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FIG. 1. Variationl hybrid quantum-classical optimization. A quan-
tum computer is used to prepare the variational state (2) by sequen-
tially applying some gates that depend on parameters ✓ j, and then
to measure the observable Ĥ to estimate the cost (1). A classical
algorithm iteratively processes these outcomes and updates the pa-
rameters ✓ j to iteratively minimize the cost (1).

be minimized, C(✓), is dubbed “cost” function and only needs
being bound from below, with a range of attainable values
that depends on the actual physical status of the observable
represented by the operator Ĥ. There also exist optimization
instances where C(✓) can have a slightly di↵erent meaning.
In quantum control [21] and simulation [22], for example, the
goal is often that of obtaining a quantum state, or quantum
operation, that is as similar as possible to a given target one;
in this case, one can choose Ĥ = Û |'ih'| Û†, with Û a target
unitary and |'i a reference state: the function (1) is then the
square of the fidelity of state-preparation, ranging from 0 to
1 by definition, and 1 � C(✓) the function to be minimized.
In this work we will not explicitely refer to this case, as done
elsewhere [23], but rather focus on problems where C(✓) is
the expectation value of some physical observable that needs
being minimized.

At the heart of many variational hybrid optimization pro-
cesses, is the variational ansatz for the state | (✓)i in (1). One
of the most popular choices is to take such state as the output
of a parametric quantum circuit

| (✓)i = e�i✓PX̂P · · · e�i✓1 X̂1 | 0i , (2)

i.e. of a series of evolutions generated by di↵erent, and yet
fixed, hamiltonian operators X̂ j, for times ✓ j representing the
variational parameters. The reason for this choice is that para-
metric quantum circuits are implementable in NISQ devices
[2] as long as X̂ j contains 1- and 2-local interactions only, i.e.
when the gates e�i✓ j X̂ j act non-trivially on at most two qubits.
The state | 0i is chosen among states that are easy to prepare,
and it is typically separable, | 0i ⌘

NN
j=1 | 

( j)
0 i.

Variational hybrid quantum-classical algorithms, schemat-
ically shown in Fig. (1), operate iteratively a quantum de-
vice and a classical processor. At the i-th iteration, the
quantum device generates the variational state

��� (✓(i))
E
=

e�i✓(i)
P X̂P · · · e�i✓(i)

1 X̂1
��� (✓(i�1))

E
, and estimate the cost (1), and

possibly its derivatives @✓ jC, via quantum measurements [5,
14, 24] of the observable Ĥ. This is the computationally hard-
est part, as it requires the manipulation of states that belong to

Hilbert spaces whose dimension exponentially increases with
the number of qubits N. Afterwards, a classical algorithm
processes the estimated values of C(✓(i)), or derivatives @✓ jC,
and proposes new parameters ✓(i+1) that are expected to flow
towards the minimum of the cost function. Classical optimiza-
tion, quantum evolution, and quantum measurements are thus
performed iteratively till convergence. The advantage of this
hybrid approach is that the quantum computer is always reset
after each iteration so that the coherence times required are
just those necessary to operate a circuit with depth O(P) and
then perform a measurement.

The main di↵erence with other common variational ap-
proaches used in quantum mechanics is that C(✓), or deriva-
tives @✓ jC, are estimated from measurement outcomes and, as
such, are a↵ected by uncertainty due to the probabilistic na-
ture of quantum measurements, even in the noiseless case.

Having access to stochastic values of the cost function dra-
matically changes the convergence time [25]. Algorithms
for stochastic optimization are classified as zeroth-order, or
derivative-free, when only C(✓) is measured, first-order when
it is possible to directly measure the derivatives w.r.t. ✓ j of
the cost function or, in general, kth-order when also kth-order
derivatives are available. It has been recently shown [14]
that first-order methods can lead to substantially faster conver-
gence than zeroth-order methods. On the other hand, the con-
vergence time is not more strictly bounded when using higher-
order derivatives, although some advantage may be observed
in practical implementations. Motivated by that analysis, here
we focus on the convergence of first-order methods using the
framework of stochastic optimization.

When dealing with stochastic optimization problems,
where only the stochastic outcomes f (✓, y) are directly mea-
surable by sampling di↵erent values of y that are distributed
according to a distribution p(y|✓), the cost function is usu-
ally written [14, 25, 26] as C(✓) = Ey⇠p(y|✓)[ f (✓, y)], where
Ey⇠p(y|✓)[ f (✓, y)] is the expectation value

P
y p(y|✓) f (✓, y). The

cost function (1) can be written in the above form by using the
(possibly unknown) eigendecomposition of Ĥ ⌘

P
y Ey |yihy|:

the measurement outcomes y are distributed with probability
p(y|✓) = hy| ⇢̂(✓) |yi, where ⇢̂(✓) = | (✓)ih (✓)|, and f (✓, y) =
Ey is the associated cost, which is independent of ✓.

When the eigendecomposition of Ĥ is not known, one can
still get C(✓) from Pauli measurements, namely by decompos-
ing Ĥ as Ĥ =

PL
µ=1 hµ�̂µ where each �̂µ is a tensor product of

Pauli matrices and hµ the corresponding coe�cient, and then
by independently estimating each h (✓)|�̂µ| (✓)i. Note that
many �̂µ typically commute with each other, so the required
number of independent measurements can be smaller than L.

Suppose now that rC(✓) = Ez⇠q(z|✓)[g(✓, z)], with r j := @
@✓ j

,
i.e. that the gradient of C can be written as an expectation of a
vector-valued function g(✓, z) over some stochastic outcomes
z, distributed with a probability distribution q, possibly dif-
ferent from p. The simplest first-order method for stochastic
optimization is stochastic gradient descent (SGD) that, intu-
itively, acts as a gradient descent algorithm where rC is sub-
stituted with an unbiased estimate g. If the parameters are
updated at each iteration i as ✓(i+1) = ✓(i)

� ↵i g(✓(i)) then, after
I iterations, the algorithm converges [14, 25, 27, 28] to a local
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Variational hybrid quantum-classical optimization represents one of the most promising avenue to show the
advantage of nowadays noisy intermediate-scale quantum computers in solving hard problems, such as finding
the minimum-energy state of a Hamiltonian or solving some machine-learning tasks. In these devices noise
is unavoidable and impossible to error-correct, yet its role in the optimization process is not well understood,
especially from the theoretical viewpoint. Here we consider a minimization problem with respect to a variational
state, iteratively obtained via a parametric quantum circuit, taking into account both the role of noise and the
stochastic nature of quantum measurement outcomes. We show that the accuracy of the result obtained for a
fixed number of iterations is bounded by a quantity related to the Quantum Fisher Information of the variational
state. Using this bound, we study the convergence property of the quantum approximate optimization algorithm
under realistic noise models, showing the robustness of the algorithm against di↵erent noise strengths.

I. INTRODUCTION

Quantum computers are physical devices that are expected
to perform calculations essentially impossible for our best
classical supercomputers [1], although the quantum advan-
tage has been proven only for a specifically designed prob-
lem whose practical application is unclear. As for the hard-
ware, the devices that are currently being built are noisy
intermediate-scale quantum (NISQ) ones [2], for which many
of the most promising uses consist in solving optimization
problems via hybrid quantum-classical algorithms that in-
clude parametric quantum circuits [3–10]. In these algorithms
the manipulation of the quantum register is done via gates that
depend on some parameters: these are iteratively updated via
a feedback strategy, where the measurement outcomes of the
device are classically processed to propose better parameters,
in the spirit of a variational approach. In what follows, we
will refer to the above procedure as a “hybrid variational opti-
mization”.

There are various aspects that make a real quantum device
di↵erent from an ideal one, amongst which the noise due to
any external environment and the stochasticity of outcomes,
due to the probabilistic nature of the quantum measurement
process. Di↵erent authors, see for instance Refs. [10–13],
studied the e↵ect of noise (e.g. noisy gates, dephasing etc.) in
protocols designed for the noiseless case, and found that noise
is usually detrimental. At the same time, the role of stochastic-
ity of outcomes has been described using the stochastic gradi-
ent descent framework [14, 15]. However, how to tame the
combined e↵ect of noise and stochasticity in hybrid varia-
tional optimization is still far from being understood.

In this work, we analytically study the convergence proper-
ties of hybrid variational optimizations in terms of the num-
ber of times, hereafter dubbed iterations, that the NISQ device
must be queried to find the optimal parameters with a desired
accuracy. We focus on the e↵ects of noisy gates and stochas-
ticity of the measurements outcomes, without considering the
further problem of choosing the measured observable that is
best-suited to extract information from the noisy process. We

show that the convergence speed is typically una↵ected by the
presence of a small amount of noise, while the accuracy of the
solution typically deteriorates as the noise strength increases.
Moreover, we demonstrate that the attainable accuracy for a
fixed number of iterations is bounded by a quantity that plays
a very relevant role in quantum estimation theory, namely the
Quantum Fisher Information [16–18] Our theoretical predic-
tion is corroborated by the results of numerical experiments.

The paper is structured as follows: In Sec. II we introduce
the variational hybrid optimization procedure and describe an
algorithm that implements it. In Sec. III we study the role of
noisy operations and demonstrate some general results about
their e↵ects. Results of our numerical experiments are pre-
sented and discussed in Sec. IV, while conclusions are drawn
in Sec. V.

II. VARIATIONAL HYBRID OPTIMIZATION

Consider the expectation value

C(✓) := h (✓)| Ĥ | (✓)i , (1)

where | (✓)i is a quantum state of N qubits that depends on
P classical parameters ✓ = (✓1, . . . , ✓P) 2 RP, and Ĥ is a her-
mitian operator. Many optimization problems have their so-
lution in the minimization of C(✓) w.r.t. the parameters ✓.
When this minimization is obtained via a variational proce-
dure, the state | (✓)i is dubbed “variational quantum state”.
As for the operator Ĥ, its explicit form depends on the specific
problem under analysis. In the “variational quantum eigen-
solver” [3], for instance, Ĥ is the Hamiltonian of a quantum
many-body system and the task is that of finding a good vari-
ational approximation of the ground state. In the “quantum
approximate optimization algorithm” (QAOA) [4] the task is
that of solving some combinatorial problem, with Ĥ an Ising-
like Hamiltonian whose ground state embodies the solution
of the problem [19]. Further, it is possible to express in this
language some machine learning applications, such as quan-
tum classifiers [10, 20]. In all of these cases, the function to
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Gradients in Variational Quantum Algorithms 

Finite energy approximation is good only if  

                              ￼δ ≪ ϵ ⟹ shots ≫ ϵ−2



Parameter Shift Rule

Image from: https://pennylane.ai/qml/glossary/variational_circuit

✤ Parameter shift rules allow the evaluation of gradients directly in hardware

|0Í RY (Ë1) RZ(Ë4) • • RY (Ë7) RZ(Ë10) • • RY (Ë13) RZ(Ë16)

|0Í RY (Ë2) RZ(Ë5) • RY (Ë8) RZ(Ë11) • RY (Ë14) RZ(Ë17)

|0Í RY (Ë3) RZ(Ë6) RY (Ë9) RZ(Ë12) RY (Ë15) RZ(Ë18)

|0Í RY (Ë1) RZ(Ë4) • • RY (Ë7) RZ(Ë10) • • RY (Ë13)

|0Í RY (Ë2) RZ(Ë5) • RY (Ë8) RZ(Ë11) • RY (Ë14)

|0Í RY (Ë3) RZ(Ë6) RY (Ë9) RZ(Ë12) RY (Ë15)

Figure 1: Upper panel: QISKIT’s EfficientSU2 2-local circuit with N = 2 for three qubits. Lower panel: Reduction
of QISKIT’s EfficientSU2 2-local circuit with N Ø 2 to a maximally expressive circuit for three qubits using the
minimal number of parameters.

fore provides an interesting test bed of the dimen-
sional expressivity analysis, because it is simple
enough to verify the analysis results, while be-
ing su�ciently complex to obtain interesting in-
sights.

Dimensional expressivity analysis (Sec. 3.4) us-
ing random parameter values Ë1, . . . , Ë18 shows
that EfficientSU2(3, reps=2) is maximally
expressive with 15 independent parameters (that
is, the circuit is a locally surjective map into
the state space). In fact, the circuit can
be reduced to the circuit given in the lower
panel of Fig. 1 which is still maximally ex-
pressive and only contains independent parame-
ters. In this sense, EfficientSU2(3, reps=2)
with global choice Ë16 = Ë17 = Ë18 =
0 is the most e�cient, maximally expres-
sive circuit in the EfficientSU2(3, reps=N)-
family. In particular, it is not advisable to use
EfficientSU2(3, reps=N) with N > 2 as it in-
troduces additional parameters (and thus addi-
tional work for the optimizer) without increasing
the expressivity of the circuit.

However, this maximal expressivity property
is not true for all parameter sets (cf. Sec. 3.2).
Some singular parameter sets exist. For exam-
ple, a common starting position for a variational
quantum simulation is likely to be Ëinitial = 0,
i.e., all Ëj are initially set to 0. But starting with
Ëinitial = 0, there are only seven independent pa-
rameters Ë1, Ë2, Ë3, Ë4, Ë7, Ë8, and Ë13. This
reduction is most easily seen with Ë4, Ë5, and Ë6.
If Ë1 = Ë2 = Ë3 = 0, then RZ(Ë4), RZ(Ë5), and

RZ(Ë6) all act on their respective qubit which is
in the state |0Í. In other words, they all have
the same e↵ect of introducing a relative phase.
As such, the three parameters are mutually de-
pendent and we consider Ë4 to be the “indepen-
dent” parameter because it is the first parameter
(with respect to the chosen ordering of parame-
ters) that generates arbitrary phases.
This e↵ect can be detrimental to local opti-

mizers. In particular, gradient based optimizers
using EfficientSU2(3, reps=2) starting with
Ë = 0 might be trapped in an artificial local min-
imum purely because a variation of the seven in-
dependent parameters remains inside a level set2

of the energy landscape and hence the gradient
is rendered zero. Replacing the starting value
Ëinitial = 0 with a small random perturbation
Ëinitial = Á is unlikely to result in such an arti-
ficial minimum and provides the full dimensional
expressivity of the circuit.
In the light of these singular sets, for which the

dimensional expressivity is not maximal, it is in-
teresting to note that performing the dimensional
expressivity analysis on random parameters suf-
fices to make general statements. This is a con-
sequence of the generic structure of this type of
circuit. The singular parameters are precisely the
zeros of a function comprised of sums and prod-
ucts of sines and cosines (cf. Sec. 3.2). In other
words, they are a lower dimensional subset of the

2
A level set Lc(f) of a function f of n variables is a

set where the function takes on a given constant value c:

Lc(f) = {(x1, · · · , xn) | f(x1, · · · , xn) = c}.

Accepted in Quantum 2021-03-10, click title to verify. Published under CC-BY 4.0. 5
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✤ Why do we fix a particular structure? (Most of the times) because we can!

✤ Analogy with neural networks: “hardware friendly-ness” is more 
important than clever designs

✤ But then why do we have to use qubits? Perfect qubits do not exist yet!  

|0Í RY (Ë1) RZ(Ë4) • • RY (Ë7) RZ(Ë10) • • RY (Ë13) RZ(Ë16)

|0Í RY (Ë2) RZ(Ë5) • RY (Ë8) RZ(Ë11) • RY (Ë14) RZ(Ë17)

|0Í RY (Ë3) RZ(Ë6) RY (Ë9) RZ(Ë12) RY (Ë15) RZ(Ë18)

|0Í RY (Ë1) RZ(Ë4) • • RY (Ë7) RZ(Ë10) • • RY (Ë13)

|0Í RY (Ë2) RZ(Ë5) • RY (Ë8) RZ(Ë11) • RY (Ë14)

|0Í RY (Ë3) RZ(Ë6) RY (Ë9) RZ(Ë12) RY (Ë15)

Figure 1: Upper panel: QISKIT’s EfficientSU2 2-local circuit with N = 2 for three qubits. Lower panel: Reduction
of QISKIT’s EfficientSU2 2-local circuit with N Ø 2 to a maximally expressive circuit for three qubits using the
minimal number of parameters.

fore provides an interesting test bed of the dimen-
sional expressivity analysis, because it is simple
enough to verify the analysis results, while be-
ing su�ciently complex to obtain interesting in-
sights.

Dimensional expressivity analysis (Sec. 3.4) us-
ing random parameter values Ë1, . . . , Ë18 shows
that EfficientSU2(3, reps=2) is maximally
expressive with 15 independent parameters (that
is, the circuit is a locally surjective map into
the state space). In fact, the circuit can
be reduced to the circuit given in the lower
panel of Fig. 1 which is still maximally ex-
pressive and only contains independent parame-
ters. In this sense, EfficientSU2(3, reps=2)
with global choice Ë16 = Ë17 = Ë18 =
0 is the most e�cient, maximally expres-
sive circuit in the EfficientSU2(3, reps=N)-
family. In particular, it is not advisable to use
EfficientSU2(3, reps=N) with N > 2 as it in-
troduces additional parameters (and thus addi-
tional work for the optimizer) without increasing
the expressivity of the circuit.

However, this maximal expressivity property
is not true for all parameter sets (cf. Sec. 3.2).
Some singular parameter sets exist. For exam-
ple, a common starting position for a variational
quantum simulation is likely to be Ëinitial = 0,
i.e., all Ëj are initially set to 0. But starting with
Ëinitial = 0, there are only seven independent pa-
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If Ë1 = Ë2 = Ë3 = 0, then RZ(Ë4), RZ(Ë5), and

RZ(Ë6) all act on their respective qubit which is
in the state |0Í. In other words, they all have
the same e↵ect of introducing a relative phase.
As such, the three parameters are mutually de-
pendent and we consider Ë4 to be the “indepen-
dent” parameter because it is the first parameter
(with respect to the chosen ordering of parame-
ters) that generates arbitrary phases.
This e↵ect can be detrimental to local opti-

mizers. In particular, gradient based optimizers
using EfficientSU2(3, reps=2) starting with
Ë = 0 might be trapped in an artificial local min-
imum purely because a variation of the seven in-
dependent parameters remains inside a level set2

of the energy landscape and hence the gradient
is rendered zero. Replacing the starting value
Ëinitial = 0 with a small random perturbation
Ëinitial = Á is unlikely to result in such an arti-
ficial minimum and provides the full dimensional
expressivity of the circuit.
In the light of these singular sets, for which the
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teresting to note that performing the dimensional
expressivity analysis on random parameters suf-
fices to make general statements. This is a con-
sequence of the generic structure of this type of
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GHZ state becomes [2]

|ψ (t )〉 = 1√
2m

(
|00. . .0〉 + e−2inmξ t |11. . .1〉

)
(3)

the enhancement termm corresponds to the number of qubits
composing the state.

While this study will not explore the DD scheme in de-
tail, we highlight its potential due to the simplicity of its
experimental implementation and scalability [23]. A !ux-
tunable qubit can be used to detect low-power coherent ac
drives when in resonance with a qubit transition frequency,
making this setup suitable for detecting dark photons due
to their kinetic mixing with the EM "eld [31]. This drive
induces a comparably slowRabi oscillation of the qubit state,
which can be predicted analytically as a function of the ki-
netic mixing parameter ε. Hence, if a qubit is prepared in
the ground state |0〉, then it will accumulate an excitation
probability over time that can be estimated through repeated
measurements. A spike in the excitation probability occurs
when the qubit resonant frequency matches the dark-photon
"eld-induced drive.

Both detection mechanisms require high-performance
qubits in terms of tradeoff between coherence time and
readout speed. This study, consisting of a follow-up of
Moretti et al. [32], presents our design of a test superconduct-
ing qubit, comparing simulation results with experimental
measurements of parameters, such as coupling strengths and
coherence times. We assess the strengths and limitations of
these simulation techniques as we move toward developing
a QND photon counter.

II. CIRCUIT DESIGN AND SIMULATION
In this section, we present a planar circuit design featuring
two noninteracting transmon qubits. This test circuit enables
evaluation of our design and modeling capabilities before
advancing to the engineering of the photon-collection cavity
and detection setups.

The circuit is fabricated on a 7 × 7 mm2 high-resistivity
silicon substrate of 380 µm thickness. The qubits are made
of a 100 nm-thick Nb layer with Al/AlOx/Al Dolan-bridge
Josephson Junctions [33]. The two qubits are grounded trans-
mons shunted with an “x”-shaped capacitance (Xmon [34])
and capacitively coupled to the same feedline through indi-
vidual λ/4 resonators. The "rst qubit has a "xed frequency
and is driven through the resonator, while the second qubit is
!ux-tunable, with a dedicated drive line and !ux bias line.
Fig. 2 shows a micrograph of the circuit. The design was
developed using IBM’s Qiskit Metal toolkit [35] for qubit
circuit prototyping and simulated with various "nite-element
solvers, such as Ansys high-frequency structure simulator
(HFSS), Ansys Q3D, and Elmer FEM Solver.1

1 Certain equipment, instruments, software, or materials, commercial or
noncommercial, are identi"ed in this article in order to specify the experi-
mental procedure adequately. Such identi"cation does not imply recommen-
dation or endorsement of any product or service by NIST, nor does it imply

FIGURE 2. Micrograph of the 7 × 7 mm2 circuit. Labels indicate the
feedline ends for both qubits, the driveline, and the flux-bias line for the
flux-tunable qubit. The fixed-frequency qubit is labeled as “QB-0,” and
the tunable-frequency qubit as “QB-1.” The red boxes enclose the QB-0
and QB-1 qubit-resonator systems, with their feedline couplings. On the
right, a zoomed-in view of QB-0 shows a detailed view of the qubit
components and geometry.

Simulation is a crucial step as it allows us to extract several
Hamiltonian parameters and cross-Kerr terms, whichmust be
carefully optimized by tuning component geometries, such
as the shunt capacitor, dielectric gaps, and coupler dimen-
sions.

The Xmon cross has a total length of 300 µm, with a
gap of 14 µm from the ground plane. The cross width for
QB-0 measures 30 and 21 µm for QB-1. These dimensions
ensure a total qubit capacitance C% = 100 fF (QB-0) and
C% = 93 fF (QB-1), without considering the Josephson junc-
tion (or SQUID) capacitance and the capacitive load due to
resonator coupling. These con"gurations allow us to have
a reasonable "rst qubit frequency (approximately between
4 and 6 GHz) and fall in the transmon regime for a wide
range of Josephson inductance values LJ ∈ [7 nH, 15 nH]
[36], [37]. This regime is de"ned by an inductive energy EJ
to capacitive energy EC ratio EJ/EC > 50.

The coplanar waveguide (CPW) readout resonators are
about 3.68 and 3.77 mm long for the "xed-frequency and
tunable frequency qubits, respectively, with a trace width
of 15 µm and a 9 µm gap, resulting in a characteristic
impedance of Z0 = 50&, assuming a relative dielectric per-
mittivity of εr = 11.65 [38]. The coupling element is a
capacitive claw with the same trace width and gap as the res-
onator, and 23 µm distant from the metal cross. In addition,
the resonator is capacitively coupled to the feedline through
a 330 µm long coupling segment at a 30 µm distance from
the feedline.

Relevant couplings were derived from the capacitance ma-
trices extracted with Ansys Q3D for each qubit-readout cou-
pler subsystem, assuming a junction capacitance of 2 fF. This
derivation was automatically performed using the lumped
oscillator model (LOM) [39], calculated as a function of the

that the materials or equipment identi"ed are necessarily the best available
for the purpose.

VOLUME 7, 2026 3500108

Quantum Sensing and Metrology Engineeringuantum
Transactions onIEEE

Received 31 August 2024; revised 23 December 2024; accepted 7 November 2025; date of publication 14 November 2025;
date of current version 11 December 2025.

Digital Object Identifier 10.1109/TQE.2025.3633176

Transmon Qubit Modeling and
Characterization for Dark Matter Search
ROBERTO MORETTI1,2,3 , DANILO LABRANCA1,2,3,4 ,
PIETRO CAMPANA1,2,3 , RODOLFO CAROBENE1,2,3 ,
MARCO GOBBO1,2,3 , MANUEL A. CASTELLANOS-BELTRAN4 ,
DAVID OLAYA4,5 , PETER F. HOPKINS4 , LEONARDO BANCHI6,7 ,
MATTEO BORGHESI1,2,3 , ALESSANDRO CANDIDO8 ,
STEFANO CARRAZZA8,9,10,11 , HERVÈ ATSÈ CORTI1,2,3 ,
ALESSANDRO D’ELIA12 , MARCO FAVERZANI1,2,3 , ELENA FERRI2 ,
ANGELO NUCCIOTTI1,2,3 , LUCA ORIGO1,2,3 , ANDREA PASQUALE9,10,11 ,
ALEX STEPHANE PIEDJOU KOMNANG12 , ALESSIO RETTAROLI12 ,
SIMONE TOCCI12 , CLAUDIO GATTI12 , AND ANDREA GIACHERO1,2,3,13
1Department of Physics, University of Milano-Bicocca, 20126 Milan, Italy
2INFN - Milano Bicocca, 20126 Milan, Italy
3Bicocca Quantum Technologies (BiQuTe) Centre, 20126 Milan, Italy
4RF Technology Division, National Institute of Standards and Technology, Boulder, CO 80305 USA
5Department of Physics, University of Colorado, Boulder, CO 80309 USA
6Department of Physics and Astronomy, University of Florence, 50019 Sesto Fiorentino (FI), Italy
7INFN - Firenze, 50019 Sesto Fiorentino (FI), Italy
8CERN, Theoretical Physics Department, CH-1211 Geneva 23, Switzerland
9TIF Lab, Department of Physics, University of Milan, 20133 Milan, Italy
10INFN - Milano, 20133 Milan, Italy
11Quantum Research Center, Technology Innovation Institute, Abu Dhabi 9639, United Arab Emirates
12INFN - Laboratori Nazionali di Frascati, 00044 Frascati, Italy
13Quantum Sensors Division, National Institute of Standards and Technology, Boulder, CO 80305 USA

Corresponding author: Roberto Moretti (e-mail: roberto.moretti@mib.infn.it).

This work was supported in part by the Italian Institute of Nuclear Physics (INFN) through Qub-IT Project within the Technological
and Interdisciplinary Research Commission (CSN5), in part by the Piano Nazionale di Ripresa e Resilienza Ministro dell’Università e
della Ricerca (MUR) under Grant PE0000023-NQSTI and Grant CN00000013-ICSC, and in part by the Progetti di Rilevante Interesse
Nazionale MUR Project IRONMOON under Grant 2022BPJL2L.
A substantial part of the methodologies and results described in this manuscript was presented at the IEEE Workshop on
Low-Temperature Electronics, 16th edition - WOLTE16.

ABSTRACT This study presents the design, simulation, and experimental characterization of a supercon-
ducting transmon qubit circuit prototype for potential applications in dark matter detection experiments. We
describe a planar circuit design featuring two noninteracting transmon qubits, one with !xed frequency and
the other "ux tunable. Finite-element simulations were employed to extract key Hamiltonian parameters and
optimize component geometries. The qubit was fabricated and then characterized at 20 mK, allowing for a
comparison between simulated and measured qubit parameters. Good agreement was found for transition
frequencies and anharmonicities (within 1% and 10%, respectively) while coupling strengths exhibited larger
discrepancies (30%). We discuss potential causes for measured coherence times falling below expectations
(T1 ∼ 1–2 µs) and propose strategies for future design improvements. Notably, we demonstrate the appli-
cation of a hybrid 3D–2D simulation approach for energy participation ratio evaluation, yielding a more
accurate estimation of dielectric losses. This work represents an important !rst step in developing planar
quantum nondemolition single-photon counters for dark matter searches, particularly for axion and dark
photon detection schemes.

INDEX TERMS Quantum circuit, quantum sensing, qubit characterization, qubit design, qubit simulation,
transmon.

I. INTRODUCTION
Superconducting qubits have emerged as leading candidates
for a wealth of quantum sensing applications [1], [2], [3],

owing to their coherence-preserving properties and excellent
sensitivity to microwave photons. In the last two decades,
signi!cant advancements have been demonstrated in

© 2025 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License.
For more information, see http://creativecommons.org/licenses/by/4.0/
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✤ Nonlinear resonator (￼  quDit) + 
cavity

✤ Unbounded spectrum, but low 
energy approximations are good 

≈



Gradients of Parametric Quantum Circuits

|ψ(θ)⟩ = ŴLeiθLĤL⋯eiθ2Ĥ2Ŵ1eiθ1Ĥ1 |ψ0⟩,

f(θ) ≡ f(θ)
θk = θ,

θj≠k = const

= ⟨ψ |e−iĤkθM̂eiĤkθ |ψ⟩ = ∑
ω∈Ω

Mωeiωθ

Ω = {E(k)
j − E(k)

i for i, j = 1,…, Nk},

f′￼(θ) ≡
∂f(θ)
∂θk

= ∑
ω∈Ω

Mωeiωθiω .



Parameter Shift Rules for Arbitrary Spectrum

df(θ)
dθ

=
P

∑
p=1

cp f(θ + ϑp),

We look for expressions of the derivative as a linear combination of 
function evaluations

P

∑
p=1

cpeiωϑp = iω, ∀ω ∈ Ω .

This is true provided that the (unknown) coefficients satisfy 

For ￼  the linear system might have infinitely many solutionsP > |Ω |



df(θ)
dθ

=
P

∑
p=1

cp f(θ + ϑp),
When ￼  the rule is “over shifted” and 
among the infinitely many solutions we can 
choose the ones with desired properties 

P > |Ω |

If each term ￼  is experimentally measured using ￼  shots then the 
optimal shot allocation is 

f(θ + ϑp) Sp

Sp =
|cp |

∥c∥1
S, S = ∑

p

Sp



df(θ)
dθ

=
P

∑
p=1

cp f(θ + ϑp), Var [ df(θ)
dθ ] ≤

∥c∥2
1σ2

S
,

We can minimise the total number of measurements by solving the 
convex problem 

min
c

∥c∥1 such that ∑
p

cpeiωϑp = iω, ∀ω ∈ Ω,
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Figure 2. (a) Norm of solutions of (20) vs P/N for di!erent values of N . (b) Solutions of (20) vs ω for
N = 20 and two values of P , P = 20 (not overshifted) and P = 40 (overshifted).

A. Equispaced frequencies

A common scenario, e.g. when using parameter sharing (Sec. II C) in qubit-based quantum
circuits, or when dealing with photonic quantum circuits (Sec. VI A), consists of equispaced fre-
quencies. In that setting,

! = {→N,→N + 1, . . . ,→1, 0, 1, . . . , N → 1, N}, (40)

for a given integer N . This case has been extensively considered in the literature [5, 8, 9].
Since the resulting function is periodic with period 2ε and Eq. (8) can be inverted using discrete

Fourier transforms, there are basically two main approaches to define the shifts. Fix any integer
P ↑ N . Then, following Pappalardo et al. [8], we may set

ωp =
2εp

2P + 1
, for p ↓ {→P,→P + 1, . . . , P}. (41)

Alternatively, following Wierichs et al. [5] we may define the shifts as

ωp =
ε(2p→ 1)

2P
, ω→p = →ωp, for p ↓ {1, . . . , P}. (42)

In general, there is an odd number of shifts in Eq. (41), due to the extra “zero shift” ω0 = 0, while
the number of shifts in Eq. (42) is even, without the “zero shift”. Both choices lead to a linear
system with N equations and P variables in Eq. (10), so overshifting occurs when P > N . Note
that in this particular case c0 = 0 for odd shifts, so the extra shift does not play any role in the
expansion Eq. (7).

For equispaced shifts the choice of Eq. (42) should be preferred, as it provides analytic shift
rules when P = N , as shown by Wierichs et al. [5]. Suppose though that we were not aware of
this explicit solution and that we decided to focus on the suboptimal choice Eq. (41). This is
motivated by the fact that, for general ! with possibly incommensurable frequencies, there is no
explicit guideline to chose a particular set of shifts.

We use the shifts from Eq. (41) and solve Eq. (21) for di!erent values of N and P . The results
are shown in Fig. 2. As we see in Fig. 2(a), overshifting reduces ↔c↔1, and hence the number
of measurement shots thanks to Eq. (19). Our results show that, with the subotimal choice of
the shifts from Eq. (41), overshifting is always beneficial to this formulation, with the optimal at
around P = 2N , where ↔c↔1 ↗ N . Moreover, the relative advantage between the overshifted result

N = |Ω |



Infinite overshifting, continuous limit

In the limit of infinite overshifting

df(θ)
dθ

= ∫ dϑ c(ϑ)f(θ + ϑ), ∫ dϑ c(ϑ)eiωϑ = iω, ∀ω ∈ Ω,

c(ϑ) = ∫
∞

−∞

dω
2π

e−iωϑiIΩ(ω),

the coefficients become the Fourier Transform of any interpolating function

IΩ(ω)

ω



Infinite overshifting, continuous limit

Infinite overshifting can be expressed as 

With probability distributions ￼

“Doubly-stochastic” gradient descent, with variance overhead ￼

￼  we want small ￼  (again)

p±(ϑ) = 2c±(ϑ)/∥c∥1

∥c∥1

⟹ ∥c∥1

df(θ)
dθ

=
∥c∥1

2 (𝔼ϑ+∼p+,ϑ−∼p− [f(θ + ϑ+) − f(θ + ϑ−)])

￼  Uncertainty principle: sparse coefficients ￼  ￼  dense ￼L1 c(ϑ) ⟹ IΩ(ω)



Triangle Wave Interpolation
IΩ(ω)

ωTriangle wave interpolation only requires the 
bandwidth  ￼ , applicable also if ￼  is 

exponentially large

max
ω∈Ω

|ω | |Ω |

11

A. Triangle wave

The first interpolating function is based on the triangle wave, which linearly interpolates all
points in !, and also extrapolates over the whole infinite domain of ! in a zigzag way. Since it uses
the entire infinite set of frequencies, from the uncertainly principle this solution is expected to be
good. Moreover, as we will see in Sec. V, numerical solutions of the problem (20) with equispaced
frequencies resemble a triangular wave, see e.g. Fig. 3.

Triangle waves of period 2T and amplitudes in [→1, 1] have the following functional form

W2T (x) =
8

ω2

→∑

t=0

(→1)t

(2t+ 1)2
sin

(
(2t+ 1)ωx

T

)
. (32)

Let ” ↑ |ε| be a number bigger than all frequencies in !, see Table I. Then W4!(ε) = ε/” for
all ε ↓ ! and, accordingly, I”(ε) = ”W4!(ε) defines an interpolating function. From Eq. (30) we
then get

c(ϑ) =
4”

ω2

→∑

t=0

(→1)t

(2t+ 1)2

[
ϖ

(
ϑ→

ω(2t+ 1)

2”

)
→ ϖ

(
ϑ+

ω(2t+ 1)

2”

)]
, (33)

which results in Algorithm 3. Such an algorithm returns a single unbiased estimate of the gradient.
Being a stochastic parameter shift rule, we can optimize shot allocations as described in Algorithm 9
from Appendix B. The resulting shift rule is given by Algorithm 4.

Algorithm 3 Triangle Shift Rule: single-shot unbiased estimator of f ↑(ϱ).
1: Fix ” ↑ maxω→! |ε| (see Table I).
2: Sample u uniformly from [0, 1] ↔ R.
3: Repeat the iteration qi = qi↑1 +8/ω2(2i+1)↑2 with q↑1 = 0 while qi ↗ u. Let t be the index such that

qt↑1 ↗ u < qt.
4: Sample a fair coin p ↓ {0, 1} and set ϑ = (→1)pω(2t+ 1)/(2”).
5: Estimate f(ϱ + ϑ) in a quantum device and call the outcome g.
6: Return (→1)t+p”g.

Algorithm 4 Cost-E!cient Triangle Shift Rule: unbiased estimator of f ↑(ϱ) with S shots.
1: Fix ” ↑ maxω→! |ε| (see Table I).
2: for s = 1, . . . , S do
3: Sample u uniformly from [0, 1] ↔ R.
4: Repeat the iteration qi = qi↑1 + 8/ω2(2i+ 1)↑2 with q↑1 = 0 while qi ↗ u.
5: Let t be the index such that qt↑1 ↗ u < qt.
6: Sample a fair coin p ↓ {0, 1}, set ϑs = (→1)pω(2t+ 1)/(2”) and cs = ”(→1)p+t.
7: end for
8: Define ui = ϑvi as the set of di!erent values of {ϑs}

S

s=1, where vi defines the first occurrence of such shift
in the set. Let n be the number of ui, namely the number of distinct ϑs. Let also Si = |{s : ui = ϑs}|

be the number of occurrences of ui in the sampled shifts.
9: Estimate f(ϱ + ui) in a quantum device using Si measurement shots and call the outcomes fij where

i = 1, . . . , n and j = 1, . . . , Si.
10: Return the average

∑
n

i=1 cvi
∑

Si

j=1 fij/S.

From Eq. (33) we find ↘c↘1 ↗ ”, so the optimal ” is the minimum value compatible with the
constraints ” ↑ |ε|, namely the bandwidth ” = maxω↓” |ε| = εmax. The downside of Algorithm 4
is that ϑ has infinite support: although values with large t have a low probability O(t↔2) to occur,
the distribution has long tails. In order to force a more bounded ϑ, it is possible to chose a larger
”, at the expense though of increasing the number of measurements due to (19) and (27).
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Figure 7. Probability of detecting five photons as (3, 1, 1) in a three-mode interferometer with squeezed
vacuum input as a function of a single phase in the first mode.

exactly from the relevant fixed-number subspaces following Eq. (5).
When working with photon number resolving detectors, the proper subspace can be identified

from the measurement outcomes. For instance, suppose that |ω→ is a Gaussian state and |n→↑n| are
projectors modelling photon number resolving measurements with outcomes nk on mode k. Here
|n→ = |n1, n2, . . .→ where |nj→ are Fock states with nj photons. We can reinterpret the probability of
getting a particular outcome, |↑n|ω→|2, as the creation of the multi-mode Fock state |n→ followed by
the measurement of the Gaussian observable |ω→↑ω|. In other terms, if measurement results always
satisfy

∑
k
nk ↓ N for a certain cuto! N , then the Hilbert space can be approximated as finite

dimensional and, for linear optical circuits, the results of Sec. V still apply.
Fig. 7 shows the probability of detecting a given number of photons at the output of a circuit

consisting of a phase shift in one arm of a three-mode Mach–Zehnder-like interferometer, with a
squeezed vacuum input. As the detection is on a Fock state it can—as the observable is equivalent
to the outcome of homodyne detection on a fixed photon number state—be solved exactly with a
PSR for that number of photons, shift rules for a lower number of photons can still approximate
the derivative.

C. Hamiltonian Dynamics of Many-Body Systems

As an another example application we consider functions obtained by letting a many-body
quantum system evolve with some Hamiltonian Ĥ, e.g.

fH(ε) = ↑ω|eiĤωÔe→iĤω
|ω→, (44)

where |ω→ is a suitable initial state and Ô is an observable. In order to focus on a non-trivial,
yet analytically solvable model we focus on a spin chain with L qubits interacting via the XY
Hamiltonian

Ĥ =
1

4

L→1∑

i=1

(
X̂iX̂i+1 + ŶiŶi+1

)
, (45)

where X̂i and Ŷi are Pauli matrices acting on qubit i. The above Hamiltonian can be exactly
diagonalized (see e.g. [46]) with energies Ek = cos(ϑk/(L + 1)) for k = 1, . . . , L. We assume that

Probability of detecting five photons as (3,1,1) in a three-mode interferometer 
with squeezed vacuum input as a function of a single phase in the first mode.
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Figure 8. Standard deviation of di!erent estimators of the derivative f →
H
(ω), with the fH(ω) defined in

Eq. (46). The exact value of f →
H
(ω), rescaled in order to be shown with the same axes of the standard

deviation, is shown in black as a reference. The function values at each point, and their variances, are
empirically computed using 107 samples. For these numbers, the error in the estimation of f →

H
(ω) is →

200/
↑
107 and all the estimators basically reproduce the true derivative without observable errors in the

plot. Cauchy, normal, cosine, and Wigner refer to the analytic estimators discussed in Sec. IV and have
been numerically computed using Algorithm 6, while P = nN with n = 1, 2, 4 refer to numerical solutions of
Eq. (20) where N is the number of positive frequencies, and the estimators have been numerically computed
using Algorithm 2.

|ε↓ and Ô are chosen such that fH(ω) can be expanded as

fH(ω) =
∑

ω→!+
H

cos(ϑω)

ϑ
, (46)

where !+
H

is the set of positive frequencies ϑ = Ek ↔ Eε, with ϑ > 0.

In Fig. 8 we plot the derivative, and the standard deviations of di!erent estimators discussed
in the previous section for L = 10 qubits. In such case N = |!+

H
| = 25. All the estimators

were capable of almost perfectly reproducing the value of the derivative, but some estimators have
larger variances. In particular, those obtained by numerically solving Eq. (20) with di!erent values
of P show little di!erences, and the analytical estimator obtained by sampling from the Cauchy
distribution almost matches their performance. Note though that the latter comes at the price of
a non-negligible probability of sampling large values of ω, since the Cauchy distribution has long
tails. On the other hand, in numerical solutions with P = N, 2N, 4N , the range of possible ϖ in
Eq. (20) is constrained by design to a fixed interval, here [↔2ϱ, 2ϱ], so their performance can be
beaten by other methods with a di!erent interval.

fH(θ) = ⟨ψ |eiĤθÔe−iĤθ |ψ⟩

Ĥ =
1
4

L−1

∑
i=1

(X̂iX̂i+1 + ̂Yi
̂Yi+1)

Gates from many-body 
quantum dynamics



Application: all degrees of freedom in cavity QED

ĤJC =
δ
2

̂σZ +
λ
2

( ̂a† ̂σ− + ̂a ̂σ+) fJC(θ) = ⟨ψ(α) |eiĤJCθ ̂Ze−iĤJCθ |ψ(α)⟩22
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Figure 9. Di!erent estimators of the derivative f →
JC(ω), with the fJC(ω) defined in Eq. (49) and their standard

deviations. We used ε = 1, ϑ = 0.2 and ϖ = 0.5. We considered two algorithms: the triangle shift rule from
Algorithm 3 and the Approximate shift rule Algorithm 7 with L = 100, P = 1000 and ϱ → [↑ς,ς]. Since
the model has infinite bandwidth, we define parameter shift rules with a bandwidth Eq. (12) estimated by
truncating the model to 10 bosons. Nonetheless, the functions are computed using a larger Hilbert space
with a truncation up to 100 bosons, in order to approximate the infinite limit. In (a) the Approximate shift
rule is basically indistinguishable from the exact expressions (error at most 10↑3), while the triangle shift
rule shows some bias. In (b) we see that the triangle shift rule has a lower standard deviation, as we expect
from its optimality, though it introduces a bias in (a) due to the wrong estimation of the bandwidth.

1. Variational quantum circuits

As a simple case, consider a problem similar to a Variational Quantum Eigensolver (VQE), where
the task is to variationally approximate the ground state of a Hamiltonian Ĥ. The variational circuit
is constructed as in Eq. (1) with some entangling layers Ŵω and fixed rotations. For simplicity, here
we assume that the rotations are always around the Z axis, namely Ĥω = Ẑqω

is a Pauli Z gate on
qubit qω. In this setting

f(ω) = ↓φ(ω)|Ĥ|φ(ω)↔. (50)

We assume a parametrization

ωi = wiω, (51)

with some fixed weights wi and the goal is to take gradients with respect to the tunable ω. Ap-
proaches like this, namely to project the parameter space on a reduced manifold, are routinely used
in deep neural networks to improve generalization [48].

Gradients with respect to the parametrization Eq. (51) can be obtained using standard parameter
shift rule as

df

dω
=

∑

i

df

dωi
wi =

∑

i

wi

[
f
(
ω +

ς

4
ei
)
↑ f

(
ω ↑

ς

4
ei
)]

, (52)

where ei is the basis vector with elements (ei)j = ϑij . The above can be rewritten as in Eq. (7)
with c = (w1,↑w1, w2,↑w2, . . . ) with ↗c↗1 = 2↗w↗1.



Conclusions
✤ We have generalised parameter shift rules to systems with possibly 

arbitrary and unknown spectra

✤ Approximately works even for unbounded (infinite dimensional) 
systems, for low energy inputs

✤ Applicable to systems with exponentially many frequencies

✤ Different regularisations can enforce different constraints

★ Minimise the total number of measurements 

★ Enforce stability against parameter fluctuations 




