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The Torus:



Describing the torus: the modulus 

integers

Changing description:



A modular form is a holomorphic function

which transforms as 

Modular Forms

is called weight



Explaining flavour

Different
 particle families, 

great mass
differences



Mass matrices
Diagonalization

Can we give structure to these matrices?

Masses are eigenvalues



Building blocks, fields, transform as

Matrices derived from Lagrangian terms 

Modular forms as 

A typical term looks like

Invariance under symmetry 
transformation if



Example: modular S3 for quarks

“0” entries
Same coefficients
in different
entries
Various modular
forms:
hierarchical →
hierarchy in
matrix structure



Thank you!
References and backup slides
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The modular group(s)
We are interested in transformations of the complex variable , the modulus, restricted to                 

                                                         

After introducing , the special linear group of  matrices with integer 
entries and determinant  also called ,  

let’s consider the groups: 

      (  ) 

Action on  through linear fractional transformations:     ,        

τ

ℋ = {τ ∈ ℂ | Im(τ) > 0}

SL(2,Z) = Γ 2 × 2
ad − bc = 1 homogeneous modular group

Γ(N) = {[a b
c d] ∈ SL(2,Z), [a b

c d] = [1 0
0 1] (mod N)} Γ(1) = Γ

τ τ → γτ =
aτ + b
cτ + d

γ = [a b
c d]

1
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:  same linear fractional transformation  
Groups of linear fractional transformation are isomorphic to groups   

:  
(Also , while for    as  ) 

The  are:   

For  ,    are isomorphic to permutation groups, widely used in model building: 
   

τ → γτ =
aτ + b
cτ + d

γ and − γ →
Γ(N)

Γ = Γ(1) = Γ/{±1} inhomogeneous modular group or simply modular group
Γ(2) = Γ(2)/{±1} N > 2 → Γ(N) = Γ(N) −1 ∉ Γ(N)

finite modular groups ΓN = Γ/Γ(N)

2 ≤ N ≤ 5 ΓN
Γ2 ≅ S3, Γ3 ≅ A4, Γ4 ≅ S4, Γ5 ≅ A5



Modular forms

3

A modular form is a holomorphic function    which transforms under    as 

                   (integer) is the weight,   is the level 

f(τ) Γ(N)

f(γτ) = (cτ + d)k f(τ) k N

•  : no modular forms 
•  : constants only 
•  : they form a linear space    of finite dimension  

k < 0
k = 0
k > 0 ℳk(Γ(N)) dk(Γ(N))

• ,  

• ,  
• …

dk(Γ(2)) =
k
2

+ 1

dk(Γ(3)) = k + 1
dkΓ(4) = 2k + 1

For example, if    even:k

Few independent modular 
forms of low weight



Crucial point: modular forms of level  and weight  
transform under   

 

 representation of  ; it is possible to choose a basis in  such that it is unitary 

Yukawa couplings will be modular forms and fields will transform under  , too 

   gets a vev  modular symmetry breaks

N k
ΓN

fi(γτ) = (cτ + d)kρ(γ)ij fj(τ)

ρ ΓN ℳk(Γ(N))

ΓN

τ →
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Supersymmetry
Standard Model extension: bosonic partners for fermions, fermionic partners for bosons 

Building blocks are superfields  : they simultaneously describe a field and its partner 

Yukawa interactions emerge from the superpotential  

  

The superpotential is a holomorphic function of superfields (required to preserve supersymmetry) 
  Modular forms can appear inside it (holomorphic functions of  )

Φi

W(Φi) = ajΦ j +
1
2

mjkΦ jΦk +
1
3

gjklΦ jΦkΦl + . . .

→ τ
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Modular symmetry as a flavour symmetry
Given a particular   ,   transforms:      ,   mixes generations 

Matter superfields are not modular forms  there are no restrictions on   

A term in the superpotential:  ,      modular form in representation   

Invariance if    

In minimal models: no other fields are needed, symmetry breaking only depends on the vev of   

Looking at Yukawa interactions which will generate masses and mixing:  
Few modular forms  few terms  small number of free parameters 

ΓN Φi Φi → (cτ + d)−kiρ(γ)ijΦ j ρ
→ ki

αY(τ)Φ(1)Φ(2) . . . Φ(n) Y(τ) ρY

{kY = k1 + k2 + . . . + kn

ρY × ρ1 × ρ2 × . . . × ρn contains a singlet

τ

→ →
6


