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Three-nucleon force & πN dynamics

Light nuclei on the lattice

Summary & outlook



Apparantly very simple formulation is responsible for extremely complex 
phenomena/structures!

Quark Quark

Gluon

 Quantum Chromodynamics (QCD)

nucleon nucleus

The roadmap: 

QCD              Chiral EFT             hadron dynamics



 Chiral perturbation theory
QCD and chiral symmetry

SU(2)L	  x	  SU(2)R	  	  invariant break	  chiral	  symmetry

Chiral perturbation theory
Ideal world [                       ], zero-energy limit: non-interacting massless GBs 
(+ strongly interacting massive hadrons) 

Real world [                            ], low energy: weakly interacting light GBs 
(+ strongly interacting massive hadrons) 

expand about the ideal world (ChPT)

Light quark masses (                    ):MS, µ = 2 GeV

1

      is approx. SU(2)L	  x	  SU(2)R invariant 

spontaneous breakdown to SU(2)V	  ⊂	  SU(2)L	  x	  SU(2)R         Goldston Bosons (pions)

mu = 1.5 . . . 3.3 MeV

md = 3.5 . . . 6.0 MeV

ms ∼ 92 MeV

1

� ΛQCD ∼ 220 MeV �

1

mu = md = 0

1

mu, md � ΛQCD

1



 Chiral perturbation theory
Effective Lagrangian for hadronic DOF (π, N, ...)     Chiral symmetry!

Low-energy observables computable via a perturbative expansion in 

where                .

Gasser, Leutwyler ’84

pion fields

pion decay constant (in the chiral limit) 
Fπ ̃ 94 MeV

hard scale that enters Li

low-energy constants

quark mass matrix

Weinberg ’79

. . .

1

Q =
p ∼ Mπ

Λχ

1

At any order     , a finite number of (unknown) LECs contribute Qn

1



 Pion scattering lengths in ChPT

1-loop, all vertices from tree, 1 insertion from  

2-loops, all vertices from 1-loop, 1 insertion from tree,  1 insertion from  
2 insertions from 

#  of  LECs  increasing…

Predictive power?

LO:                           (Weinberg ’66) 

NLO:                         (Gasser, Leutwyler ’83) 
NNLO:                      (Bijnens et al. ’95) 
NNLO + disp. relations:                     (Colangelo et al.)

S-wave ππ scattering length

from: Colangelo, 
    PoS KAON:038,08
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 Two and more nucleons

NN interaction is strong, resummations/nonperturbative methods needed... 

Weinberg ’91Simplification: nonrelativistic problem (                        ) |�pi | ∼ Mπ � mN

1

the QM A-body problem

�� A�

i=1

�∇2
i

2mN
+O(m−3

N )
�
+ V2N + V3N + V4N + . . .

�
|Ψ� = E|Ψ�

1

derived	  within	  ChPT

The roadmap: QCD         Chiral Perturbation Theory          hadron dynamics
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unified description of  ππ, 
πN and NN

consistent many-body 
forces and currents

systematically improvable

bridging different reactions 
(electroweak, π-prod., ...)

precision physics with/from 
light nuclei

contact interactions

multiple GB 
exchange (ChPT)



 Nuclear forces: State of  the art
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Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

(numerical estimations based on Pudliner et al. PRL 74 (95) 4396)



 Chiral expansion of  the NN force
Ordonez et al. ’94; Friar & Coon ’94; Kaiser et al. ’97; E.E. et al. ’98,‘03; Kaiser ’99-’01; Higa, Robilotta ’03; …

LO (Q0):

NLO (Q2):

N2LO (Q3):

N3LO (Q4):

renormalization of  1π-exchange renormalization of  
contact terms

7 LECs leading 2π-exchange

2 LECs

subleading 2π-exchangerenormalization of  1π-exchange

sub-subleading 2π-exchange 3π-exchange (small)

15 LECs renormalization of  contact termsrenormalization of  1π-exchange

+  isospin-breaking corrections…
van Kolck et al. ’93,’96; Friar et al. ’99,’03,’04; Niskanen ’02; Kaiser ’06;  E.E. et al. ’04,’05,’07;  …

LECs  fixed 
from πN 

24 LECs fit to np data



 Nucleon-nucleon scattering at N3LO

Neutron-proton differential cross section and analyzing power at 
Elab = 50 MeV
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Deuteron observables



 
Three-nucleon force

3H binding energy calculated based on VNN   
 is typically underbound by ̃ 1 MeV 

Some indications of  the 3NF

Three-nucleon continuum... 



exp-theory  (2NF)

e
xp

-t
h

e
o

ry
  (

2
N

F
 +

 3
N

F
)

3NF is doing a good job

3NF has no effect

3NF makes agreement 
worse

 Phenomenological 3NF models Fugita-Miyazawa,
Tucson-Melbourne,
Brasil, Urbana IX, Illinois, ...
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Figure 20. Results of the calculations are subtracted from all corresponding data
points available in the literature for elastic scattering for the energy range of 50-
250 MeV and center-of-mass angles θc.m.>30◦ and plotted as a (relative) difference
between experimental data and calculations with only 2NF (x-axis) and with 3NF
in addition (y-axis). The top four panels represent the relative differences for cross
sections: on the left for two different energy ranges in two different shades (color online)
and on the right for two different angle ranges in different shades. The label BC refers
to a calculation from the Bochum-Cracow group based on the CD-Bonn two-nucleon
potential and the TM’ 3NF. The label HL refers to a calculation from the Hanover-
Lisbon group. A similar comparison is shown in the bottom four panels for the proton
and deuteron vector analyzing powers. In this case, only the calculations of the HL
have been used and θc.m.>8◦ (color online).
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Figure 20. Results of the calculations are subtracted from all corresponding data
points available in the literature for elastic scattering for the energy range of 50-
250 MeV and center-of-mass angles θc.m.>30◦ and plotted as a (relative) difference
between experimental data and calculations with only 2NF (x-axis) and with 3NF
in addition (y-axis). The top four panels represent the relative differences for cross
sections: on the left for two different energy ranges in two different shades (color online)
and on the right for two different angle ranges in different shades. The label BC refers
to a calculation from the Bochum-Cracow group based on the CD-Bonn two-nucleon
potential and the TM’ 3NF. The label HL refers to a calculation from the Hanover-
Lisbon group. A similar comparison is shown in the bottom four panels for the proton
and deuteron vector analyzing powers. In this case, only the calculations of the HL
have been used and θc.m.>8◦ (color online).
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Figure 20. Results of the calculations are subtracted from all corresponding data
points available in the literature for elastic scattering for the energy range of 50-
250 MeV and center-of-mass angles θc.m.>30◦ and plotted as a (relative) difference
between experimental data and calculations with only 2NF (x-axis) and with 3NF
in addition (y-axis). The top four panels represent the relative differences for cross
sections: on the left for two different energy ranges in two different shades (color online)
and on the right for two different angle ranges in different shades. The label BC refers
to a calculation from the Bochum-Cracow group based on the CD-Bonn two-nucleon
potential and the TM’ 3NF. The label HL refers to a calculation from the Hanover-
Lisbon group. A similar comparison is shown in the bottom four panels for the proton
and deuteron vector analyzing powers. In this case, only the calculations of the HL
have been used and θc.m.>8◦ (color online).

Elastic nucleon-deuteron scattering 

from: Kalantar-Nayestanaki, EE, Messchendorp, Nogga, Rev. Mod. Phys. 75 (2012) 016301 

Deuteron breakup reaction

Phenomenological 3NF models
Fugita-Miyazawa,
Tucson-Melbourne,
Brasil, Urbana IX, Illinois, ...

no clear improvement after inclusion of  3NF

need a systematic theoretical approach (chiral EFT)



 Chiral 3NF & nd elastic scattering

3NF first appears ar N2LO

The LECs D,E can be fixed e.g. from 3H BE 
and nd doublet scattering length 

N2LO

EE, Nogga et al. D Eci

leading chiral three-nucleon force

Nd elastic cross sections 
at low energies Nd elastic scattering at EN=90 MeV

N2LO

NLO



Nd breakup at Ed=130 MeV

 Chiral 3NF and deuteron breakup

E. STEPHAN et al. PHYSICAL REVIEW C 82, 014003 (2010)
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FIG. 9. (Color online) Examples of vector analyzing power
distributions obtained for geometries with central values of angles
as shown in the panels. Error bars show statistical uncertainties
alone. Experimental data are compared to bands representing results
of ChPT calculations at N2LO (green, light gray) and N3LO (orange,
dark gray).
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FIG. 11. (Color online) Examples of tensor analyzing power
distributions for the geometries where description of the data by
theoretical calculations is not perfect. Meaning of the bands as in
Fig. 9.
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FIG. 10. (Color online) The same data as in Fig. 9 but compared
to calculations with realistic potentials without (cyan, light gray)
and with (magenta, dark gray) TM99 3N force. The results of the
coupled-channels calculations with the explicit ! excitation, with
and without Coulomb interaction, are shown as solid and dashed
lines, respectively.

20 40 60 80 100
-0.6

-0.4

-0.2

0

0.2
A

xx

20 40 60 80

-1

-0.8

-0.6

-0.4

-0.2

A
xx

20 40 60 80
-0.8

-0.6

-0.4

-0.2

0

A
xx

20 40 60 80
S (MeV)

0.4

0.6

0.8

1

A
yy

ϕ12 = 0ο
θ1′ θ2 = 25ο, 15ο

ϕ12 = 0ο

ϕ12 = 0οϕ12 = 40ο

θ1′ θ2 = 30ο, 20ο

θ1′ θ2 = 30ο, 20οθ1′ θ2 = 25ο, 25ο

FIG. 12. (Color online) The same data as in Fig. 11 but compared
to calculations with the realistic potentials. Meaning of lines and
bands as in Fig. 10.
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FIG. 19 The proton-to-proton (left panel) and proton-to-

deuteron (right panel) polarization transfer coefficients in

d(�p, �p )d and d(�p, �d )p reactions at Elab
p = 22.7. Light (dark)

shaded bands depict the results at NLO (N
2
LO). Data are

from Refs. (303; 304).

0 4 8 12

S  [MeV]

0

0.5

1

1.5

2 d
5
σ/dS dΩ

1
dΩ

2

0 5 10 15 20 25

S  [MeV]

2

4

6

8
d

3
σ/dΩ3dΩ4dS

FIG. 20 Chiral EFT predictions for neutron-deuteron

breakup cross section (in mb MeV
−1

sr
−2

) along the kinemat-

ical locus S. Light-shaded (dark-shaded) bands refer to the

results at NLO (N
2
LO). Left panel: The SST configuration

at EN = 13 MeV. Neutron-deuteron data (open triangles) are

from (305; 306), proton-deuteron data (filled circles) are from

(307). Right panel: The SCRE configuration with α = 56
◦

at EN = 19 MeV (292). Dashed and dashed-dotted lines are

results based on the CD Bonn 2000 2NF (18) combined with

the TM99 3NF (308) and the coupled channel calculation in-

cluding the explicit ∆ and the Coulomb interaction (296),

respectively.

cleons is perpendicular to the beam axis, and the angles
between the nucleons are 120◦. At Elab = 13 MeV, the
proton-deuteron and neutron-deuteron (nd) cross section
data deviate significantly from each other. Theoretical
calculations based on both phenomenological and chiral
nuclear forces have been carried out for the nd case and
are unable to describe the data, see Fig. 20. Moreover,
the Coulomb effect was found to be far too small to ex-

plain the difference between the pd and nd data sets.
Recently, proton-deuteron data for a similar symmetric
constant relative-energy (SCRE) configuration have been
measured in Cologne (292). This geometry is character-
ized by the angle α between the beam axis and the plane
in the CMS spanned by the outgoing nucleons. Similar
to the SST geometry, one observes large deviations be-
tween the theory and the data, in particular for α = 56◦,
see Fig. 20. The included 3NFs have little effect on the
cross section while the effect of the Coulomb interaction
is significant and removes a part of the discrepancy. No-
tice that all above cases correspond to rather low energies
where one expects good convergence of the chiral expan-
sion. Furthermore, contrary to the Ay-puzzle, the cross
sections discussed above are mainly sensitive to the two-
nucleon S-waves without any known fine tuning between
partial waves. First attempts have been made in the
past few years to perform deuteron breakup experiments
at intermediate energies, in particular at EN = 65 MeV
(289), in which a large part of the phase space is covered
at once. Chiral EFT results at N2LO for more than 155
data points were shown to be of a comparable quality
to the ones based on modern phenomenological nuclear
forces.
Recently, first results for the 4N continuum based on

both phenomenological and chiral nuclear forces and in-
cluding the Coulomb interactions have become available,
see (309; 310) for p−3He scattering, (311) for the n−3He,
p−3H and d−d scattering, and (312) for the related ear-
lier work. These studies do not yet include effects of
3NFs but clearly indicate that at least some of the puz-
zles observed in the 3N continuum also persist in the 4N
continuum (such as e.g. the Ay-puzzle in p−3He scatter-
ing (310)). For a promising new approach to describe
scattering states in even heavier systems the reader is
referred to (313).
The properties of certain S-shell and P-shell nuclei

with A ≤ 13 have been analyzed recently based on the
no-core shell model (NCSM), see (281; 282) and (314)
for an overview. In Fig. 21 we show some results from
Ref. (282) for the spectra of 10B, 11B, 12C and 13C. We
emphasize that the LECs D and E entering the N2LO
3NF were determined in these calculations by the triton
binding energy and a global fit to selected properties of
6Li, 10B and 12C. These studies clearly demonstrate that
the chiral 3NF plays an important role in the descrip-
tion of spectra and other properties of light nuclei. The
inclusion of the 3NF allows to considerably improve the
agreement with the data. Further results for light nu-
clei and the dilute neutron matter based on the lattice
formulation of chiral EFT are given in sections II.G and
III.E.

D. The role of the ∆-isobar

The chiral expansion for the long-range part of the
nuclear force discussed in the previous section exhibits a

Düwecke et al., PRC 72 (2006) 044001

part.

θ1= θ2 = 51.5º,      
φ1 = 0º,           
φ2 = 180º

FSI configuration at Ep=16 MeV

SST configuration at EN=13 MeV

N2LO

incompl. 
N3LO



 Chiral 3NF and 4N scattering 
Viviani, Girlanda, Kievsky, Marcucci, Rosatti arXiv:1004.1306
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(the LECs D,E are tuned to the 3H and 4He binding energies)



 Chiral 3NF and nuclear structure 

Some recent applications of chiral 3NF at N2LO: 
－ explaining the long lifetime of 14C
－ constraining the properties of neutron-rich matter & neutron star radii

Holt, Kaiser, Weise ’10

Hebeler et al.’10

－ explaining the structure of Ca isotopes Holt, Otsuka, Schwenk, Suzuki ’10

10B

Exp2NF (N3LO) 2NF (N3LO)
+ 3NF (N2LO)

Navratil et al., PRL 99 
(2007) 042501

promising results for 3N/4N scattering, lig
ht nuclei and 

nuclear matter with chiral 3NF at N
2 LO

need to go to higher orders in the chiral expansion



 Chiral 3NF beyond N2LO (work in progress)
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3NF topologies up to N4LO (subleading one-loop order)

start contributing at N2LO
fairly restricted operator structure 
also included in various models 

first appear at N3LO
rich operator structure
parameter-free
not converged (Δ-effects are missing)
     need to go to higher orders and/or Δ-full EFT... 
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First corrections to the leading 3NF (at N3LO) are worked out
Ishikawa, Robilotta, PRC76 (07);  Bernard, EE, Krebs, Meißner, PRC77 (08);  PRC84 (11)

Implementation in progress (numerical partial wave decomposition: JUROPA@FZJ)
Skibinski et al., PRC84 (11);  work in progress...

Gasparyan, EE, Krebs, work in progress...



 Two-pion exchange 3NF up to N4LO
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FIG. 2: Two-pion exchange 3N diagrams at N3LO. Solid dots (filled rectangles) denote vertices of dimension ∆i = 0 (∆i = 2).
Diagrams which result from the interchange of the nucleon lines and/or application of the time reversal operation are not
shown. For remaining notation see Fig. 1.

(1), (2), (4), (8), (10), (30-32), (34) and (35) just renormalize the external nucleon legs. Similarly, Feynman diagrams
(3), (9), (22-24), (26-28) lead to renormalization of the leading pion-nucleon coupling without producing any new
structures. All these contributions are taken into account by replacing the bare LECs in the leading 2π exchange 3N
scattering amplitude by renormalized ones. This suggests that there are no N3LO corrections to the 3NF from these
graphs since the 2π exchange 3N diagrams at order ν = 2 do not generate any nonvanishing 3NF. Given the fact
that nuclear potentials are, in general, not uniquely defined, the above argument based on the (on-shell) scattering
amplitude should be taken with care. We have, however, verified that this is indeed the case by explicitly calculating
the corresponding 3NF using the method of unitary transformation along the lines of Ref. [23]. From the remaining
graphs in Fig. 2, diagram (11) does not contribute at the considered order due to the 1/m-suppression caused by the
time derivative entering the Weinberg-Tomozawa vertex.3 For the same reason, diagram (25) also leads to a vanishing
result at the order considered. Here, the time derivative acts either on the pions exchanged between two nucleons
leading to a 1/m-suppression or on the pion in the tadpole giving an odd power of the loop momentum l0 to be

3 This graph does not involve reducible time-ordered topologies. Its contribution to the nuclear force is, therefore, most easily obtained
using the Feynman graph technique. The 1/m-suppression from the time derivative entering the Weinberg-Tomozawa vertex follows
then simply from the four-momentum conservation.
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where the loop function A(q) is defined as:

A(q) =
1

2q
arctan

q

2Mπ
. (3.7)

Notice that the leading-loop contributions to the 2π-exchange topology do not contain logarithmic ultraviolet diver-

gences and, as explained in Ref. [15], turn out to be independent from the LECs di entering L(3)
πN . At both N2LO

and N3LO, all LECs in the effective Lagrangian entering the expressions for the 3NF – including gA and Fπ – can be
simply replaced by their physical values.

We further emphasize that, as already mentioned above, the expressions in Eq. (3.6) differ from the ones in Eq. (2.9)
of Ref. [15] by terms of a shorter range as compared to the two-pion exchange contributions. The advantage of using
the new notation is that the results for A and B are now α-independent. This was not the case for terms in Eq. (2.9)
of Ref. [15] where the results are given for a specific choice α = 0.

Last but not least, we emphasize that relativistic corrections to V2π have a richer structure than the one given in
Eq. (3.3). The explicit form of the 1/m-corrections to V2π at N3LO can be found in Ref. [16], see also [35] for an early
work.

B. N4LO contributions

We now turn to the sub-subleading contributions to the 2π-exchange 3NF at order Q5 (N4LO). These are depicted
in Fig. 2 and emerge from:

• one-loop diagrams (1)-(15) constructed from the leading-order vertices from L(1)
πN and a single insertion of a

subleading vertex ∝ ci,

• tree diagram (16) involving leading-order vertices from L(1)
πN and a single insertion of a vertex from L(4)
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L(2)
NN = −C̃1

(

(N̄DN) · (N̄DN) + ((DN̄ )N) · ((DN̄)N)
)

− 2(C̃1 + C̃2)(N̄DN) · ((DN̄)N)

− C̃2(N̄N) · ((D2N̄)N + N̄D2N) + . . . , (2.12)

where li, di and C̃i denote further LECs and
◦
m is the

nucleon mass in the chiral limit. The ellipses in the pion
and pion-nucleon Lagrangians refer to terms which do
not contribute to the nuclear force at NLO. In the case
of the nucleon-nucleon Lagrangian L(2)

NN only a few terms
are given explicitly. The complete reparametrization-
invariant set of terms can be found in (148). The NLO
contributions to the two-nucleon potential have been first
considered in (149; 150) utilizing the framework of time-
ordered perturbation theory. The corresponding energy-
independent expressions have been worked out in (151)
using the method described in (152) and then re-derived
in (142) using an S-matrix-based approach and, inde-
pendently, in (143; 153) based on the method of uni-
tary transformation. The one-pion (1π) exchange dia-
grams at NLO do not produce any new momentum de-
pendence. Apart from renormalization of various LECs
in Eq. (2.11), one obtains the leading contribution to the
Goldberger-Treiman discrepancy (154)

gπN

m
=

gA

Fπ
− 2M2

π

Fπ
d18 + . . . (2.13)

where the ellipses refer to higher-order terms. Similarly,
loop diagrams involving NN short-range interactions only
lead to (Mπ-dependent) shifts in the LO contact terms.
The remaining contributions to the 2NF due to higher-
order contact interactions and two-pion exchange have
the form:

V (2)
2N = − τ 1 · τ 2

384π2F 4
π

LΛ̃(q)

(

4M2
π(5g4

A − 4g2
A − 1)

+ "q 2(23g4
A − 10g2

A − 1) +
48g4

AM4
π

4M2
π + "q 2

)

− 3g4
A

64π2F 4
π

LΛ̃(q)
(

"σ1 · "q "σ2 · "q − "σ1 · "σ2 "q 2
)

+ C1 "q 2 + C2
"k2 + (C3 "q 2 + C4

"k2)"σ1 · "σ2

+ iC5
1

2
("σ1 + "σ2) · "q × "k + C6 "q · "σ1 "q · "σ2

+ C7
"k · "σ1

"k · "σ2 , (2.14)

where q ≡ |"q | and the LECs Ci can be written as lin-
ear combinations of C̃i in Eq. (2.12). The loop function

LΛ̃(q) is defined in the spectral function regularization
(SFR) (155; 156) as

LΛ̃(q) = θ(Λ̃ − 2Mπ)
ω

2q
ln

Λ̃2ω2 + q2s2 + 2Λ̃qωs
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FIG. 13 Chiral expansion of the three-nucleon force up to
N3LO. Diagrams in the first line (NLO) yield vanishing con-
tributions to the 3NF if one uses energy-independent for-
mulations as explained in the text. The five topologies
at N3LO involve the two-pion exchange, one-pion-two-pion-
exchange, ring, contact-one-pion exchange and contact-two-
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the ultraviolet cutoff in the mass spectrum of the two-
pion-exchange potential. If dimensional regularization
(DR) is employed, the expression for the loop function
simplifies to

L(q) = lim
Λ̃→∞

LΛ̃(q) =
ω
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2Mπ
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In addition to the two-nucleon contributions, at NLO
one also needs to consider three-nucleon diagrams shown
in the first line of Fig. 13. The first diagram does not in-
volve reducible topologies and, therefore, can be dealt
with using the Feynman graph technique. It is then
easy to verify that its contribution is shifted to higher
orders due to the additional suppression by the factor
of 1/m caused by the appearance of time derivative at
the leading-order ππN̄N vertex, the so-called Weinberg-
Tomozawa vertex. The two remeining diagrams have
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where li, di and C̃i denote further LECs and
◦
m is the
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and pion-nucleon Lagrangians refer to terms which do
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3

3NF are presented and the convergence of the chiral expansion is discussed. Finally, the findings of our work are
briefly summarized in section VI. The Appendices contain explicit formulae for the algebraic structure of the nuclear
Hamiltonian at order N4LO and the chiral expansion of the πN invariant amplitudes.

II. EFFECTIVE LAGRANGIAN

To derive the longest-range contributions to the 3NF at N4LO we need the effective pion-nucleon Lagrangian up to
the order Q4. The explicit expressions in the heavy-baryon formulation can be found in Ref. [27, 28]. For the sake of
completeness, we list here all terms relevant for our calculation with the corresponding building blocks being expanded
in powers of the pion fields:

L(1)
πN = N †

v

[

iv · ∂ −
1

4F 2
τ × π · (v · ∂π) +

8α− 1

16F 4
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F
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g̊A
2F 3
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)

]

Nv + . . . ,

L(2)
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F 2
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2
π
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1

F 2
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1

F 2
c3(∂µπ) · (∂µ

π)

−
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F 2

(
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4m

)
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c3
F 4
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π
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i c4
2F 4
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$∇2
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+
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2Fm
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)
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8F 2m
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)]
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π) +

2
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4
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2
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µ, Sν ])

)]

Nv + . . . ,

L(4)
πN = N †

v
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2(8e38 + e115 + e116)M
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i
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Sµ, Sν

](

− 18e17τ × (∂ρ∂µ
π) · (∂ρ∂ν

π) + e18τ × (v · ∂∂µ
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2
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π) + 8e15(v · ∂∂µπ) · (v · ∂∂µ

π)

+ 8e16((v · ∂)2π) · ((v · ∂)2π) + 4M2(2e19 − e22 − e36)(∂µπ) · (∂µ
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− 4e22M
2
π · (∂µ∂µ

π)− 8e35M
2
π · ((v · ∂)2π)− 16e38M

4
π

2

]

Nv + . . . , (2.1)

where π and Nv refer to pion and nucleon fields, τ denote the isospin Pauli matrices, v is the nucleon four-velocity
and Sµ refers to the covariant spin operator of the nucleon,

Sµ =
1

2
iγ5σµνv

ν , σµν =
i

2
[γµ, γν ] . (2.2)

Further, F and g̊A are the pion decay and the nucleon axial vector constants in the chiral limit, M is the pion mass
to leading order in quark masses and di (ei) are further low-energy constants (LECs) from the order-Q3 (order-Q4)

pion-nucleon Lagrangian. The superscript i of L(i)
πN refers to the number of derivatives or insertions of the pion mass.

Notice that in the power counting scheme employed here, the nucleon mass is treated as a heavier scale as compared
to the chiral-symmetry-breaking scale Λχ, see the discussion at the end of the section III B. As a consequence, the

1/m2-terms in L(3)
πN and the 1/m-, 1/m2- and 1/m3-terms in L(4)

πN generate contributions to the 3NF beyond N4LO.

Effective Lagrangian needed to compute 3NF at N4LO
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FIG. 3: Results of the fit for πN s, p and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid curves
correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2

calculation.

which reflects the absence of inelasticity below the two-pion production threshold.

We performed a combined fit for all s-, p-, and d-waves since d-waves are the highest partial waves where the order-Q4

counter terms contribute. The results of the fits using the GW and KH partial wave analyses are visualized in Figs. 3
and 4, respectively. In these figures we show the full, order-Q4 results (solid curves) as well as the phase shifts
calculated up to the order Q3 (dashed curves) and Q2 (dashed-dotted curves) using the same parameters (from the
order-Q4 fit) in all curves. In the fitted region (from threshold up to pLab = 150 MeV/c), a good description of the
data is achieved. As one would expect the convergence pattern when going from Q2 to Q4 is getting worse with
increasing the pion momenta. Interestingly, the d-waves are rather well reproduced already at the order Q3 where
there are no counter terms or other contributions depending on free parameters. Both the tree-level and finite loop
contributions are important for those four partial waves. Our results for the phase shifts are similar and of a similar
quality as the ones reported in Ref. [45].

We finally turn to the discussion of the extracted parameters. The obtained values of the low energy constants are
collected in Table I. As one can see from the table, the LECs ci and d̄i turn out to come out rather similar for the
two partial wave analyses. The difference does not exceed 30% except for the LECs c1 and d̄5 which are, however,
considerably smaller than the other ci’s and d̄i’s, respectively. The same conclusion about stability can be drawn for
the LECs ē14 and ē17. These are the only counter terms contributing to d-waves, which is why these two constants
are strongly constrained by the threshold behavior of the d-wave phase shifts. In contrast, the other ēi’s are very
sensitive to the energy dependence of the s- and p-wave amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of a natural size except for the combination d̄14 − d̄15 and
ē15 which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and ēi from of our fits to the ones obtained in Refs. [32],[45]
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FIG. 5: Chiral expansion of the functions A(q2) and B(q2) entering the two-pion exchange 3NF in Eq. (3.3) up to N4LO. Left
(right) panel shows the results obtained with the LECs determined from the order-Q4 fit to the pion-nucleon partial wave
analysis of Ref. [57] (Ref. [56]) and listed in Table I. Dashed, dashed-dotted and solid lines correspond to A
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VI. SUMMARY AND CONCLUSIONS

In this paper, we have analyzed the longest-range contribution to the three-nucleon force at N4LO utilizing the heavy-
baryon formulation of chiral EFT with pions and nucleons as the only explicit degrees of freedom. For this particular
topology, the N4LO corrections already provide the sub-subleading contribution, so that one can address the question
of convergence of the chiral expansion. The pertinent results of our study can be summarized as follows.

• We worked out the N4LO contributions to the 2π-exchange 3NF. The unitary ambiguity of the Hamilton
operator can be parametrized at this order by three additional unitary transformations. We found that two
of the corresponding “rotation angles”, namely α10 and α11, are fixed in terms of the remaining one α9 if one
requires that the resulting 3NF matrix elements are finite (renormalizability constraint). The parameter α9

does not enter the expressions for the 3NF at N4LO. These findings will impact the results for the remaining
3NF contributions which are not considered in this paper.

• In order to determine the low-energy constants ci, d̄i and ēi contributing to the 2π-exchange 3NF, we re-analyzed
pion-nucleon scattering at order Q4 employing exactly the same power counting scheme as in the derivation of
the nuclear forces. We used the available partial wave analyses of the pion-nucleon scattering data to determine
all relevant LECs. The resulting values turn out to be rather stable and agree well with the determinations by
other groups.

• With all LECs being fixed from pion-nucleon scattering as discussed above, we found a good/reasonable con-

Two-pion exchange 3NF up to N4LO

πN phase shifts in HB ChPT up to Q4

(fit to Karlsruhe-Helsinki PWA)

3NF „structure functions“
(fit to Karlsruhe-Helsinki PWA)

all relevant (combinations of) LECs are determined from πN scattering 
extracted LECs are fairly stable (KH vs GW PWA) and of a reasonably natural size  
reasonably good convergence of HB ChPT (consistent with Fettes, Meißner ’00)

Gasparyan, EE, Krebs ’12



 Most general structure of  a local 3NF

What is the relative size of the TPE topology compared to other long-range terms? 
                        need to work with a complete set of independent operators 

Gasparyan, EE, Krebs, in preparation
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Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)

1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -

!σ1 · !σ3 O5 - O6 O7 - -

τ 1 · τ 3!σ1 · !σ3 O8 - O9 O10 - -

τ 2 · τ 3!σ1 · !σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)!σ1 · (!σ2 × !σ3) O17 - - - - -

τ 1 · (τ 2 × τ 3)!σ2 · (!q1 × !q3) O18 - O19 O20 - -

!q1 · !σ1!q1 · !σ3 O21 O22 O23 O24 O25 O26

!q1 · !σ3!q3 · !σ1 O27 - O28 O29 - -

!q1 · !σ1!q3 · !σ3 O30 - O31 O32 - -

τ 2 · τ 3!q1 · !σ1!q1 · !σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3!q1 · !σ1!q3 · !σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3!q3 · !σ1!q1 · !σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3!q3 · !σ1!q3 · !σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3!q1 · !σ2!q1 · !σ3 O57 - O58 O59 - -

τ 2 · τ 3!q3 · !σ2!q3 · !σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3!q1 · !σ2!q3 · !σ3 O66 - O67 O68 - -

τ 1 · (τ 2 × τ 3)!σ1 · !σ2!σ3 · (!q1 × !q3) O69 - O70 O71 - -

τ 1 · (τ 2 × τ 3)!σ3 · !q1!q1 · (!σ1 × !σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)!σ1 · !q1!σ2 · !q1!σ3 · (!q1 × !q3) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)!σ1 · !q3!σ2 · !q3!σ3 · (!q1 × !q3) O84 - O85 O86 - -

τ 1 · (τ 2 × τ 3)!σ1 · !q1!σ2 · !q3!σ3 · (!q1 × !q3) O87 - O88 O89 - -

TABLE I: 22 operators G1, . . . ,G22 generate operators O1, . . . ,O89 . The operators Oi are generated by application of one of
the 6 functions S,A,G1, G2, G1(12), G2(12) on one of Gj ’s: e.g. O2 = S(G2 = τ 1 · τ 2),O3 = G1(G2 = τ 1 · τ 2) etc. By ”-” we
denote the structures which either vanish or can be expressed as linear combination of 89 given operators.

It is obvious that

PS(O) = S(O) and PA(O) = (−1)PA(O)

for all P ∈ S3 such that S(O) and A(O) transform under one dimensional representations. To construct
operators which transform under two dimensional irreducible representation we introduce

G1(O) :=

[

S13 −
1

2
(S23S13 + S12S13)

]

(O), G2(O) :=

√
3

2
[S23S13 − S12S13] (O),

with

Sij(O) :=
1

2
(O + (ij)O) .

The following 2-vector of operators transforms under the third 2-dim. irreducible representation:
(

PG1(O)
PG2(O)

)

= D(P )

(

G1(O)
G2(O).

)

With all the constraints and notation described above we found 22 independent generating operators which generate
89 independent operators. The generating operators G1, . . . ,G22 as well as linear-independent generated operators
which we denote by O1, . . . ,O89 can be found in Table I. The full local three-nucleon force in this notation can be
given in symmetric form by

89
∑

i=1

Oi(!σ1,!σ2,!σ3, τ 1, τ 2, τ 3, !q1, !q3)Fi(q1, q3, !q1 · !q3). (5.33)
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• In three space-dimensions we can also use the Schouten identity

δi,jεk,l,m − δi,kεl,m,j + δi,lεm,j,k − δi,mεj,k,l = 0.

to eliminate redundant structures.

• A general local three-nucleon force can be written in a form

∑

i

Oi(#σ1,#σ2,#σ3, τ 1, τ 2, τ 3, #q1, #q3)Fi(q1, q3, #q1 · #q3).

where Oi are spin-momentum-isospin operators and the structure functions Fi depend only on absolute values
|#q1|, |#q3| and on the scalar product #q1 · #q3. The three-nucleon force is invariant under any permutation P ∈ S3

where S3 is a permutation group:

∑

i

POiPFi =
∑

i

OiFi.

To understand the behavior of structure functions under the permutation of momenta it is important to analyze
the behavior of the operatorsOi. under permutation P . Since the operator set is complete the permuted operator
POi is just a linear combination of Oj ’s:

POi =
∑

j

D(P )i,jOj ,

where D(P ) is some invertible matrix. It is easy to show that D is a representation of S3. Indeed

P ′POi =
∑

j

D(P ′)i,jPOj =
∑

j,k

D(P ′)i,jD(P )j,kOk =
∑

j

D(P ′P )i,jOj ,

from which we get

D(P ′P ) = D(P ′)D(P ).

The transformation of the structure functions Fi under permutation P can be now read off from

∑

i

OiFi =
∑

i

POiPFi =
∑

i,j

D(P )i,jOjPFi =
∑

i

Oi





∑

j

PFjD(P )j,i



 ,

and so we get

Fi =
∑

j

PFjD(P )j,i or PFi =
∑

j

FjD(P−1)j,i.

We can always choose the basis in which D is a block diagonal matrix. The blocks are given by the irreducible
representations of S3. There are 3 inequivalent irreducible representations of S3:

1. The trivial 1 and antisymmetric (−1)P representations are one dimensional

2. The third irreducible representation is two dimensional and is e.g. given by

D(()) =

(

1 0
0 1

)

, D((12)) = − 1
2

(

1
√
3√

3 −1

)

, D((13)) =

(

1 0
0 −1

)

,

D((23)) = 1
2

(

−1
√
3√

3 1

)

, D((123)) = − 1
2

(

1 −
√
3√

3 1

)

, D((132)) = − 1
2

(

1
√
3

−
√
3 1

)

,

(5.32)

where we used the cyclic notation for permutations[? ]. To construct the operators Oi for which D(P ) is
in block diagonal form we introduce the following functions:

S(O) :=
1

6

∑

P∈S3

PO, A(O) :=
1

6

∑

P∈S3

(−1)PPO.
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where we used the cyclic notation for permutations[? ]. To construct the operators Oi for which D(P ) is
in block diagonal form we introduce the following functions:

S(O) :=
1

6

∑

P∈S3

PO, A(O) :=
1

6

∑

P∈S3

(−1)PPO.
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Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)

1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -

!σ1 · !σ3 O5 - O6 O7 - -

τ 1 · τ 3!σ1 · !σ3 O8 - O9 O10 - -

τ 2 · τ 3!σ1 · !σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)!σ1 · (!σ2 × !σ3) O17 - - - - -

τ 1 · (τ 2 × τ 3)!σ2 · (!q1 × !q3) O18 - O19 O20 - -

!q1 · !σ1!q1 · !σ3 O21 O22 O23 O24 O25 O26

!q1 · !σ3!q3 · !σ1 O27 - O28 O29 - -
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τ 1 · (τ 2 × τ 3)!σ3 · !q1!q1 · (!σ1 × !σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)!σ1 · !q1!σ2 · !q1!σ3 · (!q1 × !q3) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)!σ1 · !q3!σ2 · !q3!σ3 · (!q1 × !q3) O84 - O85 O86 - -

τ 1 · (τ 2 × τ 3)!σ1 · !q1!σ2 · !q3!σ3 · (!q1 × !q3) O87 - O88 O89 - -

TABLE I: 22 operators G1, . . . ,G22 generate operators O1, . . . ,O89 . The operators Oi are generated by application of one of
the 6 functions S,A,G1, G2, G1(12), G2(12) on one of Gj ’s: e.g. O2 = S(G2 = τ 1 · τ 2),O3 = G1(G2 = τ 1 · τ 2) etc. By ”-” we
denote the structures which either vanish or can be expressed as linear combination of 89 given operators.

It is obvious that

PS(O) = S(O) and PA(O) = (−1)PA(O)

for all P ∈ S3 such that S(O) and A(O) transform under one dimensional representations. To construct
operators which transform under two dimensional irreducible representation we introduce

G1(O) :=

[

S13 −
1

2
(S23S13 + S12S13)

]

(O), G2(O) :=

√
3

2
[S23S13 − S12S13] (O),

with

Sij(O) :=
1

2
(O + (ij)O) .

The following 2-vector of operators transforms under the third 2-dim. irreducible representation:
(

PG1(O)
PG2(O)

)

= D(P )

(

G1(O)
G2(O).

)

With all the constraints and notation described above we found 22 independent generating operators which generate
89 independent operators. The generating operators G1, . . . ,G22 as well as linear-independent generated operators
which we denote by O1, . . . ,O89 can be found in Table I. The full local three-nucleon force in this notation can be
given in symmetric form by

89
∑

i=1

Oi(!σ1,!σ2,!σ3, τ 1, τ 2, τ 3, !q1, !q3)Fi(q1, q3, !q1 · !q3). (5.33)
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denote the structures which either vanish or can be expressed as linear combination of 89 given operators.

It is obvious that
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The following 2-vector of operators transforms under the third 2-dim. irreducible representation:
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)

With all the constraints and notation described above we found 22 independent generating operators which generate
89 independent operators. The generating operators G1, . . . ,G22 as well as linear-independent generated operators
which we denote by O1, . . . ,O89 can be found in Table I. The full local three-nucleon force in this notation can be
given in symmetric form by

89
∑

i=1

Oi(!σ1,!σ2,!σ3, τ 1, τ 2, τ 3, !q1, !q3)Fi(q1, q3, !q1 · !q3). (5.33)

Most general, local 3NF involves 
89 operators, can be generated 
(by permutations) from 
22 structures: 

V2π =
�σ1 · �q1 �σ3 · �q3

[q21 +M2
π ] [q

2
3 +M2

π ]

�
τ 1 · τ 3 A(q2) + τ 1 × τ 3 · τ 2 �q1 × �q3 · �σ2 B(q2)

�

A(3)(q2) =
g2A
8F 4

π

�
(2c3 − 4c1)M

2
π + c3q

2
2

�
, B(3)(q2) =

g2Ac4
8F 4

π

,

A(4)(q2) =
g4A

256πF 6
π

�
A(q2)

�
2M4

π + 5M2
πq

2
2 + 2q42

�
+

�
4g2A + 1

�
M3

π + 2
�
g2A + 1

�
Mπq

2
2

�
,

B(4)(q2) = − g4A
256πF 6

π

�
A(q2)

�
4M2

π + q22
�
+ (2g2A + 1)Mπ

�

A(5)(q2) =
gA

4608π2F 6
π

�
M2

πq
2
2(F

2
π

�
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2
πgA − 2gA(5c2 + 18c3)

� �

− g2A
768π2F 6

π

L(q2)
�
M2

π + 2q22
� �

4M2
π(6c1 − c2 − 3c3) + q22(−c2 − 6c3)

�
,

B(5)(q2) = − gA
2304π2F 6

π

�
M2

π

�
F 2
π

�
1152π2d̄18c4 − 1152π2gA(2ē17 + 2ē21 − ē37)
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predictions based entirely on chiral symmetry + input from πN, benchmarks for lattice-QCD 
implications for Nd, light nuclei & nuclear matter?   (work in progress...)  
2π-1π and ring topology: already converged? ChPT with explicit Δ‘s   (work in progress...) 
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 Calculation strategy 

Lattice action (improved to minimize discr. errors, accurate to Q3)

Solve 2N Schröd. Eq. with the spherical wall boundary 
cond.            phase shifts            fix the LO and NLO (per-
turbatively) contact terms

Lanczos method

Determine the LECs D, E from 3H and 4He 
BEs          the nuclear Hamiltonian comple-
tely fixed up to NNLO (Q3)

projection Monte Carlo (with 
auxiliary fields)

D E

Simulate the ground (and excited) states of  light nuclei

(Multi-channel) projection Monte 
Carlo with auxiliary fields



 Lattice actions

Q2 7 LECs

Q0

D EQ3

Different actions employed
    LO1: no smearing, 
    LO2: smearing in all waves,
    LO3: smearing in even-l waves

for a ~ 2 fm (Λ ~ 314 MeV) can well be represented by contact terms

used in the 
simulation

inserted perturbatively



 Calculation strategy 
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 Slater determinant of 1N states  

|Ψ(t�)� =
�
MSU(4)

�Lt0 |Ψinit�

1

- cheap, no sign problem (even A)
Lt0αt

1

Higher-order corrections 
perturbatively, expectation 
value for a general operator:

ZO(t) = �Ψ(t�)| (MLO)
Lt/2

O (MLO)
Lt/2 |Ψ(t�)�

1

�Ψ0|O|Ψ0� = lim
t→∞

ZO(t)

Z(t)
|Ψ(t�)�

1

with

ZLO(t) = �Ψ(t�)| (MLO)
Lt |Ψ(t�)�

1

Transition amplitude:                                                     with MLO =: exp (−HLOαt) :

1

transfer matrix (pion-less, SU(4)-inv.):

Ground state energy: exp
�
−ELO

0
αt

�
= lim

t→∞
Z(t+ αt)/Z(t)

1

Lee’05,’07; Chen, Lee, Schäfer ’04

MSU(4) =: exp(−HSU(4)αt) :

1



 Ground states of  8Be and 12C
E.E., Krebs, Lee, Meißner, PRL 106 (11) 192501 

Simulations for 8Be and 12C, L=11.8 fm

Various contributions to 4He, 8Be and 12C

Ground state of Beryllium-8

Epelbaum, Krebs, D.L, Meißner, arXiv:1101.2547

31

Ground state of Carbon-12

Epelbaum, Krebs, D.L, Meißner, PRL 104:142501, 2010; 
EPJA 45 (2010) 335; arXiv:1101.2547

33

Lattice effective field theory combines EFT with nu-
merical lattice methods in order to investigate larger sys-
tems. Space is discretized as a periodic cubic lattice with
spacing a and length L, where L is typically !10 fm. In
the time direction, the time step is denoted at with total
propagation time Lt. On this spacetime lattice, nucleons
are pointlike particles on lattice sites. Interactions due to
the exchange of pions and multinucleon operators are
generated using auxiliary fields. Lattice EFTwas originally
used to calculate the properties of homogeneous nuclear
and neutron matter [18,19]. Since then the ground state
energies of atomic nuclei with up to 12 nucleons have been
investigated [20,21]. A recent review of the literature can
be found in Ref. [22].

In the lattice calculations presented here we use the low-
energy filtering properties of Euclidean time propagation.
If H is the Hamiltonian operator for a quantum system,
then the eigenvalues of H are the energy levels and the
eigenvectors of H are the corresponding wave functions.
For any given quantum state, !, the projection amplitude
Z!ðtÞ is defined as the expectation value he$Hti!. For large
Euclidean time t, the exponential operator e$Ht enhances
the signal of low-energy states. The corresponding ener-
gies can be determined from the exponential decay of these
projection amplitudes.

In Table I we present lattice results for the ground state
energies of 4He, 8Be, and 12C. The method of calculation is
essentially the same as that described in Ref. [21]. We note
that higher-order corrections are computed using perturba-
tion theory. Some improvements have been made which
eliminate the problem of overbinding found in Ref. [21].
One significant improvement involves choosing local two-
derivative lattice operators at NLO which prevent interac-
tions tuned at low momenta from becoming too strong at
the cutoff momentum. Further details will be discussed in a
forthcoming publication. We show results at leading order
(LO), next-to-leading order (NLO), next-to-leading order
with isospin-breaking and electromagnetic corrections
(IBþ EM), and next-to-next-to-leading order (NNLO).
We follow the power counting scheme used in Ref. [21],
and there is no additional isospin-breaking and electromag-
netic corrections at NNLO. All energies are in units of
MeV. For comparison we also give the experimentally
observed energies. These calculations as well as all other

results presented here use lattice spacing a ¼ 1:97 fm and
time step at ¼ 1:32 fm. To simplify unit conversions we
are using units where @ and c, the speed of light, are set
equal to 1. The error bars in Table I are 1 standard deviation
estimates which include both Monte Carlo statistical errors
and uncertainties due to extrapolation at large Euclidean
time. For each simulation we have collected data from
2048 processors each generating about 300 independent
lattice configurations. In the case of 12C, these configura-
tions are stored on disk and used for the analysis of excited
states described later.
For 4He the periodic cube length is L ¼ 9:9 fm, while

the system size for the 8Be and 12C calculations are each
11.8 fm. By probing the two-nucleon spatial correlations
for each nucleus, we conclude that the finite size correc-
tions are smaller than the combined statistical and extrapo-
lation error bars. Since the lattice EFT calculations are
based upon an expansion in powers of momentum, the
size of corrections from OðQ0Þ to OðQ2Þ and from OðQ2Þ
to OðQ3Þ give an estimate of systematic errors due to
omitted terms at OðQ4Þ and higher. We have used the
experimentally observed 4He energy to set one of the
unknown three-nucleon interaction coefficients at NNLO
commonly known in the literature as cD. However, the
results for 8Be and 12C are predictions without free pa-
rameters, and the results at NNLO are in agreement with
experimental values.
In order to compute the low-lying excited states of

carbon-12, we generalize the Euclidean time projection
method to a multichannel calculation. We apply the ex-
ponential operator e$Ht to 24 single-nucleon standing
waves in the periodic cube. From these standing waves
we build initial states consisting of 6 protons and 6 neu-
trons each and extract four orthogonal energy levels with
the desired quantum properties. All four have even parity
and total momentum equal to zero. Three states have z-axis
component of angular momentum, Jz, equal to 0, and one
has Jz equal to 2. We note that the lattice discretization of
space and periodic boundaries reduce the full rotational
group to a cubic subgroup. As a consequence only 90'

rotations along axes are exact symmetries. This compli-
cates the identification of spin states. However the degen-
eracy or nondegeneracy of energy levels for Jz ¼ 0 and
Jz ¼ 2 allows one to distinguish between spinless states
and spin-2 states. We use the spectroscopic notation J!n ,
where J is the total spin, ! denotes parity, and n labels the
excitation starting from 1 for the lowest level. In this
notation the ground state is 0þ1 , the Hoyle state is 0

þ
2 , and

the lowest spin-2 state is 2þ1 .
In Table II we show results for the low-lying excited

states of 12C at leading order (LO), next-to-leading order
(NLO), next-to-leading order with isospin-breaking and
electromagnetic corrections (IBþ EM), and next-to-next-
to-leading order (NNLO). All energies are in units of MeV.
For comparison we list the experimentally observed

TABLE I. Lattice results for the ground state energies for 4He,
8Be, and 12C. For comparison we also exhibit the experimentally
observed energies. All energies are in units of MeV.

4He 8Be 12C

LO [OðQ0Þ] $24:8ð2Þ $60:9ð7Þ $110ð2Þ
NLO [OðQ2Þ] $24:7ð2Þ $60ð2Þ $93ð3Þ
IBþ EM [OðQ2Þ] $23:8ð2Þ $55ð2Þ $85ð3Þ
NNLO [OðQ3Þ] $28:4ð3Þ $58ð2Þ $91ð3Þ
Experiment $28:30 $56:50 $92:16
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energies. As before the error bars in Table II are 1 standard
deviation estimates which include both Monte Carlo sta-
tistical errors and uncertainties due to extrapolation at large
Euclidean time. Systematic errors due to omitted higher-
order interactions can be estimated from the size of cor-
rections from OðQ0Þ to OðQ2Þ and from OðQ2Þ to OðQ3Þ.
In Fig. 1 we show lattice results used to extract the excited
state energies at leading order. For each excited state we
plot the logarithm of the ratio of the projection amplitudes,
ZðtÞ=Z0þ1

ðtÞ, at leading order. Z0þ1
ðtÞ is the ground state

projection amplitude, and the slope of the logarithmic
function at large t gives the energy difference between
the ground state and the excited state.

As seen in Table II and summarized in Fig. 2, the NNLO
results for the Hoyle state and spin-2 state are in agreement
with the experimental values. While the ground state and
spin-2 state have been calculated in other studies
[10,11,13], these results are the first ab initio calculations
of the Hoyle state with an energy close to the phenomeno-
logically important 8Be-alpha threshold. Experimentally
the 8Be-alpha threshold is at $84:80 MeV, and the lattice
determination at NNLO gives $86ð2Þ MeV. We also note

the energy level crossing involving the Hoyle state and the
spin-2 state. The Hoyle state is lower in energy at LO but
higher at NLO. One of the main characteristics of the NLO
interactions is to increase the repulsion between nucleons
at short distances. This has the effect of decreasing the
binding strength of the spinless states relative to higher-
spin states. We note the 17 MeV reduction in the ground
state binding energy and 12 MeV reduction for the Hoyle
state while less than half as much binding correction for the
spin-2 state. This degree of freedom in the energy spectrum
suggests that at least some fine-tuning of parameters is
needed to set the Hoyle state energy near the 8Be-alpha
threshold. It would be very interesting to understand which
fundamental parameters in nature control this fine-tuning.
At the most fundamental level there are only a few such
parameters, one of the most interesting being the masses of
the up and down quarks [23,24].
Our comments on the binding energies at LO would also

suggest that the nuclear wavefunctions at LO are probably
somewhat too compact for the spinless states. We check for
this explicitly by computing the proton-proton radial dis-
tribution function fppðrÞ. Using any given proton as a
reference point, the function fppðrÞ is proportional to the
probability of finding a second proton at a distance r. For
macroscopic liquids the radial distribution function is nor-
malized to 1 at asymptotically large distances. In our finite
system we instead normalize the integral of fppðrÞ over all
space to equal 1$ Z$1, where Z is the total number of
protons. In Fig. 3 we show the radial distribution function
fppðrÞ at Euclidean time t ¼ 0:08 MeV$1 for the ground
state (A), Hoyle state (B), and the Jz ¼ 0 (C) and Jz ¼ 2
(D) projections of the spin-2 state. The yellow bands
denote 1 standard deviation error bars.

TABLE II. Lattice results for the low-lying excited states of
12C. For comparison the experimentally observed energies are
shown. All energies are in units of MeV.

0þ2 2þ1 , Jz ¼ 0 2þ1 , Jz ¼ 2

LO [OðQ0Þ] $94ð2Þ $92ð2Þ $89ð2Þ
NLO [OðQ2Þ] $82ð3Þ $87ð3Þ $85ð3Þ
IBþ EM [OðQ2Þ] $74ð3Þ $80ð3Þ $78ð3Þ
NNLO [OðQ3Þ] $85ð3Þ $88ð3Þ $90ð4Þ
Experiment $84:51 $87:72
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FIG. 1 (color online). Extraction of the excited states of 12C
from the time dependence of the projection amplitude at LO. The
slope of the logarithm of ZðtÞ=Z0þ1

ðtÞ at large t determines the

energy relative to the ground state.
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FIG. 2 (color online). Summary of lattice results for the
carbon-12 spectrum and comparison with the experimental val-
ues. For each order in chiral EFT labeled on the left, results are
shown for the ground state (blue circles), Hoyle state (red
squares), and the Jz ¼ 0 (open black circles) and Jz ¼ 2 (filled
black circles) projections of the spin-2 state.
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 Summary & outlook

Nuclear chiral EFT enters precision era:

accurate nuclear potentials at N3LO
detailed analyses of electroweak currents
high-precision few-N calculations (πN scatt. lengths, radiative/muon capture...)

Time to tackle unsolved problems:

chiral symmetry + πN = predictions for the long-range structure of the 3NF 
(work in progress...)

Nuclear lattice simulations:

combining EFT with lattice simulations           access to light nuclei 
exciting results for the 12C spectrum (Hoyle state)
Work in progress: structure & quark mass dependence of the Hoyle state, 
                             16O, volume dependence, ...


