorIoGc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WVRBJcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLa+sbmVnm7srO7t39QPTzqGJVqytpUCaV7ITFMcMnawEGwXqIZiUPBuuHkNve7T0wbruQjTBMWxGQkecQpASv5/ZjAmBKR3c0G1Zpbd+fAq8QrSA0VaA2qX/2homnMJFBBjPE9N4EgIxo4FWxW6aeGJYROyIj5lkoSMxNk88gzfGaVIY6Utk8Cnqu/NzISGzONQzuZRzTLXi7+5/kpRNdBxmWSApN08VGUCgwK5/fjIdeMgphaQqjmNiumY6IJBdtSxZbgLZ+8SjoXda9Rbzxc1po3RR1ldIJO0Tny0BVqonvUQm1EkULP6BW9OeC8OO/Ox2K05BQ7x+gPnM8fefSRZg==</latexit>

E 3-way unital

<latexit sha1_base64="daywqnDK1CExTYV6xdRgBsdujZc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mkVI9FLx4r2A9IQ9lsN+3SzW7YnQgl5Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YSK4Adf9dkobm1vbO+Xdyt7+weFR9fika1SqKetQJZTuh8QwwSXrAAfB+olmJA4F64XTu7nfe2LacCUfYZawICZjySNOCVjJH0Sa0MzLs0Y+rNbcursAXideQWqoQHtY/RqMFE1jJoEKYozvuQkEGdHAqWB5ZZAalhA6JWPmWypJzEyQLU7O8YVVRjhS2pYEvFB/T2QkNmYWh7YzJjAxq95c/M/zU4hugozLJAUm6XJRlAoMCs//xyOuGQUxs4RQze2tmE6ITQFsShUbgrf68jrpXtW9Zr350Ki1bos4yugMnaNL5KFr1EL3qI06iCKFntErenPAeXHenY9la8kpZk7RHzifPz/ckUA=</latexit>

1

4

<latexit sha1_base64="2JsOf2F/BVQw0jJYQtqoH/sCy1g=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqdPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDvdeM6g==</latexit>

[
<latexit sha1_base64="2JsOf2F/BVQw0jJYQtqoH/sCy1g=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqdPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDvdeM6g==</latexit>

[<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+ <latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="mPRS8oqs1MtCkTrnRwAs1qMhR5o=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqdPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDuUuM5w==</latexit>

X
<latexit sha1_base64="v6xj/JJiL0Awf0au9+omAX/20SE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALrPjOg=</latexit>

Y
<latexit sha1_base64="wF9UNcg9VoS4m5MXBKV+QA8JZT4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUeEDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALxTjOk=</latexit>

Z

3-way for any unitary



AVERAGING TO GET SPACE-TIME CHANNELS

Define an averaging strategy such that the resulting channel is 4-way 

, , , , ,…
<latexit sha1_base64="KBYjCYIwf7tl/MinA3CEndArUfg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFEVxWsA9sh5JJ0zY0kxmSO0IZ+hduXCji1r9x59+YaWeh1QOBwzn3knNPEEth0HW/nMLK6tr6RnGztLW9s7tX3j9omSjRjDdZJCPdCajhUijeRIGSd2LNaRhI3g4m15nffuTaiEjd4zTmfkhHSgwFo2ilh15IcRwE6c2sX664VXcO8pd4OalAjka//NkbRCwJuUImqTFdz43RT6lGwSSflXqJ4TFlEzriXUsVDbnx03niGTmxyoAMI22fQjJXf26kNDRmGgZ2Mktolr1M/M/rJji89FOh4gS5YouPhokkGJHsfDIQmjOUU0so08JmJWxMNWVoSyrZErzlk/+S1lnVq1Vrd+eV+lVeRxGO4BhOwYMLqMMtNKAJDBQ8wQu8OsZ5dt6c98Vowcl3DuEXnI9vrTCQ8A==</latexit>E

<latexit sha1_base64="2JsOf2F/BVQw0jJYQtqoH/sCy1g=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqdPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDvdeM6g==</latexit>

[
<latexit sha1_base64="f8xdOQOpSNAux3tRE7zsMoE15M4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq+P1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBwN+M7A==</latexit>
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AVERAGING TO GET SPACE-TIME CHANNELS

1) The averaging procedure retains information about the original unitary

4.1.1 3-way space unitality

Assuming the right unitality condition (iv), we
simplify the diagram also from the right side.
Therefore we obtain an analogue of the dual-
unitary result [13], even without assuming (time)
unitality. The correlations are exactly equal to
zero, except if they lie on the same light ray. An
example of non-zero correlation is:

Èai(t)bjÍ =

b

a

. (38)

These correlations are expressed using a single
qudit channels

M+ = , M≠ = , (39)

which can be expressed as (non-vectorised) su-
peroperators

M+(o) = Tr 1

A
ÿ

k

Ek(o ¢ )E†
k

B

, (40a)

M≠(o) = Tr 2

A
ÿ

k

Ek( ¢ o)E†
k

B

. (40b)

The correlations are thus equal to:

Èai(t)bjÍlr = (41)

”|i≠j|,t
1
”jœZ Èa| M

2t
+ |bÍ + ”( 1

2 +j)œZ Èa| M
2t
≠ |bÍ

2
.

We introduced the subscript lr (light ray) for later
reference. Since this expression only involves ac-
tions of single qudit channels, it can be evaluated
efficiently. Notice that even though q may be non-
unital, M± are always both trace-preserving and
unital, as a consequence of the space unitality
conditions.

We see that 3-way space unitality and 4-way
unitality show the same physical behaviour of the
correlation functions as in dual-unitary circuits,
even-though the former cases are much more gen-
eral. In particular, correlations stay exactly zero
inside the light cone. Moreover, the correlations
on the light ray pinpoint the fact that the Lieb-
Robinson velocity of these circuits is the maximal
one allowed by the geometry [20].

The long time behaviour of the correlations will
be given by the leading eigenvalue of M±. Gener-
ically, the correlations on the light ray will de-
cay exponentially, signalling ergodic and mixing
behaviour, but one can recover the ergodic hi-
erarchy, as in the dual-unitary case [13, 25, 26].
In contrast to the generic behaviour, all or some
correlations might remain constant in time cor-
responding to noninteracting and nonergodic be-
haviour, respectively. Or some correlations may
remain oscillating, corresponding to ergodic but
nonmixing behaviour. Here we can also observe
the so-called Bernoulli case even for qubits, where
all correlations decay to zero in one time step, in
contrast to dual-unitaries for qubits [26].

4.1.2 3-way time unitality

Instead, if we assume conditions (i)-(iii), the sit-
uation again simplifies, but with a slightly richer
behaviour of correlations. In particular, the con-
figuration of Eq. (36) simplifies from the bottom
up and gives non-zero correlations

Èai(t)bjÍ =

b

a

. (42)

This expression generalises the particular solv-
able family of half-dual-unitary reduced gates
from [15]. The expression contains E2, one of the
two additional single qudit channels

E1 = , E2 = . (43)

Explicitly, E2 as a (non-vectorised) superoperator
reads

E2(o) = Tr 2

A
ÿ

k

Ek(o ¢ )E†
k

B

. (44)

Since here we assumed (iii), E1 is trivial. How-
ever, its role becomes important if one assumes
(iv) instead of (iii). The complete expression for
correlations thus reads (for |i ≠ j| < t)

Èai(t)bjÍn = (45)

”jœZ”( 1
2 +i)œZ Èa| M

t≠(i≠j)≠ 1
2

≠ E2M
t+i≠j≠ 1

2
+ |bÍ ,
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Cij(t) =

a b

. (54)

In our particular example, we have only one E(0)
in the middle, but in general the number of E(0)
depends on the separation7 j ≠ i as j ≠ i ≠ 2t + 1

2 .
In the thermodynamic limit we can substitute the
outer part of the MPDO using Eq.(52).

The above discussion assumed periodic bound-
ary conditions, where we needed to take L to be
large. If instead we consider open boundary con-
ditions with completely depolarising channels at
the edges, we can perform simplifications and ob-
tain the exact same expression even for finite sys-
tems. We need also to specify the boundary ten-
sors for MPDO, which need to be 2 and — at
the left and right boundary respectively.

We have already vastly simplified the expres-
sions, but the evaluation of the left/right light
cone can in principle still be exponentially (in t)
hard. To streamline the expression further we
need to contract the left and right edges, and

. This leads us to define that a MPDO is
solvable if the following equations hold

= , = . (55)

In this way, we arrived at a generalisation of the
initial solvable matrix product states (MPS) in-
troduced in [14] for pure states and dual-unitary
evolution. In that case, the solvable MPS were
classified by the connection that their local ten-
sors are unitaries acting on the combined auxil-
iary and physical space. We make an analogue
classification for MPDO with a local purification
in the next section 5. In this section we take the
conditions as given, and derive exact results using
them.

If our local channels satisfy conditions (iii) or
(iv), we can use them together with the MPDO
solvability condition (55) to simplify the left or

7
Remember that j is an integer, i a half-integer, and

i < j.

right light cone correspondingly. When simplify-
ing left or right light cone, we obtain zero if i is
integer or j half-integer, respectively. Assuming
both (iii) and (iv), we simplify both parts and
obtain for our particular positions of a and b

Cij(t) =

a b

.

(56)
Instead, if the separation j ≠ i is shorter than 2t,
we obtain

Cij(t) =

a b

. (57)

Both kinds of expressions can be efficiently evalu-
ated as actions of single qudit channels M±. For
i half-integer, j integer and separation s = j ≠ i,
the result reads:

Cij(t)=
I

Èab| (M≠ ¢ M+)2t
|I(s ≠ 2t + 1

2)Í, s > 2t,

Èab| (M≠ ¢ M+)s≠ 1
2 q |##Í , s < 2t,

(58)
where

|I(x)Í =

Y
____]

____[

, x = 1,

x ≠ 2 times E(0)
, x > 1.

(59)
Notice that for j ≠ i < 2t there is no informa-

tion about the initial state (cf. (57)). This means
that we obtained exact expressions for the two-
point correlation functions in the steady state,
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Cij(t) =

a b

. (54)

In our particular example, we have only one E(0)
in the middle, but in general the number of E(0)
depends on the separation7 j ≠ i as j ≠ i ≠ 2t + 1

2 .
In the thermodynamic limit we can substitute the
outer part of the MPDO using Eq.(52).

The above discussion assumed periodic bound-
ary conditions, where we needed to take L to be
large. If instead we consider open boundary con-
ditions with completely depolarising channels at
the edges, we can perform simplifications and ob-
tain the exact same expression even for finite sys-
tems. We need also to specify the boundary ten-
sors for MPDO, which need to be 2 and — at
the left and right boundary respectively.

We have already vastly simplified the expres-
sions, but the evaluation of the left/right light
cone can in principle still be exponentially (in t)
hard. To streamline the expression further we
need to contract the left and right edges, and

. This leads us to define that a MPDO is
solvable if the following equations hold

= , = . (55)

In this way, we arrived at a generalisation of the
initial solvable matrix product states (MPS) in-
troduced in [14] for pure states and dual-unitary
evolution. In that case, the solvable MPS were
classified by the connection that their local ten-
sors are unitaries acting on the combined auxil-
iary and physical space. We make an analogue
classification for MPDO with a local purification
in the next section 5. In this section we take the
conditions as given, and derive exact results using
them.

If our local channels satisfy conditions (iii) or
(iv), we can use them together with the MPDO
solvability condition (55) to simplify the left or

7
Remember that j is an integer, i a half-integer, and

i < j.

right light cone correspondingly. When simplify-
ing left or right light cone, we obtain zero if i is
integer or j half-integer, respectively. Assuming
both (iii) and (iv), we simplify both parts and
obtain for our particular positions of a and b

Cij(t) =

a b

.

(56)
Instead, if the separation j ≠ i is shorter than 2t,
we obtain

Cij(t) =

a b

. (57)

Both kinds of expressions can be efficiently evalu-
ated as actions of single qudit channels M±. For
i half-integer, j integer and separation s = j ≠ i,
the result reads:

Cij(t)=
I

Èab| (M≠ ¢ M+)2t
|I(s ≠ 2t + 1

2)Í, s > 2t,

Èab| (M≠ ¢ M+)s≠ 1
2 q |##Í , s < 2t,

(58)
where

|I(x)Í =

Y
____]

____[

, x = 1,

x ≠ 2 times E(0)
, x > 1.

(59)
Notice that for j ≠ i < 2t there is no informa-

tion about the initial state (cf. (57)). This means
that we obtained exact expressions for the two-
point correlation functions in the steady state,
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consideredfromrighttoleft.Equivalently,this
correspondstounitalityintheleft-to-rightspace
direction.Assuch,wesaythatqis

(iii)LeftUnital(LU):
ÿ

k

(Ẽk)†Ẽk=,

È##|q̃=È##|,=.(13)

Herethe≥operatorchangestheinput(output)
legsofEkinthesamewayasforq.

Analogously,wemaydemandthattheleft-to-
rightevolutionisasquantumchannel,resulting
inqbeing

(iv)RightUnital(RU):
ÿ

k

Ẽk(Ẽk)†=,

q̃|##Í=|##Í,=.(14)

Inthefollowing,weconsiderfamiliesofmod-
elswhichsatisfydifferentcombinationsofthe
aforementionedconditions,whichwesummarise
inTab.1.Duetothephysicalrelevanceofquan-
tumchannels,wehenceforthalwaysassumeprop-
erty(i).If,inaddition,oneofthe(iii)-(iv)holds,
wewillrefertosuchquantumchannelsas2-way
unital,andsimilarly,fortwoconditionsoutof
(ii)-(iv),wewillrefertothemas3-wayunital.In
thisclass,therearetwopossibilitieswithdifferent
physicalconsequences.Thefirstfamilyis3-way
timeunitalchannels,whichsatisfiesconditions
(i)-(iii)[or(i),(ii),and(iv)],andthesecondfam-
ilyis3-wayspaceunitalchannels,whichsatisfies
conditions(i),(iii),and(iv).Thelastpossibil-
ityiswhenallconditions(i)-(iv)aresatisfied,in
whichcasewecallthequantumchannel4-way
unital.Wewillmomentarilyshowthatthisis
indeedpossible,i.e.,thereexistnontrivialrepre-
sentativesbelongingstrictlytoeachoftheabove
classes.

Letusstressthatconvexcombinations(aver-
ages)ofdual-unitarygateswillalwaysyielda
subsetof4-wayunitalexamples,andotherfami-
liescannotbeachievedinthisway.However,as
wewillsubsequentlyshow,3-wayunitalityturns
outtobesufficientforexactsolvability.

2.3Perfectquantumchannels

Perfecttensorswereintroducedin[47]asthe
buildingblocksofexactlysolvabletoymodelsfor
theAdS/CFTcorrespondence,andalsoindepen-
dentlyin[48]wherethecorrespondingmatrices

werecalledtwo-unitary.Theyaretensorswithan
evennumberofindiceswhosedefiningproperty
isthatanybalancedbipartitionoftheseindices
intoinputsandoutputsgivesaunitarytransfor-
mation1.

Inanalogytoperfecttensors,wedefineperfect
channels.Notonlydotheysatisfyconditions(i)-
(iv),butalsothediagonalunitalityconditions:

(v):
ÿ

k

(̂EkS)̂(SE†
k)=,=,(15)

(vi):
ÿ

k

(̂SE†
k)̂(EkS)=,=,(16)

whereSistheswapoperator.Thesimplestex-
ampleofaperfectchannelisthecompletelyde-
polarisingmap

T(·)=Tr(·)
d2.

Itfulfilsallconditions(i)-(vi),asisapparentfrom
itsfoldedgraphicalrepresentation:

=.(17)

Remarkably,incontrasttoperfecttensorswhich
existonlyfordØ3[26],perfectchannelsexist
alreadyforqubits(d=2).Asystematicwayof
constructingthemwillfollowinthenextsection.

3StructureofSpace-TimeUnital

QuantumChannels

Hereweinvestigatefurtherthegeneralstruc-
tureofthepreviouslyintroducedfamiliesofmod-
els.Specifically,afterreformulatingthecon-
straints(i)-(vi)throughthechannel-stateduality,
wedeterminethedimensionsofthecorrespond-
ingmanifoldsofquantumchannelsbycounting

1
Assuch,theyarecloselyconnectedwithabsolutely

maximallyentangledstates[48],i.e.,multipartitestates

thathavemaximallymixedmarginalsaftertracingoutat

leasthalfofthesystem.Thisconnectioncanbeantici-

patedbyrecallingthateverybipartitemaximallyentan-

gledstatesisincorrespondencewithavectorisedunitary

(sinceTrB(|UÍABÈU|)=)[45].Inthecaseoffourin-

dices,theperfecttensorconditionsareequivalenttouni-

tarity,dual-unitarityandunitarityofthepartialtrans-

pose(T-duality)[26].Thelastconditionmakestheclass

morerestrictivethandual-unitarity.Notethatthema-

tricescorrespondingtoperfecttensorsarealsocalled2-

unitaries[48],whicharenottobeconfusedwithdual-

unitarymatrices.
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Cij(t) =

a b

. (54)

In our particular example, we have only one E(0)
in the middle, but in general the number of E(0)
depends on the separation7 j ≠ i as j ≠ i ≠ 2t + 1

2 .
In the thermodynamic limit we can substitute the
outer part of the MPDO using Eq.(52).

The above discussion assumed periodic bound-
ary conditions, where we needed to take L to be
large. If instead we consider open boundary con-
ditions with completely depolarising channels at
the edges, we can perform simplifications and ob-
tain the exact same expression even for finite sys-
tems. We need also to specify the boundary ten-
sors for MPDO, which need to be 2 and — at
the left and right boundary respectively.

We have already vastly simplified the expres-
sions, but the evaluation of the left/right light
cone can in principle still be exponentially (in t)
hard. To streamline the expression further we
need to contract the left and right edges, and

. This leads us to define that a MPDO is
solvable if the following equations hold

= , = . (55)

In this way, we arrived at a generalisation of the
initial solvable matrix product states (MPS) in-
troduced in [14] for pure states and dual-unitary
evolution. In that case, the solvable MPS were
classified by the connection that their local ten-
sors are unitaries acting on the combined auxil-
iary and physical space. We make an analogue
classification for MPDO with a local purification
in the next section 5. In this section we take the
conditions as given, and derive exact results using
them.

If our local channels satisfy conditions (iii) or
(iv), we can use them together with the MPDO
solvability condition (55) to simplify the left or

7
Remember that j is an integer, i a half-integer, and

i < j.

right light cone correspondingly. When simplify-
ing left or right light cone, we obtain zero if i is
integer or j half-integer, respectively. Assuming
both (iii) and (iv), we simplify both parts and
obtain for our particular positions of a and b

Cij(t) =

a b

.

(56)
Instead, if the separation j ≠ i is shorter than 2t,
we obtain

Cij(t) =

a b

. (57)

Both kinds of expressions can be efficiently evalu-
ated as actions of single qudit channels M±. For
i half-integer, j integer and separation s = j ≠ i,
the result reads:

Cij(t)=
I

Èab| (M≠ ¢ M+)2t
|I(s ≠ 2t + 1

2)Í, s > 2t,

Èab| (M≠ ¢ M+)s≠ 1
2 q |##Í , s < 2t,

(58)
where

|I(x)Í =

Y
____]

____[

, x = 1,

x ≠ 2 times E(0)
, x > 1.

(59)
Notice that for j ≠ i < 2t there is no informa-

tion about the initial state (cf. (57)). This means
that we obtained exact expressions for the two-
point correlation functions in the steady state,
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|+→



AVERAGING TO GET SPACE-TIME CHANNELS

1) The averaging procedure retains information about the original unitary

2) Number of non-Clifford operations in preserved

4.1.1 3-way space unitality

Assuming the right unitality condition (iv), we
simplify the diagram also from the right side.
Therefore we obtain an analogue of the dual-
unitary result [13], even without assuming (time)
unitality. The correlations are exactly equal to
zero, except if they lie on the same light ray. An
example of non-zero correlation is:

Èai(t)bjÍ =

b

a

. (38)

These correlations are expressed using a single
qudit channels

M+ = , M≠ = , (39)

which can be expressed as (non-vectorised) su-
peroperators

M+(o) = Tr 1

A
ÿ

k

Ek(o ¢ )E†
k

B

, (40a)

M≠(o) = Tr 2

A
ÿ

k

Ek( ¢ o)E†
k

B

. (40b)

The correlations are thus equal to:

Èai(t)bjÍlr = (41)

”|i≠j|,t
1
”jœZ Èa| M

2t
+ |bÍ + ”( 1

2 +j)œZ Èa| M
2t
≠ |bÍ

2
.

We introduced the subscript lr (light ray) for later
reference. Since this expression only involves ac-
tions of single qudit channels, it can be evaluated
efficiently. Notice that even though q may be non-
unital, M± are always both trace-preserving and
unital, as a consequence of the space unitality
conditions.

We see that 3-way space unitality and 4-way
unitality show the same physical behaviour of the
correlation functions as in dual-unitary circuits,
even-though the former cases are much more gen-
eral. In particular, correlations stay exactly zero
inside the light cone. Moreover, the correlations
on the light ray pinpoint the fact that the Lieb-
Robinson velocity of these circuits is the maximal
one allowed by the geometry [20].

The long time behaviour of the correlations will
be given by the leading eigenvalue of M±. Gener-
ically, the correlations on the light ray will de-
cay exponentially, signalling ergodic and mixing
behaviour, but one can recover the ergodic hi-
erarchy, as in the dual-unitary case [13, 25, 26].
In contrast to the generic behaviour, all or some
correlations might remain constant in time cor-
responding to noninteracting and nonergodic be-
haviour, respectively. Or some correlations may
remain oscillating, corresponding to ergodic but
nonmixing behaviour. Here we can also observe
the so-called Bernoulli case even for qubits, where
all correlations decay to zero in one time step, in
contrast to dual-unitaries for qubits [26].

4.1.2 3-way time unitality

Instead, if we assume conditions (i)-(iii), the sit-
uation again simplifies, but with a slightly richer
behaviour of correlations. In particular, the con-
figuration of Eq. (36) simplifies from the bottom
up and gives non-zero correlations

Èai(t)bjÍ =

b

a

. (42)

This expression generalises the particular solv-
able family of half-dual-unitary reduced gates
from [15]. The expression contains E2, one of the
two additional single qudit channels

E1 = , E2 = . (43)

Explicitly, E2 as a (non-vectorised) superoperator
reads

E2(o) = Tr 2

A
ÿ

k

Ek(o ¢ )E†
k

B

. (44)

Since here we assumed (iii), E1 is trivial. How-
ever, its role becomes important if one assumes
(iv) instead of (iii). The complete expression for
correlations thus reads (for |i ≠ j| < t)

Èai(t)bjÍn = (45)

”jœZ”( 1
2 +i)œZ Èa| M

t≠(i≠j)≠ 1
2

≠ E2M
t+i≠j≠ 1

2
+ |bÍ ,
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Z

Cij(t) =

a b

. (54)

In our particular example, we have only one E(0)
in the middle, but in general the number of E(0)
depends on the separation7 j ≠ i as j ≠ i ≠ 2t + 1

2 .
In the thermodynamic limit we can substitute the
outer part of the MPDO using Eq.(52).

The above discussion assumed periodic bound-
ary conditions, where we needed to take L to be
large. If instead we consider open boundary con-
ditions with completely depolarising channels at
the edges, we can perform simplifications and ob-
tain the exact same expression even for finite sys-
tems. We need also to specify the boundary ten-
sors for MPDO, which need to be 2 and — at
the left and right boundary respectively.

We have already vastly simplified the expres-
sions, but the evaluation of the left/right light
cone can in principle still be exponentially (in t)
hard. To streamline the expression further we
need to contract the left and right edges, and

. This leads us to define that a MPDO is
solvable if the following equations hold

= , = . (55)

In this way, we arrived at a generalisation of the
initial solvable matrix product states (MPS) in-
troduced in [14] for pure states and dual-unitary
evolution. In that case, the solvable MPS were
classified by the connection that their local ten-
sors are unitaries acting on the combined auxil-
iary and physical space. We make an analogue
classification for MPDO with a local purification
in the next section 5. In this section we take the
conditions as given, and derive exact results using
them.

If our local channels satisfy conditions (iii) or
(iv), we can use them together with the MPDO
solvability condition (55) to simplify the left or

7
Remember that j is an integer, i a half-integer, and

i < j.

right light cone correspondingly. When simplify-
ing left or right light cone, we obtain zero if i is
integer or j half-integer, respectively. Assuming
both (iii) and (iv), we simplify both parts and
obtain for our particular positions of a and b

Cij(t) =

a b

.

(56)
Instead, if the separation j ≠ i is shorter than 2t,
we obtain

Cij(t) =

a b

. (57)

Both kinds of expressions can be efficiently evalu-
ated as actions of single qudit channels M±. For
i half-integer, j integer and separation s = j ≠ i,
the result reads:

Cij(t)=
I

Èab| (M≠ ¢ M+)2t
|I(s ≠ 2t + 1

2)Í, s > 2t,

Èab| (M≠ ¢ M+)s≠ 1
2 q |##Í , s < 2t,

(58)
where

|I(x)Í =

Y
____]

____[

, x = 1,

x ≠ 2 times E(0)
, x > 1.

(59)
Notice that for j ≠ i < 2t there is no informa-

tion about the initial state (cf. (57)). This means
that we obtained exact expressions for the two-
point correlation functions in the steady state,
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Cij(t) =

a b

. (54)

In our particular example, we have only one E(0)
in the middle, but in general the number of E(0)
depends on the separation7 j ≠ i as j ≠ i ≠ 2t + 1

2 .
In the thermodynamic limit we can substitute the
outer part of the MPDO using Eq.(52).

The above discussion assumed periodic bound-
ary conditions, where we needed to take L to be
large. If instead we consider open boundary con-
ditions with completely depolarising channels at
the edges, we can perform simplifications and ob-
tain the exact same expression even for finite sys-
tems. We need also to specify the boundary ten-
sors for MPDO, which need to be 2 and — at
the left and right boundary respectively.

We have already vastly simplified the expres-
sions, but the evaluation of the left/right light
cone can in principle still be exponentially (in t)
hard. To streamline the expression further we
need to contract the left and right edges, and

. This leads us to define that a MPDO is
solvable if the following equations hold

= , = . (55)

In this way, we arrived at a generalisation of the
initial solvable matrix product states (MPS) in-
troduced in [14] for pure states and dual-unitary
evolution. In that case, the solvable MPS were
classified by the connection that their local ten-
sors are unitaries acting on the combined auxil-
iary and physical space. We make an analogue
classification for MPDO with a local purification
in the next section 5. In this section we take the
conditions as given, and derive exact results using
them.

If our local channels satisfy conditions (iii) or
(iv), we can use them together with the MPDO
solvability condition (55) to simplify the left or

7
Remember that j is an integer, i a half-integer, and

i < j.

right light cone correspondingly. When simplify-
ing left or right light cone, we obtain zero if i is
integer or j half-integer, respectively. Assuming
both (iii) and (iv), we simplify both parts and
obtain for our particular positions of a and b

Cij(t) =

a b

.

(56)
Instead, if the separation j ≠ i is shorter than 2t,
we obtain

Cij(t) =

a b

. (57)

Both kinds of expressions can be efficiently evalu-
ated as actions of single qudit channels M±. For
i half-integer, j integer and separation s = j ≠ i,
the result reads:

Cij(t)=
I

Èab| (M≠ ¢ M+)2t
|I(s ≠ 2t + 1

2)Í, s > 2t,

Èab| (M≠ ¢ M+)s≠ 1
2 q |##Í , s < 2t,

(58)
where

|I(x)Í =

Y
____]

____[

, x = 1,

x ≠ 2 times E(0)
, x > 1.

(59)
Notice that for j ≠ i < 2t there is no informa-

tion about the initial state (cf. (57)). This means
that we obtained exact expressions for the two-
point correlation functions in the steady state,
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consideredfromrighttoleft.Equivalently,this
correspondstounitalityintheleft-to-rightspace
direction.Assuch,wesaythatqis

(iii)LeftUnital(LU):
ÿ

k

(Ẽk)†Ẽk=,

È##|q̃=È##|,=.(13)

Herethe≥operatorchangestheinput(output)
legsofEkinthesamewayasforq.

Analogously,wemaydemandthattheleft-to-
rightevolutionisasquantumchannel,resulting
inqbeing

(iv)RightUnital(RU):
ÿ

k

Ẽk(Ẽk)†=,

q̃|##Í=|##Í,=.(14)

Inthefollowing,weconsiderfamiliesofmod-
elswhichsatisfydifferentcombinationsofthe
aforementionedconditions,whichwesummarise
inTab.1.Duetothephysicalrelevanceofquan-
tumchannels,wehenceforthalwaysassumeprop-
erty(i).If,inaddition,oneofthe(iii)-(iv)holds,
wewillrefertosuchquantumchannelsas2-way
unital,andsimilarly,fortwoconditionsoutof
(ii)-(iv),wewillrefertothemas3-wayunital.In
thisclass,therearetwopossibilitieswithdifferent
physicalconsequences.Thefirstfamilyis3-way
timeunitalchannels,whichsatisfiesconditions
(i)-(iii)[or(i),(ii),and(iv)],andthesecondfam-
ilyis3-wayspaceunitalchannels,whichsatisfies
conditions(i),(iii),and(iv).Thelastpossibil-
ityiswhenallconditions(i)-(iv)aresatisfied,in
whichcasewecallthequantumchannel4-way
unital.Wewillmomentarilyshowthatthisis
indeedpossible,i.e.,thereexistnontrivialrepre-
sentativesbelongingstrictlytoeachoftheabove
classes.

Letusstressthatconvexcombinations(aver-
ages)ofdual-unitarygateswillalwaysyielda
subsetof4-wayunitalexamples,andotherfami-
liescannotbeachievedinthisway.However,as
wewillsubsequentlyshow,3-wayunitalityturns
outtobesufficientforexactsolvability.

2.3Perfectquantumchannels

Perfecttensorswereintroducedin[47]asthe
buildingblocksofexactlysolvabletoymodelsfor
theAdS/CFTcorrespondence,andalsoindepen-
dentlyin[48]wherethecorrespondingmatrices

werecalledtwo-unitary.Theyaretensorswithan
evennumberofindiceswhosedefiningproperty
isthatanybalancedbipartitionoftheseindices
intoinputsandoutputsgivesaunitarytransfor-
mation1.

Inanalogytoperfecttensors,wedefineperfect
channels.Notonlydotheysatisfyconditions(i)-
(iv),butalsothediagonalunitalityconditions:

(v):
ÿ

k

(̂EkS)̂(SE†
k)=,=,(15)

(vi):
ÿ

k

(̂SE†
k)̂(EkS)=,=,(16)

whereSistheswapoperator.Thesimplestex-
ampleofaperfectchannelisthecompletelyde-
polarisingmap

T(·)=Tr(·)
d2.

Itfulfilsallconditions(i)-(vi),asisapparentfrom
itsfoldedgraphicalrepresentation:

=.(17)

Remarkably,incontrasttoperfecttensorswhich
existonlyfordØ3[26],perfectchannelsexist
alreadyforqubits(d=2).Asystematicwayof
constructingthemwillfollowinthenextsection.

3StructureofSpace-TimeUnital

QuantumChannels

Hereweinvestigatefurtherthegeneralstruc-
tureofthepreviouslyintroducedfamiliesofmod-
els.Specifically,afterreformulatingthecon-
straints(i)-(vi)throughthechannel-stateduality,
wedeterminethedimensionsofthecorrespond-
ingmanifoldsofquantumchannelsbycounting

1
Assuch,theyarecloselyconnectedwithabsolutely

maximallyentangledstates[48],i.e.,multipartitestates

thathavemaximallymixedmarginalsaftertracingoutat

leasthalfofthesystem.Thisconnectioncanbeantici-

patedbyrecallingthateverybipartitemaximallyentan-

gledstatesisincorrespondencewithavectorisedunitary

(sinceTrB(|UÍABÈU|)=)[45].Inthecaseoffourin-

dices,theperfecttensorconditionsareequivalenttouni-

tarity,dual-unitarityandunitarityofthepartialtrans-

pose(T-duality)[26].Thelastconditionmakestheclass

morerestrictivethandual-unitarity.Notethatthema-

tricescorrespondingtoperfecttensorsarealsocalled2-

unitaries[48],whicharenottobeconfusedwithdual-

unitarymatrices.
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Cij(t) =

a b

. (54)

In our particular example, we have only one E(0)
in the middle, but in general the number of E(0)
depends on the separation7 j ≠ i as j ≠ i ≠ 2t + 1

2 .
In the thermodynamic limit we can substitute the
outer part of the MPDO using Eq.(52).

The above discussion assumed periodic bound-
ary conditions, where we needed to take L to be
large. If instead we consider open boundary con-
ditions with completely depolarising channels at
the edges, we can perform simplifications and ob-
tain the exact same expression even for finite sys-
tems. We need also to specify the boundary ten-
sors for MPDO, which need to be 2 and — at
the left and right boundary respectively.

We have already vastly simplified the expres-
sions, but the evaluation of the left/right light
cone can in principle still be exponentially (in t)
hard. To streamline the expression further we
need to contract the left and right edges, and

. This leads us to define that a MPDO is
solvable if the following equations hold

= , = . (55)

In this way, we arrived at a generalisation of the
initial solvable matrix product states (MPS) in-
troduced in [14] for pure states and dual-unitary
evolution. In that case, the solvable MPS were
classified by the connection that their local ten-
sors are unitaries acting on the combined auxil-
iary and physical space. We make an analogue
classification for MPDO with a local purification
in the next section 5. In this section we take the
conditions as given, and derive exact results using
them.

If our local channels satisfy conditions (iii) or
(iv), we can use them together with the MPDO
solvability condition (55) to simplify the left or

7
Remember that j is an integer, i a half-integer, and

i < j.

right light cone correspondingly. When simplify-
ing left or right light cone, we obtain zero if i is
integer or j half-integer, respectively. Assuming
both (iii) and (iv), we simplify both parts and
obtain for our particular positions of a and b

Cij(t) =

a b

.

(56)
Instead, if the separation j ≠ i is shorter than 2t,
we obtain

Cij(t) =

a b

. (57)

Both kinds of expressions can be efficiently evalu-
ated as actions of single qudit channels M±. For
i half-integer, j integer and separation s = j ≠ i,
the result reads:

Cij(t)=
I

Èab| (M≠ ¢ M+)2t
|I(s ≠ 2t + 1

2)Í, s > 2t,

Èab| (M≠ ¢ M+)s≠ 1
2 q |##Í , s < 2t,

(58)
where

|I(x)Í =

Y
____]

____[

, x = 1,

x ≠ 2 times E(0)
, x > 1.

(59)
Notice that for j ≠ i < 2t there is no informa-

tion about the initial state (cf. (57)). This means
that we obtained exact expressions for the two-
point correlation functions in the steady state,
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Average-computation benchmarking strategy: 
- involves running circuits of same layout/size/complexity 

Connection between benchmarking and classical simulation of open 
system dynamics.  



OUTLOOK

Average-computation benchmarking strategy: 
- involves running circuits of same layout/size/complexity 

Connection between benchmarking and classical simulation of open 
system dynamics.  
Can we export it to other simulation methods?  

- Simulation of noisy circuits 
- Pauli path 
-   …



THANKS

Pavel Kos Georgios 
Styliaris



Additional infos



AVERAGING TO GET SPACE-TIME CHANNELS

Define an averaging strategy such that the resulting channel is 4-way 

, , , , ,…
<latexit sha1_base64="KBYjCYIwf7tl/MinA3CEndArUfg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFEVxWsA9sh5JJ0zY0kxmSO0IZ+hduXCji1r9x59+YaWeh1QOBwzn3knNPEEth0HW/nMLK6tr6RnGztLW9s7tX3j9omSjRjDdZJCPdCajhUijeRIGSd2LNaRhI3g4m15nffuTaiEjd4zTmfkhHSgwFo2ilh15IcRwE6c2sX664VXcO8pd4OalAjka//NkbRCwJuUImqTFdz43RT6lGwSSflXqJ4TFlEzriXUsVDbnx03niGTmxyoAMI22fQjJXf26kNDRmGgZ2Mktolr1M/M/rJji89FOh4gS5YouPhokkGJHsfDIQmjOUU0so08JmJWxMNWVoSyrZErzlk/+S1lnVq1Vrd+eV+lVeRxGO4BhOwYMLqMMtNKAJDBQ8wQu8OsZ5dt6c98Vowcl3DuEXnI9vrTCQ8A==</latexit>E

<latexit sha1_base64="2JsOf2F/BVQw0jJYQtqoH/sCy1g=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqdPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDvdeM6g==</latexit>

[
<latexit sha1_base64="f8xdOQOpSNAux3tRE7zsMoE15M4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq+P1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBwN+M7A==</latexit>

] <latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>= <latexit sha1_base64="czqcUsY0lBu3KXqoTUUpIorIoGc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WVRBJcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLa+sbmVnm7srO7t39QPTzqGJVqytpUCaV7ITFMcMnawEGwXqIZiUPBuuHkNve7T0wbruQjTBMWxGQkecQpASv5/ZjAmBKR3c0G1Zpbd+fAq8QrSA0VaA2qX/2homnMJFBBjPE9N4EgIxo4FWxW6aeGJYROyIj5lkoSMxNk88gzfGaVIY6Utk8Cnqu/NzISGzONQzuZRzTLXi7+5/kpRNdBxmWSApN08VGUCgwK5/fjIdeMgphaQqjmNiumY6IJBdtSxZbgLZ+8SjoXda9Rbzxc1po3RR1ldIJO0Tny0BVqonvUQm1EkULP6BW9OeC8OO/Ox2K05BQ7x+gPnM8fefSRZg==</latexit>

E 4-way unital

<latexit sha1_base64="LAb/wbnTo37KtAPCTROboErPN9M="></latexit>

U1 → U2 e
iωxεxεxeiωyεyεyeiωzεzεzV1 → V2



AVERAGING TO GET SPACE-TIME CHANNELS

Define an averaging strategy such that the resulting channel is 4-way 

, , , , ,…
<latexit sha1_base64="KBYjCYIwf7tl/MinA3CEndArUfg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFEVxWsA9sh5JJ0zY0kxmSO0IZ+hduXCji1r9x59+YaWeh1QOBwzn3knNPEEth0HW/nMLK6tr6RnGztLW9s7tX3j9omSjRjDdZJCPdCajhUijeRIGSd2LNaRhI3g4m15nffuTaiEjd4zTmfkhHSgwFo2ilh15IcRwE6c2sX664VXcO8pd4OalAjka//NkbRCwJuUImqTFdz43RT6lGwSSflXqJ4TFlEzriXUsVDbnx03niGTmxyoAMI22fQjJXf26kNDRmGgZ2Mktolr1M/M/rJji89FOh4gS5YouPhokkGJHsfDIQmjOUU0so08JmJWxMNWVoSyrZErzlk/+S1lnVq1Vrd+eV+lVeRxGO4BhOwYMLqMMtNKAJDBQ8wQu8OsZ5dt6c98Vowcl3DuEXnI9vrTCQ8A==</latexit>E

<latexit sha1_base64="2JsOf2F/BVQw0jJYQtqoH/sCy1g=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqdPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDvdeM6g==</latexit>

[
<latexit sha1_base64="f8xdOQOpSNAux3tRE7zsMoE15M4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq+P1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBwN+M7A==</latexit>

] <latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>= <latexit sha1_base64="czqcUsY0lBu3KXqoTUUpIorIoGc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WVRBJcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLa+sbmVnm7srO7t39QPTzqGJVqytpUCaV7ITFMcMnawEGwXqIZiUPBuuHkNve7T0wbruQjTBMWxGQkecQpASv5/ZjAmBKR3c0G1Zpbd+fAq8QrSA0VaA2qX/2homnMJFBBjPE9N4EgIxo4FWxW6aeGJYROyIj5lkoSMxNk88gzfGaVIY6Utk8Cnqu/NzISGzONQzuZRzTLXi7+5/kpRNdBxmWSApN08VGUCgwK5/fjIdeMgphaQqjmNiumY6IJBdtSxZbgLZ+8SjoXda9Rbzxc1po3RR1ldIJO0Tny0BVqonvUQm1EkULP6BW9OeC8OO/Ox2K05BQ7x+gPnM8fefSRZg==</latexit>

E 4-way unital

<latexit sha1_base64="LAb/wbnTo37KtAPCTROboErPN9M="></latexit>

U1 → U2 e
iωxεxεxeiωyεyεyeiωzεzεzV1 → V2

<latexit sha1_base64="9s5tTeyp4U3jecxgNfiDj1I0ZDY=">AAACJXicbVDLSsNAFJ34fht16WawCC1CSUTUjSC6calgVWhqmUxu2qGTBzM3Ygn5Bj/DL3CrX+BOBFeu/A8ntQttPTBwOOdc7p3jp1JodJwPa2Jyanpmdm5+YXFpeWXVXlu/0kmmODR4IhN14zMNUsTQQIESblIFLPIlXPu909K/vgOlRRJfYj+FVsQ6sQgFZ2iktl3zsAvI2ve3eXWnVtAj6oWK8dxLRZHvFXSHegHIMtC2K07dGYCOE3dIKmSI87b95QUJzyKIkUumddN1UmzlTKHgEooFL9OQMt5jHWgaGrMIdCsffKmg20YJaJgo82KkA/X3RM4irfuRb5IRw64e9UrxP6+ZYXjYykWcZggx/1kUZpJiQst+aCAUcJR9QxhXwtxKeZeZStC0+GdLoMvTCtOLO9rCOLnarbv79f2LvcrxybChObJJtkiVuOSAHJMzck4ahJMH8kSeyYv1aL1ab9b7T3TCGs5skD+wPr8BWGSlTg==</latexit>

ω(+)
x =

ε

4
+ ϑx

<latexit sha1_base64="8l6BcigI+eGA+eE8sitwP71ikO4=">AAACJXicbVDLSsNAFJ3U97vq0s1gEZRCSaSoG0F041LBqtDEMpnctEMnD2ZuhBLyDX6GX+BWv8CdCK5c+R9Oaha+DgwczjmXe+f4qRQabfvNqk1MTk3PzM7NLywuLa/UV9cudZIpDh2eyERd+0yDFDF0UKCE61QBi3wJV/7wpPSvbkFpkcQXOErBi1g/FqHgDI3Uq++4OABkvdFNvt3cKeghdUPFeO6mosjbBW1SNwBZBnr1ht2yx6B/iVORBqlw1qt/uEHCswhi5JJp3XXsFL2cKRRcQjHvZhpSxoesD11DYxaB9vLxlwq6ZZSAhokyL0Y6Vr9P5CzSehT5JhkxHOjfXin+53UzDA+8XMRphhDzr0VhJikmtOyHBkIBRzkyhHElzK2UD5ipBE2LP7YEujytML04v1v4Sy53W85ea++83Tg6rhqaJRtkk2wTh+yTI3JKzkiHcHJHHsgjebLurWfrxXr9itasamad/ID1/glbs6VQ</latexit>

ω(+)
y =

ε

4
+ ϑy



AVERAGING TO GET SPACE-TIME CHANNELS

Define an averaging strategy such that the resulting channel is 4-way 

, , , , ,…
<latexit sha1_base64="KBYjCYIwf7tl/MinA3CEndArUfg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFEVxWsA9sh5JJ0zY0kxmSO0IZ+hduXCji1r9x59+YaWeh1QOBwzn3knNPEEth0HW/nMLK6tr6RnGztLW9s7tX3j9omSjRjDdZJCPdCajhUijeRIGSd2LNaRhI3g4m15nffuTaiEjd4zTmfkhHSgwFo2ilh15IcRwE6c2sX664VXcO8pd4OalAjka//NkbRCwJuUImqTFdz43RT6lGwSSflXqJ4TFlEzriXUsVDbnx03niGTmxyoAMI22fQjJXf26kNDRmGgZ2Mktolr1M/M/rJji89FOh4gS5YouPhokkGJHsfDIQmjOUU0so08JmJWxMNWVoSyrZErzlk/+S1lnVq1Vrd+eV+lVeRxGO4BhOwYMLqMMtNKAJDBQ8wQu8OsZ5dt6c98Vowcl3DuEXnI9vrTCQ8A==</latexit>E

<latexit sha1_base64="2JsOf2F/BVQw0jJYQtqoH/sCy1g=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqdPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDvdeM6g==</latexit>

[
<latexit sha1_base64="f8xdOQOpSNAux3tRE7zsMoE15M4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq+P1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBwN+M7A==</latexit>

] <latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>= <latexit sha1_base64="czqcUsY0lBu3KXqoTUUpIorIoGc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WVRBJcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLa+sbmVnm7srO7t39QPTzqGJVqytpUCaV7ITFMcMnawEGwXqIZiUPBuuHkNve7T0wbruQjTBMWxGQkecQpASv5/ZjAmBKR3c0G1Zpbd+fAq8QrSA0VaA2qX/2homnMJFBBjPE9N4EgIxo4FWxW6aeGJYROyIj5lkoSMxNk88gzfGaVIY6Utk8Cnqu/NzISGzONQzuZRzTLXi7+5/kpRNdBxmWSApN08VGUCgwK5/fjIdeMgphaQqjmNiumY6IJBdtSxZbgLZ+8SjoXda9Rbzxc1po3RR1ldIJO0Tny0BVqonvUQm1EkULP6BW9OeC8OO/Ox2K05BQ7x+gPnM8fefSRZg==</latexit>

E 4-way unital

<latexit sha1_base64="LAb/wbnTo37KtAPCTROboErPN9M="></latexit>

U1 → U2 e
iωxεxεxeiωyεyεyeiωzεzεzV1 → V2

<latexit sha1_base64="nIvt1E+PJME3HeO1DkMqDYv39+8=">AAACEnicbVA9SwNBEN3z2/gVtbRZDIIpEu4kRBtBtLFUMEbIxWNvM2cW9z7YnZOE436DjX/FxkIRWys7/42bj0ITHww83pthZp6fSKHRtr+tmdm5+YXFpeXCyura+kZxc+tax6ni0OCxjNWNzzRIEUEDBUq4SRSw0JfQ9O/PBn7zAZQWcXSF/QTaIbuLRCA4QyN5xbKLXUB2m+1XyrnXo8fUDRTjmZuIPKvltELdDkhkXs8rluyqPQSdJs6YlMgYF17xy+3EPA0hQi6Z1i3HTrCdMYWCS8gLbqohYfye3UHL0IiFoNvZ8KWc7hmlQ4NYmYqQDtXfExkLte6HvukMGXb1pDcQ//NaKQZH7UxESYoQ8dGiIJUUYzrIh3aEAo6ybwjjSphbKe8yEwmaFAsmBGfy5WlyfVB16tX6Za10cjqOY4nskF2yTxxySE7IObkgDcLJI3kmr+TNerJerHfrY9Q6Y41ntskfWJ8/taKc5Q==</latexit>

ω(→)
x =

ε

4
→ ϑx

<latexit sha1_base64="21ZEtmPAtfBiMUE3dGltfRGy6dE=">AAACEnicbVDJSgNBEO1xjXGLevTSGITkYJiREL0IQS8eIxgVMnHo6dSYxp6F7hphGOYbvPgrXjwo4tWTN//GznJwe1DweK+Kqnp+IoVG2/60Zmbn5hcWS0vl5ZXVtfXKxuaFjlPFoctjGasrn2mQIoIuCpRwlShgoS/h0r89GfmXd6C0iKNzzBLoh+wmEoHgDI3kVeouDgHZdV7bqxdeRo+oGyjGczcRRd4s6B51ByCReZlXqdoNewz6lzhTUiVTdLzKhzuIeRpChFwyrXuOnWA/ZwoFl1CU3VRDwvgtu4GeoRELQffz8UsF3TXKgAaxMhUhHavfJ3IWap2FvukMGQ71b28k/uf1UgwO+7mIkhQh4pNFQSopxnSUDx0IBRxlZgjjSphbKR8yEwmaFMsmBOf3y3/JxX7DaTVaZ81q+3gaR4lskx1SIw45IG1ySjqkSzi5J4/kmbxYD9aT9Wq9TVpnrOnMFvkB6/0LuMWc5w==</latexit>

ω(→)
y =

ε

4
→ ϑy

<latexit sha1_base64="9s5tTeyp4U3jecxgNfiDj1I0ZDY=">AAACJXicbVDLSsNAFJ34fht16WawCC1CSUTUjSC6calgVWhqmUxu2qGTBzM3Ygn5Bj/DL3CrX+BOBFeu/A8ntQttPTBwOOdc7p3jp1JodJwPa2Jyanpmdm5+YXFpeWXVXlu/0kmmODR4IhN14zMNUsTQQIESblIFLPIlXPu909K/vgOlRRJfYj+FVsQ6sQgFZ2iktl3zsAvI2ve3eXWnVtAj6oWK8dxLRZHvFXSHegHIMtC2K07dGYCOE3dIKmSI87b95QUJzyKIkUumddN1UmzlTKHgEooFL9OQMt5jHWgaGrMIdCsffKmg20YJaJgo82KkA/X3RM4irfuRb5IRw64e9UrxP6+ZYXjYykWcZggx/1kUZpJiQst+aCAUcJR9QxhXwtxKeZeZStC0+GdLoMvTCtOLO9rCOLnarbv79f2LvcrxybChObJJtkiVuOSAHJMzck4ahJMH8kSeyYv1aL1ab9b7T3TCGs5skD+wPr8BWGSlTg==</latexit>

ω(+)
x =

ε

4
+ ϑx

<latexit sha1_base64="8l6BcigI+eGA+eE8sitwP71ikO4=">AAACJXicbVDLSsNAFJ3U97vq0s1gEZRCSaSoG0F041LBqtDEMpnctEMnD2ZuhBLyDX6GX+BWv8CdCK5c+R9Oaha+DgwczjmXe+f4qRQabfvNqk1MTk3PzM7NLywuLa/UV9cudZIpDh2eyERd+0yDFDF0UKCE61QBi3wJV/7wpPSvbkFpkcQXOErBi1g/FqHgDI3Uq++4OABkvdFNvt3cKeghdUPFeO6mosjbBW1SNwBZBnr1ht2yx6B/iVORBqlw1qt/uEHCswhi5JJp3XXsFL2cKRRcQjHvZhpSxoesD11DYxaB9vLxlwq6ZZSAhokyL0Y6Vr9P5CzSehT5JhkxHOjfXin+53UzDA+8XMRphhDzr0VhJikmtOyHBkIBRzkyhHElzK2UD5ipBE2LP7YEujytML04v1v4Sy53W85ea++83Tg6rhqaJRtkk2wTh+yTI3JKzkiHcHJHHsgjebLurWfrxXr9itasamad/ID1/glbs6VQ</latexit>

ω(+)
y =

ε

4
+ ϑy



AVERAGING TO GET SPACE-TIME CHANNELS

Define an averaging strategy such that the resulting channel is 4-way 

, , , , ,…
<latexit sha1_base64="KBYjCYIwf7tl/MinA3CEndArUfg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFEVxWsA9sh5JJ0zY0kxmSO0IZ+hduXCji1r9x59+YaWeh1QOBwzn3knNPEEth0HW/nMLK6tr6RnGztLW9s7tX3j9omSjRjDdZJCPdCajhUijeRIGSd2LNaRhI3g4m15nffuTaiEjd4zTmfkhHSgwFo2ilh15IcRwE6c2sX664VXcO8pd4OalAjka//NkbRCwJuUImqTFdz43RT6lGwSSflXqJ4TFlEzriXUsVDbnx03niGTmxyoAMI22fQjJXf26kNDRmGgZ2Mktolr1M/M/rJji89FOh4gS5YouPhokkGJHsfDIQmjOUU0so08JmJWxMNWVoSyrZErzlk/+S1lnVq1Vrd+eV+lVeRxGO4BhOwYMLqMMtNKAJDBQ8wQu8OsZ5dt6c98Vowcl3DuEXnI9vrTCQ8A==</latexit>E

<latexit sha1_base64="2JsOf2F/BVQw0jJYQtqoH/sCy1g=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqdPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDvdeM6g==</latexit>

[
<latexit sha1_base64="f8xdOQOpSNAux3tRE7zsMoE15M4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq+P1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBwN+M7A==</latexit>

] <latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>= <latexit sha1_base64="czqcUsY0lBu3KXqoTUUpIorIoGc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WVRBJcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLa+sbmVnm7srO7t39QPTzqGJVqytpUCaV7ITFMcMnawEGwXqIZiUPBuuHkNve7T0wbruQjTBMWxGQkecQpASv5/ZjAmBKR3c0G1Zpbd+fAq8QrSA0VaA2qX/2homnMJFBBjPE9N4EgIxo4FWxW6aeGJYROyIj5lkoSMxNk88gzfGaVIY6Utk8Cnqu/NzISGzONQzuZRzTLXi7+5/kpRNdBxmWSApN08VGUCgwK5/fjIdeMgphaQqjmNiumY6IJBdtSxZbgLZ+8SjoXda9Rbzxc1po3RR1ldIJO0Tny0BVqonvUQm1EkULP6BW9OeC8OO/Ox2K05BQ7x+gPnM8fefSRZg==</latexit>

E 4-way unital

<latexit sha1_base64="a3KM6T4AILtSlLVE9E3Tiy1H8kM=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoMgBMKuSPQY9OIxinlAsoTZSW8yZHZ2mZkVQsgfePGgiFf/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6wmV5rF8NOME/YgOJA85o8ZKD+Vyr1hyK+4cZJV4GSlBhnqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mlU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8NqfcJmkBiVbLApTQUxMZm+TPlfIjBhbQpni9lbChlRRZmw4BRuCt/zyKmleVLxqpXp/WardZHHk4QRO4Rw8uIIa3EEdGsAghGd4hTdn5Lw4787HojXnZDPH8AfO5w/bUozv</latexit>

++

<latexit sha1_base64="nIvt1E+PJME3HeO1DkMqDYv39+8=">AAACEnicbVA9SwNBEN3z2/gVtbRZDIIpEu4kRBtBtLFUMEbIxWNvM2cW9z7YnZOE436DjX/FxkIRWys7/42bj0ITHww83pthZp6fSKHRtr+tmdm5+YXFpeXCyura+kZxc+tax6ni0OCxjNWNzzRIEUEDBUq4SRSw0JfQ9O/PBn7zAZQWcXSF/QTaIbuLRCA4QyN5xbKLXUB2m+1XyrnXo8fUDRTjmZuIPKvltELdDkhkXs8rluyqPQSdJs6YlMgYF17xy+3EPA0hQi6Z1i3HTrCdMYWCS8gLbqohYfye3UHL0IiFoNvZ8KWc7hmlQ4NYmYqQDtXfExkLte6HvukMGXb1pDcQ//NaKQZH7UxESYoQ8dGiIJUUYzrIh3aEAo6ybwjjSphbKe8yEwmaFAsmBGfy5WlyfVB16tX6Za10cjqOY4nskF2yTxxySE7IObkgDcLJI3kmr+TNerJerHfrY9Q6Y41ntskfWJ8/taKc5Q==</latexit>

ω(→)
x =

ε

4
→ ϑx

<latexit sha1_base64="21ZEtmPAtfBiMUE3dGltfRGy6dE=">AAACEnicbVDJSgNBEO1xjXGLevTSGITkYJiREL0IQS8eIxgVMnHo6dSYxp6F7hphGOYbvPgrXjwo4tWTN//GznJwe1DweK+Kqnp+IoVG2/60Zmbn5hcWS0vl5ZXVtfXKxuaFjlPFoctjGasrn2mQIoIuCpRwlShgoS/h0r89GfmXd6C0iKNzzBLoh+wmEoHgDI3kVeouDgHZdV7bqxdeRo+oGyjGczcRRd4s6B51ByCReZlXqdoNewz6lzhTUiVTdLzKhzuIeRpChFwyrXuOnWA/ZwoFl1CU3VRDwvgtu4GeoRELQffz8UsF3TXKgAaxMhUhHavfJ3IWap2FvukMGQ71b28k/uf1UgwO+7mIkhQh4pNFQSopxnSUDx0IBRxlZgjjSphbKR8yEwmaFMsmBOf3y3/JxX7DaTVaZ81q+3gaR4lskx1SIw45IG1ySjqkSzi5J4/kmbxYD9aT9Wq9TVpnrOnMFvkB6/0LuMWc5w==</latexit>

ω(→)
y =

ε

4
→ ϑy

<latexit sha1_base64="gqI7LIKCWL5NPOwJlgPiqttawHw=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoMgiGFXJHoMevEYxTwgCWF2MpsMmZ1dZnqFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7/FgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnplk8Nl0LxOgqUvBVrTkNf8qY/up36zSeujYjUI45j3g3pQIlAMIpWejg77xVLbtmdgSwTLyMlyFDrFb86/YglIVfIJDWm7bkxdlOqUTDJJ4VOYnhM2YgOeNtSRUNuuuns0gk5sUqfBJG2pZDM1N8TKQ2NGYe+7QwpDs2iNxX/89oJBtfdVKg4Qa7YfFGQSIIRmb5N+kJzhnJsCWVa2FsJG1JNGdpwCjYEb/HlZdK4KHuVcuX+slS9yeLIwxEcwyl4cAVVuIMa1IFBAM/wCm/OyHlx3p2PeWvOyWYO4Q+czx/eWozx</latexit>

+→ <latexit sha1_base64="v29u1NjLrWQjXQdqtQf3L5kh8ys=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoMgiGFXJHoMevEYxTwgCWF2MpsMmZ1dZnqFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7/FgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnplk8Nl0LxOgqUvBVrTkNf8qY/up36zSeujYjUI45j3g3pQIlAMIpWejg/6xVLbtmdgSwTLyMlyFDrFb86/YglIVfIJDWm7bkxdlOqUTDJJ4VOYnhM2YgOeNtSRUNuuuns0gk5sUqfBJG2pZDM1N8TKQ2NGYe+7QwpDs2iNxX/89oJBtfdVKg4Qa7YfFGQSIIRmb5N+kJzhnJsCWVa2FsJG1JNGdpwCjYEb/HlZdK4KHuVcuX+slS9yeLIwxEcwyl4cAVVuIMa1IFBAM/wCm/OyHlx3p2PeWvOyWYO4Q+czx/eXIzx</latexit>→+ <latexit sha1_base64="yfE+af+Xd7hZWs0VK/duV+cBunA=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgJWFXJHoMevEYxTwgWcLspDcZMju7zMwKIeQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh3K5Vyy5FXcOskq8jJQgQ71X/Or2Y5ZGKA0TVOuO5ybGn1BlOBM4LXRTjQllIzrAjqWSRqj9yfzSKTmzSp+EsbIlDZmrvycmNNJ6HAW2M6JmqJe9mfif10lNeO1PuExSg5ItFoWpICYms7dJnytkRowtoUxxeythQ6ooMzacgg3BW355lTQvKl61Ur2/LNVusjjycAKncA4eXEEN7qAODWAQwjO8wpszcl6cd+dj0Zpzsplj+APn8wfhZIzz</latexit>→→

<latexit sha1_base64="9s5tTeyp4U3jecxgNfiDj1I0ZDY=">AAACJXicbVDLSsNAFJ34fht16WawCC1CSUTUjSC6calgVWhqmUxu2qGTBzM3Ygn5Bj/DL3CrX+BOBFeu/A8ntQttPTBwOOdc7p3jp1JodJwPa2Jyanpmdm5+YXFpeWXVXlu/0kmmODR4IhN14zMNUsTQQIESblIFLPIlXPu909K/vgOlRRJfYj+FVsQ6sQgFZ2iktl3zsAvI2ve3eXWnVtAj6oWK8dxLRZHvFXSHegHIMtC2K07dGYCOE3dIKmSI87b95QUJzyKIkUumddN1UmzlTKHgEooFL9OQMt5jHWgaGrMIdCsffKmg20YJaJgo82KkA/X3RM4irfuRb5IRw64e9UrxP6+ZYXjYykWcZggx/1kUZpJiQst+aCAUcJR9QxhXwtxKeZeZStC0+GdLoMvTCtOLO9rCOLnarbv79f2LvcrxybChObJJtkiVuOSAHJMzck4ahJMH8kSeyYv1aL1ab9b7T3TCGs5skD+wPr8BWGSlTg==</latexit>

ω(+)
x =

ε

4
+ ϑx

<latexit sha1_base64="8l6BcigI+eGA+eE8sitwP71ikO4=">AAACJXicbVDLSsNAFJ3U97vq0s1gEZRCSaSoG0F041LBqtDEMpnctEMnD2ZuhBLyDX6GX+BWv8CdCK5c+R9Oaha+DgwczjmXe+f4qRQabfvNqk1MTk3PzM7NLywuLa/UV9cudZIpDh2eyERd+0yDFDF0UKCE61QBi3wJV/7wpPSvbkFpkcQXOErBi1g/FqHgDI3Uq++4OABkvdFNvt3cKeghdUPFeO6mosjbBW1SNwBZBnr1ht2yx6B/iVORBqlw1qt/uEHCswhi5JJp3XXsFL2cKRRcQjHvZhpSxoesD11DYxaB9vLxlwq6ZZSAhokyL0Y6Vr9P5CzSehT5JhkxHOjfXin+53UzDA+8XMRphhDzr0VhJikmtOyHBkIBRzkyhHElzK2UD5ipBE2LP7YEujytML04v1v4Sy53W85ea++83Tg6rhqaJRtkk2wTh+yTI3JKzkiHcHJHHsgjebLurWfrxXr9itasamad/ID1/glbs6VQ</latexit>

ω(+)
y =

ε

4
+ ϑy



AVERAGING TO GET SPACE-TIME CHANNELS

Define an averaging strategy such that the resulting channel is 4-way 

, , , , ,…
<latexit sha1_base64="KBYjCYIwf7tl/MinA3CEndArUfg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFEVxWsA9sh5JJ0zY0kxmSO0IZ+hduXCji1r9x59+YaWeh1QOBwzn3knNPEEth0HW/nMLK6tr6RnGztLW9s7tX3j9omSjRjDdZJCPdCajhUijeRIGSd2LNaRhI3g4m15nffuTaiEjd4zTmfkhHSgwFo2ilh15IcRwE6c2sX664VXcO8pd4OalAjka//NkbRCwJuUImqTFdz43RT6lGwSSflXqJ4TFlEzriXUsVDbnx03niGTmxyoAMI22fQjJXf26kNDRmGgZ2Mktolr1M/M/rJji89FOh4gS5YouPhokkGJHsfDIQmjOUU0so08JmJWxMNWVoSyrZErzlk/+S1lnVq1Vrd+eV+lVeRxGO4BhOwYMLqMMtNKAJDBQ8wQu8OsZ5dt6c98Vowcl3DuEXnI9vrTCQ8A==</latexit>E

<latexit sha1_base64="2JsOf2F/BVQw0jJYQtqoH/sCy1g=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqdPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDvdeM6g==</latexit>

[
<latexit sha1_base64="f8xdOQOpSNAux3tRE7zsMoE15M4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq+P1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBwN+M7A==</latexit>

] <latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>= <latexit sha1_base64="czqcUsY0lBu3KXqoTUUpIorIoGc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WVRBJcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLa+sbmVnm7srO7t39QPTzqGJVqytpUCaV7ITFMcMnawEGwXqIZiUPBuuHkNve7T0wbruQjTBMWxGQkecQpASv5/ZjAmBKR3c0G1Zpbd+fAq8QrSA0VaA2qX/2homnMJFBBjPE9N4EgIxo4FWxW6aeGJYROyIj5lkoSMxNk88gzfGaVIY6Utk8Cnqu/NzISGzONQzuZRzTLXi7+5/kpRNdBxmWSApN08VGUCgwK5/fjIdeMgphaQqjmNiumY6IJBdtSxZbgLZ+8SjoXda9Rbzxc1po3RR1ldIJO0Tny0BVqonvUQm1EkULP6BW9OeC8OO/Ox2K05BQ7x+gPnM8fefSRZg==</latexit>

E 4-way unital

<latexit sha1_base64="a3KM6T4AILtSlLVE9E3Tiy1H8kM=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoMgBMKuSPQY9OIxinlAsoTZSW8yZHZ2mZkVQsgfePGgiFf/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6wmV5rF8NOME/YgOJA85o8ZKD+Vyr1hyK+4cZJV4GSlBhnqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mlU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8NqfcJmkBiVbLApTQUxMZm+TPlfIjBhbQpni9lbChlRRZmw4BRuCt/zyKmleVLxqpXp/WardZHHk4QRO4Rw8uIIa3EEdGsAghGd4hTdn5Lw4787HojXnZDPH8AfO5w/bUozv</latexit>

++
<latexit sha1_base64="gqI7LIKCWL5NPOwJlgPiqttawHw=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoMgiGFXJHoMevEYxTwgCWF2MpsMmZ1dZnqFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7/FgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnplk8Nl0LxOgqUvBVrTkNf8qY/up36zSeujYjUI45j3g3pQIlAMIpWejg77xVLbtmdgSwTLyMlyFDrFb86/YglIVfIJDWm7bkxdlOqUTDJJ4VOYnhM2YgOeNtSRUNuuuns0gk5sUqfBJG2pZDM1N8TKQ2NGYe+7QwpDs2iNxX/89oJBtfdVKg4Qa7YfFGQSIIRmb5N+kJzhnJsCWVa2FsJG1JNGdpwCjYEb/HlZdK4KHuVcuX+slS9yeLIwxEcwyl4cAVVuIMa1IFBAM/wCm/OyHlx3p2PeWvOyWYO4Q+czx/eWozx</latexit>

+→ <latexit sha1_base64="v29u1NjLrWQjXQdqtQf3L5kh8ys=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoMgiGFXJHoMevEYxTwgCWF2MpsMmZ1dZnqFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7/FgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnplk8Nl0LxOgqUvBVrTkNf8qY/up36zSeujYjUI45j3g3pQIlAMIpWejg/6xVLbtmdgSwTLyMlyFDrFb86/YglIVfIJDWm7bkxdlOqUTDJJ4VOYnhM2YgOeNtSRUNuuuns0gk5sUqfBJG2pZDM1N8TKQ2NGYe+7QwpDs2iNxX/89oJBtfdVKg4Qa7YfFGQSIIRmb5N+kJzhnJsCWVa2FsJG1JNGdpwCjYEb/HlZdK4KHuVcuX+slS9yeLIwxEcwyl4cAVVuIMa1IFBAM/wCm/OyHlx3p2PeWvOyWYO4Q+czx/eXIzx</latexit>→+ <latexit sha1_base64="yfE+af+Xd7hZWs0VK/duV+cBunA=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgJWFXJHoMevEYxTwgWcLspDcZMju7zMwKIeQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh3K5Vyy5FXcOskq8jJQgQ71X/Or2Y5ZGKA0TVOuO5ybGn1BlOBM4LXRTjQllIzrAjqWSRqj9yfzSKTmzSp+EsbIlDZmrvycmNNJ6HAW2M6JmqJe9mfif10lNeO1PuExSg5ItFoWpICYms7dJnytkRowtoUxxeythQ6ooMzacgg3BW355lTQvKl61Ur2/LNVusjjycAKncA4eXEEN7qAODWAQwjO8wpszcl6cd+dj0Zpzsplj+APn8wfhZIzz</latexit>→→
<latexit sha1_base64="daywqnDK1CExTYV6xdRgBsdujZc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mkVI9FLx4r2A9IQ9lsN+3SzW7YnQgl5Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YSK4Adf9dkobm1vbO+Xdyt7+weFR9fika1SqKetQJZTuh8QwwSXrAAfB+olmJA4F64XTu7nfe2LacCUfYZawICZjySNOCVjJH0Sa0MzLs0Y+rNbcursAXideQWqoQHtY/RqMFE1jJoEKYozvuQkEGdHAqWB5ZZAalhA6JWPmWypJzEyQLU7O8YVVRjhS2pYEvFB/T2QkNmYWh7YzJjAxq95c/M/zU4hugozLJAUm6XJRlAoMCs//xyOuGQUxs4RQze2tmE6ITQFsShUbgrf68jrpXtW9Zr350Ki1bos4yugMnaNL5KFr1EL3qI06iCKFntErenPAeXHenY9la8kpZk7RHzifPz/ckUA=</latexit>
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4

<latexit sha1_base64="2JsOf2F/BVQw0jJYQtqoH/sCy1g=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqdPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDvdeM6g==</latexit>

[
<latexit sha1_base64="2JsOf2F/BVQw0jJYQtqoH/sCy1g=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqdPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDvdeM6g==</latexit>

[<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+ <latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

4-way for any unitary



SAMPLE COMPLEXITY

<latexit sha1_base64="RMgLA48mW48qwjNvEc8eSi7+LY8=">AAACXHicbVFLTwIxEO6uqDxEURMvXorEBC5klxj0SPTiyUfCK2HJplsKNnS7m3bWSDb8SW9e/CtakIM8JmnyzTffzLRfg1hwDY7zZdl7mf2Dw2wuXzgqHp+UTs+6OkoUZR0aiUj1A6KZ4JJ1gINg/VgxEgaC9YLpw6Lee2dK80i2YRazYUgmko85JWAov6Q9YB+QPjw9t+d+6jbmVZz40it7EfCQaeyVTVrDa6qGu1OFa5uz8O5hfqni1J1l4G3grkAFreLFL316o4gmIZNABdF64DoxDFOigFPB5nkv0SwmdEombGCgJGbZMF2aM8fXhhnhcaTMkYCX7P+OlIRaz8LAKEMCb3qztiB31QYJjO+GKZdxAkzSv0XjRGCI8MJpPOKKURAzAwhV3NwV0zeiCAXzH3ljgrv55G3QbdTdZr35elNp3a/syKJLdIWqyEW3qIUe0QvqIIq+0I+VtXLWt52xC3bxT2pbq55ztBb2xS+GL7LD</latexit>

CNOT12(un→un)CNOT21(un→un)CNOT12(un→un)
<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=

T=6

T=14


