Hamiltonian Truncation Effective Theory

Improving convergence in quantum field theoretical calculations

Andrea Maestri
September, 11", 2025



Hamiltonian Truncation




Hamiltonian Truncation Approach

® Truncated Conformal Space Approach: H = Hy +V
Yurov, Zamolodchikov (1990) [1]



Hamiltonian Truncation Approach

® Truncated Conformal Space Approach: H = Hy +V
Yurov, Zamolodchikov (1990) [1]

® M, provides the set of unperturbed eigenstates: Hy|E;) = &;|E;)



Hamiltonian Truncation Approach

® Truncated Conformal Space Approach: H = Hy +V
Yurov, Zamolodchikov (1990) [1]
® Hj provides the set of unperturbed eigenstates: Hy|E;) = &;|E;:)

T

V — oo



Hamiltonian Truncation Approach

® Truncated Conformal Space Approach: H = Hy +V
Yurov, Zamolodchikov (1990) [1]

® M, provides the set of unperturbed eigenstates: Hy|E;) = &;|E;)

Wr AN
—_— 5
Finite volume to —_— T
discretize states :
- £
-
—— & — &

V — oo V = finite



Hamiltonian Truncation Approach

® Truncated Conformal Space Approach: H = Hy +V
Yurov, Zamolodchikov (1990) [1]

® M, provides the set of unperturbed eigenstates: Hy|E;) = &;|E;)

T T T
-_& >
Finite volume to —_ T Introduce an B
discretize states : energy cut-off
b 51 —r— 51
—1 & —_— & —_— &

V — oo V = finite V = finite




Diagonalising H in the Truncated Subspace

® Truncated subspace: H — Hep = span{|5i> |5i < Emax}



Diagonalising H in the Truncated Subspace

® Truncated subspace: H — Hep = span{|5i> |5i < Emax}

® Diagonalise H on Hg: compute matrix elements H;; = (&|H|E;j)es



Diagonalising H in the Truncated Subspace

® Truncated subspace: H — Hep = span{|5i> |5i < Emax}
® Diagonalise H on Hg: compute matrix elements H;; = (&|H|E;j)es

® Working on the “cylinder”: R x S?{l Hogervorst, Rychkov, Rees (2015) [2]



Diagonalising H in the Truncated Subspace

® Truncated subspace: H — Heg = span{|5i> |5i < Emax}
® Diagonalise H on Hg: compute matrix elements H;; = (&|H|E;j)es

® Working on the “cylinder”: R x S?{l Hogervorst, Rychkov, Rees (2015) [2]

e

Accuracy

A~E_Y

max

.V:d—QAV



Diagonalising H in the Truncated Subspace

® Truncated subspace: H — Heg = span{|5i> |5i < Emax}
® Diagonalise H on Hg: compute matrix elements H;; = (&|H|E;j)es

® Working on the “cylinder”: R x S?{l Hogervorst, Rychkov, Rees (2015) [2]

/ N\

Accuracy Computational cost

A~E_Y T ~ exp (Erln;l(/d>

max

o v=d—2Ay e number of states in Heg



Diagonalising H in the Truncated Subspace

® Truncated subspace: H — Heg = span{|5i> |5i < Emax}

® Diagonalise H on Hg: compute matrix elements H;; = (&|H|E;j)es

® Working on the “cylinder”: R x S?{l Hogervorst, Rychkov, Rees (2015) [2]
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Logarithmic behaviour:

{ A(T) ~ In(T) ]:>

N\

Computational cost
1-1/d
T ~ exp (Emax/ )

e number of states in Heg

Improving accuracy
Mird et al. (2017) [3]
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Effective Field Theory applied to Hamiltonian Truncation

® Effective Field Theory: applies with clear scale hierarchy

Houtz, Cohen, Farnsworth, Luty (2022) [4] Wilsonian cutoff

Energy cutoff as a UV regulator:
EIR < Emax Z — Z
k k<AR
0 Emax A
| I
| r
— _— |
IR uv
—_— e
Strong Coupling: Weak Coupling:
effective description perturbation theory
v

matching — Heg

® Separation of scales: Matching corrections are insensitive to IR physics
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Diagrammatic Matching order O(V)

e Matching at first order: (f|H1|i)eg = (f|V i)

Kbt & =g fantniatiy
+<+ > = *mv/dl’<f| ¢°: i)

e Same diagrams in effective and full theory

A
e Defines the parameters of H; = /dm [ mi ig? + 4} o :}

Matching conditions O(V)

2 _ 2
my; = My

At this order, effective and “raw” Hamiltonian truncation coincide
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Diagrammatic Matching order O(V"

= (f|V o)l Vi
Z<| |E>f<a| i)

e Diagrams contributing with four external legs T2(4):

S TS
e Diagrams contributing with two external legs TZ(Q):
/N
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e Diagram evaluation example:

3 1 3 1
>©5 < >©5 < 1 < > ) (h 4
_ = 512 34 f‘ O ¢> ¢ ‘ >
4 6 2 |: 4 6 2 ‘| 8 27TR Z ’ 1

2 dege T

e Matching at second order: (f|Hsl|i)er =

[e3

x+EF — w3 —wy +ws +wg)
><2534% Frns f

5.6 40.}50.}6(0.}3 —+ Wyg — Wy — U.}g)



Diagrammatic Matching order O(V"

e Complicated IR dependence negligible assuming scale separation:

mg Swizss SEif K Emax == W56 2 Fmax

~

~
IR scales From step function



Diagrammatic Matching order O(V"

e Complicated IR dependence negligible assuming scale separation:

mqQ S wiess S &, ; L Emnax ==  ws6 2 Emax

~

IR scales From step function
e Local approximation: set all external energies to zero
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e O (E . ) — T satisfies requirement 2. IR expansion / Epax
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Diagrammatic Matching order O(1/?)

e Summing all T2(4) and T2(2) diagrams reconstructs :¢*: and :¢?:

1 A
e Defines the parameters of Hy = /da: [Qm‘Q/Q P 4—? ot
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Improved Scaling of the Accuracy

x AEX = 0.90459 (Raw) -5~ Raw O(V)
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Two-point correlation functi

Correlation length:
&~ 1/mpp ~C A=A

Two-point correlation function:

G(x) = (Wo|:(x)B(0):|1ho) ~ e~ 171/¢
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Key idea:  Imposing the cut-off on the invariant mass g
Chen et al. (2022) [5]

Step: 1. Fix total momentum P ([H, P] = 0)

2. Compute pug = /2 — P2,

3. Impose cut-off py < Ehnax

Truncated Hegr = span{|n;) | € = Zwknk < VEZ, +P?}
k

Subspace

Vacuum “Effective” vacuum energy in the boosted frame:

EP =EY—, /mf)h + P2
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Two—point correlation functions

e Two—point correlation functions between states of non—zero momentum

G(z; p,a) = (Ygl:6()6(0):[vg)
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e qPDFs/qTMDs are computed on the lattice
e Tend to PDFs/TMDs for P, — oo, but P. ~ 7/a ~ 2-3 GeV

Adop M2
P2 P2

e Large Momentum Effective Theory — O ( ) ~ 1-20 %
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From qPDFs/qTMDs on the Lattice to PDFs/TMDs

e qPDFs/qTMDs are computed on the lattice

Tend to PDFs/TMDs for P, — oo, but P, ~ w/a ~ 2-3 GeV

Ajep M?
p2 7 p2

Large Momentum Effective Theory — O ( ) ~ 120 %

Limitations:

Statistical noise e Unstable numerical reconstruction

Complicated renormalisation e Limited access to endpoints z — 0, 1

Lattice (Euclidean) Light-Cone

qPDF fi(z, P.) LaMET PDF f;(z)
qTMD fi(z, kr, P;) TMD fi(z, kr)
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Exploiting the HTET approach to improve current methods?

Key Idea: Work directly in light-cone coordinates

Basis Light-Front Quantization Light-cone Conformal Truncation
Basis: Hprro(K, Nmax) Basis: Hicr(Amax)
e Longitudinal momentum: DLCQ e States of a CFT
e Transverse d.o.f.: 2D-HO o
Application:
Application: e 1+ 1D: ¢*, Gross—Neveu, QCD
e QED, QCD, and nuclear systems e 2+ 1D: ¢*
Form factors, PFD/TMD Spectral densities, form factors,

correlators... PDFs?

Outlook Implement the HTET approach to improve accuracy with
systematic diagrammatic matching
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Definition of the Transition Matrix
e Time evolution operator in the interaction picture:
Urp(ty. ti) = T[e—if;:f dt Vzp(t)] , with Vip(t) = e/ Hot (V7 ¢=<t) e iHot
e Definition of the matching operator:
(FIZ) = tim (F|Usp (¢, 0)])
e Implicit relation can be evaluated iteratively, order by order:
Uppty t) =1 — i/ttf dt Urp(ts, ) Vip(t)

e This leads to the expansion (Eyg = &, — &p):

(fIV14) (fIV]e)(a|V]i)
Epitic | Xa: Era +ie)(Ei+ i)

(f1%]i) = b5 + +O(V?)

e The common denominator I/¢; 4 ie can be factored out:
(£]T]3)

(fIZ]i) = dij +



Wilsonian Renormalization and Scale Separation

e By introducing the Wilsonian cut-off A, we obtain:

e Renormalized mass m% depending on an arbitrary renormalization scale
14

) A 1
mf(n) = mg + iR Z o
pR<|k|<AR °F

e Ref. [4]: separation of scales is manifest in terms of m% (i ~ Epax)
o We then define the normal ordered mass as

myo =mpr(p=0) = mg =mnyo, m%/ =0.



Range di validita HTET boosted-frame E,, .
e If the cut-off .« or the radius R is too small, the boost is ill-defined.
. . . 2 2
e Analysis by invariant-mass: f;(p) = \/(Ef — Efac)” + (B)
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Range di validita HTET boosted-frame R

e If the cut-off .« or the radius R is too small, the boost is ill-defined.
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Z5 Symmetry Breaking

® For A < \., F1 = Ey, indicating that the mass gap is closing, signal

of spontaneous symmetry breaking
® At A = A, a second-order phase transition occurs and the gap

vanishes completely
® For A > )., the theory enters has two degenerate vacua

4.0
—e— Improved Z = —
35 —— Improved Z = +




LaMET Limitations

1
, _ dy —1({xz n ~
Q(“Bnu) = [1 |y‘ C (yv pz) Q(y»szﬂ)

Statistical noise:
Bilocal correlators exhibit noise that increases exponentially with spatial
separation (required for P,), making precise extraction difficult.

Complicated renormalisation:
The infinite Wilson line introduces additional linear divergences, requiring
a scheme (e.g. non-perturbative RI/MOM) followed by conversion to MS.

Unstable numerical reconstruction:
The deconvolution is an ill-posed problem, highly sensitive to numerical

and statistical errors.

Limited access to endpoints z — 0, 1:
Lattice data are more reliable in the intermediate region.
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