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It is well known that exact CP or equivalently T symmetry,
implies the vanishing of the electric dipole moment of the
Neutron ( and other neutral elementary particles). The weak
interactions are known to violate this symmetry, but the
estimates of that contribution are vanishingly small for our
concerns. However, the possibility of a CP violation in the
strong interactions (expected on some general grounds to
result from nontrivial topological features of the QCD vacuum)
has led to very important efforts to look for a non-vanishing
value, which, so far, has resulted only in the setting of ever
stronger bounds.

Currently one has :

dn < 10−26e − cm (1)

which gives rise to the so called Strong CP problem.



The issue we will be concerned with is how are such bounds
possible given the fact that back of the envelope estimates of
the corresponding uncertainties are at least 10 orders of
magnitude smaller!

To be precise, what the theorem shows is that assuming T
symmetry one must have:

〈n|~̂D|n〉 = 0. (2)

This follows from the fact that the orientation of the particle can
only be specified by the orientation of its angular momentum.
The dipole moment D and the angular momentum J must
transform their signs in the same way under T if D is to have a
nonzero value and if there is to be T symmetry. But D does not
change sign under T while J does, so D must vanish if there is
T symmetry.



The puzzle
As noted, the current bounds on neutron EDM indicate that

dn = (0.0± 1.1stat ± 0.2sys)× 10−26 e·cm. (3)

The uncertainty:
That effective radius of the neutron is O(10−13 cm), so a
simplified picture in terms of the valence quarks ( two down
and one up ), and writing the electric dipole moment operator:

~̂D =
3∑
i

qi ~̂xi , (4)

we are led to estimate the value of the nEDM uncertainty, as:

∆|D| ∼ O(10−14) e · cm. (5)

Better estimates using the property of asymptotic freedom of
QCD with scale 10GeV lead to ∆|D| ∼ O(10−15) e·cm .

This seems at least a bit puzzling, at first sight.



As noted, what T invariance indicates, it is not that EDM of the
neutron must vanish, but rather that the expectation value of the
EDM of the neutron must vanish.

Could this then solve the puzzle by noting that, in principle, by
performing a measurement of the EDM of the neutron a large
enough number of times we could determine the value of

〈n|~̂D|n〉, to an arbitrary accuracy? (and find that it vanishes to
that accuracy).

Can this be all what is going on?



In order to emphazise the point, let me use the case of a
Harmonic Oscillator. The ground state wave function Ψ0(x) is a
gaussian:

characterized in the “position variable" by its expectation value
µ and its quantum uncertainty σ.
Often on, people take this to mean that the position has
“quantum fluctuations" , and imagine it somehow means a
definite value in the given range, or that it is somehow “ jumping
among such values" or that it is meant to represent an
ensemble with each element having a “ value in that range" .



Ψ0(x) does indeed contain information about the values we
might find if we decide to measure the system’s position. If we
were to prepare a collection of systems in the same state and
make measurements on each one, we would expect a
distribution of results like:

However, according to QM this would be the result of our “doing
violence" to the system by the use of a measurement device
which would, in fact, change the state of the system rather
drastically. In the case of the neutron we would end up with
something else, and could not claim to have measured the
n-EDM !!



Weak Measurements( Y. Aharonov and L. Vaidman)

A weak measurement involves the ordinary measurement of a
certain quantity A (the auxiliary observable), which is only
indirectly related to the quantity of interest O and which yields
information about the expectation value of that quantity in the
original state of the system |Ψ〉, namely 〈Ψ|Ô|Ψ〉, without hardly
disrupting the initial state of the system of interest |Ψ〉.

We will consider an idealized version of the experiment
involving the n-EDM.



With a non-zero nEDM (~D 6= 0), the precession frequency of a
neutron’s spin in a fixed magnetic field would be modified when
an electric field was applied.

~ω = 2||µnB ± DE ||, (6)

for parallel and anti-parallel relative orientations. Comparison of
these quantities in the two cases would serve to determine ~D.



A schematic analysis of the actual experiment as a
weak measurement

The experiment involves a large number of subsystems, all of
which should, in principle, be given a quantum treatment. To
avoid having to confront the measurement problem we
prescribe a reasonable place to set the “Heisenberg cut". So,
we stipulate what elements act as measuring devices, which
generate “effective classical outputs”.

As is well known, one can move the “Heisenberg cut" in a large
number of ways, obtaining, in practice, equivalent results. In
that fashion, one could simplify or complicate the analysis. One
should, however, avoid moving the “cut" to the point that one
would end up describing a strong measurement of the neutron
EDM, as that would misrepresent what is actually taking place
experimentally. The point we have been making is that the
experiments in question could not possibly correspond to such
a strong measurement.



A simplified analysis of the experiment as a weak
measurement
As a first simplification, we will focus only on the neutron, its
internal degrees of freedom, and the spatial orientation of its
spin. Treat the external electromagnetic field classically and
assume that the magnetic field ~B = 0 so that the precession of
the spin depends just on ~D and ~E . If ~D = 0, there will be no
precession.

Next, we chose to distinguish between the neutron’s internal
degrees of freedom that determine the magnitude of the EDM
and the degrees of freedom that characterize its spatial
orientation ( one playing the role of O and the other of A).



This approach relies on a simplified form of the Wigner-Eckart
theorem, known as the Projection Theorem . According to this

theorem, for any vector operator ~̂V and j 6= 0,

〈α′, jm′|Vi |α, jm〉 =
〈α′, jm|~̂J · ~̂V |α, jm〉

j(j + 1)
〈jm′|Ji |jm〉, (7)

where i = x , y , z.
It is convenient to introduce the operator defined by

D̂ = (~̂S · ~̂D + ~̂D · ~̂S)/2. (8)

Note that it is a Hermitian operator which serves to codify the
magnitude of the electric dipole moment, while ignoring its
orientation (relying for this on the Wigner-Eckart theorem).



Using the vectorial nature of the electric dipole moment

operator ~̂D and the previous theorem, we can express the
expectation value of each of its components in the following
manner:

〈 ~̂Di〉 =
〈D̂〉

j(j + 1)
〈~̂Ji〉 (9)

where ~̂J represents the angular momentum operator, which, in

our context, corresponds to the neutron’s spin (~̂S), thus j = 1/2.



It is clear that [D̂, ~̂J] = 0, reinforcing the notion that D̂ is a scalar
operator, as implied by the notation.

The following discussion aims to exhibit how the quantum
uncertainty of the EDM enters into the analysis of the weak
measurement to ascertain its influence on the accuracy with
which the quantity of interest can be measured.



We write the quantum state of the neutron, explicitly separating
the degrees of freedom as indicated above. That is, we express
the state of a neutron at rest in the lab and with a spin
orientation ~σ as:

|ψ〉 = N
∫

d(d)e−(d−dn)2/2∆2 |d〉 ⊗ |~σ〉, (10)

here, |d〉 represents the eigenstates of D̂ (normalized according
to 〈d ′|d〉 = δ(d − d ′)), dn = 〈n|D̂|n〉 is the expectation value of
the dipole moment scalar in the neutron’s ground state, and ∆
represents its quantum uncertainty ( N a normalization factor ).

Here|~σ〉 denotes eigenstates of the spin along the direction ~σ,
i.e.,

~σ · ~̂S|~σ〉 = 1/2|~σ〉. (11)



The initial state representing a neutron (prepared in the lab. to
be essentially at rest and with its spin pointing in the direction
+z), is

|ψ0〉 = N
∫

d(d)e−(d−dn)2/2∆2 |d〉 ⊗ |z+〉 (12)

An external electric field in the direction +y is applied during
the time interval [0, tf ], ( switched on and off slowly enough to
avoid transient effects).
The interaction of the neutron with this electric field is
represented by the Interaction Hamiltonian:

Ĥi = ~E(t) · ~̂D (13)

We are interested in computing the probability amplitude for
“finding" the neutron in the state:

|ψ′〉 = N
∫

d(d)e−(d−dn)2/2∆2 |d〉 ⊗ |z−〉 (14)

at t = tf .



The relevant transition amplitude is :

A = 〈ψ′|ei
∫

Hi dt |ψ0〉 (15)

and it can be explicitly evaluated (in a short calculation given at
the end) yielding:

A = i sin (dnξ)e−ξ
2∆2/2. (16)

where ξ ≡ 1
2
√

1/2(1/2+1)

∫ tf
0 E(t)dt .

This explains the feasibility of measuring dn to arbitrarily
precision, regardless of the magnitude of ∆. The transition
probability can be measured with arbitrarily high accuracy,
repeating the experiment sufficiently many times (or using a
sufficiently large number of neutrons).

The amplitude depends on ∆, which is unknown, but ξ depends
on the applied electric field’s magnitude and the duration of its
application, and the functional dependence is different for two
parameters, dn and ∆.



In fact, in the limit where ξ is very small (so that the lowest order
term in a power expansion can be taken as reliable), we have:

A ≈ idnξe−ξ
2∆2/2 (17)

so that the probability is:

P ≈ |dnξ|2e−ξ
2∆2 ≈ |dnξ|2 (18)

can be converted directly into a determination of dn (assuming
ξ, which depends only on the applied electric field, is known). In
practice, the experiments performed up to this date have
served to set bounds on such probability, which, in turn,
become bounds on the quantity dn.
Note that when ξ is not small enough, the effect of the electric
dipole moment’s quantum uncertainty ∆, reduces the
probability by a factor e−ξ

2∆2
. This is not a very intuitive feature.

It can be understood as a result from the spread/cancellation of
the multiple d components !!.



Note however that, despite the consideration of the quantum
uncertainty ∆, when the “symmetry breaking" , characterized
by dn = 〈n|D̂|n〉, is absent, i.e. when we set dn = 0) the effect
simply vanishes:

P = |dnξ|2e−ξ
2∆2

= 0

That is, we do not get any spin flipped neutrons at all, despite
the quantum uncertainties, unless the symmetry of the state is
broken.



A central aspect of standard QT is the fact that, generically, the
state of a system does not correspond to a definite value of
various of the quantities that in classical contexts serve to
quantitatively describe the system.

These are the famous “quantum uncertainties " often called “
quantum fluctuations".



This is an unfortunate choice of wording because it promotes
the confusion with stochastic fluctuations, associated with
ensembles.

These, in turn, can ultimately refer to either small changes in a
system occurring in time, or to variations in localized aspects of
an extended system occurring in space-time, or among
individuals within actual collections of systems.

Quantum uncertainties and stochastic fluctuations are, rather
different things, and ought not to be confused!!.



However this is often done in cosmological applications of QM



Evidently , applications to cosmology require a much more
careful consideration. We face an instance of the M problem
that ought to be meticulously considered both in the specific
and broader contexts.

THANKS



The computation
The relevant amplitude is :

A = 〈ψ′|ei
∫

Hi dt |ψ0〉 = 〈ψ′|ei
∫

Ey (t)D̂y dt |ψ0〉

= 〈ψ′|eiD̂y
∫

Ey (t)dtN
∫

d(d)e−(d−dn)2/∆2

|d〉 ⊗ 1√
2

(|y+〉+ |y−〉)

(19)

In the last line, we have used |z+〉 = 1√
2

(|y+〉+ |y−〉).

Defining ξ ≡ 1
2
√

1/2(1/2+1)

∫ tf
0 E(t)dt , we have:

A = 〈ψ′|eiD̂ŜyξN
∫

d(d)e−(d−dn)2/∆2

|d〉 ⊗ 1√
2

(|y+〉+ |y−〉)

= 〈ψ′|N
∫

d(d)e−(d−dn)2/∆2 |d〉 ⊗ 1√
2

(eidξ|y+〉+ e−idξ|y−〉)

(20)



Now we write:

〈ψ′| = N
∫

d(d ′)e−(d ′−dn)2/2∆2〈d ′| ⊗ 1√
2

(〈y + | − 〈y − |) (21)

so that

A = N2
∫

d(d)e−(d−dn)2/∆2 1
2

(eidB − e−idB)

=
1
2

(eidnB − e−idnξ)e−ξ
2∆2/2 = i sin (dnξ)e−ξ

2∆2/2.

(22)

which is the result we mentioned.


