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On-Shell observables and KMOC (with examples)

One for all: the final state ansatz

Hawking radiation from amplitudes



Background and motivation IPAT @
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Classical observables IhT @
from amplitudes: KMOC

* Classical gravity/EM from amplitudes: ~ Apt, As#, F* @510
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Asymptotic states with Kosower, Maybee & O'Connell, 2018.
semiclassical features Vines, Maybee & O'Connell, 2019.
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Kosower, Cristofoli, Gonzo & O'Connell, 2021.



Classical observables IhT @
from amplitudes: KMOC

- Classical gravity/EM from amplitudes: Ap*, As#, Fi% wo70

Apy = / d*qo(p1 - q)o(pa - q)e 1 [q“z‘A(pl — p1+q)
.I N d*l A(pl 1)5(p2 DIFA™(p1 +q1 — p1 +1)A(p1 — p1 + l)]
classical limit:
pf — miuz“
¢" = hq"
pi > q /@i @: >@: :@<

N
tree ~ C’)(G) 1-loop ~ (’)(GZ)

Kosower, Maybee & O'Connell, 2018.
Vines, Maybee & O'Connell, 2019.
Kosower, Cristofoli, Gonzo & O'Connell, 2021.




Classical observables IhT @
from amplitudes: KMOC

- Classical gravity/EM from amplitudes: Ap*, As#, Fi% wo70

Apt = /J‘lq 0(p1-q)d(ps - q)e~ 4 [q“z’A(pl —p1+q)

I =+ 62415(291 l)g(p2 DIFA*(pr +q1 = p1 + 1AL = p1 + l)]

classical limit:

P = meul
qM:th
/% i@ %Q@(

N
tree ~ C’)(G) 1-loop ~ (’)(GZ)

Kosower, Maybee & O'Connell, 2018.
Vines, Maybee & O'Connell, 2019.
Loops can be classical! Kosower, Cristofoli, Gonzo & O'Connell, 2021.

Donoghue, Holstein, 2004



Momentum kick from the double @
copy and generalized unitarity

Kosower, Bern, Dixon, Dunbar, 1994
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Momentum kick from the double g
copy and generalized unitarity

Kosower, Bern, Dixon, Dunbar, 1994

D1 P1+4q
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Momentum kick from the double @
copy and generalized unitarity

Kosower, Bern, Dixon, Dunbar, 1994

Double copy!

ene’ yeq = PHP prIo — prvpro

Kawai, Lewellen & Tye, 1986
Bern, Carrasco & Johansson, 2008
Monteiro, O’Connell & White, 2014



Momentum deflection — one loop IPAT @

Kosower, Bern, Dixon, Dunbar, 1994
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Momentum deflection — one loop IPAT @

Kosower, Bern, Dixon, Dunbar, 1994

D1 P11+ 4q
Apy :/CZ4Q5(2P1 7)0(2p2 - q)e” g X%
P2 P2 — (@

Two sums over helicities now,

to be dealt with just like before! ‘ (2]91 " €Ep (6))2 <2p1 . €h<q . £>>2

@ 1
2 2 q nternal lines are
Pr- 66 (q B f) h < IpI;\ced Ioln-shell to

find the integrand

~

>




Momentum deflection — one loop IPAT @

Kosower, Bern, Dixon, Dunbar, 1994

D1 P11+ 4q
Apy :/Cz4q5(2pl - q)0(2p2 - q)e " g X%
P2 P2 — (@

Two sums over helicities now,

to be dealt with just like before! ‘ (2]91 " €Ep (6))2 <2p1 . €h<q . £>>2
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= Apl ~ -+ G m1m2—(57 — 1)+ +O(G”) <_|

See review:snowmass White Paper: _T Plefka, Mogull, Jakobsen, Nega, Klemm 2024
Gravitational Waves and Scattering Amplitudes 2022

Internal lines are
placed on-shell to
find the integrand

q— 1




Waveforms at one loop: - @
5-point amplitudes .

Riema_nn as a_Second R ~ /(a(k)e—ik-w i aT(k)ez’kz-x)

l— Quantization field operator: i
<¢’STRMVPU SW Z/dcb [psg]%(k)e_ik“ + h.c.>

Vazquez-Holm, Elkhidir, O'Connell,
Sergola 2023

Heissenberg, Georgoudis,2023

Russo, De Angelis, Travaglini,
Brandhuber, Brown, Gowdy,Chen 2023
Herdeschee, Roiban, Teng, 2023



Waveforms at one loop: - @
5-point amplitudes .

Riema_nn as a_Second R ~ /(a(k)e—ik-w i aT(k)ez’kz-x)

l— Quantization field operator: i
<¢]STRMWJ )S|)= Z/dcb kipe, ]O‘n(k)e_ik'x + h.c.>

oy (k) = :@ o

Ay (p1,p2 = Pl ph k)

Cuty)(p1, p2 — P}, ph, k)
\S/zfggleaz-zl-(;zlgn, Elkhidir, O'Connell, ~ A(O) ¢ A(O)

Heissenberg, Georgoudis,2023
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Waveforms at one loop:
5-point amplitudes

Riemann as a Second R ~ /(a(k)e—ik-w i aT(k)ez’kz-x)

l— Quantization field operator: i
(018 Ruwpo (2)516) = -3 [4000) (beljhyetyon(e™* +1uc)

ay (k) = + 1

\ J ,
Y N J

Radiation Kernel v

Soneraied by Radiation Kernel
Vazquez-Holm, Elkhidir, O'Connell, 9eodesic forces Generated by the black hole's
Sergola 2023 . own field: radiation reaction.
Heissenberg, Georgoudis,2023 Computed by ALD force in the
Russo, De Angelis, Travaglini, QED case.

Brandhuber, Brown, Gowdy,Chen 2023
Herdeschee, Roiban, Teng, 2023



Waveforms at one loop:
5-point amplitudes

Riemann as a Second

R
l— Quantization field operator: i

(WISTR uwpor (2)S|1h) = Z/dCI)

\ J

N

Radiation Kernel
Generated by

Vazquez-Holm, Elkhidir, O'Connell, geodesic forces
Sergola 2023

Heissenberg, Georgoudis,2023

Russo, De Angelis, Travaglini,

Brandhuber, Brown, Gowdy,Chen 2023
Herdeschee, Roiban, Teng, 2023

N /

Radiation Kernel

Generated by the black hole's
own field: radiation reaction.
Computed by ALD force in the
QED case.

—— Also see Gabriele's talk!



Waveforms at one loop:
5-point amplitudes

What can be said about the

out state? —l
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Soneraied by Radiation Kernel
Vazquez-Holm, Elkhidir, O'Connell, 9eodesic forces Generated by the black hole's
Sergola 2023 . own field: radiation reaction.
Heissenberg, Georgoudis,2023 Computed by ALD force in the
Russo, De Angelis, Travaglini, QED case.

Brandhuber, Brown, Gowdy,Chen 2023
Herdeschee, Roiban, Teng, 2023



Uncertainty relations and
classical physics

* We demand that expectation values factorise:

(YIS TRuwpo (2)Raprs (y)SI9) ~ (1S Ryupo () S19)(ST[Ragys(y)S19)

(VISR ypor () SPH 1) ~ (W[STR i por () S[0) (9| PA[ )



Uncertainty relations and
classical physics

* We demand that expectation values factorise:

(YIS TRuwpo (2)Raprs (y)SI9) ~ (1S Ryupo () S19)(ST[Ragys(y)S19)

(VISR ypor () SPH 1) ~ (W[STR i por () S[0) (9| PA[ )

* Then, we derive relations for classical amplitudes:
tree ~ h

(6)

1loo ree ree
Ay~ AT @ AL

1loop tree tree
Ay ~ A ©AQ



The final state ansatz IPAT @

*  We find that the most general semiclassical outgoing state is of
the following form:

= S) = | do(p)p(p)eXPexp | [ d®(k)ay (k)al (k)| Ip)

— 4
B OGS -2

Accetulli-Huber, De Angelis, Brandhuber, Travaglini, 2020
Sergola, Monteiro, O'Connell, Peinador-Vega, 2021

Damgaard, Plante, Vanhove, 2021 Confirmed by Daamgard, Vanhove, Hansen &
Cristofoli, Gonzo, Moynihan, O'Connell, Ross, White, Planté (3-loop impulse) and Georgoudis,
Sergola, 2021 Heissenberg, Holm (1-loop radiation)

Di Vecchia, Heissenberg, Russo, Veneziano, 2022



The final state ansatz

o

*  We find that the most general semiclassical outgoing state is of

the following form:

= S[Y) =

d®(p)o(p)e*Pexp

A (k)ay (k)aj (k) | |p)

— 4
)~ j@/ @ onlh) ~ %%

Recovers conservative

Scattering via saddle point: Apﬂ — (9 ( )

Accetulli-Huber, De Angelis, Brandhuber, Travaglini, 2020
Sergola, Monteiro, O'Connell, Peinador-Vega, 2021
Damgaard, Plante, Vanhove, 2021

Cristofoli, Gonzo, Moynihan, O'Connell, Ross, White,
Sergola, 2021

Di Vecchia, Heissenberg, Russo, Veneziano, 2022

~
Recovers waveform via: a(k)SW) == Oé<k)s‘¢>

and explains why we only need single graviton emission

Confirmed by Daamgard, Vanhove, Hansen &
Planté (3-loop impulse) and Georgoudis,
Heissenberg, Holm (1-loop radiation)



o

In a good place to tackle Hawking radiation!

= Set up a scattering problem for it



Hawking scattering:
The Vaidya background

In-falling shell of
Classical radiation

l_l

2GMO(t +r)

Juv = Nuv — - kpky

B (z) = (1,7)

Kerr-Schild null vector field

Vaidya, 1966




Hawking scattering:
The Vaidya background

In-falling shell of
Classical radiation

l_l

2GMO(t +r
Juv = Nuv — ( )k"u]{?,/

r

B (z) = (1,7)

Kerr-Schild null vector field

L=y _gg/ﬂ/au(bqub
— Lf"r'ee =+ »Ccubic

Vaidya, 1966 I_T




The final state in a time-varying @
background: Hawking radiation

* Consider the LO eikonal for a spherically symmetric massless
scalar on a time-varying background:

) = / 19 (p) o (p)|p) = / 1% (p) / dv o (v)e" B |p)

1_| = / d®(p)|p) / dv p(v)e”?

On-shell Lorentz invariant phase
space of a massless quantum scalar !

b = (v,0,0,0)

Sergola, O'Connell, Aoude, 2024



The final state in a time-varying g

background: Hawking radiation

* Consider the LO eikonal for a spherically symmetric massless
scalar on a time-varying background:

) = / 19 (p) o (p)|p) = / 1% (p) / dv o (v)e" B |p)

1_| = / d®(p)|p) / dv p(v)e”?

On-shell Lorentz invariant phase
space of a massless quantum scalar !

, bH = (v,0,0,0)
* The final state has the form:

S|y) = /d@(p)\m/dv p(v)e!Frex(v)

—> Now p2 — O butstill p =>> q : Geometric-optics approximation!

Sergola, O'Connell, Aoude, 2024



LO Eikonal exponentiation ) @

LR N A A

— <p]5]¢> :/dvSp(v)eib-pe—éliGMElog(—v/,u)

Higher loops resum into an exponential in the leading
eikonal/geometric-optics approximation p > ¢

Sergola, O'Connell, Aoude, 2024



Computing the resummed amplitude @

We choose the spherical initial state @(v) = e~ "~0"

% _ /OO dv eiv(E—Eo)e—éliGMElog(—’v/,u)

0
s / dv 6iv(E—EO)6—4iGMElog(—v/,u)
— 00

l

Cannot integrate over all v
Because of the logarithm cut:
not an inclusive result!



Computing the resummed amplitude @

We choose the spherical initial state gO(fU) — €

& [

— OO

0
:>/ dv e

b 2

iv(E—Ep)

=N

—’iEo’U

6—47LGME log(—v/p)

iv(E—Eq) 6—472GME log(—v/p)

687TGME

687TGME —1 1

Looks familiar..



Bogoliubov and amplitudes

OurEOM 9°¢p = —,h*"(x)0,¢ can be resolved

. Onto a past basis: ¢(z) = / d3(p) (a(p)P(z. p) + h.c.)
t— — e
* Orafutureone: ¢(x) = /d@(p) (b(p)F(x,p) + h.c.)
| e—ip-a:

t — o0






Bogoliubov and amplitudes 1 A)

I_, S = exp U d®(p, k)& (p; k)aT(p)aT(’f)] :exp[ :% ]

= b(p) = S'a(p)S = / 19 (k) (A(p, K)a(k) + B(p, k)a' (k)



Bogoliubov and amplitudes
— s [ 0 ket Ryl )| <exo| B |

= b(p) = S'a(p)S = / 19 (k) (A(p, K)a(k) + B(p, k)a' (k)

- A(p, k) = (Q]STa(p)Sa’ (k)|Q) = /dvrQF(v,Ep)i&UP(v, —FE})

ngﬂethej TENN R B (R A A :\@/

with Born
iterations

Caron-Huot, Giroux,
Hannesdottir & Mizera, 2023



Bogoliubov and amplitudes
— s [ 0 ket Ryl )| <exo| B |

= b(p) = S'a(p)$ = / 19(k) (A(p, K)a(k) + B(p, k)a' (k)

- A(p, k) = (Q]STa(p)Sa’ (k)|Q) = /dvrQF(v,Ep)i&UP(v, —FE})

ngﬂethej TENN R B (R A A :\@/

with Born
iterations

- B(p, k) = (Qa(k)STa(p)S|Q) = /dvr2F(v,Ep)i(‘9@P(v,Ek)

Caron-Huot, Giroux, —
Hannesdottir & Mizera, 2023



Crossing and spectrum IPAT @

*  The number of particles in the future is

QSTal (p)a(p)SIY = [ dB(0)|B(p, )P
pa % / dv BW(E-FEO) —4iGM log(—v /)
2 1
[B(p, k)" =N

687TGME —1

) 1

Hawking spectrum with 7" =
8TtGM

Hawking, 1975
Aoude, O'Connell, Sergola 2024



The spectrum is tree-exact IPAY @

We also computed sub leading
corrections to the Hawking phase in

We find are computing the eikonal x(D)..
This is non trivially related to the amplitude through

eX0) (1 4+ A(b)) =1+ i A(b)

Di Vecchia, Heissenberg,
Russo & Veneziano, 2023



The spectrum is tree-exact IPAY @

We also computed sub leading
corrections to the Hawking phase in

We find are computing the eikonal x(D)..
This is non trivially related to the amplitude through

eX0) (1 4+ A(b)) =1+ i A(b)

X(O)(b) — A(()O)(b)
o X(l)(b) — A;()U(b) - iA?O)(b)Af_I(O)(b)

A 1
Di Vecchia, Heissenberg, W A<O) (b) — (O) (b)
Russo & Veneziano, 2023



The spectrum is tree-exact IPAY @

We also computed sub leading
corrections to the Hawking phase in

16G?*M?2E
(V)

We find X(0) = —4GM log(—v/p), X)) = —

ei(x(0)+x<1>+---) ~ e—4iGME log(—(v+4GM) /)

1

Simple translation which results
in a pure phase
For the Bogoliubov coefficient



Some work in progress.. IPAT @

So far we have rephrased Hawking's derivation using
amplitudes, but we think we can do more!

p p’
GMO(t+ )

: \\‘ 47T,r
o =
S P -+ q P

Coherent state which describes the
v=0 4 in-falling classical radiation shell at
t+r=v=0




Conclusions IPAT g

* On-shell methods, QFT technology and the double copy
can be powerful tools for computations of classical GW
observables

*  Amplitudes can describe Hawking radiation too!

Next:

* What's the EM-analogue of this: “single copy” of Hawking!
* More complicate Hawking temperatures (Kerr, RN)
* Back reaction on the metric? Page curve?



Thank you!



The classical double copy IPAT @

g,ul/(x) = Nuv T+ ¢(5€)KM(:E)K,/(£IZ)

KY0,K* =0, K?=0

2GM v
o(x) = pa KH = (1, f) = ds® = giﬁh‘(x)dx“da:”
/rl

Monteiro, O’'Connell & White, 2014
Luna, Monteiro, Nicholson, White &
O'Connell, 2016

Sergola, Peinador Veiga, Monteiro &
O'Connell 2021



The classical double copy IPAT @

. \ / \"/
= _Jo"— ® —0—
/1N 20

g,uv(x) = Nuv T ¢(I)KM(CL’)K,/(ZL’)
KY0,K" =0, K*=0
AF(z) = ¢(x) K" ()

LV o 7 v\ Qv U\
R (z) =0 = 0,(0"(¢K") — 0" (¢K")) =0
N _
Monteiro, O’Connell & White, 2014 N
Luna, Monteiro, Nicholson, White & 0, F'H*Y (x) — 0
O'Connell, 2016 H

Sergola, Peinador Veiga, Monteiro & )
O'Connell 2021 Coulomb <> Schwarzschild




Adding spin: a" IPAT

SACLAY

Applb(err — Cz4q8(2p1 ) Q)5(2p2 ) q)e—ib-qq,u

N i
X + + |

A, = _Aazoeiq-(al +az) I Now massive and

1 spinning particles
cosh 2nb" 4 2i cosh ne*?7b, ,u,u
Apl;(err = Gmlnge [ b2 i
1
bl =b* + il + iah

Vines 2018
Arkani-Hamed, Huang & O Connell 2019
Vines, Maybee & O'Connell, 2019
Vines, Ochirov & Guevara 2019 Compton sub-
Cangemi, Pichini, Johannson, Bohnenblust 2024 1 amplitude with
Sergola, Bautista, Vines,Kavanagh, Khalil 2024 spurious poles for
Bjerrum-Bohr, Chen, Su, Wang 2025 a4

Luna, Vazquez-Holm 2025
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