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• QFT is fantastic in statistical physics, particle physics, cosmology


• Many phenomenologically relevant QFTs are strongly coupled

2

Motivation

How do we formulate predictions in strongly coupled QFTs?
<latexit sha1_base64="4o53vhhNuZVKzsqB38sw1stFrfQ="></latexit>

Method Downsides
Conformal bootstrap Only CFT
S-matrix bootstrap Only 2-to-2

Hamiltonian truncation Cuto! breaks Lorentz, many divergences
Lattice Expensive, sign problem, no dynamics

Integrability Only 2D and extra conserved charges
Holography Only large N and SUSY
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A framework in the continuum, with no divergences and (maybe??) cheap

Basic idea



• In CFT, local observables are fixed by

4

<latexit sha1_base64="44M9tJsedDbmF3rTrNZZRF8vB/g=">AAAB/XicbVC7TsMwFHXKq7Q8wmNjsShIDKhKGApjRRkYi0QfUhNFjuu2po4T2U6lEkX8CgsDCDHCB/AHbHwIzLiPAVqOdKWjc+7Vvff4EaNSWdankVlYXFpeya7m8mvrG5vm1nZdhrHApIZDFoqmjyRhlJOaooqRZiQICnxGGn6/MvIbAyIkDfm1GkbEDVCX0w7FSGnJM3edxLkgTCGPHle8hN70Uyf1zIJVtMaA88SekkL54Ov1fZD/rnrmh9MOcRwQrjBDUrZsK1JugoSimJE058SSRAj3UZe0NOUoINJNxten8FArbdgJhS6u4Fj9PZGgQMph4OvOAKmenPVG4n9eK1adMzehPIoV4XiyqBMzqEI4igK2qSBYsaEmCAuqb4W4hwTCSgeW0yHYsy/Pk/pJ0S4VS1c6jXMwQRbsgX1wBGxwCsrgElRBDWBwC+7BI3gy7owH49l4mbRmjOnMDvgD4+0HNumZhQ==</latexit>

{!i, Cijk}

A framework in the continuum, with no divergences and (maybe??) cheap

Basic idea

<latexit sha1_base64="dgTCrELgJKJVndz13kK/lJ+8xWs="></latexit>

→Oi(x)Oj(0)↑ =
ωij
x2!i

<latexit sha1_base64="qpslxiPcZ0RFLYRTsf/3x1seuTk="></latexit>

Oi(x)Oj(0) =
∑

k

Cijk

x!i+!j→!k
(Ok(0) + descendants)



• In CFT, local observables are fixed by


• QFT in AdS defines a family of CFTs (without stress tensor)


• Observables in QFT in AdS fixed by 
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<latexit sha1_base64="dgTCrELgJKJVndz13kK/lJ+8xWs="></latexit>
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<latexit sha1_base64="99OLdivnhak9c4l7Xit/tm+mIfc="></latexit>

{!i(ω), bÔi (ω) , Cijk(ω)}

<latexit sha1_base64="44M9tJsedDbmF3rTrNZZRF8vB/g=">AAAB/XicbVC7TsMwFHXKq7Q8wmNjsShIDKhKGApjRRkYi0QfUhNFjuu2po4T2U6lEkX8CgsDCDHCB/AHbHwIzLiPAVqOdKWjc+7Vvff4EaNSWdankVlYXFpeya7m8mvrG5vm1nZdhrHApIZDFoqmjyRhlJOaooqRZiQICnxGGn6/MvIbAyIkDfm1GkbEDVCX0w7FSGnJM3edxLkgTCGPHle8hN70Uyf1zIJVtMaA88SekkL54Ov1fZD/rnrmh9MOcRwQrjBDUrZsK1JugoSimJE058SSRAj3UZe0NOUoINJNxten8FArbdgJhS6u4Fj9PZGgQMph4OvOAKmenPVG4n9eK1adMzehPIoV4XiyqBMzqEI4igK2qSBYsaEmCAuqb4W4hwTCSgeW0yHYsy/Pk/pJ0S4VS1c6jXMwQRbsgX1wBGxwCsrgElRBDWBwC+7BI3gy7owH49l4mbRmjOnMDvgD4+0HNumZhQ==</latexit>

{!i, Cijk}



The Boundary Operator Expansion (BOE)

|ω→ = Ô(z,x)|0→



The Boundary Operator Expansion (BOE)

|ω→ = Ô(z,x)|0→|ω→ = Ô(z,x)|0→



The Boundary Operator Expansion (BOE)

|ω→ = Ô(z,x)|0→|ω→ = Ô(z,x)|0→

|ω→ =
∑

i

z!ibÔi (Oi(x) + desc.)



• In CFT, local observables are fixed by


• QFT in AdS defines a family of CFTs (without stress tensor)


• Observables in QFT in AdS fixed by 


• For arbitrary     , we can compute universally the derivatives of the data
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<latexit sha1_base64="dgTCrELgJKJVndz13kK/lJ+8xWs="></latexit>
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<latexit sha1_base64="99OLdivnhak9c4l7Xit/tm+mIfc="></latexit>

{!i(ω), bÔi (ω) , Cijk(ω)}
<latexit sha1_base64="0OwWUySuZhimDqqgDKEF8+J0Tag=">AAAB7nicbVC7SgNBFL0bX3F9RS1tBoNgFXYt1EYM2lhGMA9IljA7O5sMmZ0dZmaFsOQjbCwUsbDxT+xtxL9x8ig08cCFwznnch+h5Ewbz/t2CkvLK6trxXV3Y3Nre6e0u9fQaaYIrZOUp6oVYk05E7RumOG0JRXFSchpMxxcj/3mPVWapeLODCUNEtwTLGYEGys1O9xGI9wtlb2KNwFaJP6MlC8/3Av59uXWuqXPTpSSLKHCEI61bvueNEGOlWGE05HbyTSVmAxwj7YtFTihOsgn647QkVUiFKfKljBoov7uyHGi9TAJbTLBpq/nvbH4n9fOTHwe5EzIzFBBpoPijCOTovHtKGKKEsOHlmCimN0VkT5WmBj7Idc+wZ8/eZE0Tir+aeX01itXr2CKIhzAIRyDD2dQhRuoQR0IDOABnuDZkc6j8+K8TqMFZ9azD3/gvP8An96SxQ==</latexit>

ω

<latexit sha1_base64="44M9tJsedDbmF3rTrNZZRF8vB/g=">AAAB/XicbVC7TsMwFHXKq7Q8wmNjsShIDKhKGApjRRkYi0QfUhNFjuu2po4T2U6lEkX8CgsDCDHCB/AHbHwIzLiPAVqOdKWjc+7Vvff4EaNSWdankVlYXFpeya7m8mvrG5vm1nZdhrHApIZDFoqmjyRhlJOaooqRZiQICnxGGn6/MvIbAyIkDfm1GkbEDVCX0w7FSGnJM3edxLkgTCGPHle8hN70Uyf1zIJVtMaA88SekkL54Ov1fZD/rnrmh9MOcRwQrjBDUrZsK1JugoSimJE058SSRAj3UZe0NOUoINJNxten8FArbdgJhS6u4Fj9PZGgQMph4OvOAKmenPVG4n9eK1adMzehPIoV4XiyqBMzqEI4igK2qSBYsaEmCAuqb4W4hwTCSgeW0yHYsy/Pk/pJ0S4VS1c6jXMwQRbsgX1wBGxwCsrgElRBDWBwC+7BI3gy7owH49l4mbRmjOnMDvgD4+0HNumZhQ==</latexit>

{!i, Cijk}



• In CFT, local observables are fixed by


• QFT in AdS defines a family of CFTs (without stress tensor)


• Observables in QFT in AdS fixed by 


• For arbitrary     , we can compute universally the derivatives of the data


• Truncated system of ODEs can in principle be solved iteratively, flowing the data 
to strong coupling and to flat space
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A framework in the continuum, with no divergences and (maybe?) cheap

Basic idea

<latexit sha1_base64="dgTCrELgJKJVndz13kK/lJ+8xWs="></latexit>
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ωij
x2!i

<latexit sha1_base64="qpslxiPcZ0RFLYRTsf/3x1seuTk="></latexit>
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Cijk
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<latexit sha1_base64="99OLdivnhak9c4l7Xit/tm+mIfc="></latexit>

{!i(ω), bÔi (ω) , Cijk(ω)}
<latexit sha1_base64="0OwWUySuZhimDqqgDKEF8+J0Tag=">AAAB7nicbVC7SgNBFL0bX3F9RS1tBoNgFXYt1EYM2lhGMA9IljA7O5sMmZ0dZmaFsOQjbCwUsbDxT+xtxL9x8ig08cCFwznnch+h5Ewbz/t2CkvLK6trxXV3Y3Nre6e0u9fQaaYIrZOUp6oVYk05E7RumOG0JRXFSchpMxxcj/3mPVWapeLODCUNEtwTLGYEGys1O9xGI9wtlb2KNwFaJP6MlC8/3Av59uXWuqXPTpSSLKHCEI61bvueNEGOlWGE05HbyTSVmAxwj7YtFTihOsgn647QkVUiFKfKljBoov7uyHGi9TAJbTLBpq/nvbH4n9fOTHwe5EzIzFBBpoPijCOTovHtKGKKEsOHlmCimN0VkT5WmBj7Idc+wZ8/eZE0Tir+aeX01itXr2CKIhzAIRyDD2dQhRuoQR0IDOABnuDZkc6j8+K8TqMFZ9azD3/gvP8An96SxQ==</latexit>

ω

<latexit sha1_base64="44M9tJsedDbmF3rTrNZZRF8vB/g=">AAAB/XicbVC7TsMwFHXKq7Q8wmNjsShIDKhKGApjRRkYi0QfUhNFjuu2po4T2U6lEkX8CgsDCDHCB/AHbHwIzLiPAVqOdKWjc+7Vvff4EaNSWdankVlYXFpeya7m8mvrG5vm1nZdhrHApIZDFoqmjyRhlJOaooqRZiQICnxGGn6/MvIbAyIkDfm1GkbEDVCX0w7FSGnJM3edxLkgTCGPHle8hN70Uyf1zIJVtMaA88SekkL54Ov1fZD/rnrmh9MOcRwQrjBDUrZsK1JugoSimJE058SSRAj3UZe0NOUoINJNxten8FArbdgJhS6u4Fj9PZGgQMph4OvOAKmenPVG4n9eK1adMzehPIoV4XiyqBMzqEI4igK2qSBYsaEmCAuqb4W4hwTCSgeW0yHYsy/Pk/pJ0S4VS1c6jXMwQRbsgX1wBGxwCsrgElRBDWBwC+7BI3gy7owH49l4mbRmjOnMDvgD4+0HNumZhQ==</latexit>

{!i, Cijk}
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<latexit sha1_base64="iJy+d3W9ifWGGpDyhySguiREaxI=">AAACE3icbVDLSgMxFM34rPVVdekmWAQRLDMu1J1FQVy22Be0pWTSO21oJjMkd8RS+g9u/BU3LhRx68adf2P6WGjrgZDDOfcm9x4/lsKg6347C4tLyyurqbX0+sbm1nZmZ7diokRzKPNIRrrmMwNSKCijQAm1WAMLfQlVv3c98qv3oI2IVAn7MTRD1lEiEJyhlVqZ42qXIRWGYhfo3UnIUIsHKhQt3pRGVyCtbWLG4bKVybo5dww6T7wpyZIpCq3MV6Md8SQEhVwyY+qeG2NzwDQKLmGYbiQG7Ms91oG6pYqFYJqD8U5DemiVNg0ibY9COlZ/dwxYaEw/9G2lHbprZr2R+J9XTzC4aA6EihMExScfBYmkGNFRQLQtNHCUfUsY18LOSnmXacbRxpi2IXizK8+TymnOO8udFU+z+atpHCmyTw7IEfHIOcmTW1IgZcLJI3kmr+TNeXJenHfnY1K64Ex79sgfOJ8/dyKcqQ==</latexit>

What is the S-matrix in QFT in flat space?
<latexit sha1_base64="gSq4JowrlTz0MDXfaDAW7VRC/Dg=">AAACAnicbVC7TsMwFHXKq5RXgAmxWFRITFXSobBRYGEsEn1IbVQ5jtNadezIdqiqqGLhV1gYQIiVr2Djb3DaDNByJEtH59yr63P8mFGlHefbKqysrq1vFDdLW9s7u3v2/kFLiURi0sSCCdnxkSKMctLUVDPSiSVBkc9I2x/dZH77gUhFBb/Xk5h4ERpwGlKMtJH69tEVD+BQjGEg4JhALKI40QRSfdm3y07FmQEuEzcnZZCj0be/eoHASUS4xgwp1XWdWHspkppiRqalXqJIjPAIDUjXUI4iorx0FmEKT40SwFBI87iGM/X3RooipSaRbyYjpIdq0cvE/7xuosMLL6U8i8Xx/FCYMKgFzPqAAZUEazYxBGFJzV8hHiKJsDatlUwJ7mLkZdKqVtxapXZXLdev8zqK4BicgDPggnNQB7egAZoAg0fwDF7Bm/VkvVjv1sd8tGDlO4fgD6zPH9yPlnc=</latexit>

And how do we compute it?

<latexit sha1_base64="yEpLZM9hrFmraTgDexclPPEFN78=">AAACC3icbVC7SgNBFJ31bXxFLW2GBMEq7Iqona/GUsFoIAlhdvbGDM5jmbmrhiW9jb9iY6GIrT9g5984iSk08cDA4Zx7uXNOnErhMAy/gonJqemZ2bn5wsLi0vJKcXXt0pnMcqhyI42txcyBFBqqKFBCLbXAVCzhKr456ftXt2CdMPoCuyk0FbvWoi04Qy+1iqUGwj3mRzqhHXNHE0PvgHKj0gyBYgfUQa9VLIeVcAA6TqIhKZMhzlrFz0ZieKZAI5fMuXoUptjMmUXBJfQKjcxByvgNu4a6p5opcM18kKVHN72S0Lax/mmkA/X3Rs6Uc10V+0nFsONGvb74n1fPsL3fzIXuJ9P851A7kxQN7RdDE2GBo+x6wrgV/q+Ud5hlHH19BV9CNBp5nFxuV6Ldyu75TvnweFjHHNkgJbJFIrJHDskpOSNVwskDeSIv5DV4DJ6Dt+D9Z3QiGO6skz8IPr4Bho6avQ==</latexit>

And how do we compute them?

[Paulos, Penedones, Toledo, van Rees, Vieira, ’16]

<latexit sha1_base64="RFOIZKCbMphSiWYgifPEc/8UR7U=">AAACFXicbZA9SwNBEIb3/DZ+nVraLAbBQsJdimhn1MZS0XxAEsLcZi5Zsrd77O4JIfgnbPwrNhaK2Ap2/hs3MYUmDiw8vO8Ms/NGqeDGBsGXNze/sLi0vLKaW1vf2Nzyt3eqRmWaYYUpoXQ9AoOCS6xYbgXWU42QRAJrUf9i5NfuUBuu5K0dpNhKoCt5zBlYJ7X9o1oPLAWNVCgGgjKlNYqxSeNMshEYyiU969yctv18UAjGRWchnECeTOqq7X82O4plCUrLBBjTCIPUtoagLWcC73PNzGAKrA9dbDiUkKBpDcdX3dMDp3RorLR70tKx+ntiCIkxgyRynQnYnpn2RuJ/XiOz8UlryGWaWZTsZ1GcCWoVHUVEO1wjs2LgAJjm7q+U9UADsy7InAshnD55FqrFQlgqlK6L+fL5JI4Vskf2ySEJyTEpk0tyRSqEkQfyRF7Iq/foPXtv3vtP65w3mdklf8r7+Aa5Zp6M</latexit>

What are local correlation functions in AdS?

Basic idea



Basic idea
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<latexit sha1_base64="VYqYcy1VAQ6H+AfM0itRtspI4Cg=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8laRI9Vj14rGi/YAmlM1m2y7dbMLuRCyhf8OLB0W8+me8+W/ctjlo64OBx3szzMwLEsE1Os63tbK6tr6xWdgqbu/s7u2XDg5bOk4VZU0ai1h1AqKZ4JI1kaNgnUQxEgWCtYPRzdRvPzKleSwfcJwwPyIDyfucEjSS5yF7wuwqvJ/0qr1S2ak4M9jLxM1JGXI0eqUvL4xpGjGJVBCtu66ToJ8RhZwKNil6qWYJoSMyYF1DJYmY9rPZzRP71Cih3Y+VKYn2TP09kZFI63EUmM6I4FAvelPxP6+bYv/Sz7hMUmSSzhf1U2FjbE8DsEOuGEUxNoRQxc2tNh0SRSiamIomBHfx5WXSqlbcWqV2d16uX+dxFOAYTuAMXLiAOtxCA5pAIYFneIU3K7VerHfrY966YuUzR/AH1ucP6yORnw==</latexit>

AdS2

“QFT data” fully fixes all local observables

Taking                      , with PT we compute    
<latexit sha1_base64="Calv5tNbZdeHoJz0TMUhfF5YbD8=">AAACCHicbVDLSgMxFM34rPU16tKFwSIIQpkRqS6LblxWsA/oDCWTybShmcyQ3BHK0KUbf8WNC0Xc+gnu/BvTdhbaeiBwcs65JPcEqeAaHOfbWlpeWV1bL22UN7e2d3btvf2WTjJFWZMmIlGdgGgmuGRN4CBYJ1WMxIFg7WB4M/HbD0xpnsh7GKXMj0lf8ohTAkbq2UeeMOGQeJAU7MwLmQBS3Hp2xak6U+BF4hakggo0evaXFyY0i5kEKojWXddJwc+JAk4FG5e9TLOU0CHps66hksRM+/l0kTE+MUqIo0SZIwFP1d8TOYm1HsWBScYEBnrem4j/ed0Mois/5zLNgEk6eyjKBIYET1rBIVeMghgZQqji5q+YDogiFEx3ZVOCO7/yImmdV91atXZ3UalfF3WU0CE6RqfIRZeojm5RAzURRY/oGb2iN+vJerHerY9ZdMkqZg7QH1ifP/R9mfM=</latexit>

ω → ω+ εω

Truncated system of ODEs can be iteratively solved

1D conformal manifolds: [Behan, ’17]

<latexit sha1_base64="68rosJH7SkSVstvumt2iYywEm0o="></latexit>

S = SQFT2
+ ω

∫

AdS2

!̂

Inspiration: [Hollands, Wald, ’23]

<latexit sha1_base64="BVquTlSsp0v66UlXzfOSI1G7758="></latexit>

!i(ω) , Cijk(ω) , bÔa
i (ω)

<latexit sha1_base64="Czc0VGEZhNJH0PvxvKw83TwwJMk="></latexit>

!i

dω
(ω) ,

Cijk

dω
(ω) ,

dbÔa
i

dω
(ω)
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Outline

• Correlation functions from QFT data


• Perturbation theory, once and for all


• Examples and checks


• Further properties of the flow equations



Observables from QFT data

14



Geometry
Embedding space formalism

• Embed             in


• Boundary       space of light rays


• Poincaré metric 

15

R

<latexit sha1_base64="VYqYcy1VAQ6H+AfM0itRtspI4Cg=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8laRI9Vj14rGi/YAmlM1m2y7dbMLuRCyhf8OLB0W8+me8+W/ctjlo64OBx3szzMwLEsE1Os63tbK6tr6xWdgqbu/s7u2XDg5bOk4VZU0ai1h1AqKZ4JI1kaNgnUQxEgWCtYPRzdRvPzKleSwfcJwwPyIDyfucEjSS5yF7wuwqvJ/0qr1S2ak4M9jLxM1JGXI0eqUvL4xpGjGJVBCtu66ToJ8RhZwKNil6qWYJoSMyYF1DJYmY9rPZzRP71Cih3Y+VKYn2TP09kZFI63EUmM6I4FAvelPxP6+bYv/Sz7hMUmSSzhf1U2FjbE8DsEOuGEUxNoRQxc2tNh0SRSiamIomBHfx5WXSqlbcWqV2d16uX+dxFOAYTuAMXLiAOtxCA5pAIYFneIU3K7VerHfrY966YuUzR/AH1ucP6yORnw==</latexit>

AdS2
<latexit sha1_base64="mBP4UbYus+d5FOsZ9eASX/a+mME=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgQkpSpLosunFZxT6gjWUynbZDJ5MwMymUkD9x40IRt/6JO//GSZuFth4YOJxzL/fM8SPOlHacb6uwtr6xuVXcLu3s7u0f2IdHLRXGktAmCXkoOz5WlDNBm5ppTjuRpDjwOW37k9vMb0+pVCwUj3oWUS/AI8GGjGBtpL5t9wKsx76fPKRPiXtRTft22ak4c6BV4uakDDkaffurNwhJHFChCcdKdV0n0l6CpWaE07TUixWNMJngEe0aKnBAlZfMk6fozCgDNAyleUKjufp7I8GBUrPAN5NZTrXsZeJ/XjfWw2svYSKKNRVkcWgYc6RDlNWABkxSovnMEEwkM1kRGWOJiTZllUwJ7vKXV0mrWnFrldr9Zbl+k9dRhBM4hXNw4QrqcAcNaAKBKTzDK7xZifVivVsfi9GCle8cwx9Ynz8TXZNP</latexit>

R1,2

<latexit sha1_base64="k9JEQW41Qd+wBwqZBp/ZAGUlNZc=">AAAB/XicbVDLTsJAFJ36RHzVx87NRGLiRtISg25MADcu0Qg0gdJMhylMmE6bmakJNsRfceNCY9z6H+78GwfoQsGT3OTknHtz7z1+zKhUlvVtLC2vrK6t5zbym1vbO7vm3n5TRonApIEjFgnHR5IwyklDUcWIEwuCQp+Rlj+8nvitByIkjfi9GsXEDVGf04BipLTkmYdOt+p0ax2ikJdWa+Ors7tuyTMLVtGaAi4SOyMFkKHumV+dXoSTkHCFGZKybVuxclMkFMWMjPOdRJIY4SHqk7amHIVEuun0+jE80UoPBpHQxRWcqr8nUhRKOQp93RkiNZDz3kT8z2snKrh0U8rjRBGOZ4uChEEVwUkUsEcFwYqNNEFYUH0rxAMkEFY6sLwOwZ5/eZE0S0W7XCzfnhcqtSyOHDgCx+AU2OACVMANqIMGwOARPINX8GY8GS/Gu/Exa10yspkD8AfG5w/IHZQp</latexit>

XAXBωAB = →R2

<latexit sha1_base64="PZayX8IBF+KO09GHE4y/LPsL3Ec=">AAACGHicbVDLTgIxFO3gC/E16tJNIzFxQXDGGHRjArhxiYk8EgbInU6Bhs6DtmNCJnyGG3/FjQuNccvOv7E8FgqepMnpOffe9h434kwqy/o2UmvrG5tb6e3Mzu7e/oF5eFSTYSwIrZKQh6LhgqScBbSqmOK0EQkKvstp3R3cTf36ExWShcGjGkW05UMvYF1GQGmpY15U2qVKu+xQBZ2kVB7fWk4uh53hMAYPa8+RzMcO1wM9mN47ZtbKWzPgVWIvSBYtUOmYE8cLSezTQBEOUjZtK1KtBIRihNNxxokljYAMoEebmgbgU9lKZouN8ZlWPNwNhT6BwjP1d0cCvpQj39WVPqi+XPam4n9eM1bdm1bCgihWNCDzh7oxxyrE05SwxwQlio80ASKY/ismfRBAlM4yo0Owl1deJbXLvF3IFx6ussXyIo40OkGn6BzZ6BoV0T2qoCoi6Bm9onf0YbwYb8an8TUvTRmLnmP0B8bkB3yGnjQ=</latexit>

PAPBωAB = 0 , PA → εPA

<latexit sha1_base64="XQjv6wntN5x1EvmzqUynZt323YU=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4xkUcCGzI79MLI7M46M0tCCP/gxYPGePV/vPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooWWqGNaZFFK1AqpR8BjrhhuBrUQhjQKBzWB4O/ObI1Say/jBjBP0I9qPecgZNVZqdPAp5aNuseSW3TnIKvEyUoIMtW7xq9OTLI0wNkxQrduemxh/QpXhTOC00Ek1JpQNaR/blsY0Qu1P5tdOyZlVeiSUylZsyFz9PTGhkdbjKLCdETUDvezNxP+8dmrCa3/C4yQ1GLPFojAVxEgye530uEJmxNgSyhS3txI2oIoyYwMq2BC85ZdXSeOi7FXKlfvLUvUmiyMPJ3AK5+DBFVThDmpQBwaP8Ayv8OZI58V5dz4WrTknmzmGP3A+fwDFzY9H</latexit>→

<latexit sha1_base64="clLOXv4dRc/VmK8UDH36IBWYj3Q=">AAACGHicbVDLSsNAFJ34rPUVdekmWARBqEmQ6kYounFZwT6gSctkMmmHziRhZiLUkM9w46+4caGI2+78GydtQG09MHDmnHu59x4vpkRI0/zSlpZXVtfWSxvlza3tnV19b78looQj3EQRjXjHgwJTEuKmJJLiTswxZB7FbW90k/vtB8wFicJ7OY6xy+AgJAFBUCqpr5/5omdfOQGHKHUYlEPOUj977NmnPz9HwqRnZ6lSs75eMavmFMYisQpSAQUafX3i+BFKGA4lolCIrmXG0k0hlwRRnJWdROAYohEc4K6iIWRYuOn0sMw4VopvBBFXL5TGVP3dkUImxJh5qjLfVsx7ufif101kcOmmJIwTiUM0GxQk1JCRkadk+IRjJOlYEYg4UbsaaAhVSFJlWVYhWPMnL5KWXbVq1drdeaV+XcRRAofgCJwAC1yAOrgFDdAECDyBF/AG3rVn7VX70D5npUta0XMA/kCbfAMNi6EP</latexit>

ds2 =
dz2 + dω2

z2



Correlation functions
• At any point in the RG flow
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O1O2

<latexit sha1_base64="4nRBLcIwbbUj87QVvuWdinMJjqA=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgxpIUqS6LblxGsA9oQphMJu3QSSbOTAoldOHGX3HjQhG3foQ7/8Zpm4W2HrhwOOde7r0nSBmVyrK+jdLa+sbmVnm7srO7t39gHh51JM8EJm3MGRe9AEnCaELaiipGeqkgKA4Y6Qajm5nfHRMhKU/u1SQlXowGCY0oRkpLvll1/NxuTF3ykNExPG84vu3ikCvo+A3frFl1aw64SuyC1EABxze/3JDjLCaJwgxJ2betVHk5EopiRqYVN5MkRXiEBqSvaYJiIr18/sQUnmolhBEXuhIF5+rviRzFUk7iQHfGSA3lsjcT//P6mYquvJwmaaZIgheLooxBxeEsERhSQbBiE00QFlTfCvEQCYSVzq2iQ7CXX14lnUbdbtabdxe11nURRxlUwQk4Aza4BC1wCxzQBhg8gmfwCt6MJ+PFeDc+Fq0lo5g5Bn9gfP4AfPaWug==</latexit>

P12 → ↑2P1 · P2

O1

O2

O3

<latexit sha1_base64="xwkbciJ0Fg99vZWJ8UNBw/v9lks=">AAACFXicbZDLSsNAFIYn9VbrLerSTbAIglqSVqrLoi5cVrAXaEKYTE/aoZOLM5NCCX0JN76KGxeKuBXc+TZO2yy09YeBj/+cw5nzezGjQprmt5ZbWl5ZXcuvFzY2t7Z39N29pogSTqBBIhbxtocFMBpCQ1LJoB1zwIHHoOUNrif11hC4oFF4L0cxOAHuhdSnBEtlufqpfQNMYje1ypWxDQ8JHWaOdZJB+SyDiqsXzZI5lbEIVgZFlKnu6l92NyJJAKEkDAvRscxYOinmkhIG44KdCIgxGeAedBSGOADhpNOrxsaRcrqGH3H1QmlM3d8TKQ6EGAWe6gyw7Iv52sT8r9ZJpH/ppDSMEwkhmS3yE2bIyJhEZHQpByLZSAEmnKq/GqSPOSZSBVlQIVjzJy9Cs1yyqqXq3XmxdpXFkUcH6BAdIwtdoBq6RXXUQAQ9omf0it60J+1Fe9c+Zq05LZvZR3+kff4A3zieBA==</latexit>

!123 → !1 +!2 ↑!3

<latexit sha1_base64="YQ8G6NUQkw0xrFdYPtWGZfHeoBk="></latexit>

=
C123(ω)

P!123(ω)
12 P!231(ω)

23 P!132(ω)
13

<latexit sha1_base64="Tu39aN4rMsne48p6Ps0HkD53tmI=">AAACJnicbVDLSsNAFJ34rPUVdelmsAh1U5Ii1U2hqAuXFewDmhgmk0k7dPJgZiKUkK9x46+4cVERceenOE2DaOuB4R7OuXdm7nFjRoU0jE9tZXVtfWOztFXe3tnd29cPDrsiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk546vZ37vkXBBo/BeTmJiB2gYUp9iJJXk6M2m5XOEU8sjTCIntW7yaha1nmVp20nNevbwY1Utpu730FmWOXrFqBk54DIxC1IBBdqOPrW8CCcBCSVmSIiBacTSThGXFDOSla1EkBjhMRqSgaIhCoiw03zNDJ4qxYN+xNUJJczV3xMpCoSYBK7qDJAciUVvJv7nDRLpX9opDeNEkhDPH/ITBmUEZ5lBj3KCJZsogjCn6q8Qj5CKTapkyyoEc3HlZdKt18xGrXF3XmldFXGUwDE4AVVgggvQAregDToAgyfwAqbgTXvWXrV37WPeuqIVM0fgD7Svb7LIpes=</latexit>

=
ω!1!2

P!1(ω)
12

O1Ô

<latexit sha1_base64="uK57Xgty+m9rPn7bA1fyFGbIS+k="></latexit>

=
bÔ1 (ω)

(→2P ·X)!1(ω)



Correlation functions
• At any point in the RG flow
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O1O2

<latexit sha1_base64="4nRBLcIwbbUj87QVvuWdinMJjqA=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgxpIUqS6LblxGsA9oQphMJu3QSSbOTAoldOHGX3HjQhG3foQ7/8Zpm4W2HrhwOOde7r0nSBmVyrK+jdLa+sbmVnm7srO7t39gHh51JM8EJm3MGRe9AEnCaELaiipGeqkgKA4Y6Qajm5nfHRMhKU/u1SQlXowGCY0oRkpLvll1/NxuTF3ykNExPG84vu3ikCvo+A3frFl1aw64SuyC1EABxze/3JDjLCaJwgxJ2betVHk5EopiRqYVN5MkRXiEBqSvaYJiIr18/sQUnmolhBEXuhIF5+rviRzFUk7iQHfGSA3lsjcT//P6mYquvJwmaaZIgheLooxBxeEsERhSQbBiE00QFlTfCvEQCYSVzq2iQ7CXX14lnUbdbtabdxe11nURRxlUwQk4Aza4BC1wCxzQBhg8gmfwCt6MJ+PFeDc+Fq0lo5g5Bn9gfP4AfPaWug==</latexit>

P12 → ↑2P1 · P2

O1

O2

O3

<latexit sha1_base64="xwkbciJ0Fg99vZWJ8UNBw/v9lks=">AAACFXicbZDLSsNAFIYn9VbrLerSTbAIglqSVqrLoi5cVrAXaEKYTE/aoZOLM5NCCX0JN76KGxeKuBXc+TZO2yy09YeBj/+cw5nzezGjQprmt5ZbWl5ZXcuvFzY2t7Z39N29pogSTqBBIhbxtocFMBpCQ1LJoB1zwIHHoOUNrif11hC4oFF4L0cxOAHuhdSnBEtlufqpfQNMYje1ypWxDQ8JHWaOdZJB+SyDiqsXzZI5lbEIVgZFlKnu6l92NyJJAKEkDAvRscxYOinmkhIG44KdCIgxGeAedBSGOADhpNOrxsaRcrqGH3H1QmlM3d8TKQ6EGAWe6gyw7Iv52sT8r9ZJpH/ppDSMEwkhmS3yE2bIyJhEZHQpByLZSAEmnKq/GqSPOSZSBVlQIVjzJy9Cs1yyqqXq3XmxdpXFkUcH6BAdIwtdoBq6RXXUQAQ9omf0it60J+1Fe9c+Zq05LZvZR3+kff4A3zieBA==</latexit>

!123 → !1 +!2 ↑!3

<latexit sha1_base64="YQ8G6NUQkw0xrFdYPtWGZfHeoBk="></latexit>

=
C123(ω)

P!123(ω)
12 P!231(ω)

23 P!132(ω)
13

<latexit sha1_base64="Tu39aN4rMsne48p6Ps0HkD53tmI=">AAACJnicbVDLSsNAFJ34rPUVdelmsAh1U5Ii1U2hqAuXFewDmhgmk0k7dPJgZiKUkK9x46+4cVERceenOE2DaOuB4R7OuXdm7nFjRoU0jE9tZXVtfWOztFXe3tnd29cPDrsiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk546vZ37vkXBBo/BeTmJiB2gYUp9iJJXk6M2m5XOEU8sjTCIntW7yaha1nmVp20nNevbwY1Utpu730FmWOXrFqBk54DIxC1IBBdqOPrW8CCcBCSVmSIiBacTSThGXFDOSla1EkBjhMRqSgaIhCoiw03zNDJ4qxYN+xNUJJczV3xMpCoSYBK7qDJAciUVvJv7nDRLpX9opDeNEkhDPH/ITBmUEZ5lBj3KCJZsogjCn6q8Qj5CKTapkyyoEc3HlZdKt18xGrXF3XmldFXGUwDE4AVVgggvQAregDToAgyfwAqbgTXvWXrV37WPeuqIVM0fgD7Svb7LIpes=</latexit>

=
ω!1!2

P!1(ω)
12

O1Ô

These are the coefficients in the BOE

<latexit sha1_base64="uK57Xgty+m9rPn7bA1fyFGbIS+k="></latexit>

=
bÔ1 (ω)

(→2P ·X)!1(ω)

<latexit sha1_base64="dyjAQtZu364e7SBbG5xuEd4KMek="></latexit>

Ô(z, ω) =
∑

i

z!ibÔi (Oi(ω) + descendants)



Correlation functions

• State-operator map: any other correlation function is built from QFT data
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Ô1

Ô2

Ô3

<latexit sha1_base64="d4cLsTUuMDZts0OddG6IWsZxBUE="></latexit>

=
∑

i,j,k

bÔ1
i bÔ2

j bÔ3
k Cijk (kinematic block)ijk



Correlation functions

• State-operator map: any other correlation function is built from QFT data
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Ô1

Ô2

Ô3

<latexit sha1_base64="d4cLsTUuMDZts0OddG6IWsZxBUE="></latexit>

=
∑

i,j,k

bÔ1
i bÔ2

j bÔ3
k Cijk (kinematic block)ijk

Dynamics Theory-independent



The QFT data
• QFT observables are thus fully fixed by these functions


• For boundary observables, we only need 


• ODEs for these functions come by solving perturbation theory once and for all

20

<latexit sha1_base64="ljC8xEmYLjFdPlqt6BKI9IDfY2M="></latexit>

!i(ω) , Cijk(ω) , b!̂i(ω)

<latexit sha1_base64="BVquTlSsp0v66UlXzfOSI1G7758="></latexit>

!i(ω) , Cijk(ω) , bÔa
i (ω)

<latexit sha1_base64="F+iT0c/IHPxgBqmcQ++Oj5JNCVg=">AAACAHicbVDLSsNAFJ3UV62vqAsXboYWoSKUxEV1WXTjsoJ9QBPDZDJphk4mYWYihNCN3+AfuHGhiFs/w13/xuljodUDA4dz7uHOPX7KqFSWNTFKK6tr6xvlzcrW9s7unrl/0JVJJjDp4IQlou8jSRjlpKOoYqSfCoJin5GeP7qe+r0HIiRN+J3KU+LGaMhpSDFSWvLMI/++cCKknHZExx6tO0xnA3TqmTWrYc0A/xJ7QWqtqnP2NGnlbc/8coIEZzHhCjMk5cC2UuUWSCiKGRlXnEySFOERGpKBphzFRLrF7IAxPNFKAMNE6McVnKk/EwWKpcxjX0/GSEVy2ZuK/3mDTIWXbkF5minC8XxRmDGoEjhtAwZUEKxYrgnCguq/QhwhgbDSnVV0CfbyyX9J97xhNxvNW93GFZijDI5BFdSBDS5AC9yANugADMbgGbyCN+PReDHejY/5aMlYZA7BLxif33C7mUs=</latexit>

b!̂i (ω)



Perturbation theory, once and for all
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Perturbation theory, once and for all
Shifting data

• Change the coupling infinitesimally


• At leading order, the only effect is

22

<latexit sha1_base64="jwKGqWLGjGeceXHaHidUQFF5+8U="></latexit>

ω!i(ε) = ωε !→

i(ε)

ωCijk(ε) = ωε C →

ijk(ε)

ωb
Ôi(ε) = ωε b→

Ôi
(ε)

<latexit sha1_base64="Kk5Xzzi0VkTUVnIam+AUQKK99ZU="></latexit>

S = SQFT2
+ (ω+ εω)

∫

X
!̂



2-pt function
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Perturbation theory, once and for all

<latexit sha1_base64="jwKGqWLGjGeceXHaHidUQFF5+8U="></latexit>

ω!i(ε) = ωε !→

i(ε)

ωCijk(ε) = ωε C →

ijk(ε)

ωb
Ôi(ε) = ωε b→

Ôi
(ε)

<latexit sha1_base64="Kk5Xzzi0VkTUVnIam+AUQKK99ZU="></latexit>

S = SQFT2
+ (ω+ εω)

∫

X
!̂



2-pt function

24

Perturbation theory, once and for all

• At the same time,
<latexit sha1_base64="dVnp9RsEpfEc9pUMDwzmj6WjyC0="></latexit>

→O(P1)O(P2)↑(ω+εω) = →O(P1)O(P2)↑(ω) + ωε

∫

X
→O(P1)O(P2)!̂(X)↑(ω)

<latexit sha1_base64="jwKGqWLGjGeceXHaHidUQFF5+8U="></latexit>

ω!i(ε) = ωε !→

i(ε)

ωCijk(ε) = ωε C →

ijk(ε)

ωb
Ôi(ε) = ωε b→

Ôi
(ε)

<latexit sha1_base64="Kk5Xzzi0VkTUVnIam+AUQKK99ZU="></latexit>

S = SQFT2
+ (ω+ εω)

∫

X
!̂

<latexit sha1_base64="FWTcG6I83cr36Qq1EmQq8yIn994=">AAAB6HicbZC7TgJBFIbP4g3whlrabCQmNpJdC7Qk2lhCIpcIGzI7nIWR2dnNzKyRbHgCGwuNofUFfBc7n0YHsFDwTyb58v/nZM45fsyZ0o7zaWVWVtfWN7K5/ObW9s5uYW+/oaJEUqzTiEey5ROFnAmsa6Y5tmKJJPQ5Nv3h1TRv3qNULBI3ehSjF5K+YAGjRBurdtotFJ2SM5O9DO4PFCu5eHL7/vBV7RY+Or2IJiEKTTlRqu06sfZSIjWjHMf5TqIwJnRI+tg2KEiIyktng47tY+P07CCS5gltz9zfHSkJlRqFvqkMiR6oxWxq/pe1Ex1ceCkTcaJR0PlHQcJtHdnTre0ek0g1HxkgVDIzq00HRBKqzW3y5gju4srL0DgrueVSueYWK5cwVxYO4QhOwIVzqMA1VKEOFBAe4RlerDvryXq1JvPSjPXTcwB/ZL19A5eikIs=</latexit>→
<latexit sha1_base64="dVnp9RsEpfEc9pUMDwzmj6WjyC0="></latexit>

→O(P1)O(P2)↑(ω+εω) = →O(P1)O(P2)↑(ω) + ωε

∫

X
→O(P1)O(P2)!̂(X)↑(ω)



2-pt function
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Perturbation theory, once and for all

OO <latexit sha1_base64="8EgRM77KVhLBhCXDpsBquxkLTEc=">AAAB9XicbVC7TsNAEFyHVwivACWNRYREFdkUQBlBQxkk8pBiE50v5/iU89m6W4MiK+I3aChAiBI6PoSOv+HyKCBhpJVGM7va3QlSwTU6zrdVWFpeWV0rrpc2Nre2d8q7e02dZIqyBk1EotoB0UxwyRrIUbB2qhiJA8FaweBy7LfumNI8kTc4TJkfk77kIacEjXTrcYndthcR9OoR75YrTtWZwF4k7oxUarXRQ/D5Pqp3y19eL6FZzCRSQbTuuE6Kfk4UcirYqORlmqWEDkifdQyVJGbazydXj+wjo/TsMFGmJNoT9fdETmKth3FgOmOCkZ73xuJ/XifD8NzPuUwzZJJOF4WZsDGxxxHYPa4YRTE0hFDFza02jYgiFE1QJROCO//yImmeVN3T6um1SeMCpijCARzCMbhwBjW4gjo0gIKCR3iGF+veerJerbdpa8GazezDH1gfP4OalkA=</latexit>∫

X
!̂

• At the same time,

<latexit sha1_base64="jwKGqWLGjGeceXHaHidUQFF5+8U="></latexit>

ω!i(ε) = ωε !→

i(ε)

ωCijk(ε) = ωε C →

ijk(ε)

ωb
Ôi(ε) = ωε b→

Ôi
(ε)

<latexit sha1_base64="Kk5Xzzi0VkTUVnIam+AUQKK99ZU="></latexit>

S = SQFT2
+ (ω+ εω)

∫

X
!̂

<latexit sha1_base64="dVnp9RsEpfEc9pUMDwzmj6WjyC0="></latexit>

→O(P1)O(P2)↑(ω+εω) = →O(P1)O(P2)↑(ω) + ωε

∫

X
→O(P1)O(P2)!̂(X)↑(ω)<latexit sha1_base64="FWTcG6I83cr36Qq1EmQq8yIn994=">AAAB6HicbZC7TgJBFIbP4g3whlrabCQmNpJdC7Qk2lhCIpcIGzI7nIWR2dnNzKyRbHgCGwuNofUFfBc7n0YHsFDwTyb58v/nZM45fsyZ0o7zaWVWVtfWN7K5/ObW9s5uYW+/oaJEUqzTiEey5ROFnAmsa6Y5tmKJJPQ5Nv3h1TRv3qNULBI3ehSjF5K+YAGjRBurdtotFJ2SM5O9DO4PFCu5eHL7/vBV7RY+Or2IJiEKTTlRqu06sfZSIjWjHMf5TqIwJnRI+tg2KEiIyktng47tY+P07CCS5gltz9zfHSkJlRqFvqkMiR6oxWxq/pe1Ex1ceCkTcaJR0PlHQcJtHdnTre0ek0g1HxkgVDIzq00HRBKqzW3y5gju4srL0DgrueVSueYWK5cwVxYO4QhOwIVzqMA1VKEOFBAe4RlerDvryXq1JvPSjPXTcwB/ZL19A5eikIs=</latexit>→

<latexit sha1_base64="dVnp9RsEpfEc9pUMDwzmj6WjyC0="></latexit>

→O(P1)O(P2)↑(ω+εω) = →O(P1)O(P2)↑(ω) + ωε

∫

X
→O(P1)O(P2)!̂(X)↑(ω)



OiOi

∑

l

b!̂l Ol

∫
!̂

2-pt function
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Perturbation theory, once and for all

• At the same time,


• Renormalization conditions

<latexit sha1_base64="jwKGqWLGjGeceXHaHidUQFF5+8U="></latexit>

ω!i(ε) = ωε !→

i(ε)

ωCijk(ε) = ωε C →

ijk(ε)

ωb
Ôi(ε) = ωε b→

Ôi
(ε)

<latexit sha1_base64="CHxul29zjOT3g03eIBJFN8vD+4c="></latexit>

O(ω+εω) = (1 + Z(ω))OR
(ω+εω)

<latexit sha1_base64="38SIH7pCVBXy44Tt3sIA/yjv9aw=">AAAB73icbZDLSgMxFIYz9VbHW9Wlm8EiuCozLqobsejGZQV7gXYomfRMG5pJYpIRytCXcONCEcGVT+Lejfg2ppeFtv4Q+Pj/c8g5J5KMauP7305uaXlldS2/7m5sbm3vFHb36lqkikCNCCZUM8IaGOVQM9QwaEoFOIkYNKLB1Thv3IPSVPBbM5QQJrjHaUwJNtZqtkFqygTvFIp+yZ/IW4RgBsWLD/dcvn251U7hs90VJE2AG8Kw1q3AlybMsDKUMBi57VSDxGSAe9CyyHECOswm8468I+t0vVgo+7jxJu7vjgwnWg+TyFYm2PT1fDY2/8taqYnPwoxymRrgZPpRnDLPCG+8vNelCohhQwuYKGpn9UgfK0yMPZFrjxDMr7wI9ZNSUC6Vb/xi5RJNlUcH6BAdowCdogq6RlVUQwQx9ICe0LNz5zw6L87rtDTnzHr20R857z+v6pNo</latexit>ω
<latexit sha1_base64="PIoO25aF27aUicRQMdpoqgyzOqQ=">AAAB+HicbVDLSsNAFJ3UV42PRl26GSyCq5K4qG7EohuXFewD2lAm00k7dJIJMzdKDf0SN4KKuPUn3LsR/8bpY6GtBy4czrmXe+8JEsE1uO63lVtaXlldy6/bG5tb2wVnZ7euZaooq1EppGoGRDPBY1YDDoI1E8VIFAjWCAaXY79xy5TmMr6BYcL8iPRiHnJKwEgdp9AWLATFe30gSsm7jlN0S+4EeJF4M1I8/7DPkqcvu9pxPttdSdOIxUAF0brluQn4GVHAqWAju51qlhA6ID3WMjQmEdN+Njl8hA+N0sWhVKZiwBP190RGIq2HUWA6IwJ9Pe+Nxf+8VgrhqZ/xOEmBxXS6KEwFBonHKeAuV4yCGBpCqOLmVkz7RBEKJivbhODNv7xI6sclr1wqX7vFygWaIo/20QE6Qh46QRV0haqohihK0QN6Ri/WvfVovVpv09acNZvZQ39gvf8AzW+W2Q==</latexit>→

<latexit sha1_base64="PbIzH2LZ0Y7oK2ON94zYf+6hFyU="></latexit>

→O
R
i (P1)O

R
j (P2)↑(ω+εω) ↓

ωij

P!i+ε!i
12

<latexit sha1_base64="Kk5Xzzi0VkTUVnIam+AUQKK99ZU="></latexit>

S = SQFT2
+ (ω+ εω)

∫

X
!̂

<latexit sha1_base64="dVnp9RsEpfEc9pUMDwzmj6WjyC0="></latexit>

→O(P1)O(P2)↑(ω+εω) = →O(P1)O(P2)↑(ω) + ωε

∫

X
→O(P1)O(P2)!̂(X)↑(ω)<latexit sha1_base64="FWTcG6I83cr36Qq1EmQq8yIn994=">AAAB6HicbZC7TgJBFIbP4g3whlrabCQmNpJdC7Qk2lhCIpcIGzI7nIWR2dnNzKyRbHgCGwuNofUFfBc7n0YHsFDwTyb58v/nZM45fsyZ0o7zaWVWVtfWN7K5/ObW9s5uYW+/oaJEUqzTiEey5ROFnAmsa6Y5tmKJJPQ5Nv3h1TRv3qNULBI3ehSjF5K+YAGjRBurdtotFJ2SM5O9DO4PFCu5eHL7/vBV7RY+Or2IJiEKTTlRqu06sfZSIjWjHMf5TqIwJnRI+tg2KEiIyktng47tY+P07CCS5gltz9zfHSkJlRqFvqkMiR6oxWxq/pe1Ex1ceCkTcaJR0PlHQcJtHdnTre0ek0g1HxkgVDIzq00HRBKqzW3y5gju4srL0DgrueVSueYWK5cwVxYO4QhOwIVzqMA1VKEOFBAe4RlerDvryXq1JvPSjPXTcwB/ZL19A5eikIs=</latexit>→

<latexit sha1_base64="dVnp9RsEpfEc9pUMDwzmj6WjyC0="></latexit>

→O(P1)O(P2)↑(ω+εω) = →O(P1)O(P2)↑(ω) + ωε

∫

X
→O(P1)O(P2)!̂(X)↑(ω)



Perturbation theory, once and for all
Conformal blocks

• We want to carry out these integrals universally

27

OiOi

<latexit sha1_base64="/EoxDBp+NcY1iYozDCh9vPhkD5I=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBE8lUSkeix68VjBfkATy2a7aZZuNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFqeAaHefbWlldW9/YLG2Vt3d29/YrB4dtnWSKshZNRKK6AdFMcMlayFGwbqoYiQPBOsHoZup3HpnSPJH3OE6ZH5Oh5CGnBI304HGJ/a4XEfSaEe9Xqk7NmcFeJm5BqlCg2a98eYOEZjGTSAXRuuc6Kfo5UcipYJOyl2mWEjoiQ9YzVJKYaT+fXT2xT40ysMNEmZJoz9TfEzmJtR7HgemMCUZ60ZuK/3m9DMMrP+cyzZBJOl8UZsLGxJ5GYA+4YhTF2BBCFTe32jQiilA0QZVNCO7iy8ukfV5z67X63UW1cV3EUYJjOIEzcOESGnALTWgBBQXP8Apv1pP1Yr1bH/PWFauYOYI/sD5/AHw3koU=</latexit>∫

X
!̂

<latexit sha1_base64="TANM89BBS0fR40as0S6CRxKprMg="></latexit>

=

∫

X,ω
→0|Oi(P1)Oi(P2)!̂(X)|0↑



Perturbation theory, once and for all
Conformal blocks

• We want to carry out these integrals universally

28

OiOi

<latexit sha1_base64="/EoxDBp+NcY1iYozDCh9vPhkD5I=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBE8lUSkeix68VjBfkATy2a7aZZuNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFqeAaHefbWlldW9/YLG2Vt3d29/YrB4dtnWSKshZNRKK6AdFMcMlayFGwbqoYiQPBOsHoZup3HpnSPJH3OE6ZH5Oh5CGnBI304HGJ/a4XEfSaEe9Xqk7NmcFeJm5BqlCg2a98eYOEZjGTSAXRuuc6Kfo5UcipYJOyl2mWEjoiQ9YzVJKYaT+fXT2xT40ysMNEmZJoz9TfEzmJtR7HgemMCUZ60ZuK/3m9DMMrP+cyzZBJOl8UZsLGxJ5GYA+4YhTF2BBCFTe32jQiilA0QZVNCO7iy8ukfV5z67X63UW1cV3EUYJjOIEzcOESGnALTWgBBQXP8Apv1pP1Yr1bH/PWFauYOYI/sD5/AHw3koU=</latexit>∫

X
!̂

<latexit sha1_base64="TANM89BBS0fR40as0S6CRxKprMg="></latexit>

=

∫

X,ω
→0|Oi(P1)Oi(P2)!̂(X)|0↑

<latexit sha1_base64="QmO8A3onNCoPowtVRHdmbXhYDX0="></latexit>

=

∫

X,ω

∑

j

∫

P
→0|Oi(P1)Oi(P2)|!j , P ↑→!j , P |”̂(X)|0↑



Perturbation theory, once and for all
Conformal blocks

• We want to carry out these integrals universally

29

OiOi

<latexit sha1_base64="/EoxDBp+NcY1iYozDCh9vPhkD5I=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBE8lUSkeix68VjBfkATy2a7aZZuNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFqeAaHefbWlldW9/YLG2Vt3d29/YrB4dtnWSKshZNRKK6AdFMcMlayFGwbqoYiQPBOsHoZup3HpnSPJH3OE6ZH5Oh5CGnBI304HGJ/a4XEfSaEe9Xqk7NmcFeJm5BqlCg2a98eYOEZjGTSAXRuuc6Kfo5UcipYJOyl2mWEjoiQ9YzVJKYaT+fXT2xT40ysMNEmZJoz9TfEzmJtR7HgemMCUZ60ZuK/3m9DMMrP+cyzZBJOl8UZsLGxJ5GYA+4YhTF2BBCFTe32jQiilA0QZVNCO7iy8ukfV5z67X63UW1cV3EUYJjOIEzcOESGnALTWgBBQXP8Apv1pP1Yr1bH/PWFauYOYI/sD5/AHw3koU=</latexit>∫

X
!̂

<latexit sha1_base64="TANM89BBS0fR40as0S6CRxKprMg="></latexit>

=

∫

X,ω
→0|Oi(P1)Oi(P2)!̂(X)|0↑

<latexit sha1_base64="QmO8A3onNCoPowtVRHdmbXhYDX0="></latexit>

=

∫

X,ω

∑

j

∫

P
→0|Oi(P1)Oi(P2)|!j , P ↑→!j , P |”̂(X)|0↑

<latexit sha1_base64="eAdUpHQRsEXWhl80s577zCpW5LM=">AAAB7nicdZDLSsNAFIZP6q3WW9Wlm8EiuApJq213Ft24rGAv0IYymU7aoZNJmJkIJfQh3LhQxK3P485Hcec0raCiPwz8fP85zDnHjzlT2nHerdzK6tr6Rn6zsLW9s7tX3D9oqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXM3zzh2VikXiVk9j6oV4JFjACNYGdfoq8RXVg2LJsSvuWblSQ47tZDKmWjmvuzXkLknp4iPI1BwU3/rDiCQhFZpwrFTPdWLtpVhqRjidFfqJojEmEzyiPWMFDqny0mzcGToxZIiCSJonNMro944Uh0pNQ99UhliP1e9sDv/KeokO6l7KRJxoKsjioyDhSEdovjsaMkmJ5lNjMJHMzIrIGEtMtLlQwRzha1P0v2mXbbdqV2+cUuMSFsrDERzDKbhQgwZcQxNaQGAC9/AIT1ZsPVjP1suiNGctew7hh6zXT7R2k4c=</latexit> → <latexit sha1_base64="eAdUpHQRsEXWhl80s577zCpW5LM=">AAAB7nicdZDLSsNAFIZP6q3WW9Wlm8EiuApJq213Ft24rGAv0IYymU7aoZNJmJkIJfQh3LhQxK3P485Hcec0raCiPwz8fP85zDnHjzlT2nHerdzK6tr6Rn6zsLW9s7tX3D9oqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXM3zzh2VikXiVk9j6oV4JFjACNYGdfoq8RXVg2LJsSvuWblSQ47tZDKmWjmvuzXkLknp4iPI1BwU3/rDiCQhFZpwrFTPdWLtpVhqRjidFfqJojEmEzyiPWMFDqny0mzcGToxZIiCSJonNMro944Uh0pNQ99UhliP1e9sDv/KeokO6l7KRJxoKsjioyDhSEdovjsaMkmJ5lNjMJHMzIrIGEtMtLlQwRzha1P0v2mXbbdqV2+cUuMSFsrDERzDKbhQgwZcQxNaQGAC9/AIT1ZsPVjP1suiNGctew7hh6zXT7R2k4c=</latexit> →

<latexit sha1_base64="0x2BRiopdUe4Rnv52cgfI3xLo0c=">AAAB7nicdVDJSgNBEK1xjYlL1KOXxih4GmYSTXIM5uIxglkgGUJPpydp07PQ3RMIQz7CiwdFvPoF/oB/4M0P0bOdRVDRBwWP96qoqudGnEllWW/G0vLK6tp6aiOd2dza3snu7jVkGAtC6yTkoWi5WFLOAlpXTHHaigTFvstp0x1Wp35zRIVkYXClxhF1fNwPmMcIVlpqVrsJY9eTbjZnmQX7NF8oIcu0ZtCkWDgr2yVkL5Rc5ej9+WWU+ah1s6+dXkhinwaKcCxl27Yi5SRYKEY4naQ7saQRJkPcp21NA+xT6SSzcyfoWCs95IVCV6DQTP0+kWBfyrHv6k4fq4H87U3Fv7x2rLyyk7AgihUNyHyRF3OkQjT9HfWYoETxsSaYCKZvRWSABSZKJ5TWIXx9iv4njbxpF83ipU7jHOZIwQEcwgnYUIIKXEAN6kBgCDdwB/dGZNwaD8bjvHXJWMzsww8YT59vmpQY</latexit>

Ciij

<latexit sha1_base64="t9Q/4mjLTp9DcA+03aEdA+pL15I=">AAAB9XicdZDLSgMxFIYzXmu9VV26CRZBEIa02Oqy6MZlBXuBzrRk0kwnNpMZkoxShj6BL+DGhVLc+i7ufBD3ZtoKKnog5Of7zyEnvxdzpjRC79bC4tLyympuLb++sbm1XdjZbaookYQ2SMQj2fawopwJ2tBMc9qOJcWhx2nLG15kfuuWSsUica1HMXVDPBDMZwRrg7peN3UCrJ16wMa9m16hiOwKMlWGyM7ukwqckwosTQlCxdrxx+SeFuN6r/Dm9COShFRowrFSnRKKtZtiqRnhdJx3EkVjTIZ4QDtGChxS5abTrcfw0JA+9CNpjtBwSr9PpDhUahR6pjPEOlC/vQz+5XUS7Z+5KRNxoqkgs4f8hEMdwSwC2GeSEs1HRmAimdkVkgBLTLQJKm9C+Pop/F80y3apalevTBrnYFY5sA8OwBEogVNQA5egDhqAAAkewBN4tu6sR2tivcxaF6z5zB74UdbrJ5WalkU=</latexit>

b!̂j



Perturbation theory, once and for all
Conformal blocks

• We want to carry out these integrals universally
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OiOi

<latexit sha1_base64="/EoxDBp+NcY1iYozDCh9vPhkD5I=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBE8lUSkeix68VjBfkATy2a7aZZuNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFqeAaHefbWlldW9/YLG2Vt3d29/YrB4dtnWSKshZNRKK6AdFMcMlayFGwbqoYiQPBOsHoZup3HpnSPJH3OE6ZH5Oh5CGnBI304HGJ/a4XEfSaEe9Xqk7NmcFeJm5BqlCg2a98eYOEZjGTSAXRuuc6Kfo5UcipYJOyl2mWEjoiQ9YzVJKYaT+fXT2xT40ysMNEmZJoz9TfEzmJtR7HgemMCUZ60ZuK/3m9DMMrP+cyzZBJOl8UZsLGxJ5GYA+4YhTF2BBCFTe32jQiilA0QZVNCO7iy8ukfV5z67X63UW1cV3EUYJjOIEzcOESGnALTWgBBQXP8Apv1pP1Yr1bH/PWFauYOYI/sD5/AHw3koU=</latexit>∫

X
!̂

<latexit sha1_base64="TANM89BBS0fR40as0S6CRxKprMg="></latexit>

=

∫

X,ω
→0|Oi(P1)Oi(P2)!̂(X)|0↑

<latexit sha1_base64="QmO8A3onNCoPowtVRHdmbXhYDX0="></latexit>

=

∫

X,ω

∑

j

∫

P
→0|Oi(P1)Oi(P2)|!j , P ↑→!j , P |”̂(X)|0↑

<latexit sha1_base64="Dq4bByIvmjzA/w3d+TUTJG0K5xw="></latexit>

=
1

P!i
12

∫

X,ω

∑

j

Ciijb”̂jG!i,!j (ω)

<latexit sha1_base64="7i4LXcSekh9Vcpi/CXpHwyu5MnM="></latexit>

ω → P12

(P1 ·X)(P2 ·X)

<latexit sha1_base64="Dq4bByIvmjzA/w3d+TUTJG0K5xw="></latexit>

=
1

P!i
12

∫

X,ω

∑

j

Ciijb”̂jG!i,!j (ω)
<latexit sha1_base64="z8gya8IURTbJRUlueFH5lDP8YuM=">AAAB9XicbVDLSsNAFL2pr1pfVZduBosgCCVxUV0W3bisYB/QpGUynTRjJ5MwM1FK6Bf4A25cKMWt/+LOD3Hv9LHQ1gMXDufcy733+AlnStv2l5VbWV1b38hvFra2d3b3ivsHDRWnktA6iXksWz5WlDNB65ppTluJpDjyOW36g+uJ33ygUrFY3OlhQr0I9wULGMHaSB2/k7kh1m4tZKPufbdYssv2FGiZOHNSqp59j59oKal1i59uLyZpRIUmHCvVduxEexmWmhFORwU3VTTBZID7tG2owBFVXja9eoROjNJDQSxNCY2m6u+JDEdKDSPfdEZYh2rRm4j/ee1UB5dexkSSairIbFGQcqRjNIkA9ZikRPOhIZhIZm5FJMQSE22CKpgQnMWXl0njvOxUypVbk8YVzJCHIziGU3DgAqpwAzWoAwEJz/AKb9aj9WKNrfdZa86azxzCH1gfP3Aflis=</latexit>

b!̂j

Conformal block



Perturbation theory, once and for all
Conformal blocks

• We want to carry out these integrals universally
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<latexit sha1_base64="/EoxDBp+NcY1iYozDCh9vPhkD5I=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBE8lUSkeix68VjBfkATy2a7aZZuNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFqeAaHefbWlldW9/YLG2Vt3d29/YrB4dtnWSKshZNRKK6AdFMcMlayFGwbqoYiQPBOsHoZup3HpnSPJH3OE6ZH5Oh5CGnBI304HGJ/a4XEfSaEe9Xqk7NmcFeJm5BqlCg2a98eYOEZjGTSAXRuuc6Kfo5UcipYJOyl2mWEjoiQ9YzVJKYaT+fXT2xT40ysMNEmZJoz9TfEzmJtR7HgemMCUZ60ZuK/3m9DMMrP+cyzZBJOl8UZsLGxJ5GYA+4YhTF2BBCFTe32jQiilA0QZVNCO7iy8ukfV5z67X63UW1cV3EUYJjOIEzcOESGnALTWgBBQXP8Apv1pP1Yr1bH/PWFauYOYI/sD5/AHw3koU=</latexit>∫

X
!̂

<latexit sha1_base64="TANM89BBS0fR40as0S6CRxKprMg="></latexit>

=

∫

X,ω
→0|Oi(P1)Oi(P2)!̂(X)|0↑

<latexit sha1_base64="QmO8A3onNCoPowtVRHdmbXhYDX0="></latexit>

=

∫

X,ω

∑

j

∫

P
→0|Oi(P1)Oi(P2)|!j , P ↑→!j , P |”̂(X)|0↑

Can we swap?

<latexit sha1_base64="7i4LXcSekh9Vcpi/CXpHwyu5MnM="></latexit>

ω → P12

(P1 ·X)(P2 ·X)

<latexit sha1_base64="Dq4bByIvmjzA/w3d+TUTJG0K5xw="></latexit>

=
1

P!i
12

∫

X,ω

∑

j

Ciijb”̂jG!i,!j (ω)

<latexit sha1_base64="Dq4bByIvmjzA/w3d+TUTJG0K5xw="></latexit>

=
1

P!i
12

∫

X,ω

∑

j

Ciijb”̂jG!i,!j (ω)
<latexit sha1_base64="z8gya8IURTbJRUlueFH5lDP8YuM=">AAAB9XicbVDLSsNAFL2pr1pfVZduBosgCCVxUV0W3bisYB/QpGUynTRjJ5MwM1FK6Bf4A25cKMWt/+LOD3Hv9LHQ1gMXDufcy733+AlnStv2l5VbWV1b38hvFra2d3b3ivsHDRWnktA6iXksWz5WlDNB65ppTluJpDjyOW36g+uJ33ygUrFY3OlhQr0I9wULGMHaSB2/k7kh1m4tZKPufbdYssv2FGiZOHNSqp59j59oKal1i59uLyZpRIUmHCvVduxEexmWmhFORwU3VTTBZID7tG2owBFVXja9eoROjNJDQSxNCY2m6u+JDEdKDSPfdEZYh2rRm4j/ee1UB5dexkSSairIbFGQcqRjNIkA9ZikRPOhIZhIZm5FJMQSE22CKpgQnMWXl0njvOxUypVbk8YVzJCHIziGU3DgAqpwAzWoAwEJz/AKb9aj9WKNrfdZa86azxzCH1gfP3Aflis=</latexit>

b!̂j



Local blocks
• Big technical parenthesis: must use local blocks [Levine, Paulos ’23], [Meineri, 

Penedones, Spirig ’23]


• Naive conformal blocks present unphysical cuts


• Local blocks form a basis with physical analytic structure


• Endowed with an extra free parameter


• There exists an integral transform

32

<latexit sha1_base64="Gd+uUBKcLXGH1Li9gzBFJKaDMCQ=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhNmFXJNoIQcFYRjAP2Kzh7mQ2GTL7YGZWCEsaG3/FxkIRW//Bzr9x8ihi4oELZ865l7n3eDFnUlnWj5FZWl5ZXcuu5zY2t7Z3zN29uowSQWiNRDwSTQ8k5SykNcUUp81YUAg8Thte/3rkNx6pkCwK79Ugpm4A3ZD5jIDSUts8vHlICy3gcQ9Ohk7FvazMvNtm3ipaY+BFYk9JHk1RbZvfrU5EkoCGinCQ0rGtWLkpCMUIp8NcK5E0BtKHLnU0DSGg0k3HVwzxsVY62I+ErlDhsTo7kUIg5SDwdGcAqifnvZH4n+ckyr9wUxbGiaIhmXzkJxyrCI8iwR0mKFF8oAkQwfSumPRAAFE6uJwOwZ4/eZHUT4t2qVi6O8uXr6ZxZNEBOkIFZKNzVEa3qIpqiKAn9ILe0LvxbLwaH8bnpDVjTGf20R8YX78I8Jep</latexit>

F (ω)[G] = G(ω)

<latexit sha1_base64="7lVAank9KXjiGTIHsiMp5fm1vVU=">AAACBXicbVC7SgNBFL0bXzG+Vi21GAxCbMKuSLQRgoKYLoJ5wGYNs5PZZMjsg5lZISxpbPwVGwtFbP0HO//GyaOIiQcunDnnXube48WcSWVZP0ZmaXlldS27ntvY3NreMXf36jJKBKE1EvFIND0sKWchrSmmOG3GguLA47Th9a9HfuORCsmi8F4NYuoGuBsynxGstNQ2D28e0kIL87iHT4ZOxb2szLzbZt4qWmOgRWJPSR6mqLbN71YnIklAQ0U4ltKxrVi5KRaKEU6HuVYiaYxJH3epo2mIAyrddHzFEB1rpYP8SOgKFRqrsxMpDqQcBJ7uDLDqyXlvJP7nOYnyL9yUhXGiaEgmH/kJRypCo0hQhwlKFB9ogolgeldEelhgonRwOR2CPX/yIqmfFu1SsXR3li9fTePIwgEcQQFsOIcy3EIVakDgCV7gDd6NZ+PV+DA+J60ZYzqzD39gfP0CDzKXrQ==</latexit>

F (ω)[I] = I(ω)

<latexit sha1_base64="LN/IUMhRUIYtffon8f17KWClfJg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUCbbTbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVhDaJ5FJ1QtSUM0GbhhlOO4miGIectsPx7cxvP1GlmRQPZpLQIMahYBEjaKzU6iFPRtgvV7yqN4e7SvycVCBHo1/+6g0kSWMqDOGoddf3EhNkqAwjnE5LvVTTBMkYh7RrqcCY6iCbXzt1z6wycCOpbAnjztXfExnGWk/i0HbGaEZ62ZuJ/3nd1ETXQcZEkhoqyGJRlHLXSHf2ujtgihLDJ5YgUcze6pIRKiTGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJBB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AI8TjyM=</latexit>ω



• Expanding for small        and matching,

33

Perturbation theory, once and for all
<latexit sha1_base64="IsC7SnH5+GqEeB8tePIFhiAuiVE=">AAAB9HicbVBNS8NAFHypX7V+VT16CRbBU0lEqseiF48VbC00oWw2m3bpZhN3Xwol9Hd48aCIV3+MN/+N2zYHbR1YGGbe8N5OkAqu0XG+rdLa+sbmVnm7srO7t39QPTzq6CRTlLVpIhLVDYhmgkvWRo6CdVPFSBwI9hiMbmf+45gpzRP5gJOU+TEZSB5xStBIvhcygcQTJhCSfrXm1J057FXiFqQGBVr96pcXJjSLmUQqiNY910nRz4lCTgWbVrxMs5TQERmwnqGSxEz7+fzoqX1mlNCOEmWeRHuu/k7kJNZ6EgdmMiY41MveTPzP62UYXfs5l2mGTNLFoigTNib2rAE75IpRFBNDCFXc3GrTIVGEoumpYkpwl7+8SjoXdbdRb9xf1po3RR1lOIFTOAcXrqAJd9CCNlB4gmd4hTdrbL1Y79bHYrRkFZlj+APr8wfXipIq</latexit>

ωε

d!i

dω
= OiOi

∑

l

b!̂l Ol

∫
!̂

db!̂i
dω

= Oi

∑

j

b!̂j Oj

∑

l

b!̂l Ol

!̂

∫
!̂

dCijk

dω
= Oj

Oi

Ok ∑

l

b!̂l Ol

∫
!̂



The flow equations
• The ODEs:
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<latexit sha1_base64="sR/BRV7qyX9SWWaYL9PzyKRm4aM="></latexit>

d!i

dω
=

∑

l

b!̂l CiilI(ω)(!l)

<latexit sha1_base64="/2qg5kksFFGlXYJ3P6pCfddSdzw="></latexit>

db!̂i
dω

=
∑

j,l

b!̂l b
!̂
j CijlJ (ω)

”i
(!l,!j)

<latexit sha1_base64="CNgIgbTb5dUewdrdpIDIvhcH/H0="></latexit>

dCijk

dω
=

∑

l,m

b!̂l ClimCmjkK(ω)
”i”j”k

(!l,!m) + (ijk) perms.

Oi

∑

j

b!̂j Oj

∑

l

b!̂l Ol

!̂

∫
!̂

Oj

Oi

Ok ∑

l

b!̂l Ol

∫
!̂

OiOi

∑

l

b!̂l Ol

∫
!̂



Examples and Checks
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Example
Scalar GFF

• In this example                   and                    . 

36

<latexit sha1_base64="jxsdyTtrp6EHwY0NDPqCsO/vmCU="></latexit>

S = →1

2

∫
↑
g d2x

(
ωµε̂ω

µε̂+m2ε̂2
)

<latexit sha1_base64="zeJII9ENMNF/9vWh/ot+NKzJrtY=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuCpJkepGKLpxWcFeoIllMp02QycXZk6EEOqruHGhiFsfxJ1v4zTNQlt/GPj4zzmcM78XC67Asr6N0tr6xuZWebuys7u3f2AeHnVVlEjKOjQSkex7RDHBQ9YBDoL1Y8lI4AnW86Y383rvkUnFo/Ae0pi5AZmEfMwpAW0NzarjE3DaPr/KIfb5Q2No1qy6lQuvgl1ADRVqD80vZxTRJGAhUEGUGthWDG5GJHAq2KziJIrFhE7JhA00hiRgys3y42f4VDsjPI6kfiHg3P09kZFAqTTwdGdAwFfLtbn5X22QwPjSzXgYJ8BCulg0TgSGCM+TwCMuGQWRaiBUcn0rpj6RhILOq6JDsJe/vArdRt1u1pt357XWdRFHGR2jE3SGbHSBWugWtVEHUZSiZ/SK3own48V4Nz4WrSWjmKmiPzI+fwBI9JSN</latexit>

!̂ = ω̂2

<latexit sha1_base64="g+GBuGRQEY93G25T9pS2D3PmtbM=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEV2WmSHUjFN24rGAf0BlLJpNpQ5PMkGSEMgz4K25cKOLW73Dn35i2s9DWA4HDOedyb06QMKq043xbpZXVtfWN8mZla3tnd8/eP+ioOJWYtHHMYtkLkCKMCtLWVDPSSyRBPGCkG4xvpn73kUhFY3GvJwnxORoKGlGMtJEG9pHHTDhEV14kEc74Qz3P6vnArjo1Zwa4TNyCVEGB1sD+8sIYp5wIjRlSqu86ifYzJDXFjOQVL1UkQXiMhqRvqECcKD+bnZ/DU6OEMIqleULDmfp7IkNcqQkPTJIjPVKL3lT8z+unOrr0MyqSVBOB54uilEEdw2kXMKSSYM0mhiAsqbkV4hEyPWjTWMWU4C5+eZl06jW3UWvcnVeb10UdZXAMTsAZcMEFaIJb0AJtgEEGnsEreLOerBfr3fqYR0tWMXMI/sD6/AEaz5WZ</latexit>

ω =
m2

2



Example
Scalar GFF

• In this example                   and                       . 


• The theory is solvable. It has, for example, primaries        and 

37

<latexit sha1_base64="jxsdyTtrp6EHwY0NDPqCsO/vmCU="></latexit>

S = →1

2

∫
↑
g d2x

(
ωµε̂ω

µε̂+m2ε̂2
)

<latexit sha1_base64="zeJII9ENMNF/9vWh/ot+NKzJrtY=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuCpJkepGKLpxWcFeoIllMp02QycXZk6EEOqruHGhiFsfxJ1v4zTNQlt/GPj4zzmcM78XC67Asr6N0tr6xuZWebuys7u3f2AeHnVVlEjKOjQSkex7RDHBQ9YBDoL1Y8lI4AnW86Y383rvkUnFo/Ae0pi5AZmEfMwpAW0NzarjE3DaPr/KIfb5Q2No1qy6lQuvgl1ADRVqD80vZxTRJGAhUEGUGthWDG5GJHAq2KziJIrFhE7JhA00hiRgys3y42f4VDsjPI6kfiHg3P09kZFAqTTwdGdAwFfLtbn5X22QwPjSzXgYJ8BCulg0TgSGCM+TwCMuGQWRaiBUcn0rpj6RhILOq6JDsJe/vArdRt1u1pt357XWdRFHGR2jE3SGbHSBWugWtVEHUZSiZ/SK3own48V4Nz4WrSWjmKmiPzI+fwBI9JSN</latexit>

!̂ = ω̂2

<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

ω
<latexit sha1_base64="CkLtJqo6OItyzP/vJ/o5csYNRA4=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj0WvXisYD9wu5Zsmm1Ds8mSZIWy9F948aCIV/+NN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc38z8zhNVmklxbyYJDWI8FCxiBBsrPfi9ZMQea0Ff9MsVt+rOgVaJl5MK5Gj2y1+9gSRpTIUhHGvte25iggwrwwin01Iv1TTBZIyH1LdU4JjqIJtfPEVnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/PD810VWQMZGkhgqyWBSlHBmJZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEb/nlVdKuVb16tX53UWlc53EU4QRO4Rw8uIQG3EITWkBAwDO8wpujnRfn3flYtBacfOYY/sD5/AErL5Cb</latexit>

[ω2]n

<latexit sha1_base64="mS2yWmip3py6YiqNU5lnE1nzi2M=">AAACFnicbVDLSsNAFJ3UV62vqks3wSJUxJIEqW6Eoi5cVrAPSNIwmU7boZNJmJkIJfQr3Pgrblwo4lbc+TdO0iy09cDA4ZxzuXOPH1EipGF8a4Wl5ZXVteJ6aWNza3unvLvXFmHMEW6hkIa860OBKWG4JYmkuBtxDAOf4o4/vk79zgPmgoTsXk4i7AZwyMiAICiV5JVPnRtMJfQS24lGpGe5HptWg551fGnlTqpnyoml8hWjZmTQF4mZkwrI0fTKX04/RHGAmUQUCmGbRiTdBHJJEMXTkhMLHEE0hkNsK8pggIWbZGdN9SOl9PVByNVjUs/U3xMJDISYBL5KBlCOxLyXiv95diwHF25CWBRLzNBs0SCmugz1tCO9TzhGkk4UgYgT9VcdjSCHSKomS6oEc/7kRdK2ama9Vr87qzSu8jqK4AAcgiowwTlogFvQBC2AwCN4Bq/gTXvSXrR37WMWLWj5zD74A+3zB8t9nd8=</latexit>

![ω2]n(m
2) = 2!ω(m

2) + 2n

<latexit sha1_base64="ubRuCPMom6Zk7jqBiUXyJ9vplYI=">AAACHnicbVDLSsNAFJ3UV62vqks3wSJUhJKUWt0IRV24rGAf0NQymU7aoTNJnLkRSsiXuPFX3LhQRHClf+P0gWjrgYHDOedy5x435EyBZX0ZqYXFpeWV9GpmbX1jcyu7vVNXQSQJrZGAB7LpYkU582kNGHDaDCXFwuW04Q4uRn7jnkrFAv8GhiFtC9zzmccIBi11ssfOJeWAO07YZ3lxWzw8czyJSWwncTFxQuGoOwnxj1ZKjnQo6WRzVsEaw5wn9pTk0BTVTvbD6QYkEtQHwrFSLdsKoR1jCYxwmmScSNEQkwHu0ZamPhZUtePxeYl5oJWu6QVSPx/Msfp7IsZCqaFwdVJg6KtZbyT+57Ui8E7bMfPDCKhPJou8iJsQmKOuzC6TlAAfaoKJZPqvJuljXQXoRjO6BHv25HlSLxbscqF8XcpVzqd1pNEe2kd5ZKMTVEFXqIpqiKAH9IRe0KvxaDwbb8b7JJoypjO76A+Mz29e+KKs</latexit>

!ω(m
2) =

1

2
±

√
1

4
+m2

<latexit sha1_base64="g+GBuGRQEY93G25T9pS2D3PmtbM=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEV2WmSHUjFN24rGAf0BlLJpNpQ5PMkGSEMgz4K25cKOLW73Dn35i2s9DWA4HDOedyb06QMKq043xbpZXVtfWN8mZla3tnd8/eP+ioOJWYtHHMYtkLkCKMCtLWVDPSSyRBPGCkG4xvpn73kUhFY3GvJwnxORoKGlGMtJEG9pHHTDhEV14kEc74Qz3P6vnArjo1Zwa4TNyCVEGB1sD+8sIYp5wIjRlSqu86ifYzJDXFjOQVL1UkQXiMhqRvqECcKD+bnZ/DU6OEMIqleULDmfp7IkNcqQkPTJIjPVKL3lT8z+unOrr0MyqSVBOB54uilEEdw2kXMKSSYM0mhiAsqbkV4hEyPWjTWMWU4C5+eZl06jW3UWvcnVeb10UdZXAMTsAZcMEFaIJb0AJtgEEGnsEreLOerBfr3fqYR0tWMXMI/sD6/AEaz5WZ</latexit>

ω =
m2

2



Example
Scalar GFF

• In this example                   and                    . 


• The theory is solvable. It has, for example, primaries        and 

38

<latexit sha1_base64="jxsdyTtrp6EHwY0NDPqCsO/vmCU="></latexit>

S = →1

2

∫
↑
g d2x

(
ωµε̂ω

µε̂+m2ε̂2
)

<latexit sha1_base64="zeJII9ENMNF/9vWh/ot+NKzJrtY=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuCpJkepGKLpxWcFeoIllMp02QycXZk6EEOqruHGhiFsfxJ1v4zTNQlt/GPj4zzmcM78XC67Asr6N0tr6xuZWebuys7u3f2AeHnVVlEjKOjQSkex7RDHBQ9YBDoL1Y8lI4AnW86Y383rvkUnFo/Ae0pi5AZmEfMwpAW0NzarjE3DaPr/KIfb5Q2No1qy6lQuvgl1ADRVqD80vZxTRJGAhUEGUGthWDG5GJHAq2KziJIrFhE7JhA00hiRgys3y42f4VDsjPI6kfiHg3P09kZFAqTTwdGdAwFfLtbn5X22QwPjSzXgYJ8BCulg0TgSGCM+TwCMuGQWRaiBUcn0rpj6RhILOq6JDsJe/vArdRt1u1pt357XWdRFHGR2jE3SGbHSBWugWtVEHUZSiZ/SK3own48V4Nz4WrSWjmKmiPzI+fwBI9JSN</latexit>

!̂ = ω̂2

<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

ω

<latexit sha1_base64="w3CwZZRSFIBrGTG8dmpjEa0w0q8="></latexit>

bω̂ω(m
2) =

√
!(”)

2
→
ω!(”+ 1

2 )

<latexit sha1_base64="CkLtJqo6OItyzP/vJ/o5csYNRA4=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj0WvXisYD9wu5Zsmm1Ds8mSZIWy9F948aCIV/+NN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc38z8zhNVmklxbyYJDWI8FCxiBBsrPfi9ZMQea0Ff9MsVt+rOgVaJl5MK5Gj2y1+9gSRpTIUhHGvte25iggwrwwin01Iv1TTBZIyH1LdU4JjqIJtfPEVnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/PD810VWQMZGkhgqyWBSlHBmJZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEb/nlVdKuVb16tX53UWlc53EU4QRO4Rw8uIQG3EITWkBAwDO8wpujnRfn3flYtBacfOYY/sD5/AErL5Cb</latexit>

[ω2]n

<latexit sha1_base64="4qy2H5ssC0Rug5451x3VU7rc0UI="></latexit>

bω̂2[ω2]n
(m2) =

!(”)→
2ω!

(
”+ 1

2

)

√
( 12 )n(”)3n(2”↑ 1

2 )n
n!

(
”↑ 1

4

)
n
(2”)n

(
”+ 1

4

)
n

(
”+ 1

2

)
n

<latexit sha1_base64="mS2yWmip3py6YiqNU5lnE1nzi2M=">AAACFnicbVDLSsNAFJ3UV62vqks3wSJUxJIEqW6Eoi5cVrAPSNIwmU7boZNJmJkIJfQr3Pgrblwo4lbc+TdO0iy09cDA4ZxzuXOPH1EipGF8a4Wl5ZXVteJ6aWNza3unvLvXFmHMEW6hkIa860OBKWG4JYmkuBtxDAOf4o4/vk79zgPmgoTsXk4i7AZwyMiAICiV5JVPnRtMJfQS24lGpGe5HptWg551fGnlTqpnyoml8hWjZmTQF4mZkwrI0fTKX04/RHGAmUQUCmGbRiTdBHJJEMXTkhMLHEE0hkNsK8pggIWbZGdN9SOl9PVByNVjUs/U3xMJDISYBL5KBlCOxLyXiv95diwHF25CWBRLzNBs0SCmugz1tCO9TzhGkk4UgYgT9VcdjSCHSKomS6oEc/7kRdK2ama9Vr87qzSu8jqK4AAcgiowwTlogFvQBC2AwCN4Bq/gTXvSXrR37WMWLWj5zD74A+3zB8t9nd8=</latexit>

![ω2]n(m
2) = 2!ω(m

2) + 2n

<latexit sha1_base64="JWLzc8ejC/o9outGh6sOHMfrimk=">AAAB/3icbVC7TsMwFHV4lvIKILEwEFEhlYGSdCiMFSyMRaIPqUkjx3Uaq3YS2Q5SFTrwKywMINSVlU9gY2TlK3DaDtBypHt1dM698vXxYkqENM1PbWFxaXllNbeWX9/Y3NrWd3YbIko4wnUU0Yi3PCgwJSGuSyIpbsUcQ+ZR3PT6V5nfvMNckCi8lYMYOwz2QuITBKWSXH3f66R2AKUdB2ToZr3IOuUTVy+YJXMMY55YU1Konn0dnr6Pvmuu/mF3I5QwHEpEoRBty4ylk0IuCaJ4mLcTgWOI+rCH24qGkGHhpOP7h8axUrqGH3FVoTTG6u+NFDIhBsxTkwzKQMx6mfif106kf+GkJIwTiUM0echPqCEjIwvD6BKOkaQDRSDiRN1qoAByiKSKLK9CsGa/PE8a5ZJVKVVurEL1EkyQAwfgCBSBBc5BFVyDGqgDBO7BI3gGL9qD9qS9aqPJ6II23dkDf6C9/QDaH5m/</latexit>

bω̂ω(m
2)

<latexit sha1_base64="E4dm7rQCsibiW+CZmrBWHOvVNzs=">AAACCXicbZC7TsMwFIadcivlVmBkMVRIZamSDqUDQwULY5HoRWrSyHGdxqrjRLaDVEVZWXgVFgYQQmLiDdjgaXAvA7T8kqVP/zlHx+f3YkalMs0vI7eyura+kd8sbG3v7O4V9w/aMkoEJi0csUh0PSQJo5y0FFWMdGNBUOgx0vFGV5N6544ISSN+q8YxcUI05NSnGCltuUXo9VM7QMqOA9qvZm7am5Hj8qwc9qtnbrFkVsyp4DJYcyg1qu9e/fviuOkWP+1BhJOQcIUZkrJnmbFyUiQUxYxkBTuRJEZ4hIakp5GjkEgnnV6SwVPtDKAfCf24glP390SKQinHoac7Q6QCuVibmP/Veony605KeZwowvFskZ8wqCI4iQUOqCBYsbEGhAXVf4U4QAJhpcMr6BCsxZOXoV2tWLVK7cYqNS7BTHlwBE5AGVjgHDTANWiCFsDgHjyCZ/BiPBhPxqvxNmvNGfOZQ/BHxscP43ecyA==</latexit>

bω̂
2

[ω2]n
(m2)

<latexit sha1_base64="ubRuCPMom6Zk7jqBiUXyJ9vplYI=">AAACHnicbVDLSsNAFJ3UV62vqks3wSJUhJKUWt0IRV24rGAf0NQymU7aoTNJnLkRSsiXuPFX3LhQRHClf+P0gWjrgYHDOedy5x435EyBZX0ZqYXFpeWV9GpmbX1jcyu7vVNXQSQJrZGAB7LpYkU582kNGHDaDCXFwuW04Q4uRn7jnkrFAv8GhiFtC9zzmccIBi11ssfOJeWAO07YZ3lxWzw8czyJSWwncTFxQuGoOwnxj1ZKjnQo6WRzVsEaw5wn9pTk0BTVTvbD6QYkEtQHwrFSLdsKoR1jCYxwmmScSNEQkwHu0ZamPhZUtePxeYl5oJWu6QVSPx/Msfp7IsZCqaFwdVJg6KtZbyT+57Ui8E7bMfPDCKhPJou8iJsQmKOuzC6TlAAfaoKJZPqvJuljXQXoRjO6BHv25HlSLxbscqF8XcpVzqd1pNEe2kd5ZKMTVEFXqIpqiKAH9IRe0KvxaDwbb8b7JJoypjO76A+Mz29e+KKs</latexit>

!ω(m
2) =

1

2
±

√
1

4
+m2

<latexit sha1_base64="g+GBuGRQEY93G25T9pS2D3PmtbM=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEV2WmSHUjFN24rGAf0BlLJpNpQ5PMkGSEMgz4K25cKOLW73Dn35i2s9DWA4HDOedyb06QMKq043xbpZXVtfWN8mZla3tnd8/eP+ioOJWYtHHMYtkLkCKMCtLWVDPSSyRBPGCkG4xvpn73kUhFY3GvJwnxORoKGlGMtJEG9pHHTDhEV14kEc74Qz3P6vnArjo1Zwa4TNyCVEGB1sD+8sIYp5wIjRlSqu86ifYzJDXFjOQVL1UkQXiMhqRvqECcKD+bnZ/DU6OEMIqleULDmfp7IkNcqQkPTJIjPVKL3lT8z+unOrr0MyqSVBOB54uilEEdw2kXMKSSYM0mhiAsqbkV4hEyPWjTWMWU4C5+eZl06jW3UWvcnVeb10UdZXAMTsAZcMEFaIJb0AJtgEEGnsEreLOerBfr3fqYR0tWMXMI/sD6/AEaz5WZ</latexit>

ω =
m2

2
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<latexit sha1_base64="nNSLEbBCrju3gAp3LdO7tkrPoRw="></latexit>

1

2!ω → 1
=

d!ω

dm2
=

1

2

→∑

n=0

bω̂
2

[ω2]n
C[ω2]nωωI

(ε)(2!ω + 2n)
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From boundary expansion of 
<latexit sha1_base64="7W0U0wsuytfUfqnpxrLwCLjYXpA=">AAACC3icbZDLSsNAFIYnXmu9RV26CS2Cq5IUqS6LblxWsBdoYjmZTpqhk0mYmQgldO/GV3HjQhG3voA738ZpmkVtPTDw8f/ncOb8fsKoVLb9Y6ytb2xubZd2yrt7+weH5tFxR8apwKSNYxaLng+SMMpJW1HFSC8RBCKfka4/vpn53UciJI35vZokxItgxGlAMSgtDcyKy4CPGHFDUG4S0of6AoncGphVu2bnZa2CU0AVFdUamN/uMMZpRLjCDKTsO3aivAyEopiRadlNJUkAj2FE+ho5RER6WX7L1DrTytAKYqEfV1auLk5kEEk5iXzdGYEK5bI3E//z+qkKrryM8iRVhOP5oiBlloqtWTDWkAqCFZtoACyo/quFQxCAlY6vrENwlk9ehU695jRqjbuLavO6iKOETlEFnSMHXaImukUt1EYYPaEX9IbejWfj1fgwPueta0Yxc4L+lPH1C0xwmzo=</latexit>

→ω̂2ω̂2↑

From harmonic analysis on 
<latexit sha1_base64="0IzXaWZ1629d+qxBfh2tL93r3SU=">AAACB3icbVBNS8NAEN34WetX1KMgi0XwVBKR6rHoxWMF+wFNKJvtpF262YTdjVBCb178K148KOLVv+DNf+M2zcG2Phh4vDfDzLwg4Uxpx/mxVlbX1jc2S1vl7Z3dvX374LCl4lRSaNKYx7ITEAWcCWhqpjl0EgkkCji0g9Ht1G8/glQsFg96nIAfkYFgIaNEG6lnn3iciAEHLxmyuZK53LMrTtXJgZeJW5AKKtDo2d9eP6ZpBEJTTpTquk6i/YxIzSiHSdlLFSSEjsgAuoYKEoHys/yPCT4zSh+HsTQlNM7VvxMZiZQaR4HpjIgeqkVvKv7ndVMdXvsZE0mqQdDZojDlWMd4GgruMwlU87EhhEpmbsV0SCSh2kRXNiG4iy8vk9ZF1a1Va/eXlfpNEUcJHaNTdI5cdIXq6A41UBNR9IRe0Bt6t56tV+vD+py1rljFzBGag/X1C+LNmfo=</latexit>

→ωωωω↑

[Simmons-Duffin, Kravchuk, Karateev, ’19]

<latexit sha1_base64="Bs9hFiz2gk0nRwNicXEe1r1J0lo="></latexit>

I(ω)(!) =
ω”(!+ 1

2 )”(2ε→ 1)

22ω→2(!→ 1)”(!2 )”(
!
2 + 1)”(!→1

2 + ε)”(ε→ !
2 )

<latexit sha1_base64="vO0Rwg33qLp2Gd4oQ7mAhNQ9Ytk=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkVoNyURqS6LutBdBfuAJpab6aQdOnkwMxFKyM6Nv+LGhSJu/QV3/o2TNgttPXDhcM693HuPGzEqpGl+a4Wl5ZXVteJ6aWNza3tH391rizDmmLRwyELedUEQRgPSklQy0o04Ad9lpOOOLzO/80C4oGFwJycRcXwYBtSjGKSS+vqh7YMcYWDJTXqfVGxg0QiqacW+IkxCta+XzZo5hbFIrJyUUY5mX/+yByGOfRJIzECInmVG0kmAS4oZSUt2LEgEeAxD0lM0AJ8IJ5n+kRrHShkYXshVBdKYqr8nEvCFmPiu6syuFvNeJv7n9WLpnTsJDaJYkgDPFnkxM2RoZKEYA8oJlmyiCGBO1a0GHgEHLFV0JRWCNf/yImmf1Kx6rX57Wm5c5HEU0QE6QhVkoTPUQNeoiVoIo0f0jF7Rm/akvWjv2sestaDlM/voD7TPH1Z4mPk=</latexit>

I(ω)(!)

<latexit sha1_base64="nNSLEbBCrju3gAp3LdO7tkrPoRw="></latexit>

1

2!ω → 1
=

d!ω

dm2
=

1

2

→∑

n=0

bω̂
2

[ω2]n
C[ω2]nωωI

(ε)(2!ω + 2n)
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<latexit sha1_base64="x1e2ofyQlTJoyPe5Jl93jUHeJ+c=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRbBVUm0VBcuirpwWcE+oAllMp20QyeTMHMj1BD8FTcuFHHrf7jzb5y2WWjrgQuHc+7l3nv8mDMFtv1tFJaWV1bXiuuljc2t7R1zd6+lokQS2iQRj2THx4pyJmgTGHDaiSXFoc9p2x9dT/z2A5WKReIexjH1QjwQLGAEg5Z65oF7QzngHrt0A4lJepal1axnlu2KPYW1SJyclFGORs/8cvsRSUIqgHCsVNexY/BSLIERTrOSmygaYzLCA9rVVOCQKi+dXp9Zx1rpW0EkdQmwpurviRSHSo1DX3eGGIZq3puI/3ndBIILL2UiToAKMlsUJNyCyJpEYfWZpAT4WBNMJNO3WmSIdQqgAyvpEJz5lxdJ67Ti1Cq1u2q5fpXHUUSH6AidIAedozq6RQ3URAQ9omf0it6MJ+PFeDc+Zq0FI5/ZR39gfP4ANkuVFw==</latexit>

!i <
3

4

Sum over normal blocks 
converges only if

0.0 0.5 1.0 1.5 2.0
¢¡

°6

°4

°2

0

2

4

6

d¢¡

dm2

1
2¢¡°1 Neumann

1
2¢¡°1 Dirichlet

Normal blocks nmax = 5

Local blocks nmax = 5 and Æ = 3

<latexit sha1_base64="OTnMSGip+qNqQQ2NUyrhks/Tcic="></latexit>

d!ω

dm2
=

1

2

nmax∑

n=0

bω̂
2

[ω2]n
C[ω2]nωωI

(ε)(2!ω + 2n)
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<latexit sha1_base64="LwOlZTYeA+DdI2mgXdST7+J+kYg="></latexit>

!
2(!i→ω)+!!̂
max

Universal error estimate:

0 5 10 15 20
nmax

10°13

10°11

10°9

10°7

10°5

10°3

10°1

101

err. d¢¡

dm2

Æ = 5

Æ = 10

Æ = 15

Æ = 20

<latexit sha1_base64="ObetxmVMeY2eDat5Ji65w5FTYZQ=">AAACCHicbVDLSsNAFJ3UV62vqEsXBovgqiStVDdCURcuK9gHNCFMppN26OThzI1QQpZu/BU3LhRx6ye482+ctllo64ELh3Pu5d57vJgzCab5rRWWlldW14rrpY3Nre0dfXevLaNEENoiEY9E18OSchbSFjDgtBsLigOP0443upr4nQcqJIvCOxjH1AnwIGQ+IxiU5OqH9jXlgF07HrIL2xeYpDVb3gtIa1mWVjNXL5sVcwpjkVg5KaMcTVf/svsRSQIaAuFYyp5lxuCkWAAjnGYlO5E0xmSEB7SnaIgDKp10+khmHCulb/iRUBWCMVV/T6Q4kHIceKozwDCU895E/M/rJeCfOykL4wRoSGaL/IQbEBmTVIw+E5QAHyuCiWDqVoMMsUoDVHYlFYI1//IiaVcrVr1Svz0tNy7zOIroAB2hE2ShM9RAN6iJWoigR/SMXtGb9qS9aO/ax6y1oOUz++gPtM8fEvuaCQ==</latexit>

!ω =
3
→
3

2

<latexit sha1_base64="OTnMSGip+qNqQQ2NUyrhks/Tcic="></latexit>

d!ω

dm2
=

1

2

nmax∑

n=0

bω̂
2

[ω2]n
C[ω2]nωωI

(ε)(2!ω + 2n)
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Flow of BOE coefficient
From harmonic analysis on 

<latexit sha1_base64="ZcDXiopbUGUMdTFePsfpg8786so=">AAACD3icbVBNS8NAEN34WetX1KOXxaJ4KolI9Vj04rGC/YAmlM120i7dbMLuRiih/8CLf8WLB0W8evXmv3Gb5qBtHww83pthZl6QcKa04/xYK6tr6xubpa3y9s7u3r59cNhScSopNGnMY9kJiALOBDQ10xw6iQQSBRzaweh26rcfQSoWiwc9TsCPyECwkFGijdSzzzxOxICDlwzZ0pK53bMrTtXJgReJW5AKKtDo2d9eP6ZpBEJTTpTquk6i/YxIzSiHSdlLFSSEjsgAuoYKEoHys/yfCT41Sh+HsTQlNM7VvxMZiZQaR4HpjIgeqnlvKi7zuqkOr/2MiSTVIOhsUZhyrGM8DQf3mQSq+dgQQiUzt2I6JJJQbSIsmxDc+ZcXSeui6taqtfvLSv2miKOEjtEJOkcuukJ1dIcaqIkoekIv6A29W8/Wq/Vhfc5aV6xi5gj9g/X1C10YnYQ=</latexit>

→ωωωωωω↑
[Antunes, Costa, Goncalves, Boas ’22]
[Antunes, Harris, Kaviraj, Schomerus ’23]

<latexit sha1_base64="/AqQ/Ku7FE40YaMa9mc3pj6VHbc="></latexit>

dbω̂
2

ω2

dm2
=

1

2

→∑

l,j

bω̂
2

[ω2]l
bω̂

2

[ω2]j
Cω2[ω2]l[ω2]jJ

(ε)
2!ω

(2!ω + 2l, 2!ω + 2j)
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Flow of BOE coefficient
From harmonic analysis on 

<latexit sha1_base64="ZcDXiopbUGUMdTFePsfpg8786so=">AAACD3icbVBNS8NAEN34WetX1KOXxaJ4KolI9Vj04rGC/YAmlM120i7dbMLuRiih/8CLf8WLB0W8evXmv3Gb5qBtHww83pthZl6QcKa04/xYK6tr6xubpa3y9s7u3r59cNhScSopNGnMY9kJiALOBDQ10xw6iQQSBRzaweh26rcfQSoWiwc9TsCPyECwkFGijdSzzzxOxICDlwzZ0pK53bMrTtXJgReJW5AKKtDo2d9eP6ZpBEJTTpTquk6i/YxIzSiHSdlLFSSEjsgAuoYKEoHys/yfCT41Sh+HsTQlNM7VvxMZiZQaR4HpjIgeqnlvKi7zuqkOr/2MiSTVIOhsUZhyrGM8DQf3mQSq+dgQQiUzt2I6JJJQbSIsmxDc+ZcXSeui6taqtfvLSv2miKOEjtEJOkcuukJ1dIcaqIkoekIv6A29W8/Wq/Vhfc5aV6xi5gj9g/X1C10YnYQ=</latexit>

→ωωωωωω↑
[Antunes, Costa, Goncalves, Boas ’22]
[Antunes, Harris, Kaviraj, Schomerus ’23]

<latexit sha1_base64="sZ/jR2ILLxSuJSbTFgXWVfFlpmg="></latexit>

I(ω)(!1,!2,!3) =
2
→
ω”

(
!1+1

2

)
”
(
!2 +

1
2

)
”
(
ε↑ 1

2

)
”
(
ε↑ !23

2

)

(!1 ↑ 1)!23”
(
!123
2

)
”
(
ε↑ !1

2

)
”
(
ε+ !132→1

2

)
”
(
!2+!3+1

2

)

↓ 3F2

(
!132
2 , !1→1

2 , ε+ !1→1
2

!1 +
1
2 , ε↑ !23

2 + !1→1
2

; 1

)

<latexit sha1_base64="/AqQ/Ku7FE40YaMa9mc3pj6VHbc="></latexit>

dbω̂
2

ω2

dm2
=

1

2

→∑

l,j

bω̂
2

[ω2]l
bω̂

2

[ω2]j
Cω2[ω2]l[ω2]jJ

(ε)
2!ω

(2!ω + 2l, 2!ω + 2j)

<latexit sha1_base64="uEW/JzYhsMg34tiIi1j9SCZOnuA="></latexit>

J (ω)
!3

(!1,!2)
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<latexit sha1_base64="4w5hsn1F+gxTZFUawHRxPxVOLVU="></latexit>

dbω̂
2

ω2

dm2
=

1

2

jmax∑

j=0

lmax∑

l=0

bω̂
2

[ω2]l
bω̂

2

[ω2]j
Cω2[ω2]l[ω2]jJ

(ε)
2!ω

(2!ω + 2l, 2!ω + 2j)
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¢¡
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12.5

15.0

db¡̂2

¡2

dm2

°(¢¡)(√(0)(¢¡+ 1
2 )°√(0)(¢¡))p

2º(2¢¡°1)°(¢¡+ 1
2 )

normal blocks lmax = 10, jmax = 10

local blocks lmax = 10, jmax = 10 and Æ = 30.1
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<latexit sha1_base64="Rd6YdCbvFllE2ppUtjSr5IxShjU=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiUr0IRT14rGA/oAlhs520SzebsLsRaugv8eJBEa/+FG/+G7dtDlp9MPB4b4aZeWHKmdKO82WVVlbX1jfKm5Wt7Z3dqr2331FJJim0acIT2QuJAs4EtDXTHHqpBBKHHLrh+Hrmdx9AKpaIez1JwY/JULCIUaKNFNhV7wa4JoGXjtjlad0N7JpTd+bAf4lbkBoq0ArsT2+Q0CwGoSknSvVdJ9V+TqRmlMO04mUKUkLHZAh9QwWJQfn5/PApPjbKAEeJNCU0nqs/J3ISKzWJQ9MZEz1Sy95M/M/rZzq68HMm0kyDoItFUcaxTvAsBTxgEqjmE0MIlczciumISEK1yapiQnCXX/5LOiauRr1xd1ZrXhVxlNEhOkInyEXnqIluUQu1EUUZekIv6NV6tJ6tN+t90VqyipkD9AvWxzeEgpJc</latexit>

!ω = 2.1

<latexit sha1_base64="4w5hsn1F+gxTZFUawHRxPxVOLVU="></latexit>

dbω̂
2

ω2

dm2
=

1

2

jmax∑

j=0

lmax∑

l=0

bω̂
2

[ω2]l
bω̂

2

[ω2]j
Cω2[ω2]l[ω2]jJ

(ε)
2!ω

(2!ω + 2l, 2!ω + 2j)

0 10 20 30 40
jmax

10°3

10°2

10°1

100

err.
db¡̂2

¡2

dm2

lmax = j + 20 , Æ = 2¢¡ + j + 3
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<latexit sha1_base64="VdAoslYjsWrjq3526iA4MvimRF4="></latexit>

dCωω1

dm2
=

→∑

l=0

bω̂
2

[ω2]l
Cωω[ω2]l

(
K(ε)

!ω,!ω,0
(2!ω+2l,!ω)+K(ε)

!ω,0,!ω
(2!ω+2l,!ω)+

K(ε)
0,!ω,!ω

(2!ω + 2l, 2!ω + 2l)
)

<latexit sha1_base64="VdAoslYjsWrjq3526iA4MvimRF4="></latexit>

dCωω1

dm2
=

→∑

l=0

bω̂
2

[ω2]l
Cωω[ω2]l

(
K(ε)

!ω,!ω,0
(2!ω+2l,!ω)+K(ε)

!ω,0,!ω
(2!ω+2l,!ω)+

K(ε)
0,!ω,!ω

(2!ω + 2l, 2!ω + 2l)
)

<latexit sha1_base64="toBAEzueonXJtAjwp1yKl3SQj/o=">AAAB6HicbVDLSgNBEOyNryS+oh69DAZBEMKuh+gx6MVjAuaByRJmJ73JmNkHM7NiWPIFXjwokqs/4L9482t0knjQxIKGoqqb7i4vFlxp2/60Miura+sb2Vx+c2t7Z7ewt99QUSIZ1lkkItnyqELBQ6xrrgW2Yok08AQ2veHV1G/eo1Q8Cm/0KEY3oP2Q+5xRbaTaabdQtEv2DGSZOD+kWMnFk9v3h69qt/DR6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j21DQxqgctPZoWNybJQe8SNpKtRkpv6eSGmg1CjwTGdA9UAtelPxP6+daP/CTXkYJxpDNl/kJ4LoiEy/Jj0ukWkxMoQyyc2thA2opEybbPImBGfx5WXSOCs55VK5ZtK4hDmycAhHcAIOnEMFrqEKdWCA8AjP8GLdWU/WqzWZt2asn5kD+APr7RuUSpCI</latexit>

+

<latexit sha1_base64="aWivVa8NLEOlcPQMMEBf9Jy3654=">AAAB6XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmXKibYtGNyyr2Au1QMmmmDc0kQ5IRytA3cONCEbd9GPduxLcxvSy09YfAx/+fQ845YcKZNp737eRWVtfWN/Kb7tb2zu5eYf+grmWqCK0RyaVqhlhTzgStGWY4bSaK4jjktBEObiZ545EqzaR4MMOEBjHuCRYxgo217r1yp1D0St5UaBn8ORSvPtxyMv5yq53CZ7srSRpTYQjHWrd8LzFBhpVhhNOR2041TTAZ4B5tWRQ4pjrIppOO0Il1uiiSyj5h0NT93ZHhWOthHNrKGJu+Xswm5n9ZKzXRZZAxkaSGCjL7KEo5MhJN1kZdpigxfGgBE8XsrIj0scLE2OO49gj+4srLUD8r+eel8zuvWLmGmfJwBMdwCj5cQAVuoQo1IBDBE7zAqzNwnp03531WmnPmPYfwR874B13JkEM=</latexit>

0 =
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<latexit sha1_base64="VdAoslYjsWrjq3526iA4MvimRF4="></latexit>

dCωω1

dm2
=

→∑

l=0

bω̂
2

[ω2]l
Cωω[ω2]l

(
K(ε)

!ω,!ω,0
(2!ω+2l,!ω)+K(ε)

!ω,0,!ω
(2!ω+2l,!ω)+

K(ε)
0,!ω,!ω

(2!ω + 2l, 2!ω + 2l)
)

<latexit sha1_base64="VdAoslYjsWrjq3526iA4MvimRF4="></latexit>

dCωω1

dm2
=

→∑

l=0

bω̂
2

[ω2]l
Cωω[ω2]l

(
K(ε)

!ω,!ω,0
(2!ω+2l,!ω)+K(ε)

!ω,0,!ω
(2!ω+2l,!ω)+

K(ε)
0,!ω,!ω

(2!ω + 2l, 2!ω + 2l)
)

<latexit sha1_base64="FL2GsRzJsXbSs3i4xuQzrvdWgGA="></latexit>

K(ω)
!i!j!k

(!l,!m) =

∫
dc1dc2dc3
(2ωi)3

f!l,!m

!i!j!k
(c1, c2, c3)

This is the numerical bottleneck for now:

<latexit sha1_base64="toBAEzueonXJtAjwp1yKl3SQj/o=">AAAB6HicbVDLSgNBEOyNryS+oh69DAZBEMKuh+gx6MVjAuaByRJmJ73JmNkHM7NiWPIFXjwokqs/4L9482t0knjQxIKGoqqb7i4vFlxp2/60Miura+sb2Vx+c2t7Z7ewt99QUSIZ1lkkItnyqELBQ6xrrgW2Yok08AQ2veHV1G/eo1Q8Cm/0KEY3oP2Q+5xRbaTaabdQtEv2DGSZOD+kWMnFk9v3h69qt/DR6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j21DQxqgctPZoWNybJQe8SNpKtRkpv6eSGmg1CjwTGdA9UAtelPxP6+daP/CTXkYJxpDNl/kJ4LoiEy/Jj0ukWkxMoQyyc2thA2opEybbPImBGfx5WXSOCs55VK5ZtK4hDmycAhHcAIOnEMFrqEKdWCA8AjP8GLdWU/WqzWZt2asn5kD+APr7RuUSpCI</latexit>

+

<latexit sha1_base64="aWivVa8NLEOlcPQMMEBf9Jy3654=">AAAB6XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmXKibYtGNyyr2Au1QMmmmDc0kQ5IRytA3cONCEbd9GPduxLcxvSy09YfAx/+fQ845YcKZNp737eRWVtfWN/Kb7tb2zu5eYf+grmWqCK0RyaVqhlhTzgStGWY4bSaK4jjktBEObiZ545EqzaR4MMOEBjHuCRYxgo217r1yp1D0St5UaBn8ORSvPtxyMv5yq53CZ7srSRpTYQjHWrd8LzFBhpVhhNOR2041TTAZ4B5tWRQ4pjrIppOO0Il1uiiSyj5h0NT93ZHhWOthHNrKGJu+Xswm5n9ZKzXRZZAxkaSGCjL7KEo5MhJN1kZdpigxfGgBE8XsrIj0scLE2OO49gj+4srLUD8r+eel8zuvWLmGmfJwBMdwCj5cQAVuoQo1IBDBE7zAqzNwnp03531WmnPmPYfwR874B13JkEM=</latexit>

0 =
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<latexit sha1_base64="VdAoslYjsWrjq3526iA4MvimRF4="></latexit>

dCωω1

dm2
=

→∑

l=0

bω̂
2

[ω2]l
Cωω[ω2]l

(
K(ε)

!ω,!ω,0
(2!ω+2l,!ω)+K(ε)

!ω,0,!ω
(2!ω+2l,!ω)+

K(ε)
0,!ω,!ω

(2!ω + 2l, 2!ω + 2l)
)<latexit sha1_base64="VdAoslYjsWrjq3526iA4MvimRF4="></latexit>

dCωω1

dm2
=

→∑

l=0

bω̂
2

[ω2]l
Cωω[ω2]l

(
K(ε)

!ω,!ω,0
(2!ω+2l,!ω)+K(ε)

!ω,0,!ω
(2!ω+2l,!ω)+

K(ε)
0,!ω,!ω

(2!ω + 2l, 2!ω + 2l)
)

<latexit sha1_base64="aWivVa8NLEOlcPQMMEBf9Jy3654=">AAAB6XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmXKibYtGNyyr2Au1QMmmmDc0kQ5IRytA3cONCEbd9GPduxLcxvSy09YfAx/+fQ845YcKZNp737eRWVtfWN/Kb7tb2zu5eYf+grmWqCK0RyaVqhlhTzgStGWY4bSaK4jjktBEObiZ545EqzaR4MMOEBjHuCRYxgo217r1yp1D0St5UaBn8ORSvPtxyMv5yq53CZ7srSRpTYQjHWrd8LzFBhpVhhNOR2041TTAZ4B5tWRQ4pjrIppOO0Il1uiiSyj5h0NT93ZHhWOthHNrKGJu+Xswm5n9ZKzXRZZAxkaSGCjL7KEo5MhJN1kZdpigxfGgBE8XsrIj0scLE2OO49gj+4srLUD8r+eel8zuvWLmGmfJwBMdwCj5cQAVuoQo1IBDBE7zAqzNwnp03531WmnPmPYfwR874B13JkEM=</latexit>

0 =
<latexit sha1_base64="toBAEzueonXJtAjwp1yKl3SQj/o=">AAAB6HicbVDLSgNBEOyNryS+oh69DAZBEMKuh+gx6MVjAuaByRJmJ73JmNkHM7NiWPIFXjwokqs/4L9482t0knjQxIKGoqqb7i4vFlxp2/60Miura+sb2Vx+c2t7Z7ewt99QUSIZ1lkkItnyqELBQ6xrrgW2Yok08AQ2veHV1G/eo1Q8Cm/0KEY3oP2Q+5xRbaTaabdQtEv2DGSZOD+kWMnFk9v3h69qt/DR6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j21DQxqgctPZoWNybJQe8SNpKtRkpv6eSGmg1CjwTGdA9UAtelPxP6+daP/CTXkYJxpDNl/kJ4LoiEy/Jj0ukWkxMoQyyc2thA2opEybbPImBGfx5WXSOCs55VK5ZtK4hDmycAhHcAIOnEMFrqEKdWCA8AjP8GLdWU/WqzWZt2asn5kD+APr7RuUSpCI</latexit>

+

0 2 4 6 8 10
lmax

10°6

10°5

10°4

10°3

10°2

ØØØdC¡¡1

dm2

ØØØ

Æ = 5, ¢¡ = 3
2



Further properties of the flow equations
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The flat space limit and the S-matrix
• The coupling       is in units of


• Flow can be seen as happening from heavily curved AdS to flat space


• In principle, spectrum and S-matrix can be extracted

51

<latexit sha1_base64="2mfovkgD5KTlEg0+C1WKuNHg6EQ=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1WXRjcsK9gFtKDeTSTt0MgkzE6GEfoQbF4q49Xvc+TdO2yy0emDgcM65zL0nSAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTlLVpIhLVC1AzwSVrG24E66WKYRwI1g0mt3O/+8iU5ol8MNOU+TGOJI84RWOl7kDYaIjDas2tuwuQv8QrSA0KtIbVz0GY0Cxm0lCBWvc9NzV+jspwKtisMsg0S5FOcMT6lkqMmfbzxbozcmaVkESJsk8aslB/TuQYaz2NA5uM0Yz1qjcX//P6mYmu/ZzLNDNM0uVHUSaIScj8dhJyxagRU0uQKm53JXSMCqmxDVVsCd7qyX9J56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGChN4ghd4dVLn2Xlz3pfRklPMHMMvOB/fQFePiA==</latexit>

ω
<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R

<latexit sha1_base64="AWEehgcIPYVr2jav1LgJ3QHzt1g="></latexit>

mi

m0
= lim

ω→↑

!i(ω)

!0(ω)

<latexit sha1_base64="q8qnfNB44pJWnNI1YnG5SYaSt6A="></latexit>

S(s) → lim
ω→↑

∑

O!

f(!)C2
εεO!

(ω)ε

(↑
s

m
↓ !(ω)

!ε(ω)

)

[Paulos, Penedones, Toledo, van Rees, Vieira, ’16]


More: [van Rees, Zhao, ’22], [Polchinski, ’99], [Cordova, He, Paulos ’22]

[Meineri, Penedones, Spirig, ’23]



• Eigenvalues of hamiltonians which depend on continuous parameters don’t cross


• Proven in RMT and finite dimensional QM


• Expected to hold generically in QFT


• We can prove it with our equations

Further properties
Level repulsion
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<latexit sha1_base64="PPKEtQo2/1tD4SEr0ZlYtqZNc18=">AAACAXicbZC7SgNBFIZn4y3G26oggs1gEGwMuymiiEWIFpYJmAtkl2V2MpsMmZ1dZmaFsMTGV7GxiIitrU9gZ+OzOLkUmvjDwMd/zuHM+f2YUaks68vILC2vrK5l13Mbm1vbO+buXkNGicCkjiMWiZaPJGGUk7qiipFWLAgKfUaafv96XG/eEyFpxO/UICZuiLqcBhQjpS3PPLSunBvCFPLssxkUHcbsS8/MWwVrIrgI9gzy5YPaNx1VPqqe+el0IpyEhCvMkJRt24qVmyKhKGZkmHMSSWKE+6hL2ho5Col008kFQ3iinQ4MIqEfV3Di/p5IUSjlIPR1Z4hUT87XxuZ/tXaiggs3pTxOFOF4uihIGFQRHMcBO1QQrNhAA8KC6r9C3EMCYaVDy+kQ7PmTF6FRLNilQqmm06iAqbLgCByDU2CDc1AGt6AK6gCDB/AERuDFeDSejVfjbdqaMWYz++CPjPcfL8KZKA==</latexit>

0 < !1 →!2 ↑ 1 :

<latexit sha1_base64="9mbce2NPr96IgUYc90++R84oa2Q=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdTP3WE2gjYvWA4wT8iA2UCAVnaKV29xYksp7XK5XdijsDXSZeTsokR71X+ur2Y55GoJBLZkzHcxP0M6ZRcAmTYjc1kDA+YgPoWKpYBMbPZvdO6KlV+jSMtS2FdKb+nshYZMw4CmxnxHBoFr2p+J/XSTG88jOhkhRB8fmiMJUUYzp9nvaFBo5ybAnjWthbKR8yzTjaiIo2BG/x5WXSPK941Ur1/qJcu87jKJBjckLOiEcuSY3ckTppEE4keSav5M15dF6cd+dj3rri5DNH5A+czx+NNo+r</latexit>

!1

<latexit sha1_base64="vqzTNPygqqdVY3w08PLDso4t8FA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiR6DevAYwTwgWcLsZDYZMju7zvQKIeQnvHhQxKu/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn5rSeujYjVA44T7kd0oEQoGEUrtbu3XCLtVXrFklt25yCrxMtICTLUe8Wvbj9macQVMkmN6Xhugv6EahRM8mmhmxqeUDaiA96xVNGIG38yv3dKzqzSJ2GsbSkkc/X3xIRGxoyjwHZGFIdm2ZuJ/3mdFMMrfyJUkiJXbLEoTCXBmMyeJ32hOUM5toQyLeythA2ppgxtRAUbgrf88ippVspetVy9vyjVrrM48nACp3AOHlxCDe6gDg1gIOEZXuHNeXRenHfnY9Gac7KZY/gD5/MHjrqPrA==</latexit>

!2
<latexit sha1_base64="2mfovkgD5KTlEg0+C1WKuNHg6EQ=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1WXRjcsK9gFtKDeTSTt0MgkzE6GEfoQbF4q49Xvc+TdO2yy0emDgcM65zL0nSAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTlLVpIhLVC1AzwSVrG24E66WKYRwI1g0mt3O/+8iU5ol8MNOU+TGOJI84RWOl7kDYaIjDas2tuwuQv8QrSA0KtIbVz0GY0Cxm0lCBWvc9NzV+jspwKtisMsg0S5FOcMT6lkqMmfbzxbozcmaVkESJsk8aslB/TuQYaz2NA5uM0Yz1qjcX//P6mYmu/ZzLNDNM0uVHUSaIScj8dhJyxagRU0uQKm53JXSMCqmxDVVsCd7qyX9J56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGChN4ghd4dVLn2Xlz3pfRklPMHMMvOB/fQFePiA==</latexit>

ω

<latexit sha1_base64="pWjn33naZmaERTNWdmojlla8qcw="></latexit>

d2(!1 →!2)

dω2
=

c

(!1 →!2)3



Further properties
Mergers and annihilations of theories

• Expected when operators hit marginality


• From the first flow equation, 

53

<latexit sha1_base64="oZbkjCMcUm2tktqusfwCWYA02Yo="></latexit>

!→ ↭ 1 ,
d!i

dω
→ c

!→ ↑ 1

[Kaplan et al 2009, Gorbenko et al 2018]

<latexit sha1_base64="XBM535W6zhXIHkgNg7evSpxuzfE=">AAACEnicbVDLSsNAFJ34rPUVdelmsAiaRUmKVDdCsRuXFewDmjRMppN26OTBzEQoId/gxl9x40IRt67c+TdO2iy09cCFwzn3cu89XsyokKb5ra2srq1vbJa2yts7u3v7+sFhR0QJx6SNIxbxnocEYTQkbUklI72YExR4jHS9STP3uw+ECxqF93IaEydAo5D6FCOpJFc/x9e2zxFOm25KqZENap5rDVJ7jKTdGtMsyw3DMLLM1Stm1ZwBLhOrIBVQoOXqX/YwwklAQokZEqJvmbF0UsQlxYxkZTsRJEZ4gkakr2iIAiKcdPZSBk+VMoR+xFWFEs7U3xMpCoSYBp7qDJAci0UvF//z+on0r5yUhnEiSYjni/yEQRnBPB84pJxgyaaKIMypuhXiMVIJSZViWYVgLb68TDq1qlWv1u8uKo2bIo4SOAYn4AxY4BI0wC1ogTbA4BE8g1fwpj1pL9q79jFvXdGKmSPwB9rnD5yonXQ=</latexit>

c =
C2

ii→b
!̂
1

C→→→

<latexit sha1_base64="4xizZLbYTdc2Ce5viJ93ZfQkoLE=">AAACMHicbVDLSsNAFJ34rPVVdekmWIR2YUmKVJdFBV1WsA9oQphMpu3QmSTO3Agl9JPc+Cm6UVDErV/h9CFq64GBwzn3cOceP+ZMgWW9GAuLS8srq5m17PrG5tZ2bme3oaJEElonEY9ky8eKchbSOjDgtBVLioXPadPvn4/85h2VikXhDQxi6grcDVmHEQxa8nKXzgXlgD1WcLhOBbjoKCZmRY8UnVg46lZCWibf6tGPO/RyeatkjWHOE3tK8miKmpd7dIKIJIKGQDhWqm1bMbgplsAIp8OskygaY9LHXdrWNMSCKjcdHzw0D7USmJ1I6heCOVZ/J1IslBoIX08KDD01643E/7x2Ap1TN2VhnAANyWRRJ+EmROaoPTNgkhLgA00wkUz/1SQ9LDEB3XFWl2DPnjxPGuWSXSlVro/z1bNpHRm0jw5QAdnoBFXRFaqhOiLoHj2hV/RmPBjPxrvxMRldMKaZPfQHxucXRjapwQ==</latexit>

!i(ω) → !i(ωc)±
√

2c(ω↑ ωc)



Further properties

• Expected when operators hit marginality


• From the first flow equation, 


• Example in free massive theory:
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<latexit sha1_base64="oZbkjCMcUm2tktqusfwCWYA02Yo="></latexit>

!→ ↭ 1 ,
d!i

dω
→ c

!→ ↑ 1

!ω

m2

1→

→

BF
bound

Normalizability
bound

N

D

3
4→ 1

4

→ 1
2
→

1
2
→

3
2Mergers and annihilations of theories

[Kaplan et al 2009, Gorbenko et al 2018]

<latexit sha1_base64="XBM535W6zhXIHkgNg7evSpxuzfE=">AAACEnicbVDLSsNAFJ34rPUVdelmsAiaRUmKVDdCsRuXFewDmjRMppN26OTBzEQoId/gxl9x40IRt67c+TdO2iy09cCFwzn3cu89XsyokKb5ra2srq1vbJa2yts7u3v7+sFhR0QJx6SNIxbxnocEYTQkbUklI72YExR4jHS9STP3uw+ECxqF93IaEydAo5D6FCOpJFc/x9e2zxFOm25KqZENap5rDVJ7jKTdGtMsyw3DMLLM1Stm1ZwBLhOrIBVQoOXqX/YwwklAQokZEqJvmbF0UsQlxYxkZTsRJEZ4gkakr2iIAiKcdPZSBk+VMoR+xFWFEs7U3xMpCoSYBp7qDJAci0UvF//z+on0r5yUhnEiSYjni/yEQRnBPB84pJxgyaaKIMypuhXiMVIJSZViWYVgLb68TDq1qlWv1u8uKo2bIo4SOAYn4AxY4BI0wC1ogTbA4BE8g1fwpj1pL9q79jFvXdGKmSPwB9rnD5yonXQ=</latexit>

c =
C2

ii→b
!̂
1

C→→→

<latexit sha1_base64="4xizZLbYTdc2Ce5viJ93ZfQkoLE=">AAACMHicbVDLSsNAFJ34rPVVdekmWIR2YUmKVJdFBV1WsA9oQphMpu3QmSTO3Agl9JPc+Cm6UVDErV/h9CFq64GBwzn3cOceP+ZMgWW9GAuLS8srq5m17PrG5tZ2bme3oaJEElonEY9ky8eKchbSOjDgtBVLioXPadPvn4/85h2VikXhDQxi6grcDVmHEQxa8nKXzgXlgD1WcLhOBbjoKCZmRY8UnVg46lZCWibf6tGPO/RyeatkjWHOE3tK8miKmpd7dIKIJIKGQDhWqm1bMbgplsAIp8OskygaY9LHXdrWNMSCKjcdHzw0D7USmJ1I6heCOVZ/J1IslBoIX08KDD01643E/7x2Ap1TN2VhnAANyWRRJ+EmROaoPTNgkhLgA00wkUz/1SQ9LDEB3XFWl2DPnjxPGuWSXSlVro/z1bNpHRm0jw5QAdnoBFXRFaqhOiLoHj2hV/RmPBjPxrvxMRldMKaZPfQHxucXRjapwQ==</latexit>

!i(ω) → !i(ωc)±
√

2c(ω↑ ωc)



Further properties

• There exists a family of 1D CFTs called Long 
Range Ising 

• Critical point of Ising model with decaying 
interactions


• It is equivalent to the following construction


• Take free massive scalar in AdS2


• Turn on        only on the boundary


• Flow to IR fixed point on boundary


• Fits in our flow equations framework
55

Free bulk and interacting boundary 

<latexit sha1_base64="tA5tRjd/XArvNGQ6VkAFCy3ZXVA=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewagh6JXjxi4gIJrKRbulDptpu2a0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HNzO//USVZlLcm0lCgxgPBYsYwcZKrV4yYg+1frniVt050CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10VWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdK6qHr1av2uVmlc53EU4QRO4Rw8uIQG3EITfCDwCM/wCm+OdF6cd+dj0Vpw8plj+APn8wdB347w</latexit>

ω4

!

m2

Normalizability
bound

N

3
4

→

1
2

→

3
2

1

2

1
4

3
4

!ω

!ω2

!ω3

!ω4

→ 1
4 → 3

16



Conclusion
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• QFT in AdS can be phrased in terms of 


• Their evolution under RG flows is governed by coupled ODEs


• No more divergences to deal with


• Fully non-perturbative


• Nontrivial checks for scalar and fermion GFF


• They know a lot about QFT (level repulsion, merger-annihilation, etc..)


• What next?

Conclusion
Summary

57

<latexit sha1_base64="sgdVRqgC3DFhUZuZt3OKHi3ua9U="></latexit>

!i(ω) , Cijk(ω) , b
Ôai

(ω)
<latexit sha1_base64="Ilui5gMDUAVJyXsoShx6LyzPgdM=">AAACCXicbVC7SgNBFJ31GRMfG63EZjAIsQm7FtEyaGNnBPOA7BruTibJkNkHM7NCWLa18VdsLBSx9Q/srPwEf8HZJIUmHhg4nHPvnXuPF3EmlWV9GkvLK6tr67mNfGFza3vHLO42ZRgLQhsk5KFoeyApZwFtKKY4bUeCgu9x2vJGF5nfuqNCsjC4UeOIuj4MAtZnBJSWuib2bhNnCCpxfFBDAjy5StO0y8oO10N6cNw1S1bFmgAvEntGSrXS/ldRfBfqXfPD6YUk9mmgCAcpO7YVKTcBoRjhNM07saQRkBEMaEfTAHwq3WRySYqPtNLD/VDoFyg8UX93JOBLOfY9XZntK+e9TPzP68Sqf+YmLIhiRQMy/agfc6xCnMWCe0xQovhYEyCC6V0xGYIAonR4eR2CPX/yImmeVOxqpXptl2rnaIocOkCHqIxsdIpq6BLVUQMRdI8e0TN6MR6MJ+PVeJuWLhmznj30B8b7D+IlnWc=</latexit>

bÔi (ω)



Conclusion
Short term wishes

• Efficiency


• Solve simple interacting cases (ex: LRI family)


• More concise form? No        ,  no 
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<latexit sha1_base64="2mfovkgD5KTlEg0+C1WKuNHg6EQ=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1WXRjcsK9gFtKDeTSTt0MgkzE6GEfoQbF4q49Xvc+TdO2yy0emDgcM65zL0nSAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTlLVpIhLVC1AzwSVrG24E66WKYRwI1g0mt3O/+8iU5ol8MNOU+TGOJI84RWOl7kDYaIjDas2tuwuQv8QrSA0KtIbVz0GY0Cxm0lCBWvc9NzV+jspwKtisMsg0S5FOcMT6lkqMmfbzxbozcmaVkESJsk8aslB/TuQYaz2NA5uM0Yz1qjcX//P6mYmu/ZzLNDNM0uVHUSaIScj8dhJyxagRU0uQKm53JXSMCqmxDVVsCd7qyX9J56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGChN4ghd4dVLn2Xlz3pfRklPMHMMvOB/fQFePiA==</latexit>

ω
<latexit sha1_base64="Z7kJ2bwpn9Eq4btdbJ9AXNV93Rs=">AAAB9XicbVC7TsNAEFyHV0h4JFAhmhMWElVkUwTKCBrKIJGHFDvR+XJOTjmfrbszKLLyHzQUIETLv9BR8Qn8ApdHAQkjrTSa2dXuTpBwprTjfFq5tfWNza38dqG4s7u3XyofNFWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVjK6nfuueSsVicafHCfUjPBAsZARrI3WDbuYNsfbqQzbpsV7JdirODGiVuAti1+yjr7L8LtZ7pQ+vH5M0okITjpXquE6i/QxLzQink4KXKppgMsID2jFU4IgqP5tdPUGnRumjMJamhEYz9fdEhiOlxlFgOiOsh2rZm4r/eZ1Uh5d+xkSSairIfFGYcqRjNI0A9ZmkRPOxIZhIZm5FZIglJtoEVTAhuMsvr5LmecWtVqq3rl27gjnycAwncAYuXEANbqAODSAg4RGe4cV6sJ6sV+tt3pqzFjOH8AfW+w+BqZV8</latexit>

b!̂i



Conclusion
Longer term wishes

• Generalization to multiple deformations (maybe trivial)


• Ising Field Theory and flows between minimal models 


•             nonlinear sigma model and             GN model


• Generalization to higher dimensions


• YM      


• QCD !

59

<latexit sha1_base64="HQd6T1x+DWnCecq/3Xyf1pmmiH4=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGC/YA2lM1m067dZMPupFBK/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXpFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03jco04w2mpNLtgBouRcIbKFDydqo5jQPJW8Hwbua3RlwboZJHHKfcj2k/EZFgFK3U7I5ChaZXKrsVdw6ySryclCFHvVf66oaKZTFPkElqTMdzU/QnVKNgkk+L3czwlLIh7fOOpQmNufEn82un5NwqIYmUtpUgmau/JyY0NmYcB7Yzpjgwy95M/M/rZBjd+BORpBnyhC0WRZkkqMjsdRIKzRnKsSWUaWFvJWxANWVoAyraELzll1dJ87LiVSvVh6ty7TaPowCncAYX4ME11OAe6tAABk/wDK/w5ijnxXl3Phata04+cwJ/4Hz+AM8Bj00=</latexit>...

<latexit sha1_base64="RrmpZ69ai6dBNIAo4y/XOSWFHUM=">AAAB63icbVBNSwMxEJ31s9avqkcvwSLUS9kVqR6LXjxpBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb2dldW19Y7OwVdze2d3bLx0ctnSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336iSrNIPppJTH2Bh5KFjGCTSfeVu7N+qexW3RnQMvFyUoYcjX7pqzeISCKoNIRjrbueGxs/xcowwum02Es0jTEZ4yHtWiqxoNpPZ7dO0alVBiiMlC1p0Ez9PZFiofVEBLZTYDPSi14m/ud1ExNe+SmTcWKoJPNFYcKRiVD2OBowRYnhE0swUczeisgIK0yMjadoQ/AWX14mrfOqV6vWHi7K9es8jgIcwwlUwINLqMMtNKAJBEbwDK/w5gjnxXl3PuatK04+cwR/4Hz+AAz+jZs=</latexit>

O(N)
<latexit sha1_base64="RrmpZ69ai6dBNIAo4y/XOSWFHUM=">AAAB63icbVBNSwMxEJ31s9avqkcvwSLUS9kVqR6LXjxpBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb2dldW19Y7OwVdze2d3bLx0ctnSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336iSrNIPppJTH2Bh5KFjGCTSfeVu7N+qexW3RnQMvFyUoYcjX7pqzeISCKoNIRjrbueGxs/xcowwum02Es0jTEZ4yHtWiqxoNpPZ7dO0alVBiiMlC1p0Ez9PZFiofVEBLZTYDPSi14m/ud1ExNe+SmTcWKoJPNFYcKRiVD2OBowRYnhE0swUczeisgIK0yMjadoQ/AWX14mrfOqV6vWHi7K9es8jgIcwwlUwINLqMMtNKAJBEbwDK/w5gjnxXl3PuatK04+cwR/4Hz+AAz+jZs=</latexit>

O(N) [Copetti, Di Pietro, Ji, Komatsu ’24]
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What is QFT?
• This framework inherits all axioms from CFT (except bdy stress tensor)


• Existence of bulk stress tensor implies


• Possibly exciting for axiomatic (and computable) approach to QFT
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Backup
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Local blocks
Analytic structure
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Local blocks
The dispersive integral
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Consider the following trivial rewriting
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Imposing a physical analytic structure for the correlator,
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Renormalization condition
• Explicitly, we choose
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