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Introducing my self

Hello everyone,
I’m Hasan El Moumni, from the Laboratory of Theoretical and High
Energies Physics (LPTHE), Ibn Zohr University, Agadir, Morocco.
My research focuses on black hole thermodynamics, holography, and
the interface between gravity and quantum information. I’m partic-
ularly interested in how quantum foundations can shed light on the
microscopic structure of spacetime and the emergence of gravity.

Hasan
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Motivation and Context

Quantum information concepts illuminate the emergence of
spacetime in AdS/CFT.
Black holes are the fastest scramblers and natural quantum
computers.
Complexity bridges geometry and information.
Singularities obscure microscopic structure. ⇒ Regular black
holes (RBHs) offer smooth testbeds for
quantum–gravitational effects.
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What Does Complexity Mean?

From Quantum Information to Geometry
In quantum information, complexity measures the minimal
number of quantum gates required to transform a simple
reference state (e.g., a product state) into a target state (e.g.,
a thermal or entangled state).

C(|ψ⟩) = min #gates to reach|ψ⟩

In holography (AdS/CFT ), the boundary state evolves under
the CFT Hamiltonian, while in the bulk, this corresponds to
the growth of interior spacetime behind the horizon.

Interpretation: Complexity quantifies how “hard” it is to
reconstruct the bulk geometry from boundary degrees of
freedom.
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What Does Complexity Mean?

Complexity as an Interior Clock
Entanglement entropy saturates quickly (the Page time), but
complexity keeps growing linearly for an exponentially long
time.
This linear growth is mirrored by the expansion of the black
hole interior volume or the growth of the Wheeler–DeWitt
action.
Thus, complexity provides an arrow of time within a stationary
background – a kind of quantum internal clock of the black
hole.

“The interior keeps growing even after thermal equilibrium – because
complexity does.”
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What Does Complexity Mean?

Complexity and the Lloyd Bound
In 2000, Seth Lloyd derived a quantum mechanical limit on the
rate of computation a physical system can perform, based on
the energy available and the time-energy uncertainty principle.
Each quantum logical operation (like a gate flip) requires a
minimal time:

τmin = πℏ
2E ,

where E is the average energy above the ground state.
So the maximum number of operations per unit time is:

Ṅops ≤ 2E
πℏ

Lloyd interpreted this as the maximum computational speed
allowed by quantum mechanics – the Margolus-Levitin theorem
gives the same scaling.
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What Does Complexity Mean?

Translating to Complexity Growth
In the context of quantum information, complexity C counts
the minimal number of quantum gates needed to build a given
state.
If you think of time evolution as a computation, then the rate
of change of complexity is bounded by the rate at which
quantum operations can occur:

Ċ ≤ 2E
πℏ
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What Does Complexity Mean?

Why Black Holes Saturate the Bound
In holography (AdS/CFT):

The boundary theory evolves under a Hamiltonian with energy
E
The bulk geometry encodes this evolution through quantities
like: the

maximal interior volume (CV )
the Wheeler-DeWitt action (CA).

For an Anti de Sitter black hole, the late-time rate of growth
of these quantities is:

dC
dt = 2M

πℏ
where M is the ADM mass of the black hole.

This exactly
saturates the Lloyd bound – hence the phrase:
“A black hole is the fastest computer in nature.”
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The Complexity Conjectures

⋆In the AdS/CFT correspondence, each boundary CFT state
corresponds to a bulk geometry. So, it is natural to ask:
What bulk geometric quantity corresponds to the quantum
complexity of the boundary state ?
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The Complexity–Volume (CV) Conjecture:
Proposed by Susskind and Stanford (2014).
Phys. Rev. D 90(12) (2014) 126007.

They suggested that the complexity of a boundary state is
proportional to the maximal spatial volume of a hypersurface that
connects the two boundaries of an eternal AdS black hole.

CV = Vmax
GNℓ

{
Vmax is the maximal volume of a slice anchored at a given boundary time.
GN is Newton’s constant.
ℓ is a characteristic length (often the AdS radius)

The growth of the Einstein–Rosen bridge (the wormhole interior)
corresponds to the growth of the quantum circuit complexity of the
entangled thermofield double (TFD) state on the boundary.
Even though the black hole is in thermal equilibrium, the interior
keeps expanding – just like complexity grows long after entropy
saturates. dCV

dt ∝ r3
++−r3

−
GN ℓ

The CV conjecture directly ties geometry (volume) to quantum computation.
The expanding wormhole = increasing complexity of the dual CFT state.
Complexity is a non-thermal arrow of time inside an otherwise stationary spacetime.
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The Complexity–Action (CA) Conjecture:
Proposed by Brown, Roberts, Susskind, Swingle, Zhao (2016).
Phys. Rev. Lett. 116(19) (2016) 191301.

Here, instead of volume, the proposal uses the gravitational action
evaluated on a specific spacetime region: the Wheeler-DeWitt
(WDW) patch.

CA = IWDW
πℏ

where IWDW is the on-shell action (including bulk, boundary, and joint terms)

over the WDW patch – the region bounded by light sheets anchored at boundary

time slices.

Why the action?
The action encodes all dynamical information about spacetime.
The WDW patch is the natural gravitational counterpart of
the boundary time slice – it captures all events influencing that
time.
This makes the conjecture covariant and physically more
complete than the CV conjecture.
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The Complexity–Action (CA) Conjecture:
Key prediction:

At late times (for stationary AdS black holes),

IWDW
dt = 2M

and therefore:
dCA
dt = 2M

πℏ
⇒ The Lloyd bound is saturated!

So black holes perform computations at the maximal possible rate
allowed by quantum mechanics.

Do regular, black holes still saturate this universal bound?
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Why Regular Black Holes?

Classical General Relativity predicts
curvature singularities inside black
holes–points where density and
spacetime curvature diverge, and the
theory breaks down.
However, a physical theory should
not predict infinities.
This motivates regular black hole
models, in which the singularity is
replaced by a smooth core, typically
due to quantum-gravitational
corrections or nonlinear matter fields. Caption: Singular and non-singular black hole

The idea:
preserve the event horizon and asymptotic structure, but regularize the
interior.
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The Main Criteria for Regularity
A regular black hole satisfies: lim

r→0
RµνρσRµνρσ < ∞, and all

scalar curvature invariants are finite.
The geometry is still spherically symmetric:

ds2 = −f (r)dt2+ dr2

f (r)+r2dΩ2, f (r) modified to eliminate the singularity

.
Regular BHs: smooth metrics with finite curvature invariants.
Realized via nonlinear electrodynamics coupled to gravity:

S =
∫

d4x
√

−g
(

R + 6
ℓ2

− L(F)
)

Bardeen: L = 4µ
α

(
αF
)5/4(

1+
√

αF
)1+µ/2 , Hayward: L = 4µ

α

(
αF
)µ+3

4(
1+
(

αF
)µ

4
)2

,

New class: L = 4µ
α

αF(
1+
(

αF
)1/4)µ+1 .

⇒ Regular at r = 0, de Sitter core, two horizons (r−, r+).
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Wheeler–DeWitt Patch
The blue region = WDW
patch.
(a) Early time: symmetric
patch, minimal complexity.
(b) Late time: patch extends
deeper, action ∝ interior
growth.
Linear increase of WDW action
⇒ linear growth of holographic
complexity.

The action :

A = Abk + Abd

= 1
16πG

∫
d4x

√
−g

(
R + 6

ℓ2
− L(F)

)
+ 1

8πG

∫
∂M

d3x
√

−hK,(1)
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Hayward Regular Black Hole

Metric Function

f (r) = 1 − 2M
r − 2q3/α

r3 + q3 + r2

ℓ2

Finite curvature everywhere.
Reduces to Schwarzschild for α → ∞.
Late-time complexity growth:

dA
dt = (M − QmΦ+ − 2αΨ+) − (M − QmΦ− − 2αΨ−)

with Ψ = 3q4(2r3+q3)√
2α(r3+q3)2 , Π = q6(2r3−q3)

4α2(r3+q3)2 .

⇒ Saturates a modified Lloyd bound.
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Bardeen Regular Black Hole

Metric Function

f (r) = 1 − 2M
r − 2q3

α(r2 + q2)3/2 + r2

ℓ2

Similar form of Ȧ as Hayward case.
Nonlinear terms preserve the bound:

Ȧ = (r+ − r+) +
r3
+ − r3

−
ℓ2

+ 2q3

α

(
r3
−

r̃3
−

−
r3
+

r̃3
+

)
.

Ȧ = (M − QmΦ+ − 2αΨ+) − (M − QmΦ− − 2αΨ−)

Finite, bounded complexity growth.
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New Class of Regular Black Holes

f (r) = 1 − 2M
r − 2q3

α(r + q)3 + r2

ℓ2

Combines smooth core with Maxwell asymptotics.
Late-time action growth matches universal form.
⇒ All 4D RBHs saturate modified Lloyd bound.
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Extension to (2+1) Dimensions

f (r) = −m + r2

ℓ2
− 2q2

[
log
( q
αℓ

+ r
ℓ

)
+ q
αr

]

Regular BTZ-like black hole via NED.
Late-time result:

dA
dt = (M − Φ+Q) − (M − Φ−Q)

Same structure as 4D ⇒ universality of holographic
complexity.
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Magnetic vs Electric Regular Black Holes

Electric RBHs (Bahrami Asl et al., arXiv:2102.12515) studied
in the P-frame.
Complexity growth bounded though extra NED terms appear:

dA
dt ≤ 2

(
m − qΦ − 1

2

∫
T dv

)
+

−2
(

m − qΦ − 1
2

∫
T dv

)
−

Confirms robustness of CA duality under electric/magnetic
duality.
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Physical Interpretation

Complexity growth encodes information transfer across
horizons.
Regular cores preserve unitarity ⇒ no loss of information.
Complexity acts as a probe of quantum regularization of
geometry.
Black holes remain the fastest quantum processors even
when regularized.
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Conclusions

Verified the Complexity = Action conjecture for 4D and 3D
RBHs.
Action growth finite, satisfying (modified) Lloyd bound.
Nonlinear electrodynamics introduces conjugate potentials but
no violation.
Reinforces the link between geometry, computation, and
quantum gravity.
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Outlook

Extend to rotating and AdS–deformed RBHs.
Explore complexity–entropy and complexity–chaos relations.
Connect with quantum information geometry and ER=EPR
correspondence.

Section: Regular Black holes 22



Acknowledgments

Collaborators: K. Masmar
Funding: COST Actions CA23130 (BridgeQG) and CA22113
(THEORY-CHALLENGES)
Thanks to the organizers of the workshop Testing Quantum
Foundations in the 2025 Quantum Year.

Section: Regular Black holes 23


	Introduction
	 MOTIVATION 
	Meaning of Complexity
	Conjectures
	Regular Black holes

