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|Vcb| from B̄ → Xcℓ
−ν̄ℓ

The CKM matrix element Vcb is a fundamental input of the Standard Model

The inclusive semileptonic decay rate in the SM

Γ(B̄ → Xcℓ
−ν̄ℓ) = |Vcb|2G2

F

m5
b

16π3
f(mb,mc, µ

2
π, µ

2
G, ρ

3
D, ρ3LS , ...)

is computed through a power expansion in ΛQCD/mb ∼ 0.1

Heavy Quark Expansion (HQE)

f(mb,mc, ...) = f LP + fNLP,π
µ2
π

m2
b

+ fNLP,G
µ2
G

m2
b

+ fNNLP,D
ρ3D
m3

b

+ fNNLP,LS ρ
3
LS

m3
b

+O
(
Λ4
QCD

m4
b

)

Determining |Vcb| requires:
• measuring Γ(B̄ → Xcℓ

−ν̄ℓ) precisely
• computing f(mb,mc, ...) at high orders in αs and ΛQCD/mb expansions!
WARNING: non‐pert. parameters also need to be extracted from data
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HQE Parameters from Semileptonic Moments
The inclusive decay spectrum is characterized by 3 kinematical variables:
lepton energy (Eℓ), dilepton invariant mass (q2), hadronic invariant mass (m2

X )

and obeys similar expansion with same HQE parameters

d3Γ

dEℓdq2dm2
X

= |Vcb|2G2
F

m5
b

16π3

d3f

dEℓdq2dm2
X

(mb,mc, µ
2
π, µ

2
G, ρ

3
D, ρ3LS , ...)

Experimentally we have access to the moments of the spectrum (Belle, Belle II, BaBar, ...)

Mijk ≡
∫

dEℓdq
2dm2

X (Eℓ)
i(q2)j(m2

X)k
d3Γ

dEℓdq2dm2
X

building normalized moments M̂ijk ≡ Mijk/M000 the prefactor with |Vcb|2 drops out!
⇒ global fit to normalized moments in Eℓ, q2 andm2

X to extract the HQE parameters.

So far only existed fits to (Eℓ,m
2
X) moments [Bordone et al. ’21] or q2 separately [Bernlochner et al. ’22].

First combined (Eℓ,m
2
X , q2) fit in [GF, Gambino ’23]

2 / 12



HQE Parameters from Semileptonic Moments
The inclusive decay spectrum is characterized by 3 kinematical variables:
lepton energy (Eℓ), dilepton invariant mass (q2), hadronic invariant mass (m2

X )
and obeys similar expansion with same HQE parameters

d3Γ

dEℓdq2dm2
X

= |Vcb|2G2
F

m5
b

16π3

d3f

dEℓdq2dm2
X

(mb,mc, µ
2
π, µ

2
G, ρ

3
D, ρ3LS , ...)

Experimentally we have access to the moments of the spectrum (Belle, Belle II, BaBar, ...)

Mijk ≡
∫

dEℓdq
2dm2

X (Eℓ)
i(q2)j(m2

X)k
d3Γ

dEℓdq2dm2
X

building normalized moments M̂ijk ≡ Mijk/M000 the prefactor with |Vcb|2 drops out!
⇒ global fit to normalized moments in Eℓ, q2 andm2

X to extract the HQE parameters.

So far only existed fits to (Eℓ,m
2
X) moments [Bordone et al. ’21] or q2 separately [Bernlochner et al. ’22].

First combined (Eℓ,m
2
X , q2) fit in [GF, Gambino ’23]

2 / 12



HQE Parameters from Semileptonic Moments
The inclusive decay spectrum is characterized by 3 kinematical variables:
lepton energy (Eℓ), dilepton invariant mass (q2), hadronic invariant mass (m2

X )
and obeys similar expansion with same HQE parameters

d3Γ

dEℓdq2dm2
X

= |Vcb|2G2
F

m5
b

16π3

d3f

dEℓdq2dm2
X

(mb,mc, µ
2
π, µ

2
G, ρ

3
D, ρ3LS , ...)

Experimentally we have access to the moments of the spectrum (Belle, Belle II, BaBar, ...)

Mijk ≡
∫

dEℓdq
2dm2

X (Eℓ)
i(q2)j(m2

X)k
d3Γ

dEℓdq2dm2
X

building normalized moments M̂ijk ≡ Mijk/M000 the prefactor with |Vcb|2 drops out!

⇒ global fit to normalized moments in Eℓ, q2 andm2
X to extract the HQE parameters.

So far only existed fits to (Eℓ,m
2
X) moments [Bordone et al. ’21] or q2 separately [Bernlochner et al. ’22].

First combined (Eℓ,m
2
X , q2) fit in [GF, Gambino ’23]

2 / 12



HQE Parameters from Semileptonic Moments
The inclusive decay spectrum is characterized by 3 kinematical variables:
lepton energy (Eℓ), dilepton invariant mass (q2), hadronic invariant mass (m2

X )
and obeys similar expansion with same HQE parameters

d3Γ

dEℓdq2dm2
X

= |Vcb|2G2
F

m5
b

16π3

d3f

dEℓdq2dm2
X

(mb,mc, µ
2
π, µ

2
G, ρ

3
D, ρ3LS , ...)

Experimentally we have access to the moments of the spectrum (Belle, Belle II, BaBar, ...)

Mijk ≡
∫

dEℓdq
2dm2

X (Eℓ)
i(q2)j(m2

X)k
d3Γ

dEℓdq2dm2
X

building normalized moments M̂ijk ≡ Mijk/M000 the prefactor with |Vcb|2 drops out!
⇒ global fit to normalized moments in Eℓ, q2 andm2

X to extract the HQE parameters.

So far only existed fits to (Eℓ,m
2
X) moments [Bordone et al. ’21] or q2 separately [Bernlochner et al. ’22].

First combined (Eℓ,m
2
X , q2) fit in [GF, Gambino ’23]

2 / 12



HQE Parameters from Semileptonic Moments
The inclusive decay spectrum is characterized by 3 kinematical variables:
lepton energy (Eℓ), dilepton invariant mass (q2), hadronic invariant mass (m2

X )
and obeys similar expansion with same HQE parameters

d3Γ

dEℓdq2dm2
X

= |Vcb|2G2
F

m5
b

16π3

d3f

dEℓdq2dm2
X

(mb,mc, µ
2
π, µ

2
G, ρ

3
D, ρ3LS , ...)

Experimentally we have access to the moments of the spectrum (Belle, Belle II, BaBar, ...)

Mijk ≡
∫

dEℓdq
2dm2

X (Eℓ)
i(q2)j(m2

X)k
d3Γ

dEℓdq2dm2
X

building normalized moments M̂ijk ≡ Mijk/M000 the prefactor with |Vcb|2 drops out!
⇒ global fit to normalized moments in Eℓ, q2 andm2

X to extract the HQE parameters.

So far only existed fits to (Eℓ,m
2
X) moments [Bordone et al. ’21] or q2 separately [Bernlochner et al. ’22].

First combined (Eℓ,m
2
X , q2) fit in [GF, Gambino ’23]

2 / 12



Theory State of the Art in B̄ → Xcℓν̄ℓ
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Highlights of the Calculation

d3Γ

dEℓdEν̄ℓ
dq2

=
|Vcb|2G2

F

4π3mb
θ(4EℓEν̄ℓ

− q2)

[
2q2W1 + (4EℓEν̄ℓ

− q2)W2 +
2q2

mb
(Eℓ −Eν̄ℓ

)W3

]
in terms of structure functionsWi (encoding hadronic physics)

mbW
µν = −gµνW1 + vµvνW2 + iϵµνρσvρ

qσ
mb

W3 +
qµqν

m2
b

W4 + (vµqν + vνqµ)
W5

mb

at tree level (pµ = mbv
µ − qµ)

Wµν =

∞∑
n=0

δ(n)(p2 −m2
c)

n!
Tr
{
γνPLM

(n)
µ1...µn

(v)PRγ
µ(/p+mc)

[ n∏
k=1

γµk(/p+mc)
]}

with the Dirac matrix

[M (n)
µ1...µn

(v)]ij =
1

2mB
⟨B̄(mBv)|b̄v,j iDµ1

. . . iDµn
bv,i|B̄(mBv)⟩ ∼ O(Λn

QCD)

onceM
(n)
µ1...µn(v) is determined: −→
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Strategy for DeterminingM
(n)
µ1...µn(v)

We look for n ≤ 5, neglecting corrections of O(Λ6
QCD/m

6
b)

decompose [M
(n)
µ1...µn(v)]ij into 5 independent Dirac structures

find a tensor basis depending only on vµ, gµν and ϵµνρσ

eliminate terms not respecting symmetries (e.g. parity ...)
relate scalar coefficients to basis of HQE parameters for each n

Howmany independent HQE pars?

• n = 0, 1 : no pars (HQET e.o.m.)
• n = 2 : 2 pars

• n = 3 : 2 pars

Tech‐note: we are working with QCD fields, not pure HQET, hence the only homogenousM(n)
µ1...µn

is for n = 5. In generalM(n)
µ1...µn

contains all corrections ofO(Λk
QCD/m

k
b ) with k ≥ n. Starting from the n = 5 case one determines the n = 4, n = 3, ... cases recursively.

5 / 12



Strategy for DeterminingM
(n)
µ1...µn(v)

We look for n ≤ 5, neglecting corrections of O(Λ6
QCD/m

6
b)

decompose [M
(n)
µ1...µn(v)]ij into 5 independent Dirac structures

find a tensor basis depending only on vµ, gµν and ϵµνρσ

eliminate terms not respecting symmetries (e.g. parity ...)
relate scalar coefficients to basis of HQE parameters for each n

Howmany independent HQE pars?

• n = 0, 1 : no pars (HQET e.o.m.)
• n = 2 : 2 pars

• n = 3 : 2 pars

Tech‐note: we are working with QCD fields, not pure HQET, hence the only homogenousM(n)
µ1...µn

is for n = 5. In generalM(n)
µ1...µn

contains all corrections ofO(Λk
QCD/m

k
b ) with k ≥ n. Starting from the n = 5 case one determines the n = 4, n = 3, ... cases recursively.

5 / 12



Strategy for DeterminingM
(n)
µ1...µn(v)

We look for n ≤ 5, neglecting corrections of O(Λ6
QCD/m

6
b)

decompose [M
(n)
µ1...µn(v)]ij into 5 independent Dirac structures

find a tensor basis depending only on vµ, gµν and ϵµνρσ

eliminate terms not respecting symmetries (e.g. parity ...)

relate scalar coefficients to basis of HQE parameters for each n

Howmany independent HQE pars?

• n = 0, 1 : no pars (HQET e.o.m.)
• n = 2 : 2 pars

• n = 3 : 2 pars

Tech‐note: we are working with QCD fields, not pure HQET, hence the only homogenousM(n)
µ1...µn

is for n = 5. In generalM(n)
µ1...µn

contains all corrections ofO(Λk
QCD/m

k
b ) with k ≥ n. Starting from the n = 5 case one determines the n = 4, n = 3, ... cases recursively.

5 / 12



Strategy for DeterminingM
(n)
µ1...µn(v)

We look for n ≤ 5, neglecting corrections of O(Λ6
QCD/m

6
b)

decompose [M
(n)
µ1...µn(v)]ij into 5 independent Dirac structures

find a tensor basis depending only on vµ, gµν and ϵµνρσ

eliminate terms not respecting symmetries (e.g. parity ...)
relate scalar coefficients to basis of HQE parameters for each n

Howmany independent HQE pars?

• n = 0, 1 : no pars (HQET e.o.m.)
• n = 2 : 2 pars

• n = 3 : 2 pars

Tech‐note: we are working with QCD fields, not pure HQET, hence the only homogenousM(n)
µ1...µn

is for n = 5. In generalM(n)
µ1...µn

contains all corrections ofO(Λk
QCD/m

k
b ) with k ≥ n. Starting from the n = 5 case one determines the n = 4, n = 3, ... cases recursively.

5 / 12



Strategy for DeterminingM
(n)
µ1...µn(v)

We look for n ≤ 5, neglecting corrections of O(Λ6
QCD/m

6
b)

decompose [M
(n)
µ1...µn(v)]ij into 5 independent Dirac structures

find a tensor basis depending only on vµ, gµν and ϵµνρσ

eliminate terms not respecting symmetries (e.g. parity ...)
relate scalar coefficients to basis of HQE parameters for each n

Howmany independent HQE pars?

• n = 0, 1 : no pars (HQET e.o.m.)
• n = 2 : 2 pars

• n = 3 : 2 pars

Tech‐note: we are working with QCD fields, not pure HQET, hence the only homogenousM(n)
µ1...µn

is for n = 5. In generalM(n)
µ1...µn

contains all corrections ofO(Λk
QCD/m

k
b ) with k ≥ n. Starting from the n = 5 case one determines the n = 4, n = 3, ... cases recursively.

5 / 12



Strategy for DeterminingM
(n)
µ1...µn(v)

We look for n ≤ 5, neglecting corrections of O(Λ6
QCD/m

6
b)

decompose [M
(n)
µ1...µn(v)]ij into 5 independent Dirac structures

find a tensor basis depending only on vµ, gµν and ϵµνρσ

eliminate terms not respecting symmetries (e.g. parity ...)
relate scalar coefficients to basis of HQE parameters for each n

Howmany independent HQE pars?

• n = 0, 1 : no pars (HQET e.o.m.)

• n = 2 : 2 pars
• n = 3 : 2 pars

Tech‐note: we are working with QCD fields, not pure HQET, hence the only homogenousM(n)
µ1...µn

is for n = 5. In generalM(n)
µ1...µn

contains all corrections ofO(Λk
QCD/m

k
b ) with k ≥ n. Starting from the n = 5 case one determines the n = 4, n = 3, ... cases recursively.

5 / 12



Strategy for DeterminingM
(n)
µ1...µn(v)

We look for n ≤ 5, neglecting corrections of O(Λ6
QCD/m

6
b)

decompose [M
(n)
µ1...µn(v)]ij into 5 independent Dirac structures

find a tensor basis depending only on vµ, gµν and ϵµνρσ

eliminate terms not respecting symmetries (e.g. parity ...)
relate scalar coefficients to basis of HQE parameters for each n

Howmany independent HQE pars?

• n = 0, 1 : no pars (HQET e.o.m.)
• n = 2 : 2 pars

• n = 3 : 2 pars

Tech‐note: we are working with QCD fields, not pure HQET, hence the only homogenousM(n)
µ1...µn

is for n = 5. In generalM(n)
µ1...µn

contains all corrections ofO(Λk
QCD/m

k
b ) with k ≥ n. Starting from the n = 5 case one determines the n = 4, n = 3, ... cases recursively.

5 / 12



Strategy for DeterminingM
(n)
µ1...µn(v)

We look for n ≤ 5, neglecting corrections of O(Λ6
QCD/m

6
b)

decompose [M
(n)
µ1...µn(v)]ij into 5 independent Dirac structures

find a tensor basis depending only on vµ, gµν and ϵµνρσ

eliminate terms not respecting symmetries (e.g. parity ...)
relate scalar coefficients to basis of HQE parameters for each n

Howmany independent HQE pars?

• n = 0, 1 : no pars (HQET e.o.m.)
• n = 2 : 2 pars

• n = 3 : 2 pars

Tech‐note: we are working with QCD fields, not pure HQET, hence the only homogenousM(n)
µ1...µn

is for n = 5. In generalM(n)
µ1...µn

contains all corrections ofO(Λk
QCD/m

k
b ) with k ≥ n. Starting from the n = 5 case one determines the n = 4, n = 3, ... cases recursively.

5 / 12



Proliferation of Parameters...
• n = 4 : 9 pars

• n = 5 : 18 pars
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Lowest‐Lying State Saturation Ansatz (LLSA)
Euristic method to estimate the HQE parameters starting from µ2

π , µ2
G and ϵj ∼ O(ΛQCD)

[Heinonen, Mannel ’14]

⇒ ϵ1/2 = 379.5MeV, ϵ3/2 = 388.8MeV

assign 60% relative uncertainty (uncorrelated)
For the ri = 0 assign uncertainty: O(Λ5

QCD) ≃ (400MeV)5 ≃ 0.01 GeV5
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Central Moments Order by Order in ΛQCD/mb
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CLEO 2004: Puzzle or Just Bad Data?
only Qi(Eℓcut) measurement: [CLEO 2004]

compare with Qi(q
2
cut) at q2cut min: [Belle II 2022]

as Qi(q2cut = 0) = Qi(Eℓcut = 0)

Standard Model prediction:

O(αs) not included, but expected ∼ O(few%)
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Theoretical Uncertainties

1.550 1.555 1.560 1.565 0.088 0.090 0.092 0.094 0.096 -0.001 0.001 0.003

4.20 4.25 4.30 4.35 0.6 0.8 1.0 1.2 1.4 1.6 1 2 3 4 5 6

4.75 4.80 4.85 4.90 4.95 7.0 7.5 8.0 8.5 9.0 -2 0 2 4 6 8

Up to O(Λ3
QCD/m

3
b) with theoretical uncertainties / Up to O(Λ5

QCD/m
5
b) with LLSA errors
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Summary & Outlook

Computed O(Λ4,5
QCD/m

4,5
b ) updating existing results

[Mannel, Turczyk, Uraltsev 2010] [Mannel, Milutin, Vos 2023]

Investigated HQE numerical behaviour using LLSA [Heinonen, Mannel 2014]

Pointed out puzzling experimental result from CLEO 2004 on
⟨(q2 − ⟨q2⟩)2⟩(Eℓ > Eℓcut)

Suspected importance of higher orders with respect to theoretical
uncertainties used in |Vcb| global fit [GF, Gambino 2023]

Need to re‐perform global fit for a conclusive picture [Gambino, Healey, Turczyk 2016]

Thank You!
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Kinetic Scheme
To avoid renormalon ambiguities and badly converging perturbative series:
on‐shell→ kinetic scheme (µk = 1 GeV, α(4)

s (mb) = 0.2185)
[Bigi, Shifman, Uraltsev, Vainshtein ’97]

mOS
b = mkin

b

(
1 + 0.029αs + 0.027α2

s

)
(µ2

π)
OS = (µ2

π)
kin − 0.093αsGeV

2 − 0.073α2
s
GeV2

(ρ3D)
OS = (ρ3D)

kin − 0.062αsGeV
3 − 0.045α2

s
GeV3

change in HQE parameters changes only the LP
power corrections are affected by the mass conversion
α2
s corrections to ρ3D: explain part of the discrepancy with RPI fit

[Bernlochner, Fael, Olschewsky, Persson, van Tonder, Vos, Welsch 2022]

mc: on‐shell→MS at µc

mOS
c = mc(2 GeV)

(
1 + 0.18αs

+ 0.14α2
s

)
= mc(3 GeV)

(
1 + 0.25αs

+ 0.18α2
s

)
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Expansion in ρ = m2
c/m

2
b (First Moments)
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Expansion in ρ = m2
c/m

2
b (Second Moments)
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Expansion in ρ = m2
c/m

2
b (Third Moments)
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