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The CKM matrix element V., is a fundamental input of the Standard Model

The inclusive semileptonic decay rate in the SM

5
= __ m P
D(B = Xel~00) = |Veol* Gl f(mis e, 17, 15 0 P )

is computed through a power expansion in Aqcp/my, ~ 0.1

Heavy Quark Expansion (HQE)

A4
T Mﬂ M P P ’ CD
fLP fNLP fNLP ,G C; + fNNLP D fNNLP ,LS 13 + O( " )

flmy,me,...) =
b b b b

Determining |V,;| requires:

e measuring I'(B — X ¢~ 1) precisely

e computing f(my, m., ...) at high orders in a; and Aqcp/ms €xpansions!
WARNING: non-pert. parameters also need to be extracted from data




HQE Parameters from Semileptonic Moments

The inclusive decay spectrum is characterized by 3 kinematical variables:
lepton energy (E;), dilepton invariant mass (¢?), hadronic invariant mass (m%)




HQE Parameters from Semileptonic Moments

The inclusive decay spectrum is characterized by 3 kinematical variables:
lepton energy (E;), dilepton invariant mass (¢?), hadronic invariant mass (m%)
and obeys similar expansion with same HQE parameters

d*T

5 d3 f
_ ‘/c 2G2 mb
dEedq®dm?, [Ver|

2 2 3 3
mp, Me, ) ) ) Sy o0
F167r3 dEédqumQX( b cs Hrs UGy PDs PLS )




HQE Parameters from Semileptonic Moments

The inclusive decay spectrum is characterized by 3 kinematical variables:
lepton energy (E;), dilepton invariant mass (¢?), hadronic invariant mass (m%)
and obeys similar expansion with same HQE parameters

d*T

5 d3 f
_ ‘/c 2G2 mb
dEedq®dm?, [Ver|

2 2 3 3
mp, Me, ) Ay ) Sy o0
F167r3 dEédqum%(( b cs Hrs UGy PDs PLS )

Experimentally we have access to the moments of the spectrum (Belle, Belle Il, BaBar, ...)

d*r

M;j, = /dEedqzdm%c (Ee)i(QQ)j(mgf)kW
, X

building normalized moments Mijk = M1/ Mooo the prefactor with |V.;|? drops out!




HQE Parameters from Semileptonic Moments

The inclusive decay spectrum is characterized by 3 kinematical variables:
lepton energy (E;), dilepton invariant mass (¢?), hadronic invariant mass (m%)
and obeys similar expansion with same HQE parameters

43T m> d3f
- 00000 @ == V 2G2 b 2 2V 3 3 o
dEgd(]Qdm?X ‘ Cb| F167T3 dEgdqzdeX (mbymcauwauGapD)pL;’)) )

Experimentally we have access to the moments of the spectrum (Belle, Belle Il, BaBar, ...)

, ; d’T
— 2 2 2 2 \k
Mijr = /dEqu dmx (Er)*(¢°) (mX) dEddm?
building normalized moments Mijk = M1/ Mooo the prefactor with |V.;|? drops out!
—> global fit to normalized moments in £, ¢* and m% to extract the HQE parameters.




HQE Parameters from Semileptonic Moments

The inclusive decay spectrum is characterized by 3 kinematical variables:
lepton energy (E;), dilepton invariant mass (¢?), hadronic invariant mass (m%)
and obeys similar expansion with same HQE parameters

d3T mp a3 f A
P — Y 2G2 b , 7 2’ 2V’ 3 , 3 _—
dEedq?dm’% Verl"Gr T3 dE,dgdm?, (b, My by 1G> P PLs )

Experimentally we have access to the moments of the spectrum (Belle, Belle Il, BaBar, ...)

, ; d’T
— 2 2 2 2 \k
Mijr = /dEedq dmx (Er)*(¢°) (mX) dEddm?
building normalized moments Mijk = M1/ Mooo the prefactor with |V.;|? drops out!
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So far only existed fits to (£, m% ) moments (zordone ct21. 211 OF ¢* separately (semiochner etal. 221, 35
First combined (E,, m% , ¢*) fit in [cF. Gambino 23]
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Highlights of the Calculation

2 2
(4E.Ey, — ¢°) [2q2W1 + (4EEs, — )W + m%(Ee - Ew)Ws]

d’T B |VCb|QG Fy
dE¢dEy,dg? — 4m3m
in terms of structure functions W; (encoding hadronic physics)

q"q” Wi

5 Wa+ (v'¢" +v"¢")—

mpyWH = —g"" Wy + vf'v" Wy +ie'?7 v, Wg + -
mj b

at tree level (p#* = mpv* — ¢#)

Ww_i(M(p?—mg)T{ YPLM™ |, (0) PRyt (p+me) [ﬁ “”Hmc}}
k=1

H1---Hn
o n! L
with the Dirac matrix
0 1. . , ] .
M), (Wi = 5y (Blmsv)bu iDy, 1Dy, by Blmisv)) ~ O(Aen)

once M, (v) is determined: W . [ﬁl
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Strategy for Determining M,,” ., (v)

We look for n < 5, neglecting corrections of O(A&cp/my)

@ decompose [M( ™) .(v)];; into 5 independent Dirac structures
@ find a tensor ba5|s depending only on v#, g** and e***?

@ eliminate terms not respecting symmetries (e.g. parity ...)

@ relate scalar coefficients to basis of HQE parameters for each n

How many independent HQE pars? J

. : no pars (HQET e.o.m.)
=32
o[n=2] 2pars * pars

2mpps = —(B|byiDYiD ,b,|B),

2mpp} = §<B|b [:Dﬁ, liv- D, iDLM]]bL\\B):
1 _
1 - _ . A 34D iv - DD | (—ioyw)by
2mpply = S(BIb[iDY DY) (=il B) 2mipts = (B {iD". [iv- DD (i 1B

Tech-note: we are working with QCD fields, not pure HQET, hence the only homogenous M( )

(n )
in isforn = 5. IngeneraIM 1t

contains all corrections of O(AQCD/mb) with k > n. Starting from the n = 5 case one determlnes then = 4,n = 3, .. cases recurswely.
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Proliferation of Parameters...

on =4[ 9 pars

1, - = o 5 o o
2mpmi = 5 (Blby iD,iDai DeiDs bl B) (9792 + 9257 + g9
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2mpmy = (B|b, [iD,iD"][iD1,,iD1,] b, B),

9mpmy = (Blb, {mﬁ, [iDj, [iDL,. iDm]} }bv|B) ,
b, [iD!,iv - D)fiv - D,iD%](~ioy,) by|B) ,
b, i} iDK|[iDY .iD.,)(~io) bi|B)

2mpms = (B

2mpme = (B

2mpmy = (B

o {{iD, iDL}, [iD 1y, DY)} (~icr) bul BY

9mpms = (Blb, {{iDi DY, [z’Di,iDj]}(—igW) bo|B).

Impmg = (Blb, [m;, [iD’L [iDj,iDlp]H (—i0) bo| B) .
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20 a7 R('{ (B3)by i 1D, (v« D) i 1P 1D, i D" I;,‘\U)} R
—(Blb.liD" v . D ; B

2mpms = (B|b, [iD"},iv - D][iv - D,iD1,]b,|B) , 2mprs = Re{ (Blb, iD, (70 - D) iD, iDr iD” b 13) }
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_ _ 2rnpre — Red (Blby i, iy (iv - 1) iD7 iDP by| By
2mgms = (Blb, [iD",iv - Dlfiv - D,iD")(—ic) by| B , {(BIba iy iDq (v - D) D7 iD" bul B) }

2Ty © Do 41y i d g (dv - i ‘ Do s
2 R 220 Dy, iy (¢ D) D" D7 by, |13

2mpme = (B|b, [iD],iD"][iD",iD1,)(—io.w) bs| B)

2 s Ih-{(l:\h“ iD,, Giv - DY i, (—iot) h,‘\lf)} ,
— (Blb iDM iDPYTi ; ; B
2mpmz = (B|b, {{ZD ,iDh Y, [ZDJ_p«,ZDﬂ}(—WW)bv\B>«, 2y = Re{ (Blby iy, Giv - D) iy i, i D? (—ia™) by| 3 }
_ 210 Ih~{(lf\h,‘/l),‘(u-~ D) ir il i, ( mw')h,,“;)} N

9mpms = (Blb, {{iDi DY, [z’Di,iDj]}(—igW) bo|B).

2 = Re{(Bb, D, (v - D)iD, iDriD, (—ia ) b,|13) }
2mpmy = (Bb, [iDL [iD'L [’iDi«,iDip]H (—i0,) b| B) - 2mpria = Re{(BIb, 1Dy (iv - D) iD, iD, D" (=i 6|8},

20 118 Ih-{(lf\h,‘/l),,(i:-- DY il i, i ( iﬂ"")h,‘|lf)}.
2impras = Re{ (Blb, 12, (1o 12) id2, 107 i1, (—ia") b, | 13) } .
Y T — m-{(/;\h,‘«/n,, iD, (Giv - 1) il i 27 (ﬂ'nw‘)h,.m)} s
2 prie = Re{ (Bl 11,01, (iv - D) il iD? (—ia") b, |13}
2y = nn{uf\h“ P12, 01, (iv - 1) 1P i, ( m/"')h,,uf)} L=

200 ran n.~{<nu.,‘ i1, i, (io - DY il* i, ( /ﬂm»)h,,|i})} .
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2 = Re{(Bb, D, (v - D)iD, iDriD, (—ia ) b,|13) }
oo = (B [iD%, DA, 60,10.] | i) 01 2rnria = Re{ (Blh. 4D 60+ ) D, 4D 40 (i) b )}
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20 10 Q12,00 (iv - 1) i1, i 1P ( :‘rr"")h,,|lf)} s

»
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n.-{ (13,
m-{(nu.,‘

iD,,

i1, 0D, (iv - 1) i I*

i, (v - L)y D"

L ( lﬂ"“)h,,lls‘)}_ G
L ( m"")h,,|n)}_




Lowest-Lying State Saturation Ansatz (LLSA)

Euristic method to estimate the HQE parameters starting from 2, 12, and ¢; ~ O(Aqcp)

[Heinonen, Mannel '14]

.1 1
Pb = 3612tz = &) + ges 22z + 1)

2 . 1 .
pis = 561/2(#3 —ug) - 553/2(2Hfr +ug),

= €172 = 379.5 MeV, €3/2 = 388.8 MeV




Lowest-Lying State Sat

ration Ansatz (LL

Euristic method to estimate the HQE parameters starting from 2, 12, and ¢; ~ O(Aqcp)

[Heinonen, Mannel '14]

.1 1
Pb = 3612tz = &) + ges 22z + 1)
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pis = 561/2(#3 —ug) - 553/2(2Hfr +ug),

= €172 = 379.5 MeV, €3/2 = 388.8 MeV

2 2
5 ‘12 /2
my = 2ut, ma = === iy = 1) = = (ki)
o 4
2 4
my =~ My = i+ g
2 2
2 ; ; €50 , =24
=2t )+ SRt ), T30

8 5,
mr = =i,

10,
Y = G~ MG s

2
2 /2 0 3 3
2 (oh + pis) + T/(Z/’SD —nis),

3
1 1,
T3 = *El‘%'ﬁfs - gﬂi/"z)«,
75 =0
r7=0,

2 3
T = —HzPLS >

1 2 5 1
T = g(zﬂi — n&)nis + EH?;P?J-
1 : 1
T3 = E(Z#i + g ts - gﬂép}y-
15 =0,

7 =0,

Ty = *Miﬂ%«
Lo 1as
1= gHGPLs T gHaPD
6 =0,
2
2, 3 €372

g = g‘wz/g(ﬂ% +nis) - ?('2/’% - its)
10 = pkpd

1 - 1 5 4
Ti2 = _6(2u3r + 1g)ris — gﬂé/"}D«,

1 ‘ 1 ;
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Lowest-Lying State Saturation Ansatz (LLSA)

Euristic method to estimate the HQE parameters starting from 2, 12, and ¢; ~ O(Aqcp)

[Heinonen, Mannel '14]
Gy YR = —iph.
L= T(Pb +pis) + T(zﬂb ~pis),
3 _ 1 2 2 L 2 2 ’ ’ R
Pb = e1p2(pr — pG) + se3/2(20n + 1) . 1,y 1,, 4= Gharls — 3harb,
3 3 T3 = T gHGPLs T 3kxPD >
92 1 76 =0,
3 2 2 2 2
pLs = 561/2(1% —HG) — 553/2(2/1« + 1) s 2, . .
. s = 3¢i/a(pb + pis) = =5~ (29D — pis)
= €12 = 379.5 MeV, €3/2 = 388.8 MeV ro = ~pipls . "0 = uEph .
2 2 Lo avg 1o o4 _ Ll oy 14
my = guf,. my = 7%(;4,2, — k) - 63'—3/2(2#3, + 1) = G(Z”W He)eis + 3HGPD T2 = _6(2“" +1E)PLs — 3HerD:
1 4y 1, 3 1, 4 1. ; 1, .
my = 7§/LZ;~ my = g + gui» i3 = E(Z#i +ug)rts - guf;/?}y- ri= 76(2;@ — uE)oks + g[!%;ﬂ‘;n«,
2 _24 e — I
s = ’gff,fz(ﬂfr —uE)+ EfT/z(z,Lﬁ +uz),  MeTgle =0, 716 =0,
8 5 - = —8pu2ud 7 =0, 8 =0.
mr = —Siin, s Hahie ki
10, ., 71 = 0.026 +0.016, 9 = —0.080 + 0.048, r3 = —0.021+0.013,
my = Jig — o i
¢ 3rme ra=—0.032+£0019,  r5=0£0.01, 6 =0 0.01,
my = 0.115 £ 0.069 , my = —0.068 £ 0.041, mg = —0.055 £ 0.033, r7 =0+£0.01, rg = —0.029 £+ 0.018, rg = 0.051 £ 0.031,
my = 0.36 £ 0.21, ms = 0.044 £ 0.027, me = 0.055 = 0.033 , 10 = 0.051 = 0.030, 11 = 0.005 = 0.010, 12 = 0.006 £ 0.010,
my = —0.35+0.21, mg = —1.05+0.63, mg = —0.35+0.21. 3 = —0.039 +0.024, r14 = 0.029 + 0.017, ri5 =04 0.01,
6= 0+0.01, 7 =0+ 0.01, s = 0+ 0.01.

assign 60% relative uncertainty (uncorrelated)
For the r; = 0 assign uncertainty: O(AgCD) ~ (400 MeV)® ~ 0.01 GeV®
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CLEO 2004: Puzzle or Just Bad Data?
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CLEO 2004: Puzzle or Just Bad Data?

only Q;(FEyc.t) measurement: (cLeo 2004]

(P)(Es > 1 GeV) = 480 + 0,14 GV, Standard Model prediction:
(*)(Ey > 1.5 GaV) = 5.29 + 0.12 GeV?, 9
(@ — (¢®)))(Ee > 1 GeV) = 2.852 =+ 0.047 GeV?, Q1(1 GeV) = 4.91 £ 0.05 GeV™,
(¢ (qz))2>(Eg > 1.5 GeV) = 2.879 + 0.050 GeV*, Q1(1.5 GeV) = 5.35 +0.09 GeV?,
_ 4
compare with Q;(g2,) at g2, min: (sele 1 2022) Q2(1 GeV) = 8.3 £0.4 GeV™,
(@®)(¢? > 1.5 GeV?) = 5.16 £ 0.11 GeV?2, Q2(1.5 GeV) = 8.6+ 0.6 GeV™.

(@ — (@) (¢ > 1.5 GeV?) = 5.97 £ 0.24 GoV*,

O(as) not included, but expected ~ O(few%)
as Qi(qc2ut =0) = Qi(EZcut =0)




Theoretical Uncertainties

Li(Eros = 1 GeV) [GeV] Lo(Eres = 1 GeV) [GeV?] Lo(Erey = 1 GeV) [GeV?]
A3 . 23 . A3 .
\° . AP . \° .
1.550 1 555 1.560 1.565 0.088 0.090 0. 092 0. 094 0.096 -0.001 0. 001 0 003
Hl(@cut =1GeV) [Ge\/z] Hy(Epo = 1 GeV) [GeV“] H (Ehm -1 GeV [GeVG]
)\3 * )\3 ° )\3 °
\° . A . \° .
4.20 4.25 4.30 4.35 0.6 0.8 1.0 1.2 1.4 1.6 1 2 3 4 5 6
Q1( B = 1 GeV) [GeV?) Q2(Brewt =1 GeV) [GeV] Qs(Brew = 1 GeV) [GeV?]
A3 . A3 . A3 .
A\° - AP . AP -
475 480 4.85 4.90 4.95 7.0 75 8.0 8.5 9.0 -2 0 2 4 6 8

Up to O(Adcp/mi) with theoretical uncertainties / Up to O(Agcp/mj) with LLSA errors
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Summary & Outlook

4,5 4,5 . . L.
@ Computed O(AQCD/mb ) updating existing results
[Mannel, Turczyk, Uraltsev 2010] [Mannel, Milutin, Vos 2023]

@ Investigated HQE numerical behaviour using LLSA iicinonen vannei 20141

@ Pointed out puzzling experimental result from CLEO 2004 on
((¢® = (a*)*)(Ee > Ereur)

@ Suspected importance of higher orders with respect to theoretical
uncertainties used in |V,;| global fit icr canbine 202

@ Need to re-perform global fit for a conclusive picture cambino, Healey, Turczyk 2016]

Thank You!
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Kinetic Scheme

To avoid renormalon ambiguities and badly converging perturbative series:
on-shell — kinetic scheme (u, = 1 GeV, a§4)(mb) = (0.2185)
[Bigi, Shifman, Uraltsev, Vainshtein '97]
mg® = my" (14 0.029, + 0.027,2)
(12)9% = (u2)4" — 0.093,,GeV? — 0.073,:GeV?
(p5)°% = (p)M" — 0.062,,GeV? — 0.045,:GeV*

@ change in HQE parameters changes only the LP
@ power corrections are affected by the mass conversion
@ o2 corrections to p3,: explain part of the discrepancy with RPI fit

[Bernlochner, Fael, Olschewsky, Persson, van Tonder, Vos, Welsch 2022]
@ m.: on-shell — MS at 1,
m® = m.(2 GeV) (1 4 0.184, + 0.1442) = mc(3 GeV) (1 + 0.25,, +0.1842)




Expansion in p = mZ/m? (First Moments)

Hi(1 GeV) [GeV?) Li(1 GeV) [GeV]

Q:(1 GeV) [GeV?)
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Expansion in p = mZ/m? (Second Moments)
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Expansion in p = mZ/m? (Third Moments)

Ls(1 GeV) [GeV?
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