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Outline

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

• Why SIDIS?
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SIDIS:  1) access fragmentation

ẑ
X  

P  

q=  
l

l’

inclusive DIS:  no sensitivity to fragmentation 
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SIDIS:  1) access fragmentation

ẑ
X  

P  

q=  
l

l’

inclusive DIS:  no sensitivity to fragmentation 

SIDIS e+e− annihilation

electron

proton

qT

h

Q2 qT

h

electron positron
Q2

check universality of FFs
(simpler picture than hadronic collisions)
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ẑ
X  

P  

q=  
l

l’

inclusive DIS:  - hard scale  to “see” partons
                     - no further scale to probe proton interior

Q2 = − q2 ≫ M2

SIDIS:  2) access intrinsic partonic  motion⊥
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X  

P  

q=  
l

l’

inclusive DIS:  - hard scale  to “see” partons
                     - no further scale to probe proton interior

Q2 = − q2 ≫ M2

X  

P  

q=  
l

l’

ẑ

Ph  

PhT  semi-inclusive DIS (SIDIS):  
            - hard scale  to “see” partons
            - soft scale: detect hadron h with 

Q2 = − q2 ≫ M2

P2
hT ∼ M2 ≪ Q2

hadron

photon

proton

quarkq

P

Ph

p

kk⊥

k⊥

PhT

P⊥

∼zk⊥
center-of-mass frame

with these two scales, the process is factorizable into a hard 
photon-quark vertex and a quark hadron fragmentation→

PhT = zk⊥ + P⊥ + 𝒪(k2
⊥/Q2)

hadron PhT arises from struck quark k  and transverse 
momentum P  generated during fragmentation

⊥
⊥

z = fractional energy of h 
     (analogous of x)

SIDIS:  2) access intrinsic partonic  motion⊥
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PhT  semi-inclusive DIS (SIDIS):  
            - hard scale  to “see” partons
            - soft scale: detect hadron h with 

Q2 = − q2 ≫ M2

P2
hT ∼ M2 ≪ Q2

hadron

photon

proton

quarkq

P

Ph

p

kk⊥

k⊥

PhT

P⊥

∼zk⊥
center-of-mass frame

with these two scales, the process is factorizable into a hard 
photon-quark vertex and a quark hadron fragmentation→

PhT = zk⊥ + P⊥ + 𝒪(k2
⊥/Q2)

hadron PhT arises from struck quark k  and transverse 
momentum P  generated during fragmentation

⊥
⊥

measure PhT  get to k→ ⊥

z = fractional energy of h 
     (analogous of x)

SIDIS:  2) access intrinsic partonic  motion⊥
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SIDIS:  3) access chiral-odd structures

electron

proton

Q2 }
X

chirality = helicity for a spin-1/2 object
chiral-odd structures mix quark helicities:  

 
hence,  chiral-odd structures can appear 
only paired to another chiral-odd structure
because cross section is chiral even
chiral-odd structures suppressed in DIS 

⟨ + | . . | − ⟩ , ⟨ − | . . | + ⟩

DIS

?
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SIDIS:  3) access chiral-odd structures

SIDIS

electron

proton

Q2

electron

proton

qT

h

Q2

}
X

chirality = helicity for a spin-1/2 object
chiral-odd structures mix quark helicities:  

 
hence,  chiral-odd structures can appear 
only paired to another chiral-odd structure
because cross section is chiral even
chiral-odd structures suppressed in DIS 

⟨ + | . . | − ⟩ , ⟨ − | . . | + ⟩

DIS

?

chiral-odd structures possible 
by pairing with a chiral-odd 
fragmentation function
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Outline

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

• A short recap of inclusive DIS   

  and collinear factorization 
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“Deep-Inelastic” kinematics

l +  N(P) → l’ + X  
Kinematic invariants

P 2 = M2

Q2 = �q2 ⇡ 2EE0(1� cos✓e) = 4EE0sin2✓e/2

⌫ =
P · q
M

TRF
= E � E0

y =
P · q
P · k

TRF
=

E � E0

E

x =
Q2

2P · q
TRF
=

Q2

2M⌫

W 2 = (P + q)2 = M2 +Q2(1/x� 1) � M2

transferred energy

fraction of  ’’ ’’ 0≤y≤1

inelastic  0<x≤1 elastic

invariant mass

ẑ

Internal hadron structure is best explored with a powerful “microscopic lense”
need a process with a hard scale;  example:  inclusive lepton-proton scattering

X  
P  

q=  

scattering angle

transferred 
momentum

P = (M,0,0,0) initially 
at rest

q = (ν,0,0, |q | )

P′ = ( M2 + P′ 2
z ,0,0,P′ z)

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

B

l

l’

l
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Q2 = �q2 ⇡ 2EE0(1� cos✓e) = 4EE0sin2✓e/2

⌫ =
P · q
M

TRF
= E � E0

y =
P · q
P · k

TRF
=

E � E0

E

x =
Q2

2P · q
TRF
=

Q2

2M⌫

W 2 = (P + q)2 = M2 +Q2(1/x� 1) � M2

transferred energy

fraction of  ’’ ’’ 0≤y≤1

inelastic  0<x≤1 elastic

invariant mass

ẑ

Internal hadron structure is best explored with a powerful “microscopic lense”
need a process with a hard scale;  example:  inclusive lepton-proton scattering

X  
P  

q=  

scattering angle

transferred 
momentum

P = (M,0,0,0) initially 
at rest

q = (ν,0,0, |q | )

P′ = ( M2 + P′ 2
z ,0,0,P′ z)

P′ z = |q | ≫ M

Deep-Inelastic regime:  
xB = Q2

2P ⋅ q

Q2 → ∞

finite P′ ≈ ( |q | ,0,0, |q | )

Light-Cone coordinates:  

z  

t  
n+  n-  

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

a± = a0 ± a3

2
a⊥ = (a1, a2) n2

± = 0
n+ ⋅ n− = 1

P′ ≈ (P′ + = 2 |q | , P′ − ≈ 0, 0⊥)
in general P′ + ≫ P′ −

{
B

l

l’

l
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“Deep-Inelastic” kinematics

l +  N(P) → l’ + X  
Kinematic invariants

P 2 = M2
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fraction of  ’’ ’’ 0≤y≤1
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invariant mass

ẑ

Internal hadron structure is best explored with a powerful “microscopic lense”
need a process with a hard scale;  example:  inclusive lepton-proton scattering

X  
P  

q=  

scattering angle

transferred 
momentum

P = (M,0,0,0) initially 
at rest

q = (ν,0,0, |q | )

P′ = ( M2 + P′ 2
z ,0,0,P′ z)

P′ z = |q | ≫ M

Deep-Inelastic regime:  
xB = Q2

2P ⋅ q

Q2 → ∞

finite P′ ≈ ( |q | ,0,0, |q | )

Light-Cone coordinates:  

z  

t  
n+  n-  

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

a± = a0 ± a3

2
a⊥ = (a1, a2) n2

± = 0
n+ ⋅ n− = 1

P′ ≈ (P′ + = 2 |q | , P′ − ≈ 0, 0⊥)
in general P′ + ≫ P′ −

In this regime, only 
one single dominant

component of proton
momentum, P+  

{
B

l

l’

l
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collinear framework

electron Lorentz

boost
proton

partons

inclusive Deep-Inelastic Scattering (DIS):  1 dominant direction of momenta 
                                                                  all partons collinear to proton→

Q2

Basics of Feynman parton model:  
- DIS regime and relativistic corrections: 

the virtual photon probes a frozen 
ensemble of partons 

- factorisation between hard collision 
and proton structure
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collinear framework

⊥ plane
↑

ki+=xiP+

P+

electron Lorentz

boost
proton

partons

proton  
momentum 

inclusive Deep-Inelastic Scattering (DIS):  1 dominant direction of momenta 
                                                                  all partons collinear to proton→

partons

Q2

hard  
collision 

virtual 
photon 

parton 
fractional  

momentum 
Basics of Feynman parton model:  

- DIS regime and relativistic corrections: 
the virtual photon probes a frozen 
ensemble of partons 

- factorisation between hard collision 
and proton structure
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Basics of Feynman parton model:  
- DIS regime and relativistic corrections: 

the virtual photon probes a frozen 
ensemble of partons 

- factorisation between hard collision 
and proton structure 

- 1D imaging of proton structure, 
parametrised by collinear Parton 
Distribution Functions PDF(x,Q2)

collinear framework

⊥ plane
↑

ki+=xiP+

P+

electron Lorentz

boost
proton

partons

proton  
momentum 

inclusive Deep-Inelastic Scattering (DIS):  1 dominant direction of momenta 
                                                                  all partons collinear to proton→

partons

Q2

hard  
collision 

virtual 
photon 

parton 
fractional  

momentum 
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inclusive DIS

More rigorously: 

Inclusive DIS

y

z

xlepton plane

l′
l ST !S

�(l) + N(P )� �(l�) + X

Wednesday, May 27, 2009

q
P  

inclusive DIS 

SL  

one photon-exchange approximation

l

l’
2

λe
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inclusive DIS

More rigorously: 

Inclusive DIS

y

z

xlepton plane

l′
l ST !S

�(l) + N(P )� �(l�) + X

Wednesday, May 27, 2009

q
P  

inclusive DIS 

SL  

one photon-exchange approximation

l

l’
2

optical theorem

l l
l’

,S ,S

cut-diagram notation: 
cross section = product of two amplitudes
particles entering cut are on-shell

q  q  

λe
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inclusive DIS

More rigorously: 

Inclusive DIS

y

z

xlepton plane

l′
l ST !S

�(l) + N(P )� �(l�) + X

Wednesday, May 27, 2009

q
P  

inclusive DIS 

SL  

one photon-exchange approximation

l

l’
2

optical theorem

l l
l’

,S ,S

cut-diagram notation: 
cross section = product of two amplitudes
particles entering cut are on-shell

q  q  

λe

dσ
dxBdydϕS

= α2y
2Q4 Lμν(ℓ, ℓ′ , λe) Wμν(q, P, S)

leptonic
tensor

hadronic
tensor

calculable in QED
linear combination of all tensor structures with q, P, S, subject to 
Hermiticity, gauge-, parity- and time reversal- invariance

 parametrised with four structure functions→
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aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

Collinear factorization theorem

dσ
dxBdydϕS

= 2α2

xByQ2 {A(y)FUU,T + B(y)FUU,L + λeSLC(y)FLL + λe |ST |D(y)cos ϕSFLT} each F.. (x,Q2)
FXY,Z

l P  γ*  
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aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

Collinear factorization theorem

dσ
dxBdydϕS

= 2α2

xByQ2 {A(y)FUU,T + B(y)FUU,L + λeSLC(y)FLL + λe |ST |D(y)cos ϕSFLT} each F.. (x,Q2)
FXY,Z

l P  γ*  connection to 
standard notation FUU,T = 2xBF1

FUU,L = F2 − 2xBF1
+𝒪(γ2)F2 FLL = 2xBg1

+𝒪(γ2)g2

FLT = 𝒪(γ)(g1 + g2)

γ = 2xM
Q

target mass 
correction
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aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

Collinear factorization theorem

dσ
dx dQ2 = 2πα2

xQ4 [A(y) F2(x, Q2) − y2 FL(x, Q2)]

Fi(x, Q2) = ∑
f

e2
f ∫

1

x

dξ
ξ

d ̂σi, f (αs,
x
ξ

, Q2

μ2
F ) ϕf(αs, ξ, μF) ≡ ∑

f
e2

f d ̂σi, f ⊗ ϕf

usually μ2
R = μ2

F = Q2 d ̂σi, f = d ̂σ(0)
i, f + αs

4π
d ̂σ(1)

i, f + …

dσ
dxBdydϕS

= 2α2

xByQ2 {A(y)FUU,T + B(y)FUU,L + λeSLC(y)FLL + λe |ST |D(y)cos ϕSFLT} each F.. (x,Q2)
FXY,Z

l P  γ*  connection to 
standard notation FUU,T = 2xBF1

FUU,L = F2 − 2xBF1
+𝒪(γ2)F2 FLL = 2xBg1

+𝒪(γ2)g2

FLT = 𝒪(γ)(g1 + g2)

γ = 2xM
Q

target mass 
correction

unpolarized:  λe = SL = 0

Q2 = sxy
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aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

Collinear factorization theorem

dσ
dx dQ2 = 2πα2

xQ4 [A(y) F2(x, Q2) − y2 FL(x, Q2)]

Fi(x, Q2) = ∑
f

e2
f ∫

1

x

dξ
ξ

d ̂σi, f (αs,
x
ξ

, Q2

μ2
F ) ϕf(αs, ξ, μF) ≡ ∑

f
e2

f d ̂σi, f ⊗ ϕf

QCD collinear factorization theorem at scale  , valid at all orders μF

usually μ2
R = μ2

F = Q2 d ̂σi, f = d ̂σ(0)
i, f + αs

4π
d ̂σ(1)

i, f + …

dσ
dxBdydϕS

= 2α2

xByQ2 {A(y)FUU,T + B(y)FUU,L + λeSLC(y)FLL + λe |ST |D(y)cos ϕSFLT} each F.. (x,Q2)
FXY,Z

l P  γ*  connection to 
standard notation FUU,T = 2xBF1

FUU,L = F2 − 2xBF1
+𝒪(γ2)F2 FLL = 2xBg1

+𝒪(γ2)g2

FLT = 𝒪(γ)(g1 + g2)

γ = 2xM
Q

target mass 
correction

Physics does not depend on fictitious scale μF :  DGLAP evolution equations

unpolarized:  λe = SL = 0
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Operator Product Expansion

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

Factorization from another point of view:  the OPE

1. Justification

P

X

Jμ
q

k

k’ scattering amplitude ℳ = ū(k′ ) γμ u(k) e2

Q2 ⟨PX |Jμ(0) |P⟩

phase space dR = (2π)4 δ(P + q − PX) d4PX d4k′ 

cross section 

consider the inclusive DIS 

P
Jμ

q

k

k’ 2

PΧ

Jμ Jν

Lμν = 2kμk′ ν + 2kνk′ μ − Q2 gμν

Wμν = ∫ d4PX (2π)4 δ(PX − P − q)
× ⟨P | ̂Jμ(0) |PX⟩ ⟨PX |Jν(0) |P⟩

optical
theorem

hadronic 
tensor

leptonic tensor

= e4

Q4 Lμν Wμν d4k′ dσ ∝ ∫X
|ℳ |2 dR
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Operator Product Expansion

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

Factorization from another point of view:  the OPE

1. Justification

P

X

Jμ
q

k

k’ scattering amplitude ℳ = ū(k′ ) γμ u(k) e2

Q2 ⟨PX |Jμ(0) |P⟩

phase space dR = (2π)4 δ(P + q − PX) d4PX d4k′ 

cross section 

consider the inclusive DIS 

P
Jμ

q

k

k’ 2

PΧ

Jμ Jν

Lμν = 2kμk′ ν + 2kνk′ μ − Q2 gμν

Wμν = ∫ d4PX (2π)4 δ(PX − P − q)
× ⟨P | ̂Jμ(0) |PX⟩ ⟨PX |Jν(0) |P⟩

optical
theorem

hadronic 
tensor

leptonic tensor

matrix element of bilocal operator = ∫ dξ eiq⋅ξ ⟨P |[ ̂Jμ(ξ) , ̂Jν(0)] |P⟩
̂Jμ = ψ̄ γμ ψ

parton e.m. current
̂Jμ† = ̂Jμcheck

= e4

Q4 Lμν Wμν d4k′ dσ ∝ ∫X
|ℳ |2 dR
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Operator Product Expansion

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

Factorization from another point of view:  the OPE

1. Justification

P

X

Jμ
q

k

k’ scattering amplitude ℳ = ū(k′ ) γμ u(k) e2

Q2 ⟨PX |Jμ(0) |P⟩

phase space dR = (2π)4 δ(P + q − PX) d4PX d4k′ 

cross section 

consider the inclusive DIS 

P
Jμ

q

k

k’ 2

PΧ

Jμ Jν

Lμν = 2kμk′ ν + 2kνk′ μ − Q2 gμν

Wμν = ∫ d4PX (2π)4 δ(PX − P − q)
× ⟨P | ̂Jμ(0) |PX⟩ ⟨PX |Jν(0) |P⟩

optical
theorem

hadronic 
tensor

leptonic tensor

matrix element of bilocal operator = ∫ dξ eiq⋅ξ ⟨P |[ ̂Jμ(ξ) , ̂Jν(0)] |P⟩

dominated by time-like short distances ξ2  , but ill defined !→ 0

= e4

Q4 Lμν Wμν d4k′ dσ ∝ ∫X
|ℳ |2 dR

̂Jμ = ψ̄ γμ ψ
parton e.m. current

̂Jμ† = ̂Jμcheck
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aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

DIS regime:  Wμν = ∫ dξ eiq⋅ξ ⟨P |[ ̂Jμ(ξ) , ̂Jν(0)] |P⟩
Q2 → ∞

x = Q2

2P ⋅ q TRF
= Q2

2Mν fixed 

⇒ ν → ∞Target Rest Frame

Operator Product Expansion
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aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

DIS regime:  Wμν = ∫ dξ eiq⋅ξ ⟨P |[ ̂Jμ(ξ) , ̂Jν(0)] |P⟩
Q2 → ∞

fixed 
Riemann - Lebesgue theorem:
for  , large oscillations and cancelations; 
integral is dominated by terms with   constant

|q ⋅ ξ | → ∞
|q ⋅ ξ | ≤ K⇒ ν → ∞Target Rest Frame

Operator Product Expansion

x = Q2

2P ⋅ q TRF
= Q2

2Mν
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aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

DIS regime:  Wμν = ∫ dξ eiq⋅ξ ⟨P |[ ̂Jμ(ξ) , ̂Jν(0)] |P⟩
Q2 → ∞

fixed 
Riemann - Lebesgue theorem:
for  , large oscillations and cancelations; 
integral is dominated by terms with   constant

|q ⋅ ξ | → ∞
|q ⋅ ξ | ≤ K

Then, (q ⋅ ξ) |cm = ν ξ0 ≤ K ⇒ ξ0 ≤ K
ν

⟶ 0ν → ∞

space-like distances   are forbidden by causality;  ξ2 < 0
ξ2 = (ξ0)2 − ⃗ξ2 ≥ 0 ⇒ (ξ0)2 ≥ ⃗ξ2 ⟶ 0ν → ∞

The integral is dominated by short time-like distances  , but in this limit the bilocal 
operator is ill defined.  Example:   free neutron scalar field φ(x) with propagator Δ(x-y)

ξ2 → 0

⇒ ν → ∞Target Rest Frame

for time-like distances  ,ξ2 ≥ 0

Operator Product Expansion

x = Q2

2P ⋅ q TRF
= Q2

2Mν
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aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

DIS regime:  Wμν = ∫ dξ eiq⋅ξ ⟨P |[ ̂Jμ(ξ) , ̂Jν(0)] |P⟩
Q2 → ∞

fixed 
Riemann - Lebesgue theorem:
for  , large oscillations and cancelations; 
integral is dominated by terms with   constant

|q ⋅ ξ | → ∞
|q ⋅ ξ | ≤ K

Then, (q ⋅ ξ) |cm = ν ξ0 ≤ K ⇒ ξ0 ≤ K
ν

⟶ 0ν → ∞

space-like distances   are forbidden by causality;  ξ2 < 0
ξ2 = (ξ0)2 − ⃗ξ2 ≥ 0 ⇒ (ξ0)2 ≥ ⃗ξ2 ⟶ 0ν → ∞

The integral is dominated by short time-like distances  , but in this limit the bilocal 
operator is ill defined.  Example:   free neutron scalar field φ(x) with propagator Δ(x-y)

ξ2 → 0

⟨0 |𝒯[ϕ(x) ϕ(y)] |0⟩ = − i Δ(x − y) = i∫ d4p
(2π)4

e−ip⋅(x−y)

p2 − m2 + iε

= m
4π2

K1 (m −(x − y)2 + iε)
−(x − y)2 + iε

− i
4π

δ ((x − y)2) ⟶ ∞x → y K1  modified Bessel 
funct. of 2o kind

⇒ ν → ∞Target Rest Frame

for time-like distances  ,ξ2 ≥ 0

for  , the integral is divergent :x → y

Operator Product Expansion

x = Q2

2P ⋅ q TRF
= Q2

2Mν
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Operator Product Expansion

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

2. Definition ̂A(x) B̂(y) =
∞

∑
i=0

Ci(x − y) Ôi ( x + y
2 )

Wilson coefficients, singular for , 
ordered in decreasing singularity

x → y

local operators, 
regular for ,
typically Ô0 = I

x → y
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Operator Product Expansion

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

2. Definition ̂A(x) B̂(y) =
∞

∑
i=0

Ci(x − y) Ôi ( x + y
2 )

Wilson coefficients, singular for , 
ordered in decreasing singularity

x → y

local operators, 
regular for ,
typically Ô0 = I

x → y

Example: the Wick theorem lim
x→y

𝒯 [ϕ(x) ϕ(y)] = : ϕ(x) ϕ(y) : + ⟨0 |𝒯 [ϕ(x) ϕ(y)] |0⟩
= 1 ⋅ Ô1 + C0(x − y) I
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Operator Product Expansion

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

2. Definition ̂A(x) B̂(y) =
∞

∑
i=0

Ci(x − y) Ôi ( x + y
2 )

Wilson coefficients, singular for , 
ordered in decreasing singularity

x → y

local operators, 
regular for ,
typically Ô0 = I

x → y

Example: the Wick theorem lim
x→y

𝒯 [ϕ(x) ϕ(y)] = : ϕ(x) ϕ(y) : + ⟨0 |𝒯 [ϕ(x) ϕ(y)] |0⟩
= 1 ⋅ Ô1 + C0(x − y) I

3. Application to inclusive DIS

Wμν = ∫ dξ eiq⋅ξ ⟨P |[ ̂Jμ(ξ) , ̂Jν(0)] |P⟩ = ∑
{α}

Cμν
{α} ( M

Q )
t−2

twist t = canonical dimension - spin
             of operator Ôi
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Operator Product Expansion

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

2. Definition ̂A(x) B̂(y) =
∞

∑
i=0

Ci(x − y) Ôi ( x + y
2 )

Wilson coefficients, singular for , 
ordered in decreasing singularity

x → y

local operators, 
regular for ,
typically Ô0 = I

x → y

Example: the Wick theorem lim
x→y

𝒯 [ϕ(x) ϕ(y)] = : ϕ(x) ϕ(y) : + ⟨0 |𝒯 [ϕ(x) ϕ(y)] |0⟩
= 1 ⋅ Ô1 + C0(x − y) I

3. Application to inclusive DIS

Wμν = ∫ dξ eiq⋅ξ ⟨P |[ ̂Jμ(ξ) , ̂Jν(0)] |P⟩ = ∑
{α}

Cμν
{α} ( M

Q )
t−2

twist t = canonical dimension - spin
             of operator Ôi

twist 
expansion

perturbative 
expansion

1
1/Q
1/Q2

…

leading twist 2
subleading twist 3

…

1

leading 
order
LO

αs

NLO
αs2 …

parton 
model

OPE

perturbative QCD

NNLO …

twist 4

OPE rigorous proof only for inclusive 
processes. It can be effectively extended 
to all semi-inclusive hard processes. 
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Operator Product Expansion

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

4. Factorization

hard interaction

“structure”

By applying the same technique of  Wick theorem, it can be shown 
that the dominant contribution to the hadronic tensor of inclusive DIS 
comes from the so-called “handbag” diagram: 

Wμν = ∫ dξ eiq⋅ξ ⟨P |[ ̂Jμ(ξ) , ̂Jν(0)] |P⟩ ~

γ*

target

parton
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Operator Product Expansion

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

Φ bilocal quark-quark correlator: 

4. Factorization

hard interaction

“structure”

By applying the same technique of  Wick theorem, it can be shown 
that the dominant contribution to the hadronic tensor of inclusive DIS 
comes from the so-called “handbag” diagram: 

Wμν = ∫ dξ eiq⋅ξ ⟨P |[ ̂Jμ(ξ) , ̂Jν(0)] |P⟩ ~

γ*

target

Φf (k, P, S) = ∫ d4PX δ(P − k − Px) ⟨P, S | ψ̄f (0) |PX⟩ ⟨PX |ψf (0) |P, S⟩

= ∫ d4ξ
(2π)4 e−i k⋅ξ ⟨P, S | ψ̄f (ξ) ψf (0) |P, S⟩

i j

i j

j i

parton k k
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Operator Product Expansion

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

Φ bilocal quark-quark correlator: 

4. Factorization

hard interaction

“structure”

By applying the same technique of  Wick theorem, it can be shown 
that the dominant contribution to the hadronic tensor of inclusive DIS 
comes from the so-called “handbag” diagram: 

Wμν = ∫ dξ eiq⋅ξ ⟨P |[ ̂Jμ(ξ) , ̂Jν(0)] |P⟩ ~

γ*

target

Φf (k, P, S) = ∫ d4PX δ(P − k − Px) ⟨P, S | ψ̄f (0) |PX⟩ ⟨PX |ψf (0) |P, S⟩

= ∫ d4ξ
(2π)4 e−i k⋅ξ ⟨P, S | ψ̄f (ξ) ψf (0) |P, S⟩

By taking suitable projections, one can extract from the “structure” the leading-twist part, 
the subleading part at twist 3, at twist 4, etc..

i j

i j

j i

parton k k

Phenomenology of SIDIS &TMD’s     15     Marco Radici - INFN Pavia



parton-parton correlator

non-local  correlator

k k

Φf(k, P, S) = ∫ d4ξ
(2π)4 e−i k⋅ξ ⟨P, S | ψ̄f (ξ) ψf (0) |P, S⟩
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parton-parton correlator

non-local  correlator

k k

Φ(k, P, S) = linear combination of all tensor structures with k, P, S, subject to Hermiticity and  
                 parity-invariance (see later about time reversal)

Φf(k, P, S) = ∫ d4ξ
(2π)4 e−i k⋅ξ ⟨P, S | ψ̄f (ξ) ψf (0) |P, S⟩
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parton-parton correlator

non-local  correlator

k k

Φ(k, P, S) = linear combination of all tensor structures with k, P, S, subject to Hermiticity and  
                 parity-invariance (see later about time reversal)

Caveat
canonical OPE on local operators ;   expansion in twist = dim( ) - spin( )
Here, Φ is non-local, but can be expanded in local operators of same twist
“working” definition of twist = 2 + powers of M/P+

𝒪̂ 𝒪̂ 𝒪̂

DIS regime   dominant component;  OPE on Φ(k, P, S)  expansion in powers of M/P+→ P+ →

Φf(k, P, S) = ∫ d4ξ
(2π)4 e−i k⋅ξ ⟨P, S | ψ̄f (ξ) ψf (0) |P, S⟩
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parton-parton correlator

Φ(x, S) =

non-local  correlator

∫ dk+dk−dkT δ(k+ − xP+) ∫ d4ξ
(2π)4 e−ik⋅ξ ⟨P, S | ψ̄(ξ) ψ(0) |P, S⟩

k k

Φ(k, P, S) = linear combination of all tensor structures with k, P, S, subject to Hermiticity and  
                 parity-invariance (see later about time reversal)

Caveat
canonical OPE on local operators ;   expansion in twist = dim( ) - spin( )
Here, Φ is non-local, but can be expanded in local operators of same twist
“working” definition of twist = 2 + powers of M/P+

𝒪̂ 𝒪̂ 𝒪̂

DIS regime   dominant component;  OPE on Φ(k, P, S)  expansion in powers of M/P+→ P+ →

= ∫ dξ−
2π

e−ik⋅ξ ⟨P, S | ψ̄j(ξ) ψi(0) |P, S⟩ξ+=ξT=0

Φf(k, P, S) = ∫ d4ξ
(2π)4 e−i k⋅ξ ⟨P, S | ψ̄f (ξ) ψf (0) |P, S⟩

  dominant component  take partons collinear,   , and integrate other components: P+ → k+ = xP+

-  

T ξ− ↔ k+

ξ-  non-locality along “-“ direction
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parton-parton correlator

Φ(x, S) =

non-local  correlator

∫ dk+dk−dkT δ(k+ − xP+) ∫ d4ξ
(2π)4 e−ik⋅ξ ⟨P, S | ψ̄(ξ) ψ(0) |P, S⟩

k k

Φ(k, P, S) = linear combination of all tensor structures with k, P, S, subject to Hermiticity and  
                 parity-invariance (see later about time reversal)

Caveat
canonical OPE on local operators ;   expansion in twist = dim( ) - spin( )
Here, Φ is non-local, but can be expanded in local operators of same twist
“working” definition of twist = 2 + powers of M/P+

𝒪̂ 𝒪̂ 𝒪̂

DIS regime   dominant component;  OPE on Φ(k, P, S)  expansion in powers of M/P+→ P+ →

= ∫ dξ−
2π

e−ik⋅ξ ⟨P, S | ψ̄j(ξ) ψi(0) |P, S⟩ξ+=ξT=0

Φf(k, P, S) = ∫ d4ξ
(2π)4 e−i k⋅ξ ⟨P, S | ψ̄f (ξ) ψf (0) |P, S⟩

  dominant component  take partons collinear,   , and integrate other components: P+ → k+ = xP+

-  

T ξ− ↔ k+

ξ-  non-locality along “-“ direction

Φ(k, P, S)
expanded in 

powers of M/P+
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OPE  PDFs→
OPE on Φ(k, P, S)  expansion in powers of M/P+    keeping only leading twist→ →

Φ(x, S) = ∫ dk+dk−dkT δ(k+ − xP+) Φ(k, P, S)

= 1
2 [ f1(x) γ− +

g1(x) SLγ5γ− +

h1(x) iσ−ν γ5Sν
T ]σμν = i

2 [γμ , γν]
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OPE  PDFs→
OPE on Φ(k, P, S)  expansion in powers of M/P+    keeping only leading twist→ →

Φ(x, S) = ∫ dk+dk−dkT δ(k+ − xP+) Φ(k, P, S)

= 1
2 [ f1(x) γ− +

g1(x) SLγ5γ− +

h1(x) iσ−ν γ5Sν
T ]σμν = i

2 [γμ , γν]

f1(x) = 1
2 Tr[Φ γ+] ≡ Φ[γ+]

SL g1(x) = 1
2 Tr[Φ γ+γ5] ≡ Φ[γ+γ5]

(ST)i h1(x) = 1
2 Tr[Φ iσ+i γ5] ≡ Φ[iσ+i γ5]

Φ[Γ](x) = 1
P+ ∫ dk− dkT Tr [(Φ(k, P, S))ji

(Γ)ij]
k+=xP+

Let’s define
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OPE  PDFs→
OPE on Φ(k, P, S)  expansion in powers of M/P+    keeping only leading twist→ →

Φ(x, S) = ∫ dk+dk−dkT δ(k+ − xP+) Φ(k, P, S)

= 1
2 [ f1(x) γ− +

g1(x) SLγ5γ− +

h1(x) iσ−ν γ5Sν
T ]σμν = i

2 [γμ , γν]

unpolarized Parton Distribution Function (PDF)

longitudinally polarized PDF  (requires hadron long. pol. SL)

transversely polarized PDF  (requires hadron transv. pol. ST)

f1(x) = 1
2 Tr[Φ γ+] ≡ Φ[γ+] (fractional) momentum distribution

SL g1(x) = 1
2 Tr[Φ γ+γ5] ≡ Φ[γ+γ5] helicity distribution

(ST)i h1(x) = 1
2 Tr[Φ iσ+i γ5] ≡ Φ[iσ+i γ5] transversity distribution
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The PDF table

=1f
x

Quark-parton Model Interpretation of SIDIS: 
Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
la
riz
at
io
n

U

L

T

nucleon

quark

PDFs (x; Q2)  at leading twist 
for a spin-1/2 hadron (Nucleon)P

polar
iza

tio
ns
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The PDF table

=1f
x

Quark-parton Model Interpretation of SIDIS: 
Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
la
riz
at
io
n

U

L

T

nucleon

quark

PDFs (x; Q2)  at leading twist 
for a spin-1/2 hadron (Nucleon)P

polar
iza

tio
ns

probability density of finding 
an unpol. quark in an unpol. nucleon

probability density of finding a 
long. pol. quark in a long. pol. nucleon

probability density of finding a 
transv. pol. quark in a transv. pol. nucleon

probabilistic 
interpretation

N.B. Using appropriate projections  one can extract also subleading-twist PDFs, but no probabilistic interpretationΦ[Γ]
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“observable” PDFs

FUU,T(xB, Q2) = xB ∑
q

e2
q f q

1 (xB, Q2)

connection of PDFs with 
measurable structure functions

at leading order  and leading twist𝒪(α0
s )

FUU,L(xB, Q2) ≈ 0

FLL(xB, Q2) = xB ∑
q

e2
q gq

1 (xB, Q2) FLT(xB, Q2) ≈ 0
k k

hard cross section  
produce FL , FLT 

d ̂σ = 1 + c1αs + …
≠ 0
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“observable” PDFs

FUU,T(xB, Q2) = xB ∑
q

e2
q f q

1 (xB, Q2)

connection of PDFs with 
measurable structure functions

at leading order  and leading twist𝒪(α0
s )

FUU,L(xB, Q2) ≈ 0

FLL(xB, Q2) = xB ∑
q

e2
q gq

1 (xB, Q2) FLT(xB, Q2) ≈ 0

Transversity PDF does not appear in inclusive DIS cross section!
It happens because transverse polarization mixes quark helicities:  

 
chirality = helicity for a spin-1/2 object;  hence,  h1(x) is a chiral-odd PDF and can appear in the 
cross section only paired to another chiral-odd structure. 

Transversity is not suppressed (as expected in perturbative QCD as mq/Q), 
it can be extracted in processes with at least two hadrons

⟨ ↑ | . . | ↑ ⟩ ∝ ⟨ + | . . | − ⟩ , ⟨ − | . . | + ⟩

k k

hard cross section  
produce FL , FLT 

d ̂σ = 1 + c1αs + …
≠ 0

Phenomenology of SIDIS &TMD’s     19     Marco Radici - INFN Pavia



The gauge link

this non-local operator is not color-gauge invariant under  ψ(x) → eiαa(x) ta ψ(x) ≡ U(x) ψ(x)

Φ(x, S) = ∫ dξ−
2π

e−ik⋅ξ ⟨P, S | ψ̄j(ξ) ψi(0) |P, S⟩ξ+=ξT=0
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The gauge link

this non-local operator is not color-gauge invariant under  ψ(x) → eiαa(x) ta ψ(x) ≡ U(x) ψ(x)

U[a,b] = 𝒫 exp[ − ig∫
b

a
dημ Aμ(η)]gauge-link operator  

Gauge link

Wednesday, May 27, 2009

it transforms as U[ξ,0] → U(ξ) U[ξ,0] U†(0) so that Φ(k, P, S) is invariant

Φ(x, S) = ∫ dξ−
2π

e−ik⋅ξ ⟨P, S | ψ̄j(ξ) ψi(0) |P, S⟩ξ+=ξT=0

Φ(x, S) = ∫ dξ−
2π

e−ik⋅ξ ⟨P, S | ψ̄j(ξ) U[ξ,0] ψi(0) |P, S⟩ξ+=ξT=0
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Φ(x, S) = ∫ dξ−
2π

e−ik⋅ξ ⟨P, S | ψ̄j(ξ) U[ξ,0] ψi(0) |P, S⟩ξ+=ξT=0

The gauge link

this non-local operator is not color-gauge invariant under  ψ(x) → eiαa(x) ta ψ(x) ≡ U(x) ψ(x)

U[a,b] = 𝒫 exp[ − ig∫
b

a
dημ Aμ(η)]gauge-link operator  

Gauge link

Wednesday, May 27, 2009

it transforms as so that Φ(k, P, S) is invariant

Φ(x, S) involves only the LC “-“ direction: ∫ dξ− … |ξ+,ξT=0

-  

T
trick: Φ(x, S) ∝ ⟨P, S | ψ̄ (ξ−) U[ξ−,0] ψ (0) |P, S⟩ = ⟨P, S | ψ̄ (ξ−) U[ξ−,∞−] U[∞−,0] ψ (0) |P, S⟩ ≡ ⟨P, S |{ψ̄ (ξ−)} {ψ (0)} |P, S⟩

= 

{ψ (x−)} = U[∞−,x−] ψ (x−)ξ-  
-  

T

ξ-  

U[ξ,0] → U(ξ) U[ξ,0] U†(0)

Φ(x, S) = ∫ dξ−
2π

e−ik⋅ξ ⟨P, S | ψ̄j(ξ) ψi(0) |P, S⟩ξ+=ξT=0
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Φ(x, S) = ∫ dξ−
2π

e−ik⋅ξ ⟨P, S | ψ̄j(ξ) U[ξ,0] ψi(0) |P, S⟩ξ+=ξT=0

The gauge link

this non-local operator is not color-gauge invariant under  ψ(x) → eiαa(x) ta ψ(x) ≡ U(x) ψ(x)

U[a,b] = 𝒫 exp[ − ig∫
b

a
dημ Aμ(η)]gauge-link operator  

Gauge link

Wednesday, May 27, 2009

it transforms as so that Φ(k, P, S) is invariant

Φ(x, S) involves only the LC “-“ direction: ∫ dξ− … |ξ+,ξT=0

-  

T
trick: 

= 

factorisation 
is preserved

ξ-  
-  

T

ξ-  

Gauge link

Wednesday, 26 May 2010

Φ(x, S) = ∫ dξ−
2π

e−ik⋅ξ ⟨P, S | ψ̄j(ξ) ψi(0) |P, S⟩ξ+=ξT=0

U[ξ,0] → U(ξ) U[ξ,0] U†(0)

Φ(x, S) ∝ ⟨P, S | ψ̄ (ξ−) U[ξ−,0] ψ (0) |P, S⟩ = ⟨P, S | ψ̄ (ξ−) U[ξ−,∞−] U[∞−,0] ψ (0) |P, S⟩ ≡ ⟨P, S |{ψ̄ (ξ−)} {ψ (0)} |P, S⟩

{ψ (x−)} = U[x−,∞−] ψ (x−)
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Recap

• hadron structure better explored in processes with a hard scale (much bigger 
than involved masses,  ) ;  on the Light-Cone, it implies one dominant 
direction  collinear framework natural choice 

Q2 ≫ M2

→
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Recap

• hadron structure better explored in processes with a hard scale (much bigger 
than involved masses,  ) ;  on the Light-Cone, it implies one dominant 
direction  collinear framework natural choice 

Q2 ≫ M2

→

• Example: inclusive DIS, cross section  can be parametrised in terms 
of 4 structure functions (including polarization)

dσ ∼ LμνWμν
l l

,S ,S

l’

q  q  
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Recap

• hadron structure better explored in processes with a hard scale (much bigger 
than involved masses,  ) ;  on the Light-Cone, it implies one dominant 
direction  collinear framework natural choice 

Q2 ≫ M2

→

• Example: inclusive DIS, cross section  can be parametrised in terms 
of 4 structure functions (including polarization)

dσ ∼ LμνWμν

• OPE on   factorisation of hadron structure in parton-parton non-local 
correlator Φ. It can be made color-gauge invariant by inserting proper gauge 
link

Wμν →

l l

,S ,S

l’

q  q  

k k
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Recap

• hadron structure better explored in processes with a hard scale (much bigger 
than involved masses,  ) ;  on the Light-Cone, it implies one dominant 
direction  collinear framework natural choice 

Q2 ≫ M2

→

• Example: inclusive DIS, cross section  can be parametrised in terms 
of 4 structure functions (including polarization)

dσ ∼ LμνWμν

• OPE on   factorisation of hadron structure in parton-parton non-local 
correlator Φ. It can be made color-gauge invariant by inserting proper gauge 
link

Wμν →

• Expansion of Φ in powers of M/Q (effective twist) contains operator-definition 
of collinear PDFs, that can be extracted by suitable projections

l l

,S ,S

l’

q  q  

k k

k k
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Recap

• hadron structure better explored in processes with a hard scale (much bigger 
than involved masses,  ) ;  on the Light-Cone, it implies one dominant 
direction  collinear framework natural choice 

Q2 ≫ M2

→

• Example: inclusive DIS, cross section  can be parametrised in terms 
of 4 structure functions (including polarization)

dσ ∼ LμνWμν

• OPE on   factorisation of hadron structure in parton-parton non-local 
correlator Φ. It can be made color-gauge invariant by inserting proper gauge 
link

Wμν →

• Expansion of Φ in powers of M/Q (effective twist) contains operator-definition 
of collinear PDFs, that can be extracted by suitable projections

• Leading-twist PDFs have nice probabilistic interpretations, and can be  
connected to structure functions (except the chiral-odd transversity PDF)

l l

,S ,S

l’

q  q  

k k

k k

Quark-parton Model Interpretation of SIDIS: 
Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
la
riz
at
io
n

U

L

T
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Outline

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

• Why   TMDs  ? 
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Evidences to go beyond collinear

Evidences of going beyond the collinear framework 
Example #1: the “Spin Crisis”

• In 1988, the EMC Collaboration at CERN measures the FLL structure function in the 
polarized inclusive DIS process  . Surprisingly, the sum of quark 
helicities Δq contributes at most 25% of spin 1/2 of the proton (depending on Q2). 

⃗μ + ⃗p → μ′ + X

• There has been an intense activity to measure the gluon helicity Δg, which is 
currently known with a large error  there is room for contribution from the 
orbital motion of partons

→

• Contribution from the orbital angular momentum of partons Lq, Lg  need to be 
sensitive also to intrinsic transverse components of parton momentum

→

Ashmann et al. (EMC),  
P.L. B206 (88) 364

1
2 = ∑

q
( 1

2 Δq(Q2) + Lq(Q2)) + Δg(Q2) + Lg(Q2) Lq Lg

Δq

Δg ( ~40% ?)
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Example #2: elastic p-p scattering

p"p ! p p p#p ! p pversus

AN =
d�" � d�#

d�" + d�#

of scattered 
proton  

for a review, see 
Krisch, E.P.J. A31 (07) 417

Evidences to go beyond collinear

“Single-spin asymmetry” 

! L

R 

•  expect  AN ~                    in simple parton model 
Kane, Pumplin, Repko ‘78 

p p
p

p

p"p ! p p p#p ! p pversus

AN =
d�" � d�#

d�" + d�#
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Example #2: elastic p-p scattering

p"p ! p p p#p ! p pversus

AN =
d�" � d�#

d�" + d�#

of scattered 
proton  

for a review, see 
Krisch, E.P.J. A31 (07) 417

correlation between spin of the proton    
                               and kT of partons

Evidences to go beyond collinear

“Single-spin asymmetry” 

! L

R 

•  expect  AN ~                    in simple parton model 
Kane, Pumplin, Repko ‘78 

p p
p

p

p"p ! p p p#p ! p pversus

AN =
d�" � d�#

d�" + d�#

 orbital motion ↔
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Example #3: semi-inclusive p-p collisions

where TMDs started from ... (1991)

E704

BNL, ANL, Fermilab, Serpukhov

also: ! Polarization

" L

R

large PT

p" p! ⇡ X

Single   
Spin 

Asymmetry

AN =
d�" � d�#

d�" + d�#

E704  √s = 20 GeV    0.7 < pT < 2.0   

single-spin 
asymmetry  

Persisting also  up to 
 GeV s = 200

 = 20 GeV,  
0.7≤ PT ≤ 2 GeV

s

Adams et al. (STAR),  
PRL 92 (04) 171801

Evidences to go beyond collinear

“Single-spin asymmetry” 

! L

R 

•  expect  AN ~                    in simple parton model 
Kane, Pumplin, Repko ‘78 

where TMDs started from ... (1991)

E704

BNL, ANL, Fermilab, Serpukhov

also: ! Polarization

" L

R

large PT

p" p! ⇡ X

Single   
Spin 

Asymmetry

AN =
d�" � d�#

d�" + d�#

E704  √s = 20 GeV    0.7 < pT < 2.0   

where TMDs started from ... (1991)

E704

BNL, ANL, Fermilab, Serpukhov

also: ! Polarization

" L

R

large PT

p" p! ⇡ X

Single   
Spin 

Asymmetry

AN =
d�" � d�#

d�" + d�#

E704  √s = 20 GeV    0.7 < pT < 2.0   

L

ZGS-ANL  
s = 4.9 GeV

AGS-ANL  FNAL RHIC 
s = 6.6 GeV s = 19.4 GeV s = 62.4 GeV

Gluon Polarization & 
Longitudinal Double-Spin Asymmetry

3N. Lukow

• Polarized gluon distribution function can be constrained by measuring the longitudinal 
double-spin asymmetry of jets (!!!) in polarized proton-proton collisions

!!! =
Δ$
$ = $"" + $## − $"# + $#"

$"" + $## + $"# + $#"

$"" $"#

24th International Spin Symposium, October 18-22 2021

perturbative 
QCD

∝
mq

pT
αs ∼ 𝒪(10−3)

Kane, Pumplin, Repko, 
P.R.L. 41 (‘78) 1689

Phenomenology of SIDIS &TMD’s     25     Marco Radici - INFN Pavia



Example #3: semi-inclusive p-p collisions

where TMDs started from ... (1991)

E704

BNL, ANL, Fermilab, Serpukhov

also: ! Polarization

" L

R

large PT

p" p! ⇡ X

Single   
Spin 

Asymmetry

AN =
d�" � d�#

d�" + d�#

E704  √s = 20 GeV    0.7 < pT < 2.0   

single-spin 
asymmetry  

Instead, large asymmetries observed. 
Evidence of correlation between 

spin of the proton and 
kT and flavor of partons

Persisting also  up to 
 GeV s = 200

 = 20 GeV,  
0.7≤ PT ≤ 2 GeV

s

Adams et al. (STAR),  
PRL 92 (04) 171801

Evidences to go beyond collinear

“Single-spin asymmetry” 

! L

R 

•  expect  AN ~                    in simple parton model 
Kane, Pumplin, Repko ‘78 

where TMDs started from ... (1991)

E704

BNL, ANL, Fermilab, Serpukhov

also: ! Polarization

" L

R

large PT

p" p! ⇡ X

Single   
Spin 

Asymmetry

AN =
d�" � d�#

d�" + d�#

E704  √s = 20 GeV    0.7 < pT < 2.0   

where TMDs started from ... (1991)

E704

BNL, ANL, Fermilab, Serpukhov

also: ! Polarization

" L

R

large PT

p" p! ⇡ X

Single   
Spin 

Asymmetry

AN =
d�" � d�#

d�" + d�#

E704  √s = 20 GeV    0.7 < pT < 2.0   

L

ZGS-ANL  
s = 4.9 GeV

AGS-ANL  FNAL RHIC 
s = 6.6 GeV s = 19.4 GeV s = 62.4 GeV

Gluon Polarization & 
Longitudinal Double-Spin Asymmetry

3N. Lukow

• Polarized gluon distribution function can be constrained by measuring the longitudinal 
double-spin asymmetry of jets (!!!) in polarized proton-proton collisions

!!! =
Δ$
$ = $"" + $## − $"# + $#"

$"" + $## + $"# + $#"

$"" $"#

24th International Spin Symposium, October 18-22 2021

perturbative 
QCD

∝
mq

pT
αs ∼ 𝒪(10−3)

Kane, Pumplin, Repko, 
P.R.L. 41 (‘78) 1689
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Outline

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

• The “TMD zoo” 

- factorisation theorem and general properties 

(generalising same steps that lead to PDFs)

- specific properties
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Need semi-inclusive process

ẑ
X  

P  

q=  
l

l’
inclusive DIS:  - hard scale  to “see” partons
                     - factorisation  isolate PDFs
                     - no further scale to probe proton interior

Q2 = − q2 ≫ M2

→

X  

P  

q=  
l

l’

ẑ

Ph  

PhT  
semi-inclusive DIS (SIDIS):  
            - hard scale  to “see” partons
            - soft scale: detect hadron h with 
            - factorisation  isolate TMDs

Q2 = − q2 ≫ M2

P2
hT ∼ M2 ≪ Q2

→

hadron

photon

proton

quarkq

P

Ph

p

kk⊥

k⊥

PhT

P⊥

∼zk⊥
center-of-mass frame

with these two scales, the process is factorizable into a hard 
photon-quark vertex and a quark hadron fragmentation→

PhT = zk⊥ + P⊥ + 𝒪(k2
⊥/Q2)

hadron PhT arises from struck quark k  and transverse 
momentum P  generated during fragmentation

⊥
⊥

measure PhT  get to k→ ⊥

z = fractional energy of h 
     (analogous of x)

Ji, Yuan, Ma, P.R. D71 (05) 
Rogers & Aybat, P.R. D83 (11) 

Collins, “Foundations of Perturbative QCD” (11) 
Echevarria, Idilbi, Scimemi, JHEP 1207 (12)
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The TMD framework

⊥ plane
↑

parton 
transverse 
impulse

partons

k⊥

P+ proton  
momentum 

k+=x P+
parton 

“longitudinal”  
momentum 

A new paradigm:  
3D imaging of  

hadron structure  
(in momentum space)

hard  
collision 

parametrised by  
Transverse-Momentum  

Dependent PDFs  
TMD PDF(x, k ; Q2)⊥

ECG 

cardio 
MR 
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SIDIS

q
P  

SIDIS 

SL  

one photon-exchange approximation

l

l’
2

optical theorem

l l
l’

,S ,S

q  q  

λe

y

z

x

hadron plane

lepton plane

l′
l ST

Ph

Ph⊥
qh

qS

PhT  

Ph

X
Ph Ph

same invariants as inclusive DIS plus

zh = P ⋅ Ph

P ⋅ q
“energy fraction” of 
fragmenting parton 
carried by final hadron

dσ
dxBdydϕSdzhdϕhdP2

hT
= α2y

2zhQ4 Lμν(ℓ, ℓ′ , λe) Wμν(q, P, S, Ph)

new dependence
(for unpolarized hadron, Sh=0)
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Example :  SIDIS

q
P  

SIDIS 

SL  

one photon-exchange approximation

l

l’
2

optical theorem

l l
l’

,S ,S

q  q  

λe

dσ
dxBdydϕSdzhdϕhdP2

hT
= α2y

2zhQ4 Lμν(ℓ, ℓ′ , λe) Wμν(q, P, S, Ph)
leptonic
tensor

hadronic
tensor

parametrised with 
8 structure functions at leading twist
(18 including subleading twist)

y

z

x

hadron plane

lepton plane

l′
l ST

Ph

Ph⊥
qh

qS

PhT  

Ph

X
Ph Ph

same invariants as inclusive DIS plus

zh = P ⋅ Ph

P ⋅ q
“energy fraction” of 
fragmenting parton 
carried by final hadron

new dependence
(for unpolarized hadron, Sh=0)
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SIDIS cross section

q
P  

SIDIS 

SL  

λe

dσ
dxBdydϕSdzhdϕhdP2

hT
=

y

z

x

hadron plane

lepton plane

l′
l ST

Ph

Ph⊥
qh

qS

PhT  

+SL sin 2ϕh Fsin 2ϕh
UL

+λe SL C(y) FLL

+ST[ A(y) sin(ϕh − ϕS) Fsin(ϕh−ϕS)
UT,T + B(y) sin(ϕh + ϕS) Fsin(ϕh+ϕS)

UT +B(y) sin(3ϕh − ϕS) Fsin(3ϕh−ϕS)
UT ]

+λe ST C(y) cos(ϕh − ϕS) Fcos(ϕh−ϕS)
LT ] + 𝒪 ( M

Q )
FXY,Z

l P  γ*  

each 
F…(xB, zh, P2

hT, Q2)

= α2

xByQ2 [A(y) FUU,T + B(y) cos 2ϕh Fcos 2ϕh
UU
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SIDIS cross section

q
P  

SIDIS 

SL  

λe

dσ
dxBdydϕSdzhdϕhdP2

hT
=

y

z

x

hadron plane

lepton plane

l′
l ST

Ph

Ph⊥
qh

qS

PhT  

+SL sin 2ϕh Fsin 2ϕh
UL

+λe SL C(y) FLL

+ST[ A(y) sin(ϕh − ϕS) Fsin(ϕh−ϕS)
UT,T + B(y) sin(ϕh + ϕS) Fsin(ϕh+ϕS)

UT +B(y) sin(3ϕh − ϕS) Fsin(3ϕh−ϕS)
UT ]

+λe ST C(y) cos(ϕh − ϕS) Fcos(ϕh−ϕS)
LT ] + 𝒪 ( M

Q )
FXY,Z

l P  γ*  

each 
F…(xB, zh, P2

hT, Q2)

= α2

xByQ2 [A(y) FUU,T + B(y) cos 2ϕh Fcos 2ϕh
UU
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=

SIDIS :  factorisation

Ph Ph

,S ,S

q  q  

+ higher twists (suppressed)
k  k  

OPE not possible, use diagrammatic approach (select dominant diagram by 
 counting powers of divergences)

2zh 𝒞[Tr[Φ(xB, k⊥, S) γμ Δ(zh, P⊥) γν] ]2MWμν(q, P, S, Ph) =
𝒞[…] = ∫ d P⊥dk⊥ δ(2)(zk⊥ + P⊥ − PhT)[…]
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=

SIDIS :  factorisation

Ph Ph

,S ,S

q  q  

+ higher twists (suppressed)
k  k  

OPE not possible, use diagrammatic approach (select dominant diagram by 
 counting powers of divergences)

2zh 𝒞[Tr[Φ(xB, k⊥, S) γμ Δ(zh, P⊥) γν] ]2MWμν(q, P, S, Ph) =
𝒞[…] = ∫ d P⊥dk⊥ δ(2)(zk⊥ + P⊥ − PhT)[…]

Φ(x, S) = ∫ dξ−
2π

e−ik⋅ξ ⟨P, S | ψ̄ (ξ) U[ξ,0] ψ (0) |P, S⟩ξ+=ξT=0

non-local correlator:
 
from collinear

to Φ(x, k⊥, S) = ∫
dξ−d2ξT

(2π)3 e−ik⋅ξ ⟨P, S | ψ̄ (ξ) U[ξ,0] ψ (0) |P, S⟩ξ+=0

xB ∼ x = k+
P+

-  

T

ξ− ↔ k+

ξ  

ξT ↔ k⊥
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SIDIS :  factorisation

non-local correlators

Φ(x, k⊥, S) = ∫
dξ−d2ξT

(2π)3 e−ik⋅ξ ⟨P, S | ψ̄ (ξ) U[ξ,0] ψ (0) |P, S⟩ξ+=0

xB ∼ x = k+
P+

-  

T

ξ− ↔ k+

ξ  

ξT ↔ k⊥

k  k  

Δ(z, k⊥) = ∑
X

∫
dξ+d2ξT

(2π)3 e−ik⋅ξ ⟨0 |ψ (0) |X, Ph⟩⟨X, Ph | ψ̄ (ξ) |0⟩ξ−=0

+  

T
ξ  

zh ∼ z = Ph−
k−

ξ+ ↔ k−
ξT ↔ k⊥

hard cross section 
 d ̂σ = 1 + c1αs + …
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SIDIS :  factorisation

non-local correlators

xB ∼ x = k+
P+

-  

T

ξ− ↔ k+

ξ  

ξT ↔ k⊥

k  k  

+  

T
ξ  

zh ∼ z = Ph−
k−

ξ+ ↔ k−
ξT ↔ k⊥

flipping LC-dominant
directionhard cross section 

 d ̂σ = 1 + c1αs + …

Δ(z, k⊥) = ∑
X

∫
dξ+d2ξT

(2π)3 e−ik⋅ξ ⟨0 |ψ (0) |X, Ph⟩⟨X, Ph | ψ̄ (ξ) |0⟩ξ−=0

Φ(x, k⊥, S) = ∫
dξ−d2ξT

(2π)3 e−ik⋅ξ ⟨P, S | ψ̄ (ξ) U[ξ,0] ψ (0) |P, S⟩ξ+=0
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SIDIS :  factorisation

flipping LC-dominant  direction
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Definitions: x = k+

P+
xB = −q2

2P ⋅ q
= −2q+q−

2P+q− = − q+

P+

Parton model  elastic kinematics  → → x ≈ xB



SIDIS :  factorisation

flipping LC-dominant  direction
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Definitions: x = k+

P+
xB = −q2

2P ⋅ q
= −2q+q−

2P+q− = − q+

P+

Parton model  elastic kinematics  → → x ≈ xB

k = {k+, k−, k⊥} = {xP+, k2 + k2
⊥

2xP+ , k⊥} ≈ {xP+, 0, k⊥}initial parton

k2 = 2k+k− − k2
T

+ component dominant
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Definitions: x = k+

P+
xB = −q2

2P ⋅ q
= −2q+q−

2P+q− = − q+

P+

Parton model  elastic kinematics  → → x ≈ xB

k = {k+, k−, k⊥} = {xP+, k2 + k2
⊥

2xP+ , k⊥} ≈ {xP+, 0, k⊥}initial parton

momentum transfer q = {q+, q−, 0T} = {−xP+, Q2

2xP+ , 0T}

k2 = 2k+k− − k2
T

q2 = 2q+q−

+ component dominant



SIDIS :  factorisation

flipping LC-dominant  direction
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Definitions: x = k+

P+
xB = −q2

2P ⋅ q
= −2q+q−

2P+q− = − q+

P+

Parton model  elastic kinematics  → → x ≈ xB

k = {k+, k−, k⊥} = {xP+, k2 + k2
⊥

2xP+ , k⊥} ≈ {xP+, 0, k⊥}initial parton

momentum transfer q = {q+, q−, 0T} = {−xP+, Q2

2xP+ , 0T}

k2 = 2k+k− − k2
T

q2 = 2q+q−

final parton k′ = k + q = {0, Q2

2xP+ , k⊥} ≈ {0,Q, k⊥}

+ component dominant

- component dominant



+h⊥
1T

k⊥ ⋅ ST

M
iσ−ν γ5

kν
⊥

M
− h⊥

1 σ−ν
kν

⊥
M ]

+h1T iσ−ν γ5 Sν
T + h⊥

1L iσ−ν γ5 SL
kν

⊥
M

+g1L SL γ5γ− + g1T
k⊥ ⋅ ST

M
γ5γ−

Φ(x, k⊥, S) = 1
2 [ f1 γ− − f⊥

1T
(k⊥ × ST) ⋅ P̂

M
γ−

parton-parton correlator

k k
linear combination of all tensor structures with k, P, S,  subject to 
Hermiticity and parity-invariance (see later about time reversal)
expansion of Φ in powers of M/P+ .  At leading twist: 

σμν = i
2 [γμ , γν]

Notations: 
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+h⊥
1T

k⊥ ⋅ ST

M
iσ−ν γ5

kν
⊥

M
− h⊥

1 σ−ν
kν

⊥
M ]

+h1T iσ−ν γ5 Sν
T + h⊥

1L iσ−ν γ5 SL
kν

⊥
M

+g1L SL γ5γ− + g1T
k⊥ ⋅ ST

M
γ5γ−

parton-parton correlator

k k
linear combination of all tensor structures with k, P, S,  subject to 
Hermiticity and parity-invariance (see later about time reversal)
expansion of Φ in powers of M/P+ .  At leading twist: 

σμν = i
2 [γμ , γν]

Notations: t(⊥)
1X (x, k2

⊥) t = f  unpolarized parton
t = g  longitudinally polarized parton
t = h  transversely polarized parton

waited by k i⊥

X = L  longitudinally polarized hadron
X = T  transversely polarized hadron

leading twist
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Φ(x, k⊥, S) = 1
2 [ f1 γ− − f⊥

1T
(k⊥ × ST) ⋅ P̂

M
γ−



+h⊥
1T

k⊥ ⋅ ST

M
iσ−ν γ5

kν
⊥

M
− h⊥

1 σ−ν
kν

⊥
M ]

+h1T iσ−ν γ5 Sν
T + h⊥

1L iσ−ν γ5 SL
kν

⊥
M

+g1L SL γ5γ− + g1T
k⊥ ⋅ ST

M
γ5γ−

Φ(x, k⊥, S) = 1
2 [ f1 γ− − f⊥

1T
(k⊥ × ST) ⋅ P̂

M
γ−

parton-parton correlator

k k
linear combination of all tensor structures with k, P, S,  subject to 
Hermiticity and parity-invariance (see later about time reversal)
expansion of Φ in powers of M/P+ .  At leading twist: 

σμν = i
2 [γμ , γν]

1
2 Tr[Φ γ+] ≡ Φ[γ+]

Notations: t(⊥)
1X (x, k2

⊥) t = f  unpolarized parton
t = g  longitudinally polarized parton
t = h  transversely polarized parton

waited by k i⊥

X = L  longitudinally polarized hadron
X = T  transversely polarized hadron

leading twist

 2 TMDPDFs for unpol. parton→
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linear combination of all tensor structures with k, P, S,  subject to 
Hermiticity and parity-invariance (see later about time reversal)
expansion of Φ in powers of M/P+ .  At leading twist: 

σμν = i
2 [γμ , γν]

1
2 Tr[Φ γ+] ≡ Φ[γ+]

Notations: t(⊥)
1X (x, k2

⊥) t = f  unpolarized parton
t = g  longitudinally polarized parton
t = h  transversely polarized parton

waited by k i⊥

X = L  longitudinally polarized hadron
X = T  transversely polarized hadron

leading twist

 2 TMDPDFs for unpol. parton→

1
2 Tr[Φ γ+γ5] ≡ Φ[γ+γ5]  2 TMDPDFs for long. pol. parton→

1
2 Tr[Φ iσ+i γ5] ≡ Φ[iσ+i γ5]

 4 TMDPDFs for transv. pol. parton along i→
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parton-parton correlator
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linear combination of all tensor structures with k, P, S,  subject to 
Hermiticity and parity-invariance (see later about time reversal)
expansion of Φ in powers of M/P+ .  At leading twist: 

σμν = i
2 [γμ , γν]

1
2 Tr[Φ γ+] ≡ Φ[γ+]

Notations: t(⊥)
1X (x, k2

⊥) t = f  unpolarized parton
t = g  longitudinally polarized parton
t = h  transversely polarized parton

waited by k i⊥

X = L  longitudinally polarized hadron
X = T  transversely polarized hadron

leading twist

 2 TMDPDFs for unpol. parton→

1
2 Tr[Φ γ+γ5] ≡ Φ[γ+γ5]  2 TMDPDFs for long. pol. parton→

1
2 Tr[Φ iσ+i γ5] ≡ Φ[iσ+i γ5]

 4 TMDPDFs for transv. pol. parton along i→

survive upon collinear PDF∫ dk⊥ →
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The TMD PDF table

=1f x
Quark-parton Model Interpretation of SIDIS: 

Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
la
riz
at
io
n

U

L

T

nucleon

quark

TMD PDFs (x, k ; Q2)  at leading twist 
for a spin-1/2 hadron (Nucleon)

⊥

P

polar
iza

tio
ns

N.B. Using appropriate projections  one can extract also subleading-twist TMD PDFs, 
       but no probabilistic interpretation

Φ[Γ]

k⊥

Each entry has a nice probabilistic interpretation

Mulders & Tangerman, N.P. B461 (96)  
Boer & Mulders, P.R. D57 (98)
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The TMD PDF table

=1f x
Quark-parton Model Interpretation of SIDIS: 

Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
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riz
at
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n

U

L

T

nucleon

quark

TMD PDFs (x, k ; Q2)  at leading twist 
for a spin-1/2 hadron (Nucleon)

⊥

P

polar
iza

tio
ns

N.B. Using appropriate projections  one can extract also subleading-twist TMD PDFs, 
       but no probabilistic interpretation

Φ[Γ]

k⊥

Each entry has a nice probabilistic interpretation

nomenclature

no-name      Boer-Mulders

helicity   Kotzinian-Mulders

transversity   

pretzelocity   

Sivers   worm gear   

Mulders & Tangerman, N.P. B461 (96)  
Boer & Mulders, P.R. D57 (98)
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The TMD FF table

hadron

quark

TMD FFs (z, P ; Q2)  at leading twist (and Sh ≤ 1/2)⊥

polar
iza

tio
ns

N.B. Using appropriate projections  one can extract also subleading-twist TMD FFs, 
       but no probabilistic interpretation

Φ[Γ]

Quark-parton Model Interpretation of SIDIS: 
Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
la
riz
at
io
n

U

L

T

D
1

Unpolarized  

H
1

⊥

Collins 

G
1L

H
1L

⊥

D
1T

⊥
G
1T

H
1

H
1T

⊥

Each entry has a nice probabilistic interpretation

nomenclature

no-name        Collins

polarising FF

…                  ….

…                  ….

… 

1D =
z

P⊥

Mulders & Tangerman, N.P. B461 (96)  
Boer & Mulders, P.R. D57 (98)
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The TMD PDF table

=1f x
Quark-parton Model Interpretation of SIDIS: 

Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
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on

Po
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L

T

nucleon

quark

TMD PDFs (x, k ; Q2)  at leading twist 
for a spin-1/2 hadron (Nucleon)

⊥

P
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ns

N.B. Using appropriate projections  one can extract also subleading-twist TMD PDFs, 
       but no probabilistic interpretation

Φ[Γ]

k⊥

Each entry has a nice probabilistic interpretation

nomenclature

no-name      Boer-Mulders

helicity   Kotzinian-Mulders

transversity   

pretzelocity   

Sivers   worm gear   

Mulders & Tangerman, N.P. B461 (96)  
Boer & Mulders, P.R. D57 (98)
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The unpolarized TMD PDF
Quark-parton Model Interpretation of SIDIS: 

Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
la
riz
at
io
n

U

L

T

nucleon

quark

polar
iza

tio
ns

  probability density of finding a quark q with “longitudinal” (along “+” LC direction) 
             fraction x of nucleon momentum, and transverse momentum 
f q
1 (x, k2

⊥)
k⊥
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The Sivers  TMD PDF
Quark-parton Model Interpretation of SIDIS: 

Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
la
riz
at
io
n

U

L

T

nucleon

quark

polar
iza

tio
ns

1
2 Tr[Φ γ+] → f1 − f⊥

1T
(k⊥ × ST) ⋅ P̂

M
ST ⋅k  ×P⊥P
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The Sivers  TMD PDF
Quark-parton Model Interpretation of SIDIS: 

Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
la
riz
at
io
n

U

L

T

nucleon

quark

polar
iza

tio
ns

1
2 Tr[Φ γ+] → f1 − f⊥

1T
(k⊥ × ST) ⋅ P̂

M

Sivers effect:  how the momentum distribution of quarks is distorted 
                         by the transverse polarization of parent nucleon 
                         (“spin-orbit” correlation)
Sivers    indirect access to quark orbital angular momentumf⊥

1T →

ST ⋅k  ×P⊥P

↑P+

kx

Sy

Burkardt, P.R. D66 (2002) 114005;  
                N.P. A735 (2004) 185 
Bacchetta & Radici, P.R.L. 107 (2011) 212001  
Ji et al., N.P. B652 (2003) 383

data exist (0.01 . x . 0.3) should be taken with due care. At variance with previous studies, in the denominator of
the asymmetries in Eqs. (4) and (12) we are using unpolarized TMDs that were extracted from data in our previous
Pavia17 fit, with their own uncertainties. Therefore, our uncertainty bands in Fig. 1 represent a realistic estimate of
the statistical error of the Sivers function.
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Figure 2: The density distribution ⇢a
p"

of an unpolarized quark with flavor a in a proton polarized along the +y direction and moving towards the

reader, as a function of (kx, ky) at Q2 = 4 GeV2. Left panels for the up quark, right panels for the down quark. Upper panels for results at x = 0.1,
lower panels at x = 0.01. For each panel, lower ancillary plots represent the 68% uncertainty band of the distribution at ky = 0 (where the e↵ect
of the distortion due to the Sivers function is maximal) while left ancillary plots at kx = 0 (where the distribution is the same as for an unpolarized
proton). Results in the contour plots and the solid lines in the projections correspond to replica 105 (see text).

In Fig. 2, we show the density distribution ⇢a
p" of an unpolarized quark a in a transversely polarized proton defined

in Eq. (1), at x = 0.1 (upper panels) and x = 0.01 (lower panels) and at the scale Q2 = 4 GeV2. The proton is moving
towards the reader and is polarized along the +y direction. Since the up Sivers function is negative, the induced
distortion is positive along the +x direction for the up quark (left panels), and opposite for the down quark (right
panels).

At x = 0.1 the distortion due to the Sivers e↵ect is evident, since we are close to the maximum value of the
function shown in Fig. 1. The distortion is more pronounced for down quarks, because the Sivers function is larger
and at the same time the unpolarized TMD is smaller. The peak positions are approximately (kx)max ⇡ 0.1 GeV for
up quarks and �0.15 GeV for down quarks. At lower values of x, the distortion disappears. These plots suggest that
a virtual photon hitting a transversely polarized proton e↵ectively “sees” more up quarks to its right and more down
quarks to its left in momentum space.

8

Bacchetta et al.,  
P.L. B827 (22) 136961, 
arXiv:2004.14278
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The Boer-Mulders  TMD PDF
Quark-parton Model Interpretation of SIDIS: 

Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
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U

L

T

nucleon

quark
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ns

1
2 Tr[Φ iσ+i γ5] → … + h⊥

1
(k⊥ × sT) ⋅ P̂

M

Boer-Mulders effect:   “spin-orbit” correlation at partonic level

sT ⋅k  ×P⊥P

sT
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Forbidden combinations
Quark-parton Model Interpretation of SIDIS: 

Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
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L

T

nucleon
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tio
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? Why?

?
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Forbidden combinations
Quark-parton Model Interpretation of SIDIS: 

Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
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on

Po
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riz
at
io
n

U

L

T

nucleon

quark

polar
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ns

? Why?

ST ⋅k  ×P⊥

prohibited by 
parity invariance

SL ⋅k  ×P = 0⊥
not enough 
vectors for  !f⊥

1L

*  similarly for “swapped” combination 

? *
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The chiral-odd TMD PDFs
Quark-parton Model Interpretation of SIDIS: 

Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
la
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at
io
n

U

L

T

nucleon

quark

polar
iza

tio
ns

all TMD PDFs belonging to right column involve transverse polarization of quarks, hence 
they are “chiral-odd” and are suppressed in perturbative QCD as mq/Q. 
Similarly to transversity h1, they can appear in the cross section at leading twist if paired to 
another chiral-odd structure. For SIDIS, they must be paired to a chiral-odd TMD FF.
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Transversity
Quark-parton Model Interpretation of SIDIS: 

Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
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Transversely Polarized 
(T)
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T
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- transversity is the prototype of chiral-odd structures 

- the only chiral-odd structure that survives in collinear kinematics 

- only way to determine the tensor charge δq(Q2) = ∫
1

0
dx hq−q̄

1 (x, Q2)
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=1h ��=g
1

boosted Nucleon

helicity                       transversity      

Transversity properties 

Non-relativistic theory:  
boosts & rotations commute Differences  

=>  info on relativistic motion of quarks

In a spin-1/2 hadron,  
no transversity of gluons singlet and  

non-singlet 
evolution

both defined in  
Infinite Mom. Frame

=

only  
non-singlet 
evolution

In a spin-1 hadron, gluon transversity possible  
because transverse tensor polariz. => Δλ=2 
but   is only a TMD and T-oddhg

1,TT ≡ hg
1

What about gluons?

At leading twist there is no gluon transversity distribution for the proton


For spin-1 hadrons, such as the deuteron, there is such a distribution: 

Jaffe, Manohar, 1989

there is a contribution solely from gluons
In the transverse tensor polarization case

not yet measured - an objective of EIC

Artru, Mekhfi, 1990

Bacchetta, Mulders, 2000

h1TT (x)
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Jaffe & Manohar (1989), Artru & Mekhfi (1990), Bacchetta & Mulders (2000)



44

=1h ��=g
1

boosted Nucleon

helicity                       transversity      

Transversity properties 

Non-relativistic theory:  
boosts & rotations commute Differences  

=>  info on relativistic motion of quarks

In a spin-1/2 hadron,  
no transversity of gluons singlet and  

non-singlet 
evolution

both defined in  
Infinite Mom. Frame

=

only  
non-singlet 
evolution

Soffer bound:  |h1 | ≤ 1
2 ( f1 + g1) for any (x,Q2) 

In a spin-1 hadron, gluon transversity possible  
because transverse tensor polariz. => Δλ=2 
but   is only a TMD and T-oddhg

1,TT ≡ hg
1

What about gluons?

At leading twist there is no gluon transversity distribution for the proton


For spin-1 hadrons, such as the deuteron, there is such a distribution: 

Jaffe, Manohar, 1989

there is a contribution solely from gluons
In the transverse tensor polarization case

not yet measured - an objective of EIC

Artru, Mekhfi, 1990

Bacchetta, Mulders, 2000
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Transversity properties 

⟨P, S | q̄ σμν q |P, S⟩ = P[μ Sν] δq(Q2)

=1h ��=g
1

helicity                                                 transversity      

= P[μ Sν] ∫
1

0
dx hq−q̄

1 (x, Q2)

charges connected to hadronic matrix elements of local operators (calculable on lattice)      

tensor current <=> tensor charge      

connected to C-odd structure      

⟨P, SL | q̄ γμγ5 q |P, SL⟩ = SLPμ gq
A

axial current <=> axial charge      

= SLPμ ∫
1

0
dx gq+q̄

1 (x, Q2)

connected to C-even structure      
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Potential for BSM discovery ? 

 Tensor (and chiral-odd) structures do not appear 
in the Standard Model Lagrangian at tree level.

β-decays and BSM physics

Ten effective couplings

E << Λ

1/Λ2  GF ~ g2Vij/Mw2 ~1/v2

• In the SM,  W exchange (V-A, universality)

Is it a possible low-energy footprint  
of BSM physics at higher scale ?
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 Tensor (and chiral-odd) structures do not appear 
in the Standard Model Lagrangian at tree level.

β-decays and BSM physics

Ten effective couplings

E << Λ

1/Λ2  GF ~ g2Vij/Mw2 ~1/v2

• In the SM,  W exchange (V-A, universality)

Is it a possible low-energy footprint  
of BSM physics at higher scale ?

neutron β-decay 
  n → p e− νe

−
LSM ⇠ GF Vud ē�µ(1� �5)⌫e hp|ū�µ(1� �5)d|ni∼ GF Vud ēγμ(1 − γ5)νe p̄γμ(1 − γ5)n
+Le↵ ⇠ GFVud

X

�

h
✏� ē� ⌫eL hp|ū�d|ni + . . .

i
∼ GF Vud gT εT ēσμννe p̄σμνn

M2
W

M2
BSM

≈ gT εT
BSM coupling

precision => BSM scale
?

gT = δu − δd isovector tensor charge
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Potential for BSM discovery ? 

 Tensor (and chiral-odd) structures do not appear 
in the Standard Model Lagrangian at tree level.

β-decays and BSM physics

Ten effective couplings

E << Λ

1/Λ2  GF ~ g2Vij/Mw2 ~1/v2

• In the SM,  W exchange (V-A, universality)

Is it a possible low-energy footprint  
of BSM physics at higher scale ?

neutron β-decay 
  n → p e− νe

−

SMEFT with strong CP violation 

 permanent Electric Dipole Mom.

neutron EDM

LCPV � ie
X

f=u,d,s,e

df f̄ �µ⌫�5 f Fµ⌫→ ∑
f=u,d,s,c

df ψ̄f σμνγ5 ψf Fμν
SMEFT

dn = δu du+δd dd+δs ds + . .
exp. data + tensor charge  => constrain amount 
                                               of CP violation

?

LSM ⇠ GF Vud ē�µ(1� �5)⌫e hp|ū�µ(1� �5)d|ni∼ GF Vud ēγμ(1 − γ5)νe p̄γμ(1 − γ5)n
+Le↵ ⇠ GFVud

X

�

h
✏� ē� ⌫eL hp|ū�d|ni + . . .

i
∼ GF Vud gT εT ēσμννe p̄σμνn

M2
W

M2
BSM

≈ gT εT
BSM coupling

precision => BSM scale
?

gT = δu − δd isovector tensor charge

quark EDM



The Sivers  TMD PDF
Quark-parton Model Interpretation of SIDIS: 

Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
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riz
at
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U

L

T

nucleon

quark

polar
iza

tio
ns

1
2 Tr[Φ γ+] → f1 − f⊥

1T
(k⊥ × ST) ⋅ P̂

M
ST ⋅k  ×P⊥P

1
2 Tr[Φ iσ+i γ5] → … + h⊥

1
(k⊥ × sT) ⋅ P̂

M
sT ⋅k  ×P⊥P
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T-odd TMD PDFs

Sivers and Boer-Mulders TMD PDFs vanish without gauge link U

Φ(x, k⊥, S) = ∫
dξ−d2ξT

(2π)3 e−ik⋅ξ ⟨P, S | ψ̄ (ξ) U[ξ,0] ψ (0) |P, S⟩ξ+=0

k k

Gauge link

Wednesday, May 27, 2009

Gauge link

Wednesday, May 27, 2009

They are generated by interference of different channels. 
(for example,   can be reproduced by interference of model LC wave 
functions with different orbital angular momentum)

Gauge link U represents the residual color interactions that 
generate the necessary phase difference for the interference. 
As such, time reversal puts no constraints on these structures. 

f⊥
1T

U[a,b] = 𝒫 exp[ − ig∫
b

a
dημ Aμ(η)]

Sivers and Boer-Mulders TMD PDFs are conventionally named “T-odd” TMD PDFs

Boer & Mulders, P.R. D57 (98)
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The gauge link

Φ(x, k⊥, S) = ∫
dξ−d2ξT

(2π)3 e−ik⋅ξ ⟨P, S | ψ̄ (ξ) U[ξ,0] ψ (0) |P, S⟩ξ+=0

ξ-  

ξT
ξ  

TMD factorisation for SIDIS process suggests a trick similar to collinear framework case: 

⟨P, S | ψ̄ (ξ) U[ξ,0] ψ (0) |P, S⟩ = ⟨P, S | ψ̄ (ξ) U[ξ,∞ξ−] U[∞ξ−,∞T] U[∞T,∞−] U[∞−,0] ψ (0) |P, S⟩

= ⟨P, S |{ψ̄ (ξ)} {ψ (0)} |P, S⟩

T

- U[∞−,0]

U[∞T ,∞−]

U[∞ξ−,∞T ]

U[ξ,∞ξ−]
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The gauge link

ξ-  

ξT
ξ  

TMD factorisation for SIDIS process suggests a trick similar to collinear framework case: 

T

-

In Drell-Yan process, TMD factorisation 
gives the following path for gauge link: 

ξ-  

ξT ξ  
T

-

Φ(x, k⊥, S) = ∫
dξ−d2ξT

(2π)3 e−ik⋅ξ ⟨P, S | ψ̄ (ξ) U[ξ,0] ψ (0) |P, S⟩ξ+=0
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= ⟨P, S |{ψ̄ (ξ)} {ψ (0)} |P, S⟩
U[∞−,0]

U[∞T ,∞−]

U[∞ξ−,∞T ]

U[ξ,∞ξ−]
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The gauge link

ξ-  

ξT
ξ  

TMD factorisation for SIDIS process suggests a trick similar to collinear framework case: 

T

-

In Drell-Yan process, TMD factorisation 
gives the following path for gauge link: 

ξ-  

ξT ξ  
T

-

Notations:  gauge link   U[+] for SIDIS;    U[-] for Drell-Yan

Important result:   T-even  TMD PDF[+] =  TMD PDF[-]  
                           T-odd   TMD PDF[+] = - TMD PDF[-]   breaking universality!←

(but in a calculable way)

Φ(x, k⊥, S) = ∫
dξ−d2ξT

(2π)3 e−ik⋅ξ ⟨P, S | ψ̄ (ξ) U[ξ,0] ψ (0) |P, S⟩ξ+=0

⟨P, S | ψ̄ (ξ) U[ξ,0] ψ (0) |P, S⟩ = ⟨P, S | ψ̄ (ξ) U[ξ,∞ξ−] U[∞ξ−,∞T] U[∞T,∞−] U[∞−,0] ψ (0) |P, S⟩

= ⟨P, S |{ψ̄ (ξ)} {ψ (0)} |P, S⟩
U[∞−,0]

U[∞T ,∞−]

U[∞ξ−,∞T ]

U[ξ,∞ξ−]
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Process dependence

SIDIS

final state

Drell-Yan

initial state

Sivers f⊥ [+]
1T = − f⊥ [−]

1T

Boer-Mulders h⊥ [+]
1 = − h⊥ [−]

1

SIDIS Drell-Yan

Prediction of QCD based on interplay between time-reversal and (color) gauge symmetry
Intense experimental work to test this prediction

Intuition:  in SIDIS, gauge link U[+] describes color final-state interactions between 
                                                                struck parton and spectators
               in Drell-Yan, gauge link U[-] describes color initial-state interactions between 
                                                                struck parton and spectators

e

h

P

p

p l+

l­

Phenomenology of SIDIS &TMD’s     50     Marco Radici - INFN Pavia



gluon TMDs

Gluon TMDs are phenomenologically unknown. 
Why ?

- gluons carry no electric charge  in SIDIS they appear only at higher orders→

- in hadronic collisions, gluons appear at tree level, but :

- factorisation theorem available only for Drell-Yan processes

- for H1+H2  h+X  no factor. th. but also no counterexample disproving it→

- gluons carries “two color charges”  in general, difficult to neutralise them all→

- useful processes under study:
GLUON TMDS

�56

3

⌘i=� ln
⇥
tan( 12✓i)

⇤
, ✓i being the polar angles of the final

partons in the virtual photon-hadron cms frame. Note
that A now also receives a contribution from �⇤q ! gq,
leading to somewhat smaller asymmetries.

Since the observables involve final-state heavy quarks
or jets, they require high energy colliders, such as a future
Electron-Ion Collider (EIC) or the Large Hadron electron
Collider (LHeC) proposed at CERN. It is essential that
the individual transverse momentaKi? are reconstructed
with an accuracy �K? better than the magnitude of the
sum of the transverse momenta K1? +K2? = qT . Thus
one has to satisfy �K? ⌧ |qT | ⌧ |K?|.

An analogous asymmetry arises in QED, in the ‘tri-
dents’ processes `e(p) ! `µ+µ�e0(p0 orX) or µ�Z !

µ�`¯̀Z [18–21]. This could be described by the distribu-
tion of linearly polarized photons inside a lepton, pro-
ton, or atom. QCD adds the twist that for gluons inside
a hadron, ISI or FSI can considerably modify the result
depending on the process, for example, in HQ produc-
tion in hadronic collisions: p p ! QQ̄X, which can be
studied at BNL’s Relativistic Heavy Ion Collider (RHIC)
and CERN’s LHC, and p p̄ ! QQ̄X at Fermilab’s Teva-
tron. Since the description involves two TMDs, breaking
of TMD factorization becomes a relevant issue, cf. [14]
and references therein. The cross section for the process
h1(P1)+h2(P2)!Q(K1)+Q̄(K2)+X can be written in a
way similar to the hadroproduction of two jets discussed
in Ref. [13], in the following form

d�

dy1dy2d2K1?d2K2?
=

↵2
s

sM2
?

⇥

h
A(q2

T ) +B(q2
T )q

2
T cos 2(�T � �?)

+ C(q2
T )q

4
T cos 4(�T � �?)

i
. (7)

Besides q2
T , the terms A, B and C will depend on other,

often not explicitly indicated, variables as z, M2
Q/M

2
?

and momentum fractions x1, x2 obtained from x1/2 =
(M1? e±y1 +M2? e±y2 ) /

p
s .

In the most naive partonic description the terms A, B,
and C contain convolutions of TMDs. Schematically,

A : fq
1 ⌦ f q̄

1 , fg
1 ⌦ fg

1 ,

B : h? q
1 ⌦ h? q̄

1 ,
M2

Q

M2
?
fg
1 ⌦ h? g

1 ,

C : h? g
1 ⌦ h? g

1 .

Terms with higher powers in M2
Q/M

2
? are left out. In

Fig. 1 the origin of the factorM2
Q/M

2
? in the contribution

of h? g
1 to B is explained.

The factorized description in terms of TMDs is prob-
lematic though. In Ref. [14] it was pointed out that for
hadron or jet pair production in hadron-hadron scatter-
ing TMD factorization fails. The ISI/FSI will not allow
a separation of gauge links into the matrix elements of

the various TMDs. Only in specific simple cases, such
as the single Sivers e↵ect, one can find weighted expres-
sions that do allow a factorized result, but with in gen-
eral di↵erent factors for di↵erent diagrams in the partonic
subprocess [22, 23]. Even if this applies to the present
case for A and B as well, actually two di↵erent func-

tions h?g(2)
1 (x) (and fg(1)

1 (x)) will appear, corresponding
to gluon operators with the color structures fabe fcde and
dabe dcde, respectively [23, 24]. This is similar to what
happens for single transverse spin asymmetries (AN ) in
heavy quark production processes [25–29]. Because there
too two di↵erent (f and d type) gluon correlators arise,
the single-spin asymmetries in D and D̄ meson produc-
tion are found to be di↵erent. However, in the unpo-
larized scattering case considered in this letter the situ-
ation is simpler, since only one operator contributes or
dominates. In the �⇤g ! QQ̄ subprocess only the ma-
trix element with the f f -structure appears, while in the
g g ! QQ̄ subprocess relevant for hadron-hadron colli-
sions the d d-structure dominates (the ff -contribution is
suppressed by 1/N2). A side remark on pT broadening
[30–32]: because of the two di↵erent four-gluon opera-

tors for fg(1)
1 (x) we expect the broadening �p2T in SIDIS,

(�p2T )DIS ⌘ hp2T ieA �hp2T iep, to be di↵erent from the one
in hadron-hadron collisions, (�p2T )hh ⌘ hp2T ipA � hp2T ipp.

In case weighting does allow for factorized expres-
sions, we present here the relevant expressions for B =
B
qq̄!QQ̄ + (M2

Q/M
2
?)B

gg!QQ̄, where

B
qq̄!QQ̄ =

N2
� 1

N2
z2(1� z)2

 
1�

M2
Q

M2
?

!

⇥


H

qq̄(x1, x2, q
2
T ) +H

q̄q(x1, x2, q
2
T )

�
,

B
gg!QQ̄ =

N

N2 � 1
B1 H

gg(x1, x2, q
2
T ) , (8)
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±1

⌥1

±1

h? g
1

fg
1

±1 ⌥1

±1 ⌥1

h? g
1

FIG. 1: Examples of subprocesses contributing to the cos 2�
asymmetries in e p ! e0 QQ̄X and p p ! QQ̄X, respec-
tively. As the helicities of the photons and gluons indicate,
the latter process requires helicity flip in quark propagators
resulting in an M2

Q/M
2
? factor.

gluon TMD
gluon TMD

gluon TMD

±1

±1 ∓1

∓1

h⊥ g
1

h⊥ g
1

±1

±1 ±1

fg
1

±1

fg
1gluon TMD

gluon TMD

e p ! e jet jet X p p ! ⌘c Xp p ! J/ � X

see, e.g., Boer, den Dunnen, Pisano, Schlegel, Vogelsang, PRL108 (12) 
den Dunnen, Lansberg, Pisano, Schlegel, PRL 112 (14) 

Mukherjee, Rajesh, PRD 93 (16)

Only explorations so far

Boer et al., P.R.L. 108 (12) 032002 
den Dunnen et al., P.R.L. 112 (14) 212001 
Mukherjee & Rajesh, arXiv:1609.05596 
Boer et al., arXiv:1605.07934 
Godbole et al., arXiv:1703.01991 
D’Alesio et al., arXiv:1705.04169 
Rajesh et al., arXiv:1802.10359 
Zheng et al., arXiv:1805.05290 
Bacchetta et al., arXiv:1809.02056 
D’Alesio et al., arXiv:1908.00446 
D’Alesio et al., arXiv:1910.09640 
….
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FIG. 1: A number of gauge link structures [U,U ′] illustrated. In these figures, the two big dots represent the coordinates of 0
and ξ. The horizontal axis is the light-cone direction n− and the vertical axis represents the transverse directions. The four
simplest gauge link structures are (a) the [+,+†] gauge link, (b) the [−,−†] gauge link, (c) the [+,−†] gauge link and (d)
the [−,+†] gauge link. Another structure occurring for type 1 correlators is the (e) [+!,+†

!
†] gauge link. In (f) the type 2

gauge link structure [+,+†(!)] can be seen. Two gauge link structures corresponding to correlators of the third type are (g)
[(F (0)!), (F (ξ)!†)] and (h) [(F (0)!†), (F (ξ)!)].

A. Correlators of the first type

The first type of operator structures contains one color trace and therefore has the simplest gauge link structure that
is possible for gluon correlators. This color trace contains both the gluon field operators F (0) and F (ξ) with gauge
links running between these two fields and appears when the color in a diagram contributing to the full amplitude
flows in just a single color loop. Examples of processes containing such a color structure are processes with colorless
particles in the final state, such as the gluon Drell-Yan process and Higgs production through gluon fusion (gg → H),
of which the color flow is simple (we will come back to this later), resulting in the gauge link structure in Fig. 1b. For

these processes the gauge links run through minus light-cone infinity and the notation Γ[−,−†] is used to describe the
link dependence of the correlator. In other processes, one or both of the gauge links could run through plus light-cone
infinity, giving the additional gauge link structures Γ[+,−†], Γ[−,+†] and Γ[+,+†]. The latter occurs for example when
all color flows into the final state, e.g. in photon-gluon fusion producing quark-antiquark pairs, in which case both
gauge links run through plus light-cone infinity, involving the correlator Γ[+,+†]. Another relevant gauge link structure
of the first type that occurs in a leading order 2 → 2 process is the gauge link structure in the correlator Γ[+!,+†

!
†],

which is illustrated in Fig. 1e.
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simplest gauge link structures are (a) the [+,+†] gauge link, (b) the [−,−†] gauge link, (c) the [+,−†] gauge link and (d)
the [−,+†] gauge link. Another structure occurring for type 1 correlators is the (e) [+!,+†

!
†] gauge link. In (f) the type 2

gauge link structure [+,+†(!)] can be seen. Two gauge link structures corresponding to correlators of the third type are (g)
[(F (0)!), (F (ξ)!†)] and (h) [(F (0)!†), (F (ξ)!)].

A. Correlators of the first type

The first type of operator structures contains one color trace and therefore has the simplest gauge link structure that
is possible for gluon correlators. This color trace contains both the gluon field operators F (0) and F (ξ) with gauge
links running between these two fields and appears when the color in a diagram contributing to the full amplitude
flows in just a single color loop. Examples of processes containing such a color structure are processes with colorless
particles in the final state, such as the gluon Drell-Yan process and Higgs production through gluon fusion (gg → H),
of which the color flow is simple (we will come back to this later), resulting in the gauge link structure in Fig. 1b. For

these processes the gauge links run through minus light-cone infinity and the notation Γ[−,−†] is used to describe the
link dependence of the correlator. In other processes, one or both of the gauge links could run through plus light-cone
infinity, giving the additional gauge link structures Γ[+,−†], Γ[−,+†] and Γ[+,+†]. The latter occurs for example when
all color flows into the final state, e.g. in photon-gluon fusion producing quark-antiquark pairs, in which case both
gauge links run through plus light-cone infinity, involving the correlator Γ[+,+†]. Another relevant gauge link structure
of the first type that occurs in a leading order 2 → 2 process is the gauge link structure in the correlator Γ[+!,+†

!
†],

which is illustrated in Fig. 1e.
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FIG. 1: A number of gauge link structures [U,U ′] illustrated. In these figures, the two big dots represent the coordinates of 0
and ξ. The horizontal axis is the light-cone direction n− and the vertical axis represents the transverse directions. The four
simplest gauge link structures are (a) the [+,+†] gauge link, (b) the [−,−†] gauge link, (c) the [+,−†] gauge link and (d)
the [−,+†] gauge link. Another structure occurring for type 1 correlators is the (e) [+!,+†

!
†] gauge link. In (f) the type 2

gauge link structure [+,+†(!)] can be seen. Two gauge link structures corresponding to correlators of the third type are (g)
[(F (0)!), (F (ξ)!†)] and (h) [(F (0)!†), (F (ξ)!)].

A. Correlators of the first type

The first type of operator structures contains one color trace and therefore has the simplest gauge link structure that
is possible for gluon correlators. This color trace contains both the gluon field operators F (0) and F (ξ) with gauge
links running between these two fields and appears when the color in a diagram contributing to the full amplitude
flows in just a single color loop. Examples of processes containing such a color structure are processes with colorless
particles in the final state, such as the gluon Drell-Yan process and Higgs production through gluon fusion (gg → H),
of which the color flow is simple (we will come back to this later), resulting in the gauge link structure in Fig. 1b. For

these processes the gauge links run through minus light-cone infinity and the notation Γ[−,−†] is used to describe the
link dependence of the correlator. In other processes, one or both of the gauge links could run through plus light-cone
infinity, giving the additional gauge link structures Γ[+,−†], Γ[−,+†] and Γ[+,+†]. The latter occurs for example when
all color flows into the final state, e.g. in photon-gluon fusion producing quark-antiquark pairs, in which case both
gauge links run through plus light-cone infinity, involving the correlator Γ[+,+†]. Another relevant gauge link structure
of the first type that occurs in a leading order 2 → 2 process is the gauge link structure in the correlator Γ[+!,+†

!
†],

which is illustrated in Fig. 1e.

f-type (WW)
(a)    or  (b)   [ + , + ] [ − , − ]

two-jet 
SIDIS

Higgs in 
gluon fusion

-onium 
hadroproduction

γ(*)

3

(a) (b)

(c) (d)

(e) (f)

(g) (h)

FIG. 1: A number of gauge link structures [U,U ′] illustrated. In these figures, the two big dots represent the coordinates of 0
and ξ. The horizontal axis is the light-cone direction n− and the vertical axis represents the transverse directions. The four
simplest gauge link structures are (a) the [+,+†] gauge link, (b) the [−,−†] gauge link, (c) the [+,−†] gauge link and (d)
the [−,+†] gauge link. Another structure occurring for type 1 correlators is the (e) [+!,+†

!
†] gauge link. In (f) the type 2

gauge link structure [+,+†(!)] can be seen. Two gauge link structures corresponding to correlators of the third type are (g)
[(F (0)!), (F (ξ)!†)] and (h) [(F (0)!†), (F (ξ)!)].

A. Correlators of the first type

The first type of operator structures contains one color trace and therefore has the simplest gauge link structure that
is possible for gluon correlators. This color trace contains both the gluon field operators F (0) and F (ξ) with gauge
links running between these two fields and appears when the color in a diagram contributing to the full amplitude
flows in just a single color loop. Examples of processes containing such a color structure are processes with colorless
particles in the final state, such as the gluon Drell-Yan process and Higgs production through gluon fusion (gg → H),
of which the color flow is simple (we will come back to this later), resulting in the gauge link structure in Fig. 1b. For

these processes the gauge links run through minus light-cone infinity and the notation Γ[−,−†] is used to describe the
link dependence of the correlator. In other processes, one or both of the gauge links could run through plus light-cone
infinity, giving the additional gauge link structures Γ[+,−†], Γ[−,+†] and Γ[+,+†]. The latter occurs for example when
all color flows into the final state, e.g. in photon-gluon fusion producing quark-antiquark pairs, in which case both
gauge links run through plus light-cone infinity, involving the correlator Γ[+,+†]. Another relevant gauge link structure
of the first type that occurs in a leading order 2 → 2 process is the gauge link structure in the correlator Γ[+!,+†

!
†],

which is illustrated in Fig. 1e.

d-type (DP)
(c)    or  (d)   [ + , − ] [ − , + ]

-jet hadroproductionγ(*)

[+

+]

[ − , − ]

[ − , − ]

TMD PDF

TMD PDF TMD PDF

TMD PDF

[+

−]

[−

+]

TMD PDF

TMD PDF TMD PDF

TMD PDF

Accessing f-type and d-type gluon TMD PDFs

31.1 Gluon-TMD process dependence

[-,-]

T-even: f [+,+]
1 = f [−,−]

1
T-odd: f⊥ [+,+]

1T = − f⊥ [−,−]
1T

52



gluon TMDs
Quark-parton Model Interpretation of SIDIS: 

Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
la
riz
at
io
n

U

L

T

gluon

nucleon
polarization

✘

✘f g
1 h⊥,g

1

gg
1 h⊥,g

1L

f⊥,g
1T

gg
1T hg

1 , h⊥,g
1T

T-odd TMDs

- First classification given in 
Mulders & Rodrigues,  
P.R. D63 (01) 094021, arXiv:hep-ph/0009343

- Factorization, evolution & universality  
  studied in  

Ji et al., JHEP 07 (05) 020, arXiv:hep-ph/0503015 
Buffing et al., P.R. D88 (13) 054027, arXiv:1306.5897 
Boer & Van Dunnen, N.P. B886 (14) 421, arXiv:1404.6753 
Echevarria et al., JHEP 07 (15) 158 [E: 05 (17) 073], arXiv:1502.05354

gluons carry “two color charges”  intricate non-universality→

3

(a) (b)

(c) (d)

(e) (f)

(g) (h)

FIG. 1: A number of gauge link structures [U,U ′] illustrated. In these figures, the two big dots represent the coordinates of 0
and ξ. The horizontal axis is the light-cone direction n− and the vertical axis represents the transverse directions. The four
simplest gauge link structures are (a) the [+,+†] gauge link, (b) the [−,−†] gauge link, (c) the [+,−†] gauge link and (d)
the [−,+†] gauge link. Another structure occurring for type 1 correlators is the (e) [+!,+†

!
†] gauge link. In (f) the type 2

gauge link structure [+,+†(!)] can be seen. Two gauge link structures corresponding to correlators of the third type are (g)
[(F (0)!), (F (ξ)!†)] and (h) [(F (0)!†), (F (ξ)!)].
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of the first type that occurs in a leading order 2 → 2 process is the gauge link structure in the correlator Γ[+!,+†

!
†],

which is illustrated in Fig. 1e.

f-type (WW)
(a)    or  (b)   [ + , + ] [ − , − ]

two-jet 
SIDIS

Higgs in 
gluon fusion

-onium 
hadroproduction

γ(*)

3

(a) (b)

(c) (d)

(e) (f)

(g) (h)

FIG. 1: A number of gauge link structures [U,U ′] illustrated. In these figures, the two big dots represent the coordinates of 0
and ξ. The horizontal axis is the light-cone direction n− and the vertical axis represents the transverse directions. The four
simplest gauge link structures are (a) the [+,+†] gauge link, (b) the [−,−†] gauge link, (c) the [+,−†] gauge link and (d)
the [−,+†] gauge link. Another structure occurring for type 1 correlators is the (e) [+!,+†

!
†] gauge link. In (f) the type 2

gauge link structure [+,+†(!)] can be seen. Two gauge link structures corresponding to correlators of the third type are (g)
[(F (0)!), (F (ξ)!†)] and (h) [(F (0)!†), (F (ξ)!)].

A. Correlators of the first type

The first type of operator structures contains one color trace and therefore has the simplest gauge link structure that
is possible for gluon correlators. This color trace contains both the gluon field operators F (0) and F (ξ) with gauge
links running between these two fields and appears when the color in a diagram contributing to the full amplitude
flows in just a single color loop. Examples of processes containing such a color structure are processes with colorless
particles in the final state, such as the gluon Drell-Yan process and Higgs production through gluon fusion (gg → H),
of which the color flow is simple (we will come back to this later), resulting in the gauge link structure in Fig. 1b. For

these processes the gauge links run through minus light-cone infinity and the notation Γ[−,−†] is used to describe the
link dependence of the correlator. In other processes, one or both of the gauge links could run through plus light-cone
infinity, giving the additional gauge link structures Γ[+,−†], Γ[−,+†] and Γ[+,+†]. The latter occurs for example when
all color flows into the final state, e.g. in photon-gluon fusion producing quark-antiquark pairs, in which case both
gauge links run through plus light-cone infinity, involving the correlator Γ[+,+†]. Another relevant gauge link structure
of the first type that occurs in a leading order 2 → 2 process is the gauge link structure in the correlator Γ[+!,+†

!
†],

which is illustrated in Fig. 1e.

d-type (DP)
(c)    or  (d)   [ + , − ] [ − , + ]

-jet hadroproductionγ(*)

[+

+]

[ − , − ]

[ − , − ]

TMD PDF

TMD PDF TMD PDF

TMD PDF

[+

−]

[−

+]

TMD PDF

TMD PDF TMD PDF

TMD PDF

Accessing f-type and d-type gluon TMD PDFs

31.1 Gluon-TMD process dependence

3

(a) (b)

(c) (d)

(e) (f)

(g) (h)

FIG. 1: A number of gauge link structures [U,U ′] illustrated. In these figures, the two big dots represent the coordinates of 0
and ξ. The horizontal axis is the light-cone direction n− and the vertical axis represents the transverse directions. The four
simplest gauge link structures are (a) the [+,+†] gauge link, (b) the [−,−†] gauge link, (c) the [+,−†] gauge link and (d)
the [−,+†] gauge link. Another structure occurring for type 1 correlators is the (e) [+!,+†

!
†] gauge link. In (f) the type 2

gauge link structure [+,+†(!)] can be seen. Two gauge link structures corresponding to correlators of the third type are (g)
[(F (0)!), (F (ξ)!†)] and (h) [(F (0)!†), (F (ξ)!)].

A. Correlators of the first type

The first type of operator structures contains one color trace and therefore has the simplest gauge link structure that
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FIG. 1: A number of gauge link structures [U,U ′] illustrated. In these figures, the two big dots represent the coordinates of 0
and ξ. The horizontal axis is the light-cone direction n− and the vertical axis represents the transverse directions. The four
simplest gauge link structures are (a) the [+,+†] gauge link, (b) the [−,−†] gauge link, (c) the [+,−†] gauge link and (d)
the [−,+†] gauge link. Another structure occurring for type 1 correlators is the (e) [+!,+†

!
†] gauge link. In (f) the type 2

gauge link structure [+,+†(!)] can be seen. Two gauge link structures corresponding to correlators of the third type are (g)
[(F (0)!), (F (ξ)!†)] and (h) [(F (0)!†), (F (ξ)!)].

A. Correlators of the first type

The first type of operator structures contains one color trace and therefore has the simplest gauge link structure that
is possible for gluon correlators. This color trace contains both the gluon field operators F (0) and F (ξ) with gauge
links running between these two fields and appears when the color in a diagram contributing to the full amplitude
flows in just a single color loop. Examples of processes containing such a color structure are processes with colorless
particles in the final state, such as the gluon Drell-Yan process and Higgs production through gluon fusion (gg → H),
of which the color flow is simple (we will come back to this later), resulting in the gauge link structure in Fig. 1b. For

these processes the gauge links run through minus light-cone infinity and the notation Γ[−,−†] is used to describe the
link dependence of the correlator. In other processes, one or both of the gauge links could run through plus light-cone
infinity, giving the additional gauge link structures Γ[+,−†], Γ[−,+†] and Γ[+,+†]. The latter occurs for example when
all color flows into the final state, e.g. in photon-gluon fusion producing quark-antiquark pairs, in which case both
gauge links run through plus light-cone infinity, involving the correlator Γ[+,+†]. Another relevant gauge link structure
of the first type that occurs in a leading order 2 → 2 process is the gauge link structure in the correlator Γ[+!,+†

!
†],

which is illustrated in Fig. 1e.
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gauge link structure [+,+†(!)] can be seen. Two gauge link structures corresponding to correlators of the third type are (g)
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links running between these two fields and appears when the color in a diagram contributing to the full amplitude
flows in just a single color loop. Examples of processes containing such a color structure are processes with colorless
particles in the final state, such as the gluon Drell-Yan process and Higgs production through gluon fusion (gg → H),
of which the color flow is simple (we will come back to this later), resulting in the gauge link structure in Fig. 1b. For

these processes the gauge links run through minus light-cone infinity and the notation Γ[−,−†] is used to describe the
link dependence of the correlator. In other processes, one or both of the gauge links could run through plus light-cone
infinity, giving the additional gauge link structures Γ[+,−†], Γ[−,+†] and Γ[+,+†]. The latter occurs for example when
all color flows into the final state, e.g. in photon-gluon fusion producing quark-antiquark pairs, in which case both
gauge links run through plus light-cone infinity, involving the correlator Γ[+,+†]. Another relevant gauge link structure
of the first type that occurs in a leading order 2 → 2 process is the gauge link structure in the correlator Γ[+!,+†
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gauge link structure [+,+†(!)] can be seen. Two gauge link structures corresponding to correlators of the third type are (g)
[(F (0)!), (F (ξ)!†)] and (h) [(F (0)!†), (F (ξ)!)].

A. Correlators of the first type

The first type of operator structures contains one color trace and therefore has the simplest gauge link structure that
is possible for gluon correlators. This color trace contains both the gluon field operators F (0) and F (ξ) with gauge
links running between these two fields and appears when the color in a diagram contributing to the full amplitude
flows in just a single color loop. Examples of processes containing such a color structure are processes with colorless
particles in the final state, such as the gluon Drell-Yan process and Higgs production through gluon fusion (gg → H),
of which the color flow is simple (we will come back to this later), resulting in the gauge link structure in Fig. 1b. For

these processes the gauge links run through minus light-cone infinity and the notation Γ[−,−†] is used to describe the
link dependence of the correlator. In other processes, one or both of the gauge links could run through plus light-cone
infinity, giving the additional gauge link structures Γ[+,−†], Γ[−,+†] and Γ[+,+†]. The latter occurs for example when
all color flows into the final state, e.g. in photon-gluon fusion producing quark-antiquark pairs, in which case both
gauge links run through plus light-cone infinity, involving the correlator Γ[+,+†]. Another relevant gauge link structure
of the first type that occurs in a leading order 2 → 2 process is the gauge link structure in the correlator Γ[+!,+†
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which is illustrated in Fig. 1e.
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- First classification given in 
Mulders & Rodrigues,  
P.R. D63 (01) 094021, arXiv:hep-ph/0009343

- Factorization, evolution & universality  
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Ji et al., JHEP 07 (05) 020, arXiv:hep-ph/0503015 
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FIG. 1: A number of gauge link structures [U,U ′] illustrated. In these figures, the two big dots represent the coordinates of 0
and ξ. The horizontal axis is the light-cone direction n− and the vertical axis represents the transverse directions. The four
simplest gauge link structures are (a) the [+,+†] gauge link, (b) the [−,−†] gauge link, (c) the [+,−†] gauge link and (d)
the [−,+†] gauge link. Another structure occurring for type 1 correlators is the (e) [+!,+†

!
†] gauge link. In (f) the type 2

gauge link structure [+,+†(!)] can be seen. Two gauge link structures corresponding to correlators of the third type are (g)
[(F (0)!), (F (ξ)!†)] and (h) [(F (0)!†), (F (ξ)!)].

A. Correlators of the first type

The first type of operator structures contains one color trace and therefore has the simplest gauge link structure that
is possible for gluon correlators. This color trace contains both the gluon field operators F (0) and F (ξ) with gauge
links running between these two fields and appears when the color in a diagram contributing to the full amplitude
flows in just a single color loop. Examples of processes containing such a color structure are processes with colorless
particles in the final state, such as the gluon Drell-Yan process and Higgs production through gluon fusion (gg → H),
of which the color flow is simple (we will come back to this later), resulting in the gauge link structure in Fig. 1b. For

these processes the gauge links run through minus light-cone infinity and the notation Γ[−,−†] is used to describe the
link dependence of the correlator. In other processes, one or both of the gauge links could run through plus light-cone
infinity, giving the additional gauge link structures Γ[+,−†], Γ[−,+†] and Γ[+,+†]. The latter occurs for example when
all color flows into the final state, e.g. in photon-gluon fusion producing quark-antiquark pairs, in which case both
gauge links run through plus light-cone infinity, involving the correlator Γ[+,+†]. Another relevant gauge link structure
of the first type that occurs in a leading order 2 → 2 process is the gauge link structure in the correlator Γ[+!,+†

!
†],

which is illustrated in Fig. 1e.
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and ξ. The horizontal axis is the light-cone direction n− and the vertical axis represents the transverse directions. The four
simplest gauge link structures are (a) the [+,+†] gauge link, (b) the [−,−†] gauge link, (c) the [+,−†] gauge link and (d)
the [−,+†] gauge link. Another structure occurring for type 1 correlators is the (e) [+!,+†

!
†] gauge link. In (f) the type 2

gauge link structure [+,+†(!)] can be seen. Two gauge link structures corresponding to correlators of the third type are (g)
[(F (0)!), (F (ξ)!†)] and (h) [(F (0)!†), (F (ξ)!)].

A. Correlators of the first type

The first type of operator structures contains one color trace and therefore has the simplest gauge link structure that
is possible for gluon correlators. This color trace contains both the gluon field operators F (0) and F (ξ) with gauge
links running between these two fields and appears when the color in a diagram contributing to the full amplitude
flows in just a single color loop. Examples of processes containing such a color structure are processes with colorless
particles in the final state, such as the gluon Drell-Yan process and Higgs production through gluon fusion (gg → H),
of which the color flow is simple (we will come back to this later), resulting in the gauge link structure in Fig. 1b. For

these processes the gauge links run through minus light-cone infinity and the notation Γ[−,−†] is used to describe the
link dependence of the correlator. In other processes, one or both of the gauge links could run through plus light-cone
infinity, giving the additional gauge link structures Γ[+,−†], Γ[−,+†] and Γ[+,+†]. The latter occurs for example when
all color flows into the final state, e.g. in photon-gluon fusion producing quark-antiquark pairs, in which case both
gauge links run through plus light-cone infinity, involving the correlator Γ[+,+†]. Another relevant gauge link structure
of the first type that occurs in a leading order 2 → 2 process is the gauge link structure in the correlator Γ[+!,+†
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†],

which is illustrated in Fig. 1e.
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gluon TMDs
Main opportunities

f
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A ! hX (xF < 0) RHIC

& NICA

& NICA

Boer, talk at IWHSS 2020

many papers exploring useful channels at 
colliders to extract WW and dipole gluon TMDs. 
Handy pocket list:  

(see also recent review on quarkonium physics) 
Boer et al., arXiv:2409.03691 
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- TMD factorization                 UGD kt factorization
small x 

  WW                       # density of gluons in CGC 

dipole                      Fourier Transform of color-dipole cross section in CGC

f g [+,+]
1

f g [+,−]
1

Dominguez et al., P.R.L. 106 (11) 022301, arXiv:1009.2141 
Dominguez et al., P.R. D83 (11) 105005, arXiv:1101.0715 
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colliders to extract WW and dipole gluon TMDs. 
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(see also recent review on quarkonium physics) 
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- small-x limit of T-odd gluon TMDs:  

WW   f⊥
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1T → 0
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Boer et al., P.R.L. 116 (16) 122001, arXiv:1511.03485 

- TMD factorization                 UGD kt factorization
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spin-dependent T-odd part of dipole amplitude
describes the colorless C-odd t-channel 3-gluon exchange 



gluon TMDs : only models

- Available experimental information on gluon TMDs is scarce.  
- Very few attempts of phenomenological studies: 

- Many models on the market (list of references too long).  
   

  Let me advertise our one, for first time providing systematically   
                                          all T-even and T-odd gluon TMDs at leading twist:

Lansberg et al., P.L. B784 (18) 217 [E: P.L. B791 (19) 420], arXiv:1710.01684 
                                D’Alesio et al., P.R. D96 (17) 036011, arXiv:1705.04169 
                                D’Alesio et al., P.R. D99 (19) 036013, arXiv:1811.02970 
                               D’Alesio et al., P.R. D102 (20) 094011, arXiv:2007.03353

Bacchetta et al., E.P.J.C 80 (20) 733, arXiv:2005.02288 

 Bacchetta et al., E.P.J.C 84 (24) 576, arXiv:2402.17556

T-even 

T-odd 
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spectator model of gluon TMDs

- Nucleon = gluon + spectator on-shell  
   spin-1/2 particle 

- T-odd generated by gluon-spectator FSI via 1 gluon-exchange 
- Spectator mass takes continuous range of values through a parametric spectral function 
- Parameters fixed by reproducing collinear gluon PDFs f1 and g1 from NNPDF3.0

P

p

P − p

νµ

P P − p− l

p + l p

e

l

c

P

νµ

d

P − p

a

b

c

l

a

SL -SL

Bacchetta et al., E.P.J.C 80 (20) 733, arXiv:2005.02288 
 Bacchetta et al., E.P.J.C 84 (24) 576, arXiv:2402.17556
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More on factorisation  evolution→

k k

inclusive DIS:  QCD corrections generate soft and collinear divergences

sum of real and virtual diagrams cancel soft divergences

collinear divergences reabsorbed in collinear PDFs

factorisation scale μ determines what is perturbative 
(calculable) from what is non perturbative (inside PDFs)

 scale dependence given by DGLAP evolution eq.’s→
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More on factorisation  evolution→

k k

inclusive DIS:  QCD corrections generate soft and collinear divergences

sum of real and virtual diagrams cancel soft divergences

collinear divergences reabsorbed in collinear PDFs

factorisation scale μ determines what is perturbative 
(calculable) from what is non perturbative (inside PDFs)

 scale dependence given by DGLAP evolution eq.’s→
TMD factorization

Collins, Soper, NPB 193 (81)
Ji, Ma, Yuan, PRD 71 (05)

q

P

h

FUU,T (x, z, P 2
h⇥, Q2) = C�

⇤
f1D1

⌅

= H(Q2, µ2, ⇥, ⇥h)
⌃

d2pT d2kT d2lT �(2)
�
pT � kT + lT � P h⇥/z

⇥

x
⇧

a

e2
a fa

1 (x, p2
T , µ2, ⇥) Da

1(z, k2
T , µ2, ⇥h)U(l2T , µ2, ⇥⇥h)

Wednesday, 26 May 2010

SIDIS:  soft divergences do not cancel anymore
          new class of light-cone (rapidity) divergences

need to introduce a soft factor convoluted with TMD PDFs and FFs
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Wednesday, 26 May 2010

SIDIS:  soft divergences do not cancel anymore
          new class of light-cone (rapidity) divergences

need to introduce a soft factor convoluted with TMD PDFs and FFs

need to introduce a new “rapidity scale” ζ that regulates the 
rapidity divergences and splits the soft factor content between 
TMD PDFs and FFs  new scale dependence→

d log TMD
d log μ

= γD(μ, ζ ) d log TMD
d log ζ

= K(μ)DGLAP eq.’s CSS eq.’s
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TMDs in position space

TMD evolution from initial (μ0,ζ0) scales is better studied in position space bT (  PhT)↔

2zh 𝒞[Tr[Φ(xB, k⊥, S) γμ Δ(zh, P⊥) γν] ]2MWμν(q, P, S, Ph) =

𝒞[…] = ∫ d P⊥dk⊥ δ(2)(zk⊥ + P⊥ − PhT)[…]

In fact, by Fourier transforming the complicate convolution between internal transverse 
momenta gets broken

∫ d2bT e−ibT⋅PhT ∫ dk⊥ eibT⋅k⊥∫ d P⊥ eibT⋅P⊥… … …
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More on factorisation  evolution→
For   perturbation theory is validbT ≪ 1/ΛQCD

f q
1 (x, b2

T; μ, ζ) = Evo[(μ, ζ) ← (μ0, ζ0)] f q
1 (x, b2

T; μ0, ζ0)

bT (GeV-1)
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More on factorisation  evolution→

exp[∫
μ

μ0

dμ′ 

μ′ 
γD(μ, ζ) + K(μ0)log
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]

DGLAP+CSS eqs.
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More on factorisation  evolution→

= ∑
i

[Cq→i(x, b2
T; μ0, ζ0) ⊗ f i

1(x, μ0)]

0DWFKLQJ�ZLWK�FROOLQHDU�3')V

��
5GG�G�I��JVVRU���KPURKTGJGR�PGV�NKVGTCVWTG���������HQT�OQTG�FGVCKNU��DWV�CNUQ�,&&�DQQM��GVE��

ĺ��$NUQ�VJG�KPRWV�6/'�EQPVCKPU�RGTVWTDCVKXG�KPHQTOCVKQP�$6�.19�D6�

2GTVWTDCVKXG�VTCPUXGTUG�OQOGPVWO�IGPGTCVGF�D[�VJG�URNKVVKPI�KPVQ�QVJGT�RCTVQPU

small bT (large kT) from 
perturbative splitting

OPE on PDFs
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More on factorisation  evolution→

For large bT perturbation theory breaks down;  need to find a suitable function that smoothly 
connects the two regions 
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More on factorisation  evolution→

For large bT perturbation theory breaks down;  need to find a suitable function that smoothly 
connects the two regions 

  factorization scheme suggests the following scale:  MS
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T; μ, ζ) = Evo[(μ, ζ) ← (μ0, ζ0)] f q
1 (x, b2

T; μ0, ζ0)

bT (GeV-1)
0.0 0.5 1.0 1.5 2.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

perturbative
non 

perturbative

0.0 0.5 1.0 1.5 2.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

bmax

b*

Q=2 GeV

Q=5 GeV
Q=20 GeV

μ0 = ζ0 = μb = 2e−γE

b*(bT)

bmax = 2e−γEbmin = 2e−γE

Q
≤ b * (bT) ≤
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More on factorisation  evolution→

= ∑
i

[Cq→i(x, b2
T; μ0, ζ0) ⊗ f i

1(x, μ0)]

OPE on PDFs

exp[∫
μ

μ0

dμ′ 

μ′ 
γD(μ, ζ) + K(μ0)log

ζ

ζ0
]

DGLAP+CSS eqs.

For   perturbation theory is validbT ≪ 1/ΛQCD

f q
1 (x, b2

T; μ, ζ) = Evo[(μ, ζ) ← (μ0, ζ0)] f q
1 (x, b2

T; μ0, ζ0)
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1.4

bmax

b*

Q=2 GeV

Q=5 GeV
Q=20 GeV

f q
1 (x, b2

T; μ, ζ) =
f q
1(x, b2

T; μ, ζ)
f q
1(x, b*(bT); μ, ζ) f q

1 (x, b*(bT); μ, ζ)

f̃NP(x, b2
T; Q2

0) Q0 = scale at which the nonperturbative 
         term is parametrised
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More on factorisation  evolution→

= ∑
i

[Cq→i(x, b*(bT); μb, ζ0) ⊗ f i
1(x, μb)]

OPE on PDFs

exp[∫
μ

μb

dμ′ 

μ′ 
γD(μ, ζ) + K(μb)log

ζ

ζ0
]

DGLAP+CSS eqs.

For   perturbation theory is validbT ≪ 1/ΛQCD

f q
1 (x, b*(bT); μ, ζ) = Evo[(μ, ζ) ← (μb, ζ0)] f q

1 (x, b*(bT); μb, ζ0)
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μb = 2e−γE

b*(bT)

μ0 = ζ0 = μb = 2e−γE

b*(bT)μ = ζ = Qconventional choice:  
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More on factorisation  evolution→

= ∑
i

[Cq→i(x, b*(bT); μb, ζ0) ⊗ f i
1(x, μb)]

OPE on PDFs

exp[∫
μ

μb

dμ′ 

μ′ 
γD(μ, ζ) + K(μb)log

ζ

ζ0
]

DGLAP+CSS eqs.

For   perturbation theory is validbT ≪ 1/ΛQCD

f q
1 (x, b*(bT); μ, ζ) = Evo[(μ, ζ) ← (μb, ζ0)] f q

1 (x, b*(bT); μb, ζ0)

K → K+gNP(bT)

× FNP(bT; Q2
0)

μb = 2e−γE

b*(bT)

Collins, Soper, Sterman, N.P. B250 (85) 
Collins, “Foundations of Perturbative QCD” (2011) 
Rogers and Aybat, P.R. D83 (11)

Final formula

f q
1 (x, b*; Q2) = exp[∫

Q

μb

dμ′ 

μ′ 
γD(Q) + K(μb) log ( Q

μb ) + gNP(bT) log ( Q
Q0 )] ∑

i
[Cq→i ⊗ f i

1](x, b*, μb) FNP(bT, Q2
0)
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More on factorisation  evolution→

μb = 2e−γE

b*(bT)

CSS evolution  formula for TMD
others schemes possible: 

Laenen, Sterman Vogelsang, P.R.L. 84 (00) 
Bozzi et al., N.P. B737 (06) 
Echevarria et al., E.P.J. C73 (13)  …

f q
1 (x, b*; Q2) = exp[∫

Q

μb

dμ′ 

μ′ 
γD(Q) + K(μb) log ( Q

μb ) + gNP(bT) log ( Q
Q0 )] ∑

i
[Cq→i ⊗ f i

1](x, b*, μb) FNP(bT, Q2
0)
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f q
1 (x, b*; Q2) = exp[∫

Q

μb

dμ′ 

μ′ 
γD(Q) + K(μb) log ( Q

μb ) + gNP(bT) log ( Q
Q0 )] ∑

i
[Cq→i ⊗ f i

1](x, b*, μb) FNP(bT, Q2
0)

More on factorisation  evolution→

CSS evolution  formula for TMD
others schemes possible: 

Laenen, Sterman Vogelsang, P.R.L. 84 (00) 
Bozzi et al., N.P. B737 (06) 
Echevarria et al., E.P.J. C73 (13)  …

arbitrariness of nonperturbative components

- choice of b*(bT) functional form
- choice of gNP(bT) functional form
- choice of FNP(bT,Q0) functional form

each one affects evolution: how k -distribution changes with scale
 source of theoretical bias/uncertainty 

need to be constrained by experimental data with large lever arm in Q2

EIC is the suitable machine for that 

⊥
→

μb = 2e−γE

b*(bT)
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f q
1 (x, b*; Q2) = exp[∫

Q

μb

dμ′ 

μ′ 
γD(Q)+K(μb) log ( Q

μb )+gNP(bT) log ( Q
Q0 )] ∑

i
[Cq→i ⊗ f i

1](x, b*, μb) FNP(bT, Q2
0)

Quality parameters of TMD extraction

dσ
dxdzdqTdQ

∼ ℋSIDIS(Q2) 1
2π ∫

∞

0
dbT bT J0(bT, qT) f̃ q

1(x, b*(bT); Q2) D̃q→h
1 (z, b*(bT); Q2)

γD = γF − γK log( ζ /μ) dK
d log μ

= − γK cusp anomalous dimension
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f q
1 (x, b*; Q2) = exp[∫

Q

μb

dμ′ 

μ′ 
γD(Q)+K(μb) log ( Q

μb )+gNP(bT) log ( Q
Q0 )] ∑

i
[Cq→i ⊗ f i

1](x, b*, μb) FNP(bT, Q2
0)

Quality parameters of TMD extraction

accuracy       and C K and γF γK PDF and αS evol. FF

LL 0 - 1 - -
NLL 0 1 2 LO LO
NLL’ 1 1 2 NLO NLO
NNLL 1 2 3 NLO NLO
NNLL’ 2 2 3 NNLO NNLO
N3LL(-) 2 3 4 NNLO NLO
N3LL 2 3 4 NNLO NNLO

perturbative αn
S

ℋ

dσ
dxdzdqTdQ

∼ ℋSIDIS(Q2) 1
2π ∫

∞

0
dbT bT J0(bT, qT) f̃ q

1(x, b*(bT); Q2) D̃q→h
1 (z, b*(bT); Q2)

γD = γF − γK log( ζ /μ)

nonperturbative accuracy:  quality of the fit from χ2 value e number of data points

dK
d log μ

= − γK cusp anomalous dimension
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Outline

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

•   Where to find TMDs 
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link TMD  structure functions↔

Ph

proton, deuteron,…

pion, Kaon

Δ

Φ
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Ph

proton, deuteron,…

Quark-parton Model Interpretation of SIDIS: 
Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)
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L

T

pion, Kaon

link TMD  structure functions↔

Δ

Φ
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Unpolarized
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(T)
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L
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D
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Unpolarized  

H
1

⊥

Collins 

pion, Kaon

each structure function ~

F ∼ d ̂σ(Q2) 𝒞[TMDPDF(x, k2
⊥) , TMDFF(z, P2

⊥)]
𝒞[…] = ∫ d P⊥dk⊥ δ(2)(zk⊥ + P⊥ − PhT)[…]

link TMD  structure functions↔

Δ

Φ
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each structure function ~

d�

dx dy dz d�h dP 2
hT

⇠
<latexit sha1_base64="tFGsMY/qZWXwg1Vo4b2jd+uEgPg="></latexit>

A(y)FU + B(y) cos 2�h F
cos 2�h

U
<latexit sha1_base64="Wo6bK9wHJrj5bcF80m/lcUjnKPE="></latexit>

+ C(y)FLL + B(y) sin 2�h F
sin 2�h

L
<latexit sha1_base64="xOxVS/4yqiwYwbP5is6SIvFeutY="></latexit>

+ A(y) sin(�h � �S)F
sin(�h��S)
T

+ B(y) sin(�h + �S)F
sin(�h+�S)
T

+ B(y) sin(3�h � �S)F
sin(3�h��S)
T

+ C(y) cos(�h � �S)F
cos(�h��S)
LT

<latexit sha1_base64="28vk9TI5M8YkbXuz65mtLLVn1y8="></latexit>

target 
polariz.

F ∼ d ̂σ(Q2) 𝒞[TMDPDF(x, k2
⊥) , TMDFF(z, P2

⊥)]
𝒞[…] = ∫ d P⊥dk⊥ δ(2)(zk⊥ + P⊥ − PhT)[…]

link TMD  structure functions↔
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•

TMDs with jets: SIDIS

Kang et al., arXiv:2106.15624

e

e’
pTe jet

P

pTj

qT = pTe + pTj ≪ pT =
pTe − pTj

2
+ST sin(ϕj − ϕS) Fsin(ϕj−ϕS)

UT + λeST cos(ϕj − ϕS) Fcos(ϕj−ϕS)
LT

dσ
dyjdpTdqT

= FUU + cos(ϕj − ϕh) Fcos(ϕj−ϕh)
UU + λeSL FLL

“familiar” expression

H

FUU ∼ H(Q) J(pT R, Q) {f1(x, qT, Q)}

R

hard jet “dressed” TMD

similarly for other F..

f1 g1L

g1Tf⊥
1T

λe SL ST

Phenomenology of SIDIS &TMD’s     63     Marco Radici - INFN Pavia



•

TMDs with jets: SIDIS

Kang et al., arXiv:2106.15624

jT

e

e’
pTe jet

P

pTj

qT = pTe + pTj ≪ pT =
pTe − pTj

2
+ST sin(ϕj − ϕS) Fsin(ϕj−ϕS)

UT + λeST cos(ϕj − ϕS) Fcos(ϕj−ϕS)
LT

dσ
dyjdpTdqT

= FUU + cos(ϕj − ϕh) Fcos(ϕj−ϕh)
UU + λeSL FLL

“familiar” expression

H

R

hard jet “dressed” TMD

similarly for other F..

f1 g1L

g1Tf⊥
1T

FUU ∼ H(Q) TMDJFF(zh, pT R, Q) {f1(x, qT, Q)}

h

𝒟1 𝒟1

𝒟1 𝒟1

+SL sin(ϕj − ϕh) Fsin(ϕj−ϕh)
UL

h⊥
1L ℋ⊥

1

ℋ⊥
1h⊥

1

+ST sin(ϕh − ϕS) Fsin(ϕh−ϕS)
UT + ST sin(2ϕj − ϕh − ϕS) Fsin(2ϕj−ϕh−ϕS)

UT

h1 ℋ⊥
1 h⊥

1T ℋ⊥
1

λe SL ST
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•

TMDs with jets:  hybrid factorisation

Kang, Liu, Ringer, Xing, JHEP 1711 (17), arXiv:1705.08443 
Kang, Prokudin, Ringer, Yuan, P.L. B774 (17), arXiv:1707.00913

Factorization theorem for  jT ≪ Q 
universality for TMD fragmentation

hybrid scheme:  
- TMD framework for TMD fragmentation 
- collinear framework for PDF

proton proton

jeth
jT

Q2

SIDIS

electron

proton

qT

h

Q2
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Outline

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

• Pause



Outline

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

• Phenomenology of TMDs
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The unpolarized TMD PDF
Quark-parton Model Interpretation of SIDIS: 

Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6
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nucleon

quark

polar
iza

tio
ns

  probability density of finding a quark q with “longitudinal” (along “+” LC direction) 
             fraction x of nucleon momentum, and transverse momentum 
f q
1 (x, k2

⊥)
k⊥
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Most recent extractions of unpolarized TMD f1 

Accuracy HERMES COMPASS DY W / Z 
production N of points χ2/Npoints

PV 2017 
arXiv:1703.10157 NLL ✔ ✔ ✔ ✔ 8059 1.5

SV 2017 
arXiv:1706.01473 NNLLʹ ✘ ✘ ✔ ✔ 309 1.23

BSV 2019 
arXiv:1902.08474 NNLL’ ✘ ✘ ✔ ✔ 457 1.17

SV 2019 
arXiv:1912.06532 N3LL(-) ✔ ✔ ✔ ✔ 1039 1.06

PV 2019 
arXiv:1912.07550 N3LL ✘ ✘ ✔ ✔ 353 1.07

SV19 + flavor dep. 
arXiv:2201.07114 N3LL ✘ ✘ ✔ ✔ 309 <1.08>

MAPTMD 2022 
arXiv:2206.07598 N3LL(-) ✔ ✔ ✔ ✔ 2031 1.06

ART23 
arXiv:2305.07473 N4LL ✘ ✘ ✔ ✔ 627 0.96

MAPTMD 2024 
arXiv:2405.13833 N3LL ✔ ✔ ✔ ✔ 2031 1.08

MAPNN 2025 
arXiv:2502.04166 N3LL ✘ ✘ ✔ ✔ 482 0.97

SIDIS

67

first use of Neural Networks
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arXiv:2201.07114 N3LL ✘ ✘ ✔ ✔ 309 <1.08>

MAPTMD 2022 
arXiv:2206.07598 N3LL(-) ✔ ✔ ✔ ✔ 2031 1.06

ART23 
arXiv:2305.07473 N4LL ✘ ✘ ✔ ✔ 627 0.96

MAPTMD 2024 
arXiv:2405.13833 N3LL ✔ ✔ ✔ ✔ 2031 1.08

MAPNN 2025 
arXiv:2502.04166 N3LL ✘ ✘ ✔ ✔ 482 0.97

SIDIS

only four global fits increasing accuracy & precision
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Most recent extractions of unpolarized TMD f1 

SIDIS

MAPTMD24 :  introduce flavor sensitivity of kT-dependence
67

Accuracy HERMES COMPASS DY W / Z 
production N of points χ2/Npoints

PV 2017 
arXiv:1703.10157 NLL ✔ ✔ ✔ ✔ 8059 1.5

SV 2017 
arXiv:1706.01473 NNLLʹ ✘ ✘ ✔ ✔ 309 1.23

BSV 2019 
arXiv:1902.08474 NNLL’ ✘ ✘ ✔ ✔ 457 1.17

SV 2019 
arXiv:1912.06532 N3LL(-) ✔ ✔ ✔ ✔ 1039 1.06

PV 2019 
arXiv:1912.07550 N3LL ✘ ✘ ✔ ✔ 353 1.07

SV19 + flavor dep. 
arXiv:2201.07114 N3LL ✘ ✘ ✔ ✔ 309 <1.08>

MAPTMD 2022 
arXiv:2206.07598 N3LL(-) ✔ ✔ ✔ ✔ 2031 1.06

ART23 
arXiv:2305.07473 N4LL ✘ ✘ ✔ ✔ 627 0.96

MAPTMD 2024 
arXiv:2405.13833 N3LL ✔ ✔ ✔ ✔ 2031 1.08

MAPNN 2025 
arXiv:2502.04166 N3LL ✘ ✘ ✔ ✔ 482 0.97



The  MAPTMD24  data sets
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“Normalized” MAPTMD24 TMD PDF  

f1(x, kT; Q)

• very different kT behavior 

NOT FOR DISTRIBUTION JHEP_020P_0624 v1
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ū

s

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
|k�| [GeV]

0.0

0.1

0.2

0.3

0.4

0.5 Q = 2 GeV

x = 0.001

u

d̄

d

ū
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FIG. 9: Comparison between the unpolarized TMD PDFs extracted in the MAPTMD24 fit with a flavor dependent
approach, for a up (purple), anti-up (light blue), down (green), anti-down (red), and sea (orange) quark, as functions of
the partonic transverse momentum |k?| at µ =

p
⇣ = Q = 2 GeV and x = 0.1 (left panel), x = 0.01 (central panel), and

x = 0.001 (right panel). The uncertainty bands represent the 68% C.L.
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FIG. 10: Comparison between the normalized unpolarized TMD PDFs extracted in the MAPTMD24 fit with a flavor-
dependent approach, for a up (purple), anti-up (light blue), down (green), anti-down (red), and sea (orange) quark, as
functions of the partonic transverse momentum |k?| at µ =

p
⇣ = Q = 2 GeV and x = 0.1 (left panel), x = 0.01 (central

panel), and x = 0.001 (right panel). The uncertainty bands represent the 68% C.L.

sensitive to sea quarks. On the contrary, at larger x (left panel) the uncertainty bands of the TMD PDFs for up
and down quarks are very narrow, due to the large amount of SIDIS data in combination with high-precision
DY data. Finally, it is useful to remark that the uncertainties for all flavors increase as x decreases, confirming
the need for experimental data in this kinematic region.

In Fig. 11, we display the unpolarized TMD FFs for the fragmentation into a ⇡+ of up (purple) and down
(green) quarks, as functions of the hadronic transverse momentum |P?| at µ =

p
⇣ = Q = 2 GeV and z = 0.4

(left panel), and z = 0.6 (right panel). We note that the favored fragmentation channel (in this example,
u ! ⇡+) dominates over the unfavored one. Also, both TMD FFs show a second bump at intermediate |P?|
which decreases in size at larger z, as already observed in Sec. IV A.

In Fig. 12, we display the same TMD FFs of the previous figure but normalized to each corresponding central
replica at |P?| = 0. The unfavored channel (here, d ! ⇡+) is a↵ected by larger error bands. This is mainly
due to the larger uncertainties in the corresponding collinear FFs. There is generally no significant di↵erence
between favored and unfavored channels at high z, probably due to the limited sensitivity of SIDIS data in that
kinematic region.

In Fig. 13, we show the unpolarized TMD FFs for the fragmentation of quarks u, d, and s̄ into a K+ in the
same kinematic regions and with same conventions as in Fig. 11. Similarly, in Fig. 14 we show the normalized
versions, as we did in Fig. 12 for the fragmentation into a ⇡+. We note that in general the extracted TMD
FFs for kaons are a↵ected by larger uncertainties than for pions. Also, the bump at intermediate |P?| is more
pronounced than in the case of pions, as was also observed with the hadron-dependent MAPTMD24 HD fit (see
Fig. 8). Due to the size of the corresponding collinear FFs, the fragmentation channel s̄ ! K+ is dominant,
also in the normalized case. An interesting feature of our extraction is that the two favored channels (u ! K+

and s̄ ! K+) are quite di↵erent from each other. The large uncertainties in the s̄ ! K+ fragmentation channel
may be related to the fact that this TMD FF appears in the SIDIS cross section through the convolution with

f1(x, 0; Q)

• it changes with x 
th. error band =  

68% of all replicas
• potential impact on the extraction of W mass parameter 

from collider data Bacchetta et al., P.L. B788 (19) 542, arXiv:1807.02101  
Bozzi & Signori, Adv.HighEn.Phys. 2019 (19) 2526897, arXiv:1901.01162
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Data-driven nonperturbative TMD
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MAPTMD22:  validity of  TMD region?  

cut of baseline fit

fitted

predicted

  validity of TMD factorization seems to extend well beyond  PhT/z << Q !

0.86 ≲ qT /Q ≲ 1.5
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Collins-Soper evolution kernel  

universal flavor-independent K(bT, μb*
) = K(b*, μb*

) + gK(bT)
drives evolution in rapidity ζ perturbative 

(computed)
non-perturbative 

(fitted)

68

Bacchetta, ePIC 2025 general meeting
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MAPTMD24 extraction - EIC Pseudodata
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Strong impact at different values of x
12
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Strong impact at different values of x
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MAPTMD24   2031 
EIC                # pts.       lumi [fb-1] 
5x41              1273        2.85 
10x100          1611       51.3 
18x275          1648       10

TMDq - <TMDq>
<TMDq>

x=0.01

The  EIC  impact at x=0.01

L. Rossi, Ph.D. Thesis
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The EIC impact with 10x100 at x=0.01

MAPTMD24   2031 
EIC                # pts.       lumi [fb-1] 
10x100          1611       51.3
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<TMDq>
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(simulation campaign of May 2024)
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The EIC impact with 10x100 at x=0.01

courtesy L. Rossi

MAPTMD24   2031 
EIC                # pts.       lumi [fb-1] 
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ū 1
(x

,k
2 ?
,Q

,Q
2
)i

hf
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Early Science Conditions
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Proposal for EIC Science Program in the First Years 

Year - 1
Start with Phase 1 EIC
New Capability:
Commission electron 
polarization in parallel
Run:
10 GeV electrons on 115 GeV/u 
heavy ion beams  (Ru or Cu) 
Physics:
Add your preferred science topic

Year - 2
Phase 1 EIC
+ electron polarization
New Capability:
Commission proton polarization 
in parallel
Run:
10 GeV polarized electrons on 
130 GeV/u Deuterium
Physics:
Add your preferred science topic

Run:
Last weeks 10 GeV electrons 
and 130 GeV polarized protons 
Physics:
Add your preferred science topic

Year - 3
Phase 1 EIC
+ electron polarization
+ proton polarization
New Capability:
Commission running with hadron 
spin rotators
Run:
10 GeV polarized electrons on 
130 GeV transverse polarized 
protons
Physics:
Add your preferred science topic

Run:
Last weeks switch to longitudinal 
proton polarization
Physics:
Add your preferred science topic

Year - 4
Phase 1 EIC
+ electron polarization
+ proton polarization
+ operation of hadron spin rotators
New Capability:
Commission hadron accelerator to 
operate with not centered orbits
Run:
10 GeV polarized electrons on 100 
GeV Au
Physics:
Add your preferred science topic

Run:
10 GeV electrons on 250 GeV 
transverse and longitudinal 
polarized protons
Physics:
Add your preferred science topic

Year - 5
Phase 1 EIC
+ electron polarization
+ proton polarization
+ operation of hadron spin rotators
+ operation of hadron beams with not 
centered orbits
Run:
10 GeV polarized electrons on 100 GeV 
Au
Physics:
Add your preferred science topic

Run:
10 GeV electrons on 166 GeV transverse 
and longitudinal polarized He-3
Physics:
Add your preferred science topic

Time to install additional ESR RF and HSR PS to
reach design Current and max. Energies

17
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ep Luminosity for Phase-1
High Divergence Lumi per 

Fill (5 h)
Lumi per 

Year
5 GeV e x 250 GeV p 9.26 pb-1 6.48  fb-1

10 GeV e x 250 GeV p 13.12 pb-1 9.18 fb-1

5 GeV e x 130 GeV p 6.3 pb-1 4.36 fb-1
10 GeV e x 130 GeV p 7.6 pb-1 5.33 fb-1 

Low Divergence Lumi per 
Fill (5 h)

Lumi per 
Year

5 GeV e x 250 GeV p 6.81 pb-1 4.78 fb-1

10 GeV e x 250 GeV p 8.8 pb-1 6.19 fb-1

5 GeV e x 130 GeV p 5.8 pb-1 4.1 fb-1

10 GeV e x 130 GeV p 7.1 pb-1 4.95 fb-1

Remember:
high divergence: higher lumi, but reduced acceptance 
for low forward particle pTmin 
low divergence: lower lumi, but increased acceptance 
for low forward particle pTmin
à important for exclusive processes

Low-divergence

Illustration

Compare to HERA integrated luminosity 1992 – 2007: 0.6 fb-1



EIC impact in Early Science Conditions
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For each (x,Q2) bin: 

from MAPTMD24, max. uncertainty of f1q(x,kT;Q) over all kT and all flavors q

including EIC pseudodata, color code indicates the flavor with max. reduction 
in uncertainty over all kT
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The EIC impact with 10x130 at x=0.16

courtesy L. Rossi

MAPTMD24   2031 
EIC                # pts.       lumi [fb-1] 
10x130          ~1620       5

TMDq - <TMDq>
<TMDq>

x=0.16,  Q=1.77 GeV

(early Science conditions)
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The Sivers  TMD PDF
Quark-parton Model Interpretation of SIDIS: 

Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
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on

Po
la
riz
at
io
n

U

L

T

nucleon

quark

polar
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ns

1
2 Tr[Φ γ+] → f1 − f⊥

1T
(k⊥ × ST) ⋅ P̂

M

Sivers effect:  how the momentum distribution of quarks is distorted 
                         by the transverse polarization of parent nucleon 
                         (“spin-orbit” correlation)
Sivers    indirect access to quark orbital angular momentumf⊥

1T →

ST ⋅k  ×P⊥P

↑P+

kx

Sy

Burkardt, P.R. D66 (2002) 114005;  
                N.P. A735 (2004) 185 
Bacchetta & Radici, P.R.L. 107 (2011) 212001  
Ji et al., N.P. B652 (2003) 383

data exist (0.01 . x . 0.3) should be taken with due care. At variance with previous studies, in the denominator of
the asymmetries in Eqs. (4) and (12) we are using unpolarized TMDs that were extracted from data in our previous
Pavia17 fit, with their own uncertainties. Therefore, our uncertainty bands in Fig. 1 represent a realistic estimate of
the statistical error of the Sivers function.
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Figure 2: The density distribution ⇢a
p"

of an unpolarized quark with flavor a in a proton polarized along the +y direction and moving towards the

reader, as a function of (kx, ky) at Q2 = 4 GeV2. Left panels for the up quark, right panels for the down quark. Upper panels for results at x = 0.1,
lower panels at x = 0.01. For each panel, lower ancillary plots represent the 68% uncertainty band of the distribution at ky = 0 (where the e↵ect
of the distortion due to the Sivers function is maximal) while left ancillary plots at kx = 0 (where the distribution is the same as for an unpolarized
proton). Results in the contour plots and the solid lines in the projections correspond to replica 105 (see text).

In Fig. 2, we show the density distribution ⇢a
p" of an unpolarized quark a in a transversely polarized proton defined

in Eq. (1), at x = 0.1 (upper panels) and x = 0.01 (lower panels) and at the scale Q2 = 4 GeV2. The proton is moving
towards the reader and is polarized along the +y direction. Since the up Sivers function is negative, the induced
distortion is positive along the +x direction for the up quark (left panels), and opposite for the down quark (right
panels).

At x = 0.1 the distortion due to the Sivers e↵ect is evident, since we are close to the maximum value of the
function shown in Fig. 1. The distortion is more pronounced for down quarks, because the Sivers function is larger
and at the same time the unpolarized TMD is smaller. The peak positions are approximately (kx)max ⇡ 0.1 GeV for
up quarks and �0.15 GeV for down quarks. At lower values of x, the distortion disappears. These plots suggest that
a virtual photon hitting a transversely polarized proton e↵ectively “sees” more up quarks to its right and more down
quarks to its left in momentum space.

8

Bacchetta et al.,  
P.L. B827 (22) 136961, 
arXiv:2004.14278

Phenomenology of SIDIS &TMD’s     80     Marco Radici - INFN Pavia



Most recent Sivers extractions

Framework SIDIS DY W/Z 
production

forward 
EM jet e+e- N. of 

points χ2/N

JAM 2020 
arXiv:2002.08384

generalized  
parton model ✔ ✔ ✔ ✘ ✔ 517 1.04

PV 2020 
arXiv:2004.14278 LO+NLL ✔ ✔ ✔ ✘ ✘ 125 1.08

EKT 2020 
arXiv:2009.10710 NLO+N2LL ✔ ✔ ✔ ✘ ✘ 226/452 0.99 /1.45

BPV 2020 
arXiv:2012.05135
arXiv:2103.03270

ζ 
prescription ✔ ✔ ✔ ✘ ✘ 76 0.88

TO-CA 2021 
arXiv:2101.03955

generalized  
parton model ✔ ✘ ✘ ✔ ✘ 238

JAM 2022 
arXiv:2205.00999

generalized  
parton model ✔ ✔ ✔ ✘ ✘ 255 1.10

Fernando-Keller 
arXiv:2304.14328

generalized  
parton model ✔ ✔ ✘ ✘ ✘ 732 1.66

1.05+0.03
−0.01

SIDIS / +STAR

SIDIS + 
reweighting

lower accuracy and less data w.r.t. unpolarized TMD

81

+ ANπ  data

first using  
Neural Networks



Most recent Sivers extractions
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Figure 1: The first transverse moment x f?(1)
1T of the Sivers TMD as a function of x for the up (left panel) and down quark (right panel). Solid

band: the 68% confidence interval obtained in this work at Q2 = 4 GeV2. Hatched bands from PV11 [15], EIKV [17], TC18 [18], JAM20 [20]
parametrizations, and at di↵erent Q2 as indicated in the figure.

to notice, as a check of the results validity, that our predictions well describe also the z and PhT distributions, even if
those projections of the data were not included in the fit (see Appendix B for more details).

The agreement with vector-boson-production STAR measurements [52] is worse than the SIDIS case, with a �2 =
13.97±0.6 for 7 points. However, the lower number of points (see Fig. B.8) indicates that STAR data have less influence
on the global fit than the SIDIS data. In any case, we observe that our predictions follow the sign of the measurements,
being negative for W+ and positive for W� and Z0. The agreement is similar for the data points projected in pT not
included in the fit (see Appendix B for more details).

In Fig. 1, we show the first transverse moment x f?(1)
1T (Eq. (9), multiplied by x) as a function of x at Q0 = 2 GeV

for the up (left panel) and down quark (right panel). We compare our results (solid band) with other parametrizations
available in the literature [15, 17, 18, 20] (hatched bands, as indicated in the figure). In agreement with previous
studies, the distribution for the up quark is negative, while for the down quark is positive and both have a similar
magnitude. The Sivers function for sea quarks is very small and compatible with zero.

The authors of Ref. [21] also find results very similar to the ones in Fig. 1 when they fit the same SIDIS data and
COMPASS Drell–Yan data with pion beams [58]. In this case, they also compute predictions for W± and Z0 production
at STAR kinematics which are very close to our fitted bands displayed in Fig. B.8. Their strategy is very similar to
the one adopted in this work but at higher perturbative accuracy, although their unpolarized TMDs are not obtained
from an actual fit. However, when they include the STAR data in the global fit they artificially increase the statistical
weight of those data by a factor ⇠ 13. Their global �2 largely deteriorates and the uncertainty on the Sivers function
significantly increases. Our finding is that because of large experimental errors STAR data does not a↵ect much our
final results when including them in the global fit, as discussed in detail in Appendix B.

The authors of Ref. [23] also perform a consistent extraction of both unpolarized and Sivers TMDs, and build
contour plots of the density distribution in Eq. (1) similar to Fig. 2 below. A direct comparison is more di�cult because
the evolution of TMDs is achieved in a di↵erent framework, and the classification of the perturbative accuracy does
not match the standard described in Ref. [10]. The displayed x-dependence of their Qiu-Sterman function (or related
first kT -moment of the Sivers function as in Eq. (9)) is roughly similar, at least for up and down quarks. However,
the sea-quark channel shows large oscillations at large x, which entail a strong breaking of the positivity constraint of
Eq. (20).

In general, the result of a fit is biased whenever a specific fitting functional form is chosen at the initial scale. In
our case, we tried to reduce this bias by adopting a flexible functional form, as it is evident particularly in Eq. (23).
Nevertheless, we stress that our extraction is still a↵ected by this bias and extrapolations outside the range where
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significantly increases. Our finding is that because of large experimental errors STAR data does not a↵ect much our
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Bacchetta et al., P.L. B827 (22) 136961 arXiv:2004.14278

sea-quarks ~ O(10-3) smaller, large errors 
=>  impact of EIC

all parametrizations are in fair agreement for x-dependence of valence flavors 

kT-dependence is still much unconstrained

PV 2020

PV 2020

first kT-moment     f⊥(1)
1T (x)
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Sivers extraction using Neural Networks

Fernando & Keller, P.R.D108 (23) 054007 arXiv:2304.14328

but limited analysis:  - parton model  => no TMD evolution 
                                 - no consistent knowledge of unpolarized TMD in  
                                   denominator of spin asymmetry

first kT-moment     f⊥(1)
1T (x)

83



Sign change puzzle

p l+

l­

π

π-p  Drell-Yan↑
spin asymmetry  
AT ~ f1,π ⊗ f⊥

1T,p

Riccardo Longo 05/27/202220

COMPASS HM DY result for 
Sivers asymmetry 

is consistent with the 
predicted change of sign for 

the Sivers function

sign change 
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AN in weak boson production
PANIC 2021

o Statistics much improved after run 2017 (350pb-1) compared to run 2011 (25pb-1)
o Prediction by Bury, Prokudin, and Vladimirov PRL 126, 112002 (2021) – assumes sign change
• Extraction includes SIDIS, DY and run 2011
• comparison with other fits will be added as they become available

o Current STAR data not yet significant enough to make claims on the sign-change
• Expect ~400 pb-1 more data from run 2022, with η coverage extended by STAR iTPC
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p-p   W+X↑ →

Adamczyk et al., P.R.L. 116 (16) 132301

AN ~ f1,p ⊗ f⊥
1T,p
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Transversity
Quark-parton Model Interpretation of SIDIS: 

Transverse Momentum Dependent PDFs (TMDs)
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- transversity is the prototype of chiral-odd structures 

- the only chiral-odd structure that survives in collinear kinematics 

- only way to determine the tensor charge δq(Q2) = ∫
1

0
dx hq−q̄

1 (x, Q2)

Phenomenology of SIDIS &TMD’s     85     Marco Radici - INFN Pavia
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ST ⋅k×PhT

Collins effect

Collins, N.P. B396 (93) 161

Ph

quark

ΦR

RT ST ⋅P2×P1 = ST ⋅Ph×RT

di-hadron mechanism

Collins et al., N.P. B420 (94) 

 j2
T ≪ Q2 = (Pjet

T )2

hadron-in-jet Collins effect

∝ h1(x, k⊥) ⊗ H⊥
1 (z, P⊥)

TMD framework

∝ h1(x) H∢
1 (z, R2

T ∝ M2
h1h2

)

∝ h1(x) [C(z, μ) ⊗ H⊥
1 (zh, jT, Pjet

T r)]

5

FIG. 2: Definition of the azimuthal angles φ1 and φ2 of the
two hadrons, between the scattering plane and their transverse
momenta Phi⊥ around the thrust axis n̂. The angle θ is defined
as the angle between the lepton axis and the thrust axis.

momentum of the quark-antiquark pair is known. The
quark directions are, however, not accessible to a direct
measurement and are thus approximated by the thrust
axis. The thrust axis n̂ maximizes the event shape vari-
able thrust:

T
max
=

∑

h |PCMS
h

· n̂|
∑

h |PCMS
h |

, (3)

where the sum extends over all detected particles. The
thrust value varies between 0.5 for spherical events and
1 for tracks aligned with the thrust axis of an event. The
thrust axis is a good approximation to the original quark-
antiquark axis as described in Section III A. The first
method of accessing the Collins asymmetry, M12 is based
on measuring a cos(φ1 + φ2) modulation of hadron pairs
(N(φ1 + φ2)) on top of the flat distribution due to the
unpolarized part of the fragmentation function. The un-
polarized part is given by the average bin content ⟨N12⟩.
The normalized distribution is then defined as

R12 :=
N(φ1 + φ2)

⟨N12⟩
. (4)

The corresponding cross section is differential in both az-
imuthal angles φ1,φ2 and fractional energies z1,z2 and
thus reads [25]:

dσ(e+e− → h1h2X)

dΩdz1dz2dφ1dφ2
=

∑

q,q̄
3α2

Q2

e2
q

4 z2
1z

2
2

{

(1 + cos2 θ)Dq,[0]
1 (z1)D

q,[0]
1 (z2)

+ sin2 θ cos(φ1 + φ2)H
⊥,[1],q
1 (z1)H

⊥,[1],q
1 (z2)

}

, (5)

where the summation runs over all quark flavors acces-
sible at the center-of-mass energy. Antiquark fragmen-
tation is denoted by a bar over the corresponding quark

FIG. 3: Definition of the azimuthal angle φ0 formed between
the planes defined by the lepton momenta and that of one
hadron and the second hadron’s transverse momentum P ′

h1⊥

relative to the first hadron.

fragmentation function; the charge-conjugate term has
been omitted. The fragmentation functions do not ap-
pear in the cross section directly but as the zeroth ([0])
or first ([1]) moments in the absolute value of the corre-
sponding transverse momenta [26]:

F [n](z) =

∫

d|kT |2
[

|kT |
M

]n

F (z,k2
T ) . (6)

In this equation the transverse hadron momentum
has been rewritten in terms of the intrinsic transverse
momentum of the process: Ph⊥ = zkT . The mass M is
usually set to be the mass of the detected hadron, in the
analysis presented here M will be the pion mass.

A second way of calculating the azimuthal asymme-
tries, method M0, integrates over all thrust axis direc-
tions leaving only one azimuthal angle. This angle is de-
fined as the angle between the planes spanned by one
hadron momentum and the lepton momenta, and the
transverse momentum of the second hadron with respect
to the first hadron momentum. This angle in the opposite
jet hemisphere is displayed in Fig. 3, and is calculated as

φ0 = sgn [Ph2 · {(ẑ × Ph2) × (Ph2 × Ph1)}]

× arccos

(

ẑ × Ph2

|ẑ × Ph2|
·

Ph2 × Ph1

|Ph2 × Ph1|

)

. (7)

The corresponding normalized distribution R0, which is
defined as

R0 :=
N(2φ0)

⟨N0⟩
, (8)

contains a cos(2φ0) modulation. The differential cross
section depends on fractional energies z1, z2 of the two
hadrons, on the angle φ0 and the transverse momentum
QT = |qT | of the virtual photon from the e+e− annihila-
tion process in the two hadron center-of-mass system. At

Λ p

π

e-

p↑
Λ spin transfer ∝ h1(x) H1(z)

SIDIS

collinear framework

SIDIS 
p p↑

Ph

r

p Jetj⏊

y

x

z

^

^

^

s⏊

hybrid framework SIDIS    p p↑Yuan, P.R.L. 100 (08) 

collinear framework
SIDIS 
p p↑Jaffe, P.R. D54 (96) 

Analyzers of transversity at leading twist
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Analyzers of transversity at leading twist

  mechanisms used so far 
  to extract transversity from data



Collins effect Framework e+e- SIDIS Drell-Yan AN Lattice

Anselmino 2015 
P.R. D92 (15) 114023 parton model ✔ ✔ ✘ ✘

Kang et al. 2016 
P.R. D93 (16) 014009 TMD / CSS ✔ ✔ ✘ ✘

Lin et al. 2018 
P.R.L. 120 (18) 152502 parton model ✘ ✔ ✘ ✔ gT

D’Alesio et al. 2020 (CA) 
P.L. B803 (20) 135347 parton model ✔ ✔ ✘ ✘

JAM3D-20 
P.R. D102 (20) 054002 parton model ✔ ✔ ✔ ✘

JAM3D-22 
P.R. D106 (22) 034014 parton model ✔ ✔ ✔ ✔ gT

Boglione et al. 2024 (TO) 
P.L. B854 (24) 138712 parton model ✔ ✔

✔ 
reweighting ✘

Most recent extractions

Dihadron mechanism e+e-   
unpol. dσ0 e+e- asymmetry SIDIS p-p collisions Lattice

Radici & Bacchetta 2018 
P.R.L. 120 (18) 192001 PYTHIA (separately) ✔  (separately) ✔ ✔ ✘

Benel et al. 2020 
E.P.J. C80 (20) 5 PYTHIA (separately) ✔  (separately) ✔ ✘ ✘

JAMDIFF 2024 
P.R.L. 132 (24) 091901 ✔ ✔ ✔ ✔ ✔ δu, δd
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Transversity

Results - transversity & Collins
M. Boglione, U. D’Alesio, CF, J.O. Gonzalez-Hernandez, F. Murgia, A. Prokudin, PLB 854 (2024) 138712
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• AN data mainly a�ecting the transversity function
• reweighted transversity functions follow So�er Bound rather closely at large x
• uncertainty reduction up to 80� 90% for hq1 at large x, ⇠ 10� 15% for H?q(1)

1
• dominant contribution to AN from the Collins mechanism

Simultanenous reweighting, QCD Evolution 2024
14 / 16
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19
Note: JAM3D* is slightly modified from the published JAM3D-22 version: antiquarks are now included (with 
"# = −'̅) and (u,(d from ETMC and PNDME are both included in the fit (rather than just gT from ETMC)* JAM3D includes     w.r.t. JAM22ū = − d̄ D. Pitonyak, QCD Evolution 24

consistency of phenomenological extractions from a variety of 
exp. data with different approaches 
(provided that no LQCD points are included in the fit)
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 JAMDiFF (no LQCD) agrees within errors with JAM3D* (no LQCD) and 
Radici, Bacchetta (2018) for the tensor charges

 Similar to the JAM3D analysis, JAMDiFF also finds compatibility with 
lattice once that data is included in the fit (as a Bayesian prior), and can still 
describe the experimental data well
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Future

90

New data already available:

• Compass SIDIS spin asymmetry on deuteron target with Collins effect 
& di-hadron mechanism COMPASS  Alexeev et al.,  

arXiv:2401.00309S. Asatryan, DIS 2024

• updated Hermes SIDIS spin asymmetry Airapetian et al., JHEP 12 (20) 010

• Compass  π-p  Drell-Yan AT asymmetry↑
Alexeev et al., arXiv:2312.17379

• STAR asymmetry in   hadron-in-jet Collins effectp↑ + p → jet + π± + X
X. Chu, DIS 2024

p↑ + p → Λ↑ + X

• STAR asymmetry in   Λ spin transferp↑ + p → Λ↑ + X STAR, P.R. D109 (24) 012004

• STAR asymmetry in   di-hadron mechanismp↑ + p → π+ π− + X
B. Surrow, DIS 2024



EIC impact on tensor charge
128 7.2. MULTI-DIMENSIONAL IMAGING OF NUCLEONS, NUCLEI, AND MESONS
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Figure 7.54: Top: Expected impact on the up and down quark transversity distributions
and favored and unfavored Collins function first moment when including EIC Collins effect
SIDIS pseudodata from e+p and e+He collisions [526]. Bottom left: Plot of the truncated
integral g[xmin ]

T vs. xmin. Also shown is the ratio DEIC/DJAM20 of the uncertainty in g[xmin ]
T for

the re-fit that includes pseudodata from the EIC to that of the original JAM20 fit [241]. Note
that the results from two recent lattice QCD calculations [527,528] are for the full gT integral
(i.e., xmin = 0) and have been offset for clarity. Bottom right: The impact on the up quark
(du), down quark (dd), and isovector (gT) tensor charges and their comparison to the lattice
data.

culations (see, e.g., Ref. [527, 528]). As such, potential discrepancies may become
relevant for searches of physics beyond the Standard Model [529, 530]. We also
mention that there is a significant reduction in the uncertainty for the Collins
function (see Fig. 7.54), which will be an important test of universality with re-
sults from e+e� annihilation. (Theoretical considerations suggest that TMD frag-
mentation functions are universal, based on the specific kinematics of the frag-
mentation process — see, for example, Refs. [448, 531].) In addition, Fig. 7.54
shows g[xmin]

T vs. xmin, where g[xmin]
T is the following truncated integral: g[xmin]

T ⌘
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Figure 7.54: Top: Expected impact on the up and down quark transversity distributions
and favored and unfavored Collins function first moment when including EIC Collins effect
SIDIS pseudodata from e+p and e+He collisions [526]. Bottom left: Plot of the truncated
integral g[xmin ]

T vs. xmin. Also shown is the ratio DEIC/DJAM20 of the uncertainty in g[xmin ]
T for

the re-fit that includes pseudodata from the EIC to that of the original JAM20 fit [241]. Note
that the results from two recent lattice QCD calculations [527,528] are for the full gT integral
(i.e., xmin = 0) and have been offset for clarity. Bottom right: The impact on the up quark
(du), down quark (dd), and isovector (gT) tensor charges and their comparison to the lattice
data.

culations (see, e.g., Ref. [527, 528]). As such, potential discrepancies may become
relevant for searches of physics beyond the Standard Model [529, 530]. We also
mention that there is a significant reduction in the uncertainty for the Collins
function (see Fig. 7.54), which will be an important test of universality with re-
sults from e+e� annihilation. (Theoretical considerations suggest that TMD frag-
mentation functions are universal, based on the specific kinematics of the frag-
mentation process — see, for example, Refs. [448, 531].) In addition, Fig. 7.54
shows g[xmin]

T vs. xmin, where g[xmin]
T is the following truncated integral: g[xmin]

T ⌘
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EIC impact on tensor charge
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Figure 7.54: Top: Expected impact on the up and down quark transversity distributions
and favored and unfavored Collins function first moment when including EIC Collins effect
SIDIS pseudodata from e+p and e+He collisions [526]. Bottom left: Plot of the truncated
integral g[xmin ]

T vs. xmin. Also shown is the ratio DEIC/DJAM20 of the uncertainty in g[xmin ]
T for

the re-fit that includes pseudodata from the EIC to that of the original JAM20 fit [241]. Note
that the results from two recent lattice QCD calculations [527,528] are for the full gT integral
(i.e., xmin = 0) and have been offset for clarity. Bottom right: The impact on the up quark
(du), down quark (dd), and isovector (gT) tensor charges and their comparison to the lattice
data.

culations (see, e.g., Ref. [527, 528]). As such, potential discrepancies may become
relevant for searches of physics beyond the Standard Model [529, 530]. We also
mention that there is a significant reduction in the uncertainty for the Collins
function (see Fig. 7.54), which will be an important test of universality with re-
sults from e+e� annihilation. (Theoretical considerations suggest that TMD frag-
mentation functions are universal, based on the specific kinematics of the frag-
mentation process — see, for example, Refs. [448, 531].) In addition, Fig. 7.54
shows g[xmin]

T vs. xmin, where g[xmin]
T is the following truncated integral: g[xmin]

T ⌘
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Figure 7.54: Top: Expected impact on the up and down quark transversity distributions
and favored and unfavored Collins function first moment when including EIC Collins effect
SIDIS pseudodata from e+p and e+He collisions [526]. Bottom left: Plot of the truncated
integral g[xmin ]

T vs. xmin. Also shown is the ratio DEIC/DJAM20 of the uncertainty in g[xmin ]
T for

the re-fit that includes pseudodata from the EIC to that of the original JAM20 fit [241]. Note
that the results from two recent lattice QCD calculations [527,528] are for the full gT integral
(i.e., xmin = 0) and have been offset for clarity. Bottom right: The impact on the up quark
(du), down quark (dd), and isovector (gT) tensor charges and their comparison to the lattice
data.

culations (see, e.g., Ref. [527, 528]). As such, potential discrepancies may become
relevant for searches of physics beyond the Standard Model [529, 530]. We also
mention that there is a significant reduction in the uncertainty for the Collins
function (see Fig. 7.54), which will be an important test of universality with re-
sults from e+e� annihilation. (Theoretical considerations suggest that TMD frag-
mentation functions are universal, based on the specific kinematics of the frag-
mentation process — see, for example, Refs. [448, 531].) In addition, Fig. 7.54
shows g[xmin]

T vs. xmin, where g[xmin]
T is the following truncated integral: g[xmin]

T ⌘
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Hadron-in-jet Collins effect

Bernd Surrow

Results / Status - Collins Asymmetry measurements (4)

STAR: Collins asymmetry AUT at 500GeV compared to model calculations

14

5th International Workshop on Transverse Polarization Phenomena - Transversity 2017 
INFN Frascati, Italy, December 11-15, 2017

Models based on SDIS and e+/e- assuming robust factorization  and universality of the Collins function 

DMP / KPRY: No TMD evolution 

KPRY-NLL: TMD evolution up to NLLG 

General agreement between data and model calculations is consistent with assumptions of robust TMD-factorization and 

universality of the Collins function

DMP+2013: 

M. Anselmino, M. Boglione, 
U. D’Alesio, S. Melis,
F. Murgia, and A. Prokudin, 
Phys. Rev. D 87, 094019
(2013). 

U. D’Alesio, F. Murgia, and 
C. Pisano, Phys. Rev. D 83,
034021 (2011). 

U. D’Alesio, F. Murgia, and 
C. Pisano, arXiv:
1707.00914.

L. Adamczyk et al. (STAR Collaboration), arXiv:1708.07080. 

KPRY / KPRY-NLL: 

Z.-B. Kang, A. Prokudin, 
F. Ringer, and F. Yuan,
arXiv:1707.00913.

±ߨ Azimuthal Distributions in Jets (200 GeV)

¾ Theoretical expectations: DMP+2013 model  
combines quark transversity from SIDIS with 
the Collins FF from                  collisions.

¾ Collins TMD FF is 
sensitive to the (݆T, z) 
dependence.

¾ The results slightly favor 
the KPRY model than 
DMP+2013.

¾ Sizable differences 
between data and both 
theoretical calculations.

DMP+2013 model: 
Umberto D’Alesio et.al., 
PLB 773, 300 (2017)
KPRY model: Zhong-Bo 
Kang et. al.,PLB 774, 635 
(2017)
Both assume universality 
and factorization.

24W. W. Jacobs / Transversity 2022

Submitted to arXiv May ‘22
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Future:  EIC impact

hadron-in-jet Collins effect

136 7.2. MULTI-DIMENSIONAL IMAGING OF NUCLEONS, NUCLEI, AND MESONS

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

zh = |�pjet · �phadron|
�
|�pjet|2

�20

�15

�10

�5

0

5

10

15

A
si

n
(�

S
�

�
h
)

U
T

[%
]

0.15< x <0.20, y >0.1, Q2 >50 GeV2

p
s = 105 GeV, 100 fb�1

theory, �+

theory, ��

proj. error �

proj. error K

proj. error p

Figure 7.58: Left: Electron-jet Sivers asymmetry. Right: Hadron-in-jet Collins asymmetry.
The error bars represent the expected precision, whereas the bands represent current uncer-
tainties of the Sivers, transversity and Collins TMDs. Note that in this case the observables
are calculated in the laboratory frame where qT corresponds to the transverse momentum
imbalance between scattered electron and jet. Figures adapted from Ref. [29, 597, 598].

where the sum runs over all the hadrons in the final states and fla is the azimuthal
angle between the final-state lepton l and hadron a measured in a plane transverse
to the collision axis in the lab frame. Recently, this observable has been evaluated
to the highest resummed accuracy in DIS [622] — N3LL matched with the NLO
cross section for the production of a lepton and two jets. Figure 7.59 shows the
precision of successive orders in the nearly back-to-back TEEC limit for EIC and
HERA center-of-mass energies as a function of t = (1 + cos f)/2.
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Figure 7.59: Resummed TEEC distributions in the back-to-back limit as a function of
t = (1 + cos f)/2, which describes the deviation of the scattered lepton and the produced
hadrons from being back-to-back in the transverse plane. The orange, blue, and green bands
are the predictions with scale uncertainties at NLL, NNLL and N3LL, respectively. The left
and right panels are for EIC and HERA energies, respectively.

The TEEC cross section can be factorized as the convolution of a hard function,
beam function, jet function and soft function in the back-to-back limit. A close con-
nection to TMD factorization is established, as the beam function, when combined
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T

p jet
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electron - hadron-in-jet azimuthal correlations

Arratia et al., P.R. D102 (20) 074015
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Summary

=1f x Quark-parton Model Interpretation of SIDIS: 
Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
la
riz
at
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n

U

L

T

nucleon

quark

TMD PDFs (x, k ; Q2)  at leading twist 
for a spin-1/2 hadron (Nucleon)

⊥

P

polar
iza

tio
ns

k⊥

• very good knowledge of x-dependence of  and f1 g1

nomenclature

no-name      Boer-Mulders

helicity   Kotzinian-Mulders

transversity   

pretzelocity   

Sivers   worm gear   
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• good knowledge of kT-dependence of  f1

• fair knowledge of x-dependence of  and kT-moments of  h1 f⊥
1T

• some hints about all others 



List of latest extractions
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not mentioned pion TMDs, TMD fragmentation functions, nuclear TMDs



The  Nanga Parbat  fitting frameworkHow? You need a computational tool 
MAP Collaboration GitHub page

13
96



The  Artemide  fitting framework
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The TMDLib and TMDPlotter tools
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Outline

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

• Backup



The  EIC  impact at x=0.001
MAPTMD24 extraction - EIC Pseudodata
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ū 1
(x

,k
2 ?
,Q

,Q
2
)i

hf
ū 1
(x

,k
2 ?
,Q

,Q
2
)i

anti-up

Q = 2 GeV x = 0.1

MAPTMD24

MAPTMD24 + 10x100

0.0 0.2 0.4 0.6 0.8 1.0 1.2

|k?|[GeV]

°0.20

°0.15

°0.10

°0.05

0.00

0.05

0.10

0.15

0.20

anti-up

Q = 2 GeV x = 0.01

MAPTMD24

MAPTMD24 + 10x100

0.0 0.2 0.4 0.6 0.8 1.0 1.2

|k?|[GeV]

°0.20

°0.15

°0.10

°0.05

0.00

0.05

0.10

0.15

0.20

anti-up

Q = 2 GeV x = 0.001

MAPTMD24

MAPTMD24 + 10x100

0.0 0.2 0.4 0.6 0.8 1.0 1.2

|k?|[GeV]

°0.3

°0.2

°0.1

0.0

0.1

0.2

0.3

f
d 1
(x

,k
2 ?
,Q

,Q
2
)°

hf
d 1
(x

,k
2 ?
,Q

,Q
2
)i

hf
d 1
(x

,k
2 ?
,Q

,Q
2
)i

down

Q = 2 GeV x = 0.1

MAPTMD24

MAPTMD24 + 10x100

0.0 0.2 0.4 0.6 0.8 1.0 1.2

|k?|[GeV]

°0.3

°0.2

°0.1

0.0

0.1

0.2

0.3

down

Q = 2 GeV x = 0.01

MAPTMD24

MAPTMD24 + 10x100

0.0 0.2 0.4 0.6 0.8 1.0 1.2

|k?|[GeV]

°0.3

°0.2

°0.1

0.0

0.1

0.2

0.3

down

Q = 2 GeV x = 0.001

MAPTMD24

MAPTMD24 + 10x100

0.0 0.2 0.4 0.6 0.8 1.0 1.2

|k?|[GeV]

°0.3

°0.2

°0.1

0.0

0.1

0.2

0.3

f
d̄ 1
(x

,k
2 ?
,Q

,Q
2
)°

hf
d̄ 1
(x

,k
2 ?
,Q

,Q
2
)i

hf
d̄ 1
(x

,k
2 ?
,Q

,Q
2
)i

anti-down

Q = 2 GeV x = 0.1

MAPTMD24

MAPTMD24 + 10x100

0.0 0.2 0.4 0.6 0.8 1.0 1.2

|k?|[GeV]

°0.3

°0.2

°0.1

0.0

0.1

0.2

0.3

anti-down

Q = 2 GeV x = 0.01

MAPTMD24

MAPTMD24 + 10x100

0.0 0.2 0.4 0.6 0.8 1.0 1.2

|k?|[GeV]

°0.3

°0.2

°0.1

0.0

0.1

0.2

0.3

anti-down

Q = 2 GeV x = 0.001

MAPTMD24

MAPTMD24 + 10x100

0.0 0.2 0.4 0.6 0.8 1.0 1.2

|k?|[GeV]

°0.6

°0.4

°0.2

0.0

0.2

0.4

0.6

f
s 1
(x

,k
2 ?
,Q

,Q
2
)°

hf
s 1
(x

,k
2 ?
,Q

,Q
2
)i

hf
s 1
(x

,k
2 ?
,Q

,Q
2
)i

sea

Q = 2 GeV x = 0.1

MAPTMD24

MAPTMD24 + 10x100

0.0 0.2 0.4 0.6 0.8 1.0 1.2

|k?|[GeV]

°0.6

°0.4

°0.2

0.0

0.2

0.4

0.6

sea

Q = 2 GeV x = 0.01

MAPTMD24

MAPTMD24 + 10x100

0.0 0.2 0.4 0.6 0.8 1.0 1.2

|k?|[GeV]

°0.6

°0.4

°0.2

0.0

0.2

0.4

0.6

sea

Q = 2 GeV x = 0.001

MAPTMD24

MAPTMD24 + 10x100
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The EIC impact with 10x100 at x=0.1

courtesy L. Rossi

MAPTMD24   2031 
EIC                # pts.       lumi [fb-1] 
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“Normalized” MAPTMD24 TMD FF  

D1(z,PT;Q)
D1(z,0;Q)

π+ K+

favored
unfavored favored

MAPTMD 2024 
arXiv:2405.13833
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ū

æ
1
ū
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ū

∏
2
ū
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N1sea
N2sea
N3sea
Æ1sea
Æ2sea
Æ3sea
æ1sea
æ3sea
∏1sea
∏2sea
N4uº
N5uº
Ø1uº
Ø2uº
±1uº
±2uº
∞1uº
∞2uº
∏Fuº

N4seaº
N5seaº
Ø1seaº
Ø2seaº
±1seaº
±2seaº
∞1seaº
∞2seaº
∏Fseaº
N4uK
N5uK
Ø1uK
Ø2uK
±1uK
±2uK
∞1uK
∞2uK
∏FuK
N4s̄K
N5s̄K
Ø1s̄K
Ø2s̄K
±1s̄K
±2s̄K
∞1s̄K
∞2s̄K
∏F s̄K

N4seaK
N5seaK
Ø1seaK
Ø2seaK
±1seaK
±2seaK
∞1seaK
∞2seaK
∏FseaK

Correlation matrix

g2 N1 Æ1 æ1 ∏ N3 Ø1 ±1 ∞1 ∏F N3BN1BN1C ∏2 Æ2 Æ3 æ2 æ3 Ø2 ±2 ∞2

g2

N1

Æ1

æ1

∏

N3

Ø1

±1

∞1

∏F

N3B

N1B

N1C

∏2

Æ2

Æ3

æ2

æ3

Ø2

±2

∞2 °1

°0.5

0

0.5

1



Average transverse momenta

clusters = 68% of all replicas
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