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Beam Properties

• Single particle Phase space ellipse

• Courant-Snyder Invariant of motion

• Particle Action versus beam emittance

• Beam Emittance and distribution function

• Liouville theorem

• Consequences of conservation of emittance

• Radiation damping and quantum excitation

• Equilibrium emittances
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Courant-Snyder Invariant

E.D. Courant and H.S. Snyder, Theory of the Alternating 
Synchrotron, Annals of Physics 3 (1958) 1

x’

x

• at one location this phase space ellipse is 
sampled by a particle with action J

• when moving along the magnet lattice, the 
ellipse is changing shape, but it stays an ellipse

• the area of the ellipse is invariant (Courant-
Snyder Invariant) and equals 2 × action.

• the unit is [mrad], or often  [mmmrad]

• this constant of motion refers to a single 
particle

4



Action vs. Emittance

x

• single particles are associated with a 
particular ellipse

• Different particles will have different Actions

• when observing a beam with a wire scanner 
a (projected) rms (root  mean square) width 
x is  measured; one ellipse corresponds to 
x

• emittance  is the average value of particles 
action J
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Beam Emittance

beam emittance as statistical property:

two-dimensional Gaussian distribution:

projected Gaussian distribution:

6see Wiedemann sec. 8.1.3 



Beam size with finite momentum spread

besides emittance also momentum spread may contribute to beam size and 
angular spread, via dispersion function; when the beam momentum spread is :

    

x

x’
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quadratic addition of transverse and 
longitudinal contributions:

at some locations the momentum contribution should be suppressed by 
designing for D=0, D‘=0
examples:
• interaction point in a collider where beams should be as small as possible
• undulators/source magnets, where divergence of emitted radiation 

should be small



Liouvilles Theorem

the phase space density is conserved     
𝒅𝝍

𝒅𝒕
= 𝟎

The phase space density behaves like an 
incompressible liquid.

q

p

8see also Wiedemann sec. 8.1.1 

Beams subject to conservative forces (without i.e. synchrotron radiation) 
→ preserve the phase space density over time



Conservation of Beam Emittance

x

px

x

px

with a given emittance a beam can be made small with large angular spread, 
or can have small angular spread with a large size
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Beam Waist (e.g. interaction point collider)

10
β* = Beta function at waist



Beam Waist (e.g. interaction point collider)
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Adiabatic damping

▪ Every turn electron radiates 
small amount of energy

▪ only the amplitude of the 
momentum changes (narrow 
cone 1/)

  

E1 = E0 – U0 = E0 1 –
U0

E0

  

P1 = P0 –
U0
c = P0 1 –

U0

E0

▪ Only the longitudinal component 
of the momentum is increased in 
the RF cavity

▪ Energy of betatron
oscillation

   
E  A2

   
A1

2 = A0
2 1 –

U0

E0

or A1  A0 1 –
U0

2E0

Acceleration in the direction of the designed orbit reduces transverse 
oscillations



▪ But this is just the exponential decay law!

▪ The oscillations are exponentially damped
with the damping time (milliseconds!)

▪ In terms of radiation power

and since 

   
A
A

= –
U0

2E
teAA

−
=
0

Damping of transverse oscillations

0

02

U

TE
= the time it would take particle 

to ‘lose all of its energy’




P

E2
= 4EP  3

1

E
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Damped oscillations in phase spaces

x’ x’

x x

protons electron
s
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Similar to the longitudinal case also in transverse the particle amplitude will be 
damped 

SR is a dissipative mechanism → the ellipse is not any more conserved! 



• Transverse betatron oscillations 

are damped with

• Synchrotron oscillations 

are damped twice as fast

• The total amount of damping (Robinson theorem) depends only 

on energy and loss per turn

• the sum of the partition numbers

• Designing the optics we can manipulate the partition numbers

Robinson theorem: Damping partition numbers



Excitation of horizontal oscillations
Treatment of the horizontal motion is slightly more complicated since we have a betatron
part and a dispersive part of the oscillations
at the moment of photon emission (u) position and angle of the particle are not altered

reminder:

16

x

X’



Excitation of horizontal oscillations

although the coordinates do not change, the particle will oscillate around a new 
dispersive reference orbit, like a pendulum the suspension point of which is 
suddenly moved
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Position cannot change istantaiously
Actually betatron oscillation occurs



Horizontal oscillations: equilibrium

• Emission of photons is a random process

• Again we have random walk, now in x. How far particle will wander away 
is limited by the radiation damping→ damping and excitation will 
establish and equilibrium!

• The balance is achieved on the time scale of the damping time x = 2 

• Typical horizontal beam size ~ 1 mm

• Vertical size - determined by HORIZONTAL/VERTICLE coupling TERMS

Quantum effect visible to the naked eye!

E
D

E
Dxx





 = 2N



Chromatic aberrations

• Focusing  - What happens?

• Chromaticity

• Correction using Sextupole Magnets
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Chromatic Errors

a spread of momentum leads to chromatic aberrations, similarly to 
aberrations of optical lenses:

nominal focal length

p/p > 0p/p = 0p/p < 0
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Correcting for these effects is fundamental when designing colliders rings



Chromaticity

particles with momentum deviation are focused differently, leading to a 
shift of the betatron frequency

Chromaticity  = change of tune per relative change of momentum:

integration over gradients around ring, betafunction as “sensitivity factor”:

21see Wiedemann sec. 15.4.1 



Sextupol Magnet

[PSI / SLS Sextupol]

Sextupoles are placed in a region of finite dispersion:
sort particles according to their energy deviation
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Amplitude depented quadrupole
Provides focusing strengh that depends on the particle position x entering the magnetic field



Chromaticity – Correction using Sextupoles

nominal focal length

quadrupol sextupol

p/p > 0

p/p = 0

p/p < 0

a sextupol acts like a position 
dependent quadrupole

positive 
dispersion
Dx > 0
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total chromaticity 
in a ring:

see Wiedemann 
sec. 15.4.2 



Colliders and Luminosity

• Center of Mass energy

• Luminosity
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Target

Two Beams of  

Beam 2 is a Target →

7 TeV proton beam against fix target →115 GeV

Fix Target collisions:



Colliders: higher energy

Anello di 
Accumulazione AdA
B. Touschek 1960



Colliders: higher energy

Anello di 
Accumulazione AdA
B. Touschek 1960

Two Beams of  

Beam 2 is a 
counter 
rotating beam

7 TeV proton beam colliding → 14 TeV



Circular colliders: Luminosity

Collider Luminosity 

is the proportionality factor between 

the cross section

and the number of events per second 

Luminosity is a machine parameter
→Independent of the physical reaction
→Reliable procedure to compute and measure



Luminosity calculation

The overlap integral of two bunches 
crossing each other head-on is 
proportional to the luminosity and it 
is given by:

Kinematic Factor

Time variable



Luminosity formula
Uncorrelated densities in all planes
→Factorize the distribution density as:

For head-on collisions where 
→ “Kinematic Factor” K = 2
To have the luminosity per second 
→Needs to multiple by revolution frequency f
In the presence of many bunches nb



Closed solution for Gaussian distributions
Simplest case assumptions:

• Gaussian distributions

• No dispersion at the collision point

• Head-on collision

Equal Transverse beams “Round” beams 

Un-Equal Transverse beams “Flat” beams 
or optics 

K = 2



Crossing Angle 

32

• crossing angle is needed to avoid 
parasitic collisions aside the interaction 
point

• luminosity is reduced as the particles no 
longer traverse the entire length of the 
counter-rotating bunch 

LHC

 = 285 mrad

z = 7.5 cm

factor 84% valid for small  and z>>x,y



Piwinski angle



Luminosity

What should we do to maximise luminosity?



Luminosity

Increase Intensity
• Intensity limitations : wake fields, space charge in the injectors
• Protection system



Luminosity

Reduce transverse beam sizes
• Reduction of optical functions
• Reduced Emittance from injectors, or reduced equilibrium 



Luminosity reach

LHC Design
N1 = N2 =1.15 1011 protons per bunch
x = y =16.6 m
* = 55 cm

→ L=1034 cm-2s-1

LHC Record
N1 = N2 =1.15 1011 protons per bunch
x = y =9.5 m
* = 30 cm

→ L=2.2 x 1034 cm-2s-1

High Luminosity Upgrade of LHC
N1 = N2 =2.2 1011 protons per bunch
x = y =7.0 m
* = 64→15 cm

→ L=(10) x 1034 cm-2s-1

nb

frev
Peak Luminosity

Integrated Luminosity
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Linear Colliders: Luminosity and Parameter Drivers

re-write normal 
luminosity formula:

Beam Quality
(+bunch length)

Luminosity
spectrum

Beam power

HD = luminosity 
enhancement factor 
from beam-beam 
(additional focusing)



Linear Collider: Beam-Beam enhancement Factor
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HD – beam-beam 
enhancement factor

[D.Schulte]



Collider Variants:
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Ring 
Collider

Linear 
Collider

Muon 
Collider

Leptons
PETRA (DESY/DE)
LEP (CERN)
PEP-II (SLAC/US)
KEK-BII (KEK/JP)
FCC-ee (CERN)
CEPC (China)

Hadron/Lepton
HERA (DESY/DE)
EIC (BNL/US)
FCC-eh (CERN)

Hadron
ISR(CERN)
SppbarS(CERN)
TEVATRON

(Fermilab/US)
RHIC (BNL/US)
LHC (CERN)
FCC-hh (CERN)
SppC (China)

Leptons
SLC (SLAC/US)
ILC (int./Japan)
CLIC (CERN)

past facility
operating facility
approved project
concept study

Studies
MAP (US)
LEMMA (int./IT)
MICE exp. (UK)

Or use heavier particles
Muons are 200 times heavier 
But they have a short lifetime 
(2s)

use a ring collider
• strong synchrotron radiation



Questions?
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