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𝐸 > 𝐸𝑝𝑙

Δ𝑥 < 𝑟𝑠

𝐸 Δ𝑥 ∼ 1/𝐸

Δ𝑥𝑚𝑖𝑛 ∼ 𝑙𝑝𝑙

Δ𝑡𝑚𝑖𝑛 ∼ 𝑡𝑝𝑙

Infinite localization implies 

black hole creation

Quantum mechanics

Doplicher, Fredenhagen, Roberts 1994

Quantum spacetime

𝑥𝜇 , 𝑥𝜈 = 𝑖𝜃𝜇𝜈
+ General Relativity 



String theory

Open strings with background B-fields experience 𝑥𝜇, 𝑥𝜈 = 𝑖𝜃𝜇𝜈 

Loop quantum gravity

𝜿-Minkowski NCT may emerge as a mesoscopic limit of the spin-foam

3D quantum gravity

Effective dynamics of matter is descrived by 𝜿-Minkowski NCST and GUP

𝜃𝜇𝜈 = 2𝜋𝛼′
1

𝑔 + 2𝜋𝛼′𝐵
𝐴

𝜇𝜈

Seiberg & Witten 1999



❖ Noncommutative QFT
• Covariance requires deformation of statistics

• Implications

❖ Multi-particle states
• Relativistic generalization of quon model

• Superselection rules

❖ Pauli-forbidden atomic transitions
• Theoretical predictions

• Phenomenological bounds

❖ Final remarks

Outlook



Covariant construction of NCQFT

• Deform permutations to restore covariance of particle exchange: 𝜏𝜃 𝑝 ⊗ 𝑞 = 𝒬 𝑝, 𝑞 𝑞 ⊗ 𝑝

Noncommutative QFT Multi-particle states Pauli-forbidden transitions Final remarks

• Deform Poincaré (co-)algebra to make ො𝑥𝜇, ො𝑥𝜈 = 𝑖𝜃𝜇𝜈 invariant     (Oekl ‘00, Chaichian et al. ‘04, Aschieri et al. ‘05)

Δ𝜃 Λ 𝑝 ⊗ 𝑞 = ℱ−1Δ0 Λ ℱ 𝑝 ⊗ 𝑞 = 𝑓𝜃
−1 𝑝′, 𝑞′ 𝑓𝜃 𝑝, 𝑞 𝑝′ ⊗ 𝑞′  

𝑓𝜃 𝑝, 𝑞 = exp −
𝑖

2
𝑝𝜇θ𝜇𝜈 𝑞𝜈  Moyal phase

𝑝 ⊗ 𝑞  ՜
Λ

 𝑓𝜃
−1 𝑝′, 𝑞′ 𝑓𝜃 𝑝, 𝑞 𝑝′ ⊗ 𝑞′  ՜

𝜏𝜃
   𝑓𝜃

−1 𝑝′, 𝑞′ 𝑓𝜃 𝑝, 𝑞 𝒬 𝑝′, 𝑞′ 𝑞′ ⊗ 𝑝′

՚𝜏 𝜃

𝒬 𝑝, 𝑞 𝑞 ⊗ 𝑝

𝑓𝜃
−1 𝑞′, 𝑝′ 𝑓𝜃 𝑞, 𝑝 𝒬 𝑝, 𝑞 𝑞′ ⊗ 𝑝′ = 𝑓𝜃 𝑝′, 𝑞′ 𝑓𝜃

−1 𝑝, 𝑞 𝒬 𝑝, 𝑞 𝑞′ ⊗ 𝑝′

՚Λ

(Oekl ‘00, Balachandran et al. ‘06)

𝜏𝜃
𝑖 𝜏𝜃

𝑗
= 𝜏𝜃

𝑗
𝜏𝜃

𝑖

 𝜏𝜃
𝑖 𝜏𝜃

𝑖+1𝜏𝜃
𝑖 = 𝜏𝜃

𝑖+1𝜏𝜃
𝑖 𝜏𝜃

𝑖+1

𝑖 − 𝑗 ≥ 2 

1 ≤ 𝑖 ≤ 𝑛 − 2 
=

𝝉𝜽
𝒊 generate braid statistics

𝒬 𝑝, 𝑞 = 𝜂 𝑝, 𝑞 𝑓𝜃
2 𝑝, 𝑞

with 𝜂 𝑝, 𝑞 Lorentz-invariant
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Creation and annihilation operator algebra

General case: 𝒬 𝑝, 𝑞 = 𝜂 𝑝, 𝑞 𝑓𝜃
2 𝑝, 𝑞

No other relations needed to compute observables

𝑎𝑝, 𝑎𝑞
†

𝒬
= 𝛿𝑝𝑞

𝜂 ∈ ℝ, |𝜂| ≤ 1 ensure consistency of QFT

All previous analyses fixed 𝒬 𝑝, 𝑞 = ±𝑓𝜃
2 𝑝, 𝑞

Then 𝜏𝜃
𝑖 2

= 1 and additional relations hold

𝑎𝑝, 𝑎𝑞
†

𝒬
= 𝛿𝑝𝑞 +     𝑎𝑝

#, 𝑎𝑝
#

𝒬∗ = 0

More similar to ordinary QFTFor real constant 𝒬 = 𝑞 this reduces to quon model 

𝑎𝑝
# ∶= 𝑎𝑝, 𝑎𝑝

†

Define 𝓠-mutators:  𝜙+ 𝑥 , 𝜙+ 𝑦 𝒬 ≔ ׬ 𝑑𝜇 𝑝 𝑑𝜇 𝑞  𝑒−𝑖𝑝⋅𝑥𝑒−𝑖𝑝⋅𝑦 𝑎𝑝, 𝑎𝑞 𝒬
,   𝑎𝑝, 𝑎𝑞 𝒬

≔ 𝑎𝑝𝑎𝑞 − 𝒬 𝑝, 𝑞 𝑎𝑞𝑎𝑝
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Creation and annihilation operator algebra

➢ Pauli-violating transitions heavily depends on the form of 𝜂

➢ 𝜂 = ±1 predict wrong results

➢ 𝜂 ensures UV regularization

Results

General case: 𝒬 𝑝, 𝑞 = 𝜂 𝑝, 𝑞 𝑓𝜃
2 𝑝, 𝑞

No other relations needed to compute observables

𝑎𝑝, 𝑎𝑞
†

𝒬
= 𝛿𝑝𝑞

𝜂 ∈ ℝ, |𝜂| ≤ 1 ensure consistency of QFT

All previous analyses fixed 𝒬 𝑝, 𝑞 = ±𝑓𝜃
2 𝑝, 𝑞

Then 𝜏𝜃
𝑖 2

= 1 and additional relations hold

𝑎𝑝, 𝑎𝑞
†

𝒬
= 𝛿𝑝𝑞 +     𝑎𝑝

#, 𝑎𝑝
#

𝒬∗ = 0

More similar to ordinary QFTFor real constant 𝒬 = 𝑞 this reduces to quon model 

𝑎𝑝
# ∶= 𝑎𝑝, 𝑎𝑝

†

Define 𝓠-mutators:  𝜙+ 𝑥 , 𝜙+ 𝑦 𝒬 ≔ ׬ 𝑑𝜇 𝑝 𝑑𝜇 𝑞  𝑒−𝑖𝑝⋅𝑥𝑒−𝑖𝑝⋅𝑦 𝑎𝑝, 𝑎𝑞 𝒬
,   𝑎𝑝, 𝑎𝑞 𝒬

≔ 𝑎𝑝𝑎𝑞 − 𝒬 𝑝, 𝑞 𝑎𝑞𝑎𝑝
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A satisfactory quantization scheme has to guarantee 𝑖𝜕𝑡𝜓 𝑥 = 𝜓 𝑥 , 𝐻 . Free fields / interaction representation:

Theoretical consistency

𝜓 𝑥 = ׬ 𝑑𝜇 𝑝 σ𝑠 𝑒−𝑖𝑝⋅𝑥𝑢𝑠 𝑝 𝑎𝑠 𝑝 + 𝑒𝑖𝑝⋅𝑥𝑣𝑠 𝑝 𝑏𝑠
† 𝑝   𝑎𝑠

# 𝑝 , 𝐻 = ±𝐸𝑝𝑎𝑠
# 𝑝 , 𝑏𝑠

# 𝑝 , 𝐻 = ±𝐸𝑝𝑏𝑠
# 𝑝
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Theoretical consistency

Para-fields (H. S. Green 1953)

Then derive relations for creation and annihil. operators

𝑎𝑠
# 𝑝 , 𝑎𝑟

† 𝑞 , 𝑎𝑟 𝑞
±

= ±𝛿𝑠𝑟𝛿 𝑝 − 𝑞 𝑎𝑠
# 𝑝

𝑏𝑠
# 𝑝 , 𝑏𝑟

† 𝑞 , 𝑏𝑟 𝑞
±

= ±𝛿𝑠𝑟𝛿 𝑝 − 𝑞 𝑏𝑠
# 𝑝

Assume bilinear mode expansion for number operators

𝐻 = ׬ 𝑑3𝑝 𝐸𝑝 σ𝑠 𝑎𝑠
† 𝑝 , 𝑎𝑠 𝑝

±
+ 𝑏𝑠

† 𝑝 , 𝑏𝑠 𝑝
±

 

Bose and Fermi fields are the trivial solutions

Para-Bose and para-Fermi fields yield consistent local QFT

A satisfactory quantization scheme has to guarantee 𝑖𝜕𝑡𝜓 𝑥 = 𝜓 𝑥 , 𝐻 . Free fields / interaction representation:

𝜓 𝑥 = ׬ 𝑑𝜇 𝑝 σ𝑠 𝑒−𝑖𝑝⋅𝑥𝑢𝑠 𝑝 𝑎𝑠 𝑝 + 𝑒𝑖𝑝⋅𝑥𝑣𝑠 𝑝 𝑏𝑠
† 𝑝   𝑎𝑠

# 𝑝 , 𝐻 = ±𝐸𝑝𝑎𝑠
# 𝑝 , 𝑏𝑠

# 𝑝 , 𝐻 = ±𝐸𝑝𝑏𝑠
# 𝑝
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Theoretical consistency

𝓠-deformed fields

• If 𝜼 = ±𝟏: 𝜓 𝑥 , 𝜓 𝑦 𝒬∗ = 0 ⇒ 𝑵 = 𝒂𝒔
† 𝒑 𝒂𝒔 𝒑

• If 𝜼 < 𝟏:
𝑯 = ׬ 𝒅𝟑𝒑𝑬𝒑 𝑵 𝒑 + 𝑵𝒄 𝒑  

𝑵, 𝑵𝒄 admit infinite expansion in 𝒂# and 𝒃#

𝑁 𝑝 = σ𝑠 𝑎𝑠
† 𝑝 𝑎𝑠 𝑝 + 

න𝑑3𝑝
1

1 − 𝜂2 𝑝, 𝑞
෍
𝑠𝑟

𝑎𝑟
† 𝑞 , 𝑎𝑠

† 𝑝
𝒬∗

𝑎𝑠 𝑝 , 𝑎𝑟 𝑞 𝒬∗ + ⋯

ℎ𝐷𝜓+ 𝑥 = 𝜓+ 𝑥 , 𝐻 + ׬ 𝑑3𝑦 𝜓−† 𝑦 ℎ𝐷
𝑦

𝜓+ 𝑦 , 𝜓+ 𝑥 𝒬∗  

For 𝓠 = 𝒄𝒐𝒏𝒔𝒕 it gives Stanciu’s expression for quon-model 

Para-fields (H. S. Green 1953)

Then derive relations for creation and annihil. operators

𝑎𝑠
# 𝑝 , 𝑎𝑟

† 𝑞 , 𝑎𝑟 𝑞
±

= ±𝛿𝑠𝑟𝛿 𝑝 − 𝑞 𝑎𝑠
# 𝑝

𝑏𝑠
# 𝑝 , 𝑏𝑟

† 𝑞 , 𝑏𝑟 𝑞
±

= ±𝛿𝑠𝑟𝛿 𝑝 − 𝑞 𝑏𝑠
# 𝑝

Assume bilinear mode expansion for number operators

𝐻 = ׬ 𝑑3𝑝 𝐸𝑝 σ𝑠 𝑎𝑠
† 𝑝 , 𝑎𝑠 𝑝

±
+ 𝑏𝑠

† 𝑝 , 𝑏𝑠 𝑝
±

 

Bose and Fermi fields are the trivial solutions

Para-Bose and para-Fermi fields yield consistent local QFT

𝐻 = ׬ 𝑑3𝑥𝜓† 𝑥 ℎ𝐷𝜓 𝑥

A satisfactory quantization scheme has to guarantee 𝑖𝜕𝑡𝜓 𝑥 = 𝜓 𝑥 , 𝐻 . Free fields / interaction representation:

𝜓 𝑥 = ׬ 𝑑𝜇 𝑝 σ𝑠 𝑒−𝑖𝑝⋅𝑥𝑢𝑠 𝑝 𝑎𝑠 𝑝 + 𝑒𝑖𝑝⋅𝑥𝑣𝑠 𝑝 𝑏𝑠
† 𝑝   𝑎𝑠

# 𝑝 , 𝐻 = ±𝐸𝑝𝑎𝑠
# 𝑝 , 𝑏𝑠

# 𝑝 , 𝐻 = ±𝐸𝑝𝑏𝑠
# 𝑝
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Correlation functions

𝜙+ 𝑥 , 𝜙−† 𝑦
𝒬

= 𝜙− 𝑥 , 𝜙+† 𝑦
𝒬

= Δ+ 𝑥 − 𝑦   with  Δ+ 𝑥 = ׬
𝑑3𝑝

2𝜋 3

𝑒−𝑖𝑝⋅𝑥

2𝐸𝑝

𝐺(2) 𝑥1, 𝑥2 = 0 𝑇 𝜙 𝑥 𝜙† 𝑦 0 = Δ 𝑥 − 𝑦   with  Δ 𝑥 = ׬
𝑑4𝑝

2𝜋 4

𝑖𝑒−𝑖𝑝⋅𝑥

𝑝−𝑚+𝑖𝜖 2 

• The generic 𝑛-point Green function 𝐺(𝑛) 𝑥1, … , 𝑥𝑛 = 0 𝑇 𝜙 𝑥1 … 𝜙† 𝑥𝑛 0  given in terms of Δ 𝑥 − 𝑦

• Two-particle propagators similar to ordinary QFT
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Correlation functions

• Examples

𝜙+ 𝑥 , 𝜙−† 𝑦
𝒬

= 𝜙− 𝑥 , 𝜙+† 𝑦
𝒬

= Δ+ 𝑥 − 𝑦   with  Δ+ 𝑥 = ׬
𝑑3𝑝

2𝜋 3

𝑒−𝑖𝑝⋅𝑥

2𝐸𝑝

𝐺(2) 𝑥1, 𝑥2 = 0 𝑇 𝜙 𝑥 𝜙† 𝑦 0 = Δ 𝑥 − 𝑦   with  Δ 𝑥 = ׬
𝑑4𝑝

2𝜋 4

𝑖𝑒−𝑖𝑝⋅𝑥

𝑝−𝑚+𝑖𝜖 2 

• The generic 𝑛-point Green function 𝐺(𝑛) 𝑥1, … , 𝑥𝑛 = 0 𝑇 𝜙 𝑥1 … 𝜙† 𝑥𝑛 0  given in terms of Δ 𝑥 − 𝑦

• Two-particle propagators similar to ordinary QFT

diagrams with particles exchanged 

weighted by 𝒬 𝑝, 𝑞 = 𝜂 𝑝, 𝑞 𝑓𝜃
2 𝑝, 𝑞
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Correlation functions

𝜂 may provide UV regolarization. E.g. 𝜂 𝑝, 𝑞 = exp −
𝑝⋅𝑞

Λ𝜃
2∼ න

𝑑4𝑘

2𝜋 4 𝜂 𝑝, 𝑞 𝐼0 𝑘

𝑞

𝑘

• Examples

diagrams with particles exchanged 

weighted by 𝒬 𝑝, 𝑞 = 𝜂 𝑝, 𝑞 𝑓𝜃
2 𝑝, 𝑞

𝜙+ 𝑥 , 𝜙−† 𝑦
𝒬

= 𝜙− 𝑥 , 𝜙+† 𝑦
𝒬

= Δ+ 𝑥 − 𝑦   with  Δ+ 𝑥 = ׬
𝑑3𝑝

2𝜋 3

𝑒−𝑖𝑝⋅𝑥

2𝐸𝑝

𝐺(2) 𝑥1, 𝑥2 = 0 𝑇 𝜙 𝑥 𝜙† 𝑦 0 = Δ 𝑥 − 𝑦   with  Δ 𝑥 = ׬
𝑑4𝑝

2𝜋 4

𝑖𝑒−𝑖𝑝⋅𝑥

𝑝−𝑚+𝑖𝜖 2 

• The generic 𝑛-point Green function 𝐺(𝑛) 𝑥1, … , 𝑥𝑛 = 0 𝑇 𝜙 𝑥1 … 𝜙† 𝑥𝑛 0  given in terms of Δ 𝑥 − 𝑦

• Two-particle propagators similar to ordinary QFT
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Two-particle Hilbert space

Need new inner product compatible with 𝜃-Poincaré symmetry:   𝜓|𝜙 𝜃 ≔ ׬ 𝑑3𝑝𝑑3𝑞𝜓† 𝒑, 𝒒 𝜙 𝒑, 𝒒 + 𝒬 𝒑, 𝒒 𝜙 𝒒, 𝒑
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Two-particle Hilbert space

Untwisted-states

𝜓 𝒑, 𝒒 =
1

2𝑁
𝜓𝑠 𝒑, 𝒒 +

1

2𝑁
𝜓𝑎 𝒑, 𝒒

Need new inner product compatible with 𝜃-Poincaré symmetry:   𝜓|𝜙 𝜃 ≔ ׬ 𝑑3𝑝𝑑3𝑞𝜓† 𝒑, 𝒒 𝜙 𝒑, 𝒒 + 𝒬 𝒑, 𝒒 𝜙 𝒒, 𝒑

• 𝜓𝑠,𝑎 no more superselected: 𝜓𝑠 𝒪 𝜓𝑎 ≠ 0

𝑁𝑠
2 = න𝑑3𝑝𝑑3𝑞 1 + 𝜂 𝑝, 𝑞 cos 𝑝𝜇𝜃𝜇𝜈𝑞𝜈 𝜓𝑠 𝒑, 𝒒 2 

• Completely symmetric states allowed

Transitions between different symmetric components

𝜓𝑠,𝑎 𝒑, 𝒒 = 𝜓 𝒑, 𝒒 ± 𝜓 𝒑, 𝒒
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Two-particle Hilbert space

Untwisted-states Twisted-states

𝜓 𝒑, 𝒒 =
1

2𝑁
𝜓𝑠 𝒑, 𝒒 +

1

2𝑁
𝜓𝑎 𝒑, 𝒒

Need new inner product compatible with 𝜃-Poincaré symmetry:   𝜓|𝜙 𝜃 ≔ ׬ 𝑑3𝑝𝑑3𝑞𝜓† 𝒑, 𝒒 𝜙 𝒑, 𝒒 + 𝒬 𝒑, 𝒒 𝜙 𝒒, 𝒑

• 𝜓𝑠,𝑎 no more superselected: 𝜓𝑠 𝒪 𝜓𝑎 ≠ 0

𝑁𝑠
2 = න𝑑3𝑝𝑑3𝑞 1 + 𝜂 𝑝, 𝑞 cos 𝑝𝜇𝜃𝜇𝜈𝑞𝜈 𝜓𝑠 𝒑, 𝒒 2 

• Completely symmetric states allowed

Transitions between different symmetric components

𝜓𝑠,𝑎 𝒑, 𝒒 = 𝜓 𝒑, 𝒒 ± 𝜓 𝒑, 𝒒

𝜓 𝒑, 𝒒 = 𝑐𝑠𝜃
𝜓𝑠𝜃

𝒑, 𝒒 + 𝑐𝑎𝜃
𝜓𝑎𝜃

𝒑, 𝒒 ,    𝑐𝑠𝜃,𝑎𝜃
=

𝑁𝑠𝜃,𝑎𝜃

𝑁𝑎𝜃
2 +𝑁𝑠𝜃

2

𝜓𝑠𝜃,𝑎𝜃
𝒑, 𝒒 =

𝜓 𝒑, 𝒒 ± 𝑓𝜃
−2 𝒑, 𝒒 𝜓 𝒑, 𝒒

𝑁𝑠𝜃,𝑎𝜃

= ±𝑓𝜃
2 𝒑, 𝒒 𝜓𝑠𝜃,𝑎𝜃

𝒑, 𝒒

𝑁𝑠𝜃,𝑎𝜃
2 = න𝑑3𝑝𝑑3𝑞 1 ± 𝜂 𝑝, 𝑞 𝜓𝑠𝜃,𝑎𝜃

𝒑, 𝒒
2

• 𝜓𝑠𝜃,𝑎𝜃
are superselected: 𝜓𝑠𝜃

𝒪 𝜓𝑎𝜃
= 0 for all observables

𝜌 2 = 𝑐𝑎𝜃

2
𝜓𝑎𝜃

𝜓𝑎𝜃
+ 𝑐𝑠𝜃

2
𝜓𝑠𝜃

𝜓𝑠𝜃
 Electrons are 

indistinguishable

𝜼 interpolates smootlhy between symmetric/antisymmetric states
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Fock space

Given a permutation 𝜋 = 𝜋𝑘1
… 𝜋𝑘𝑚

, define the representations 𝜏𝜃
𝜋 ≔ 𝜏𝜃

𝑘1 … 𝜏𝜃
𝑘𝑚 and 𝜎𝜃

𝜋 ≔ 𝜎𝜃
𝑘1 … 𝜎𝜃

𝑘𝑚 in ℋ⊗𝑛 with

𝜏𝜃
𝑘 𝑝1, … , 𝑝𝑛 = 𝜂 𝑝𝑘, 𝑝𝑘+1 𝑓𝜃

2 𝑝𝑘, 𝑝𝑘+1 𝑝1, … , 𝑝𝑘+1, 𝑝𝑘, … , 𝑝𝑛 and 𝜎𝜃
𝑘 𝑝1, … , 𝑝𝑛 = 𝑓𝜃

2 𝑝𝑘, 𝑝𝑘+1 𝑝1, … , 𝑝𝑘+1, 𝑝𝑘, … , 𝑝𝑛  
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Fock space

• Inner product of 𝜓 , 𝜙 ∈ ℋ⊗𝑛:

Given a permutation 𝜋 = 𝜋𝑘1
… 𝜋𝑘𝑚

, define the representations 𝜏𝜃
𝜋 ≔ 𝜏𝜃

𝑘1 … 𝜏𝜃
𝑘𝑚 and 𝜎𝜃

𝜋 ≔ 𝜎𝜃
𝑘1 … 𝜎𝜃

𝑘𝑚 in ℋ⊗𝑛 with

𝜏𝜃
𝑘 𝑝1, … , 𝑝𝑛 = 𝜂 𝑝𝑘, 𝑝𝑘+1 𝑓𝜃

2 𝑝𝑘, 𝑝𝑘+1 𝑝1, … , 𝑝𝑘+1, 𝑝𝑘, … , 𝑝𝑛 and 𝜎𝜃
𝑘 𝑝1, … , 𝑝𝑛 = 𝑓𝜃

2 𝑝𝑘, 𝑝𝑘+1 𝑝1, … , 𝑝𝑘+1, 𝑝𝑘, … , 𝑝𝑛  

Positive for 𝜂 𝑝, 𝑞 ≤ 1 
(Bozejko, Lytvynov and Wysoczanski 2017)

𝜓|𝜙 𝜃 ≔ 𝜓 ෍

𝜋∈𝑆𝑛

𝜏𝜋 𝜙
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Fock space

• Inner product of 𝜓 , 𝜙 ∈ ℋ⊗𝑛:

Given a permutation 𝜋 = 𝜋𝑘1
… 𝜋𝑘𝑚

, define the representations 𝜏𝜃
𝜋 ≔ 𝜏𝜃

𝑘1 … 𝜏𝜃
𝑘𝑚 and 𝜎𝜃

𝜋 ≔ 𝜎𝜃
𝑘1 … 𝜎𝜃

𝑘𝑚 in ℋ⊗𝑛 with

𝜏𝜃
𝑘 𝑝1, … , 𝑝𝑛 = 𝜂 𝑝𝑘, 𝑝𝑘+1 𝑓𝜃

2 𝑝𝑘, 𝑝𝑘+1 𝑝1, … , 𝑝𝑘+1, 𝑝𝑘, … , 𝑝𝑛 and 𝜎𝜃
𝑘 𝑝1, … , 𝑝𝑛 = 𝑓𝜃

2 𝑝𝑘, 𝑝𝑘+1 𝑝1, … , 𝑝𝑘+1, 𝑝𝑘, … , 𝑝𝑛  

Positive for 𝜂 𝑝, 𝑞 ≤ 1 
(Bozejko, Lytvynov and Wysoczanski 2017)

• A generic 𝑛-electron state decomposes into all irreducible representations of the symmetric group 𝑆𝑛.

𝜓|𝜙 𝜃 ≔ 𝜓 ෍

𝜋∈𝑆𝑛

𝜏𝜋 𝜙

𝒫𝜃
𝑛

𝜆 ≔
1

𝑛!
෍

𝜋𝑟∈𝑅𝜆
𝜋𝑐∈𝐶𝜆

sgn 𝜋𝑐 𝜎𝜃
𝜋𝑟𝜋𝑐

Each component is given by the Young symmetrizer associated to a given Young tableau 𝜆:

𝜓𝜆 = 𝒫0
𝑛

𝜆 𝜓 ,      𝜓 = σ𝜆 𝜓𝜆

𝜓𝜆𝜃
= 𝒫𝜃

𝑛
𝜆 𝜓 ,    𝜓 = σ𝜆 𝜓𝜆𝜃

 
,

𝜆:
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Fock space

• Inner product of 𝜓 , 𝜙 ∈ ℋ⊗𝑛:

Given a permutation 𝜋 = 𝜋𝑘1
… 𝜋𝑘𝑚

, define the representations 𝜏𝜃
𝜋 ≔ 𝜏𝜃

𝑘1 … 𝜏𝜃
𝑘𝑚 and 𝜎𝜃

𝜋 ≔ 𝜎𝜃
𝑘1 … 𝜎𝜃

𝑘𝑚 in ℋ⊗𝑛 with

𝜏𝜃
𝑘 𝑝1, … , 𝑝𝑛 = 𝜂 𝑝𝑘, 𝑝𝑘+1 𝑓𝜃

2 𝑝𝑘, 𝑝𝑘+1 𝑝1, … , 𝑝𝑘+1, 𝑝𝑘, … , 𝑝𝑛 and 𝜎𝜃
𝑘 𝑝1, … , 𝑝𝑛 = 𝑓𝜃

2 𝑝𝑘, 𝑝𝑘+1 𝑝1, … , 𝑝𝑘+1, 𝑝𝑘, … , 𝑝𝑛  

Positive for 𝜂 𝑝, 𝑞 ≤ 1 
(Bozejko, Lytvynov and Wysoczanski 2017)

• A generic 𝑛-electron state decomposes into all irreducible representations of the symmetric group 𝑆𝑛.

𝜓|𝜙 𝜃 ≔ 𝜓 ෍

𝜋∈𝑆𝑛

𝜏𝜋 𝜙

𝒫𝜃
𝑛

𝜆 ≔
1

𝑛!
෍

𝜋𝑟∈𝑅𝜆
𝜋𝑐∈𝐶𝜆

sgn 𝜋𝑐 𝜎𝜃
𝜋𝑟𝜋𝑐

Each component is given by the Young symmetrizer associated to a given Young tableau 𝜆:

𝜓𝜆 = 𝒫0
𝑛

𝜆 𝜓 ,      𝜓 = σ𝜆 𝜓𝜆

𝜓𝜆𝜃
= 𝒫𝜃

𝑛
𝜆 𝜓 ,    𝜓 = σ𝜆 𝜓𝜆𝜃

 
,

𝜆:

ℱ ℋ = ໄ

𝑛=0

∞

ℋ⊗𝑛• ℱ𝜃 ℋ defined as the completion of with respect to the inner product  ⋅ | ⋅ 𝜃

➢ For 𝜂 = ±1:  ⋅ | ⋅ 𝜃 automatically projects onto ℱ𝜃
± ℋ and remain only twisted-bosons or twisted-fermions

➢ For −1 ≤ 𝜂 ≤ 1: smooth interpolation between twisted-Bose and twisted-Fermi statistics 

➢ Relativistic generalization of the quon-model. Consistency ensured by twisted Poincaré symmetry 
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PEP-violating transition rates

• Transition rates are given by standard time-dependent perturbation theory 

𝜓

՜

𝜓′ 𝒌, 𝜆

𝜓 =
1

2𝑁
𝜓𝑎 + 𝜓𝑠 , 𝜓′ =

1

𝑁𝑠
′ 𝜓𝑠

′   solutions of  𝐻0𝜓 = 𝐸𝜓  

𝛿𝐻 = ෍

𝑖

𝕀⊗𝑖−1 ⊗ 𝑉 ⊗ 𝕀⊗𝑛−𝑖 , 𝑉 𝑡 = 𝑒𝜶 ⋅ ෍

𝒌,𝜆

𝜺𝜆 𝑒𝑖𝑘⋅ෝ𝒙𝑒−𝑖𝜔𝑡𝑐𝜆 𝒌 𝐹𝜃 𝒌, ෝ𝒑 + ℎ. 𝑐.

𝐹𝜃 𝒌, ෝ𝒑 combines corrections arising from noncommutative QED and deformed 
statistics and 𝐹𝜃 𝒌, ෝ𝒑 ՜ 1 as 𝜃 ՜ 0
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PEP-violating transition rates

• Transition rates are given by standard time-dependent perturbation theory 

𝜓

՜

𝜓′ 𝒌, 𝜆

𝜓 =
1

2𝑁
𝜓𝑎 + 𝜓𝑠 , 𝜓′ =

1

𝑁𝑠
′ 𝜓𝑠

′   solutions of  𝐻0𝜓 = 𝐸𝜓  

𝛿𝐻 = ෍

𝑖

𝕀⊗𝑖−1 ⊗ 𝑉 ⊗ 𝕀⊗𝑛−𝑖 , 𝑉 𝑡 = 𝑒𝜶 ⋅ ෍

𝒌,𝜆

𝜺𝜆 𝑒𝑖𝑘⋅ෝ𝒙𝑒−𝑖𝜔𝑡𝑐𝜆 𝒌 𝐹𝜃 𝒌, ෝ𝒑 + ℎ. 𝑐.

𝐹𝜃 𝒌, ෝ𝒑 combines corrections arising from noncommutative QED and deformed 
statistics and 𝐹𝜃 𝒌, ෝ𝒑 ՜ 1 as 𝜃 ՜ 0

𝑑Γ𝑃𝐸𝑃𝑉 = 2𝜋𝛿 𝐸′ − 𝐸 + 𝜔 𝛿𝐻𝑖𝑓
2 𝑑3𝑘

2𝜋 3

𝛿𝐻𝑖𝑓 =
𝑒

2𝜔
න 𝑑3𝑝𝑑3𝑞𝐹𝜃 𝒌, 𝒑 𝜓𝑠

′ 𝒑, 𝒒 𝜶𝟏 ⋅ 𝜺𝝀
∗ 1 − 𝜂 𝒑, 𝒒 cos 𝑝𝜃𝑞

𝑁𝑁𝑠
′ 𝜓𝑠 𝒑 + 𝒌, 𝒒 +

𝑖𝜂 𝒑, 𝒒 sin 𝑝𝜃𝑞

𝑁𝑁𝑠
′ 𝜓𝑎 𝒑 + 𝒌, 𝒒

At leading order in 𝜃: 𝐹𝜃 𝒌, 𝒑 ՜ 1, 𝑁 ՜ 1, 𝜓𝑠,𝑎, 𝜓𝑠
′ ՜ QED wavefunctions:

➢ 𝜹𝑯𝒊𝒇 reduce to QED matrix elements modified solely by the non-trivial norm 𝑵𝒔
′ and the exchange factor 𝓠 = 𝜼𝒇𝜽

𝟐
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𝜽-expansion

Convenient writing                   where 𝑐𝜇𝜈 ∼ 𝒪 1  and 𝚲𝜽 energy scale of noncommutativity. Expand in powers of Λ𝜃
−1:  𝜃𝜇𝜈 =

𝑐𝜇𝜈

Λ𝜃
2

𝜂 𝒑, 𝒒 :

• must be a function of the invariants 𝑚2, 𝑝 ⋅ 𝑞, 𝑝 + 𝑞 2 and 𝑝 − 𝑞 2 

• depends on Λ𝜃 as 𝜂 ՜ 1 for Λ𝜃 ՜ ∞

𝜂 𝒑, 𝒒 ∼ ± 1 −
𝜎 𝑝, 𝑞

Λ𝜃
2

𝜅
2

, 𝜅 ≥ 0

𝜎𝑛𝑟 𝒑, 𝒒 = 𝑚2−𝑎 𝒑 − 𝒒 2, 𝑎 ≤ 2
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𝜽-expansion

Convenient writing                   where 𝑐𝜇𝜈 ∼ 𝒪 1  and 𝚲𝜽 energy scale of noncommutativity. Expand in powers of Λ𝜃
−1:  𝜃𝜇𝜈 =

𝑐𝜇𝜈

Λ𝜃
2

𝜂 𝒑, 𝒒 :

• must be a function of the invariants 𝑚2, 𝑝 ⋅ 𝑞, 𝑝 + 𝑞 2 and 𝑝 − 𝑞 2 

• depends on Λ𝜃 as 𝜂 ՜ 1 for Λ𝜃 ՜ ∞

𝜂 𝒑, 𝒒 ∼ ± 1 −
𝜎 𝑝, 𝑞

Λ𝜃
2

𝜅
2

, 𝜅 ≥ 0

𝜎𝑛𝑟 𝒑, 𝒒 = 𝑚2−𝑎 𝒑 − 𝒒 2, 𝑎 ≤ 2

Leading order of PEPV matrix elements heavily depends on the expansion of 𝜼

𝑁𝑠
′ = න𝑑3𝑝𝑑3𝑞 1 − 𝜂 𝑝, 𝑞 cos 𝑝𝜃𝑞 𝜓𝑠

′ 𝒑, 𝒒 2

1
2

=
𝒩𝜅

Λ𝜃
ℎ 𝜅

 ,

1 − 𝜂 𝒑, 𝒒 cos 𝑝𝜃𝑞

𝑁𝑠
′ ∼

𝜎/Λ𝜃
2

𝜅
2

𝒩𝜅/Λ𝜃
ℎ 𝜅

𝜂 𝒑, 𝒒 sin 𝑝𝜃𝑞

𝑁𝑠
′ ∼

𝑝𝑐𝑞/Λ𝜃
2

𝒩𝜅/Λ𝜃
ℎ 𝜅

2 𝜅 = 0, 𝜅 ≥ 4

𝜅 0 < 𝜅 < 4

where ℎ 𝜅 =

Then the matrix elements are proportional to
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• 𝜿 = 𝟎 and 𝜿 ≥ 𝟒 - Analogous to parastatistics:

𝑑Γ𝑃𝐸𝑃𝑉

𝑑Ω
= 𝛿

𝐸

Λ𝜃

𝑑Γ0

𝑑Ω

𝜹 depends on 𝚲𝜽, 𝒎, 𝑬𝟎 = 𝒁𝟐 𝟏𝟑. 𝟔 eV and the expansion parameters 𝜿, 𝒂

𝑝, 𝑞|𝜓𝑠 ՜ 𝜙 𝒑, 𝒒 ≔ 𝑖
ො𝒄 ⋅ 𝒑 × 𝒒

𝑚𝐸0
𝜓𝑠

0
𝒑, 𝒒 ∈ ℋ−

⊗2

E.g. using 𝜓𝑠 ≈ 𝜑𝑛𝑆𝜑𝑛𝑆 then 

• 𝟎 < 𝜿 < 𝟒 - Analogous to quon model: 

Λ𝜃 cancels in the matrix elements: no suppresion as Λ𝜃 ՜ ∞! 

𝛾𝑎𝜅 ∼ 𝒪 1 . Strongest suppressions 𝛿 ∼ 𝒪 Λ𝜃
−2

This agrees with a well known but result:
𝛿

𝐸

Λ𝜃
=

𝛾𝑎𝜅

𝑚1−𝑎/4𝐸0
𝑎/4

Λ𝜃

𝜅

 𝜅 ≤ 2

𝛾𝑎𝜅

𝑚𝐸0

Λ𝜃

4−𝜅

 2 < 𝜅 < 4

𝛿

where ො𝒄 =
𝒄

𝒄
, 𝑐𝑖 =

1

2
𝜖𝑖𝑗𝑘𝑐𝑗𝑘

Previous analyses: 𝛿 ∼ 𝒪 Λ𝜃
−2 . We found that:

maximally suppressed scenario
(lower bounds on 𝚲𝜽)

Previous 
analyses

Atoms with 
2𝐸0

𝑚
∼ 𝒪 1  (e.g. Pb, Ta): 𝛿’s same O.o.m for all 𝑎 ∼ 1



VIP experiments search for anomalous X-ray 
emissions in the low-background environment of the 
underground Gran Sasso National Laboratory of INFN
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• Convert into a lower limit on Λθ:

Wait Kristian’s talk for more details…

No evidence for QG up to the Planck energy

S

P
(S

)

• Extract upper limit ҧ𝑆 on the number of PEPV counts 𝑆

Λθ ≥
ҧ𝑆

ℵ

1

ℎ 𝜅
 

We obtain the strongest lower bounds on 𝚲𝜽
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Final remarks

Results:

• Generalized statistics yield perfectly consistent QFT even for strict braidings (−1 < 𝜂 < 1). Promising UV 

behaviour…

• We provide the first relativistic formulation of quon-model for −1 < 𝜂 < 1

• First detailed derivation of PEP-violating transition rates, showing much richer phenomenology

• Although based on too semplicistic analyses, previous bounds effectively hold, corresponding to maximal 

suppressions Γ𝑃𝐸𝑃𝑉 ∼ 𝒪 Λ𝜃
−2

• Refined analysis yields stronger lower bounds: no evidence of QG effects up to the Planck energy

Motivations

• Violations of locality expected/predicted to emerge in the UV regime from QG effects 

• Possibility to implement covariance provided by deformation of the Poincaré (Hopf-)algebra and statistics



Thank you!
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Relativistic wave equation for helium

QFT provides a rigorous relativistic treatment for bound states in terms of Green functions

nucleus dressed propagator

electron dressed propagator
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Relativistic wave equation for helium

QFT provides a rigorous relativistic treatment for bound states in terms of Green functions

nucleus dressed propagator

electron dressed propagator

Poles of 𝐺 contain bound states

∼
෩Φ 𝑝, 𝑞 ෩Φ† 𝑝′, 𝑞′

2𝐸𝑃 𝑃0 − 𝐸𝑃 + 𝑖𝜖

Deformed Bethe-Salpeter amplitude

ΦBS 𝑝, 𝑞 = ෩Φ 𝑝, 𝑞 − 𝒬 𝑝, 𝑞 ෩Φ 𝑝, 𝑞

෩Φ 𝑝𝑖 = 𝑆1 + 𝑆2 𝐺12 + 23 + 13 Ψ 𝒑𝑖  

Multi-time ෩Φ can be expressed by single-time Ψ
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Relativistic wave equation for helium

QFT provides a rigorous relativistic treatment for bound states in terms of Green functions

nucleus dressed propagator

electron dressed propagator

Poles of 𝐺 contain bound states

∼
෩Φ 𝑝, 𝑞 ෩Φ† 𝑝′, 𝑞′

2𝐸𝑃 𝑃0 − 𝐸𝑃 + 𝑖𝜖

yields B-S equation

𝑆𝑒 𝑝1 𝑆𝑒 𝑝2 𝑆𝑛 𝑝𝑛
෩Φ 𝑝𝑖 = 𝐾 ⋅ ෩Φ 𝑝𝑖

Deformed Bethe-Salpeter amplitude

ΦBS 𝑝, 𝑞 = ෩Φ 𝑝, 𝑞 − 𝒬 𝑝, 𝑞 ෩Φ 𝑝, 𝑞

෩Φ 𝑝𝑖 = 𝑆1 + 𝑆2 𝐺12 + 23 + 13 Ψ 𝒑𝑖  

Multi-time ෩Φ can be expressed by single-time Ψ

෩Φ 𝑝1, 𝑝2, 𝑝𝑛 ՜ Ψ 𝒑1, 𝒑2, 𝒑𝑛 ՜ 𝜓(𝒑𝟏, 𝒑𝟐)

Salpeter 3D equation for two electrons in central field

ℎ𝐷
1

+ ℎ𝐷
2

+ 𝒱1
+ + 𝒱2

+ + 𝒱12
+ 𝜓 = 𝐸𝜓

𝒱 = Λ+
1

Λ+
2

𝑉Λ+
1

Λ+
2 , Λ+

𝑖  positive energy projectors



20 years research of
in vacuo dispersion
effects in GRBs

No detection of tensor 
B-modes in CMB 
(primordial gravitons)

In future table-top tests of 
gravity’s quantumness



In a 4-dim spacetime the spin-(para)statistics theorem 

follows directly from locality and Poincaré invariance

Guido & Longo Commun. Math. Phys 1995

PEP violations provide smoking guns for QG
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