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 Dark Matter from rotating axions  .
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Axions could arise either as a higher dimensional gauge field, 
or as a Pseudo Nambu Goldstone boson (PNGB) from 
spontaneous breaking of global symmetry which is not exact 
but broken weakly.
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Axions & Axion-Like-Particles

In this talk I assume the second possibility as a simple 
benchmark. 
Important for cosmology: Axion is accompanied by its partner, 
the radial mode of a complex scalar field.

(for a discussion of rotating stringy axions see Krippendorf, Muia, Quevedo 1806.04690)



Axion-Like-Particles (ALPs).

charged under anomalous U(1) global symmmetry (Peccei-Quinn symmetry)

Spontaneously broken at scale fa

Axion as Goldstone boson

3 Production and Initial Conditions

3.1 Symmetry Breaking and Non-Perturbative Physics

Let’s briefly review the general picture for axions given in the previous section, highlighting
how this is relevant to axion cosmology in the very early Universe. Two important physical
processes determine this behaviour. Symmetry breaking occurs at some high scale, fa,
and establishes the axion as a Goldstone boson. Next, non-perturbative physics becomes
relevant, at some temperature TNP ⌧ fa, and provides a potential for the axion.

Giving substance to this chain of events: the axion field, �, is related to the angular
degree of freedom of a complex scalar, ' = �ei�/fa . The radial field, �, obtains the vev
h�i = fa/

p
2 when a global U(1) symmetry is broken (see Fig. 2). The field � is heavy, and

fa is the PQ symmetry breaking scale. The axion is the Goldstone boson of this broken
symmetry , and possesses a shift symmetry, � ! �+const., making it massless to all orders
in perturbation theory. Non-perturbative e↵ects, for example instantons, “switch on” at
some particular energy scale and break this shift symmetry, inducing a potential for the
axion, V (�). The potential must, however, respect the residual discrete shift symmetry,
� ! � + 2n⇡fa/NDW, for some integer n, which remains because the axion is still the
angular degree of freedom of a complex field. The potential is therefore periodic.

The scale of non-perturbative physics is ⇤a and the potential can be written as V (�) =
⇤4

a
U(�/fa), where U(x) is periodic, and therefore possesses at least one minimum and one

maximum on the interval x 2 [�⇡, ⇡]. We can choose the origin in field space such that
U(x) has its minimum at x = 0.10 It is common practice to assume a solution to the
cosmological constant problem such that the minimum is also obtained at U(0) = 0 (see
Section 7.1 for further discussion). A particularly simple choice for the potential is then

V (�) = ⇤4

a


1 � cos

✓
NDW�

fa

◆�
, (36)

where NDW is an integer, which unless otherwise stated I will set equal to unity. I stress that
the potential Eq. (36) is not unique and without detailed knowledge of the non-perturbative
physics it cannot be predicted. For example, so-called “higher order instanton corrections”
might appear, as cosn �/fa (see e.g. Ref. [71]). The form of the potential given by Eq. (36)
is, however, a useful benchmark for considering the form of axion self-interactions.

We can study axions in a model-independent way if we consider only small, � < fa,
displacements from the potential minimum. In this case, the potential can be expanded as
a Taylor series. The dominant term is the mass term:

V (�) ⇡ 1

2
m2

a
�2 , (37)

where m2

a
= ⇤4

a
/f2

a
. The symmetry breaking scale is typically rather high, while the non-

perturbative scale is lower. The axion mass is thus parametrically small.
Let’s consider some possible values for these scales. The QCD axion (see Section 2.1)

is the canonical example, where we have that ⇤4

a
⇡ ⇤3

QCD
mu with ⇤QCD ⇡ 200 MeV and

mu the u-quark mass, and 109 Gev . fa . 1017 GeV. The lower limit on fa comes from
supernova cooling [72, 73] (see Section 9.1), while the upper limit comes from black hole
superradiance [74] (BHSR, see Section 8.1). This leads to an axion mass in the range
4 ⇥ 10�10 eV . ma,QCD . 4 ⇥ 10�2 eV.

In string theory models (see Section 2.4), things are much more uncertain. The decay
constant typically takes values near the GUT scale, fa ⇠ 1016 GeV [5], though lower values
of fa ⇠ 1010�12 GeV are possible [67]. In specific, controlled, examples one always finds

10When x 6= 0 is associated to the breaking of CP symmetry, as is the case for the QCD axion, a theorem
of Vafa and Witten [23] guarantees that the induced potential has a minimum at the CP -conserving value
x = 0.

17

3 Production and Initial Conditions

3.1 Symmetry Breaking and Non-Perturbative Physics

Let’s briefly review the general picture for axions given in the previous section, highlighting
how this is relevant to axion cosmology in the very early Universe. Two important physical
processes determine this behaviour. Symmetry breaking occurs at some high scale, fa,
and establishes the axion as a Goldstone boson. Next, non-perturbative physics becomes
relevant, at some temperature TNP ⌧ fa, and provides a potential for the axion.

Giving substance to this chain of events: the axion field, �, is related to the angular
degree of freedom of a complex scalar, ' = �ei�/fa . The radial field, �, obtains the vev
h�i = fa/

p
2 when a global U(1) symmetry is broken (see Fig. 2). The field � is heavy, and

fa is the PQ symmetry breaking scale. The axion is the Goldstone boson of this broken
symmetry , and possesses a shift symmetry, � ! �+const., making it massless to all orders
in perturbation theory. Non-perturbative e↵ects, for example instantons, “switch on” at
some particular energy scale and break this shift symmetry, inducing a potential for the
axion, V (�). The potential must, however, respect the residual discrete shift symmetry,
� ! � + 2n⇡fa/NDW, for some integer n, which remains because the axion is still the
angular degree of freedom of a complex field. The potential is therefore periodic.

The scale of non-perturbative physics is ⇤a and the potential can be written as V (�) =
⇤4

a
U(�/fa), where U(x) is periodic, and therefore possesses at least one minimum and one

maximum on the interval x 2 [�⇡, ⇡]. We can choose the origin in field space such that
U(x) has its minimum at x = 0.10 It is common practice to assume a solution to the
cosmological constant problem such that the minimum is also obtained at U(0) = 0 (see
Section 7.1 for further discussion). A particularly simple choice for the potential is then

V (�) = ⇤4

a


1 � cos

✓
NDW�

fa

◆�
, (36)

where NDW is an integer, which unless otherwise stated I will set equal to unity. I stress that
the potential Eq. (36) is not unique and without detailed knowledge of the non-perturbative
physics it cannot be predicted. For example, so-called “higher order instanton corrections”
might appear, as cosn �/fa (see e.g. Ref. [71]). The form of the potential given by Eq. (36)
is, however, a useful benchmark for considering the form of axion self-interactions.

We can study axions in a model-independent way if we consider only small, � < fa,
displacements from the potential minimum. In this case, the potential can be expanded as
a Taylor series. The dominant term is the mass term:

V (�) ⇡ 1

2
m2

a
�2 , (37)

where m2

a
= ⇤4

a
/f2

a
. The symmetry breaking scale is typically rather high, while the non-

perturbative scale is lower. The axion mass is thus parametrically small.
Let’s consider some possible values for these scales. The QCD axion (see Section 2.1)

is the canonical example, where we have that ⇤4

a
⇡ ⇤3

QCD
mu with ⇤QCD ⇡ 200 MeV and

mu the u-quark mass, and 109 Gev . fa . 1017 GeV. The lower limit on fa comes from
supernova cooling [72, 73] (see Section 9.1), while the upper limit comes from black hole
superradiance [74] (BHSR, see Section 8.1). This leads to an axion mass in the range
4 ⇥ 10�10 eV . ma,QCD . 4 ⇥ 10�2 eV.

In string theory models (see Section 2.4), things are much more uncertain. The decay
constant typically takes values near the GUT scale, fa ⇠ 1016 GeV [5], though lower values
of fa ⇠ 1010�12 GeV are possible [67]. In specific, controlled, examples one always finds

10When x 6= 0 is associated to the breaking of CP symmetry, as is the case for the QCD axion, a theorem
of Vafa and Witten [23] guarantees that the induced potential has a minimum at the CP -conserving value
x = 0.

17

The axion mass, ma, induced by QCD instantons can be calculated in chiral perturbation
theory [24, 2]. It is given by

ma,QCD ⇡ 6 ⇥ 10�6 eV

✓
1012 GeV

fa/C

◆
. (5)

This is a (largely) model-independent statement, and the approximate symbol, “⇡,” takes
model and QCD uncertainties into account. If fa is large, the QCD axion can be extremely
light and stable, and is thus an excellent DM candidate [25, 26, 27].

We will consider three general types of QCD axion model:3

• The Peccei-Quinn-Weinberg-Wilczek (PQWW) [3, 24, 2] axion, which introduces one
additional complex scalar field only, tied to the EW Higgs sector. It is excluded by
experiment.

• The Kim-Shifman-Vainshtein-Zakharov (KSVZ) [28, 29] axion, which introduces heavy
quarks as well as the PQ scalar.

• The Dine-Fischler-Srednicki-Zhitnitsky (DFSZ) [30, 31] axion, which introduces an
additional Higgs field as well as the PQ scalar.

2.1.2 PQWW axion

The PQWW model introduces a single additional complex scalar field, ', to the standard
model as a second Higgs doublet. One Higgs field gives mass to the u-type quarks, while
the other gives mass to the d-type quarks (a freedom of the model is the choice of which
doublet, if not a third field, gives mass to the leptons). This fixes the representation of
' in SU(2) ⇥ U(1). The whole Lagrangian is then taken to be invariant under a global
U(1)PQ symmetry, which acts with chiral rotations, i.e. with a factor of �5. These chiral
rotations shift the angular part of ' by a constant. The PQ field couples to the standard
model via the Yukawa interactions which give mass to the fermions as in the usual Higgs
model. The invariance of these terms under global U(1)PQ rotations fixes the PQ charges
of the fermions.

Just like the Higgs, ' has a symmetry breaking potential (see Fig. 2):

V (') = �

✓
|'|2 � f2

a

2

◆2

, (6)

and takes a vacuum expectation value (vev), h'i = fa/
p

2 at the EW phase transition. Just
as for the Higgs, this fixes the scale of the vev fa ⇡ 250 GeV.

There are four real, electromagnetically (EM) neutral scalars left after EW symmetry
breaking: one gives the Z-boson mass, one is the standard model Higgs [32, 33], one is the
heavy radial ' field, and one is the angular ' field. The angular degree of freedom appears
as h'iei�/fa after canonically normlaizing the kinetic term. The field � is the axion and is
the Goldstone boson of the spontaneously broken U(1)PQ symmetry.

The axion couples to the standard model via the chiral rotations and the PQ charges
of the standard model fermions, e.g. expanding in powers of 1/fa the quark coupling is
mq(�/fa)iq̄�5q. The chiral anomaly [34] then induces couplings to gauge bosons via fermion
loops4 / �GG̃/fa and / �FF̃/fa, where F is the EM field strength. The gluon term is
the desired term and leads to the PQ solution of the strong-CP problem. Notice that all
axion couplings come suppressed by the scale fa, which in the PQWW model is fixed to

3One can also construct more general particle physics models along these lines with multiple ALPs as
well as the QCD axion, but we will not discuss such models in detail. We consider all ALPs within a string
theory context in Section 2.4.

4See Appendix B for a heuristic description of e↵ective field theory (EFT).
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Figure 2: A symmetry breaking potential in the complex ' plane. The vev of the radial
mode is fa/

p
2 and the axion is the massless angular degree of freedom at the potential

minimum.

be the EW vev. In the PQWW model fa is too small, the axion couplings are too large,
and it is excluded, e.g. by beam-dump experiments [9]. The PQWW axion is also excluded
by collider experiments such as LEP (see the recent compilation of collider constraints in
Ref. [35], and Section 9.6).

In the KSVZ and DFSZ models, which we now turn to, the PQ field, ', is introduced
independently of the EW scale. The decay constant is thus a free parameter in these models,
and can be made large enough such that they are not excluded. For this reason, both the
KSVZ and the DFSZ axions are known as invisible axions. On the plus side, in these models
the axion is stable and is an excellent DM candidate with its own phenomenology.

2.1.3 KSVZ axion

The KSVZ axion model introduces a heavy quark doublet, QL, QR, each of which is an
SU(3) triplet, and the subscripts represent the charge under chiral rotations. The PQ
scalar field, ', has charge 2 under chiral rotations, but is now a standard model singlet.
The PQ field and the heavy quarks interact via the PQ-invariant Yukawa term, which
provides the heavy quark mass:

LY = ��Q'Q̄LQR + h.c. , (7)

where the Yukawa coupling �Q is a free parameter of the model. As in the PQWW model,
there is a global U(1)PQ symmetry which acts as a chiral rotation with angle ↵ = �/fa,
shifting the axion field. Global U(1)PQ symmetry is spontaneously broken by the potential,
Eq. 6.

At the classical level, the Lagrangian is una↵ected by chiral rotations, and ' is not
coupled to the standard model. However at the quantum level, chiral rotations on Q a↵ect
the G̃G term via the chiral anomaly [34]:

L ! L +
↵

32⇡2
GG̃ , (8)

where I have used that in the KSVZ model the colour anomaly is equal to unity (see
Section 2.2).
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Consider complex scalar field

VH is a Hubble-dependent term driving the field VEV to large values at early time. The complex scalar
field can be parameterized by two real fields describing radial ¡ and angular µ directions

© = ¡eiµ, (7.2)

where the U (1) symmetry acts as a shift symmetry for µ. We consider only the homogeneous part of
the field, such that the Lagrangian in the angular representation is

L = 1
2
¡̇2 + 1

2
¡2µ̇2 °V (|©|)°Vth(|©| , T )°V⇠⇠U (1)(©)°VH (©), (7.3)

where the first and second terms denote the kinetic energy in the radial and angular modes, respec-
tively.

Ingredients for a kination era. First, let us chart the big picture and list the special features of the
model required for generating a kination-dominated era.

• a U (1)-conserving potential V (|©|) with spontaneous breaking. In our scenario, the kination era
occurs when a rotating scalar field, which dominates the energy density of the universe, rotates
along the flat direction of its SSB minimum.

• an explicit U (1)-breaking potential V⇠⇠U (1)(©). The rotation of the field condensate is induced by
an early kick in the angular direction due to the presence of an explicit breaking potential, sim-
ilarly to the Afflect-Dine mechanism [136].

• a large initial radial field-value ¡ini. For the explicit breaking higher-order terms in the potential
to play a role on the dynamics of the scalar field, we need a mechanism to drive the scalar field
to large value in the early universe. This is encoded in the term VH (©).

• a mechanism for damping the radial mode. After the kick, the field condensate undergoes an
elliptic motion. A mechanism is necessary to damp the radial mode so that a circular trajectory
is reached and the energy density will be dominated by the kinetic energy of the angular mode
when the field settles down to the SSB vacuum, resulting in a kination era.

7.2 U (1)-conserving potential with spontaneous breaking

7.2.1 Zero-temperature potential

In App. G.2 and G.4, we show that for the scalar field energy density to redshift slower than radiation
and to dominate the energy density of the universe, we need to consider a potential shallower than
quartic. Therefore, we consider a nearly-quadratic potential with a flat direction at the minimum

V (|©|) = m2
r |©|2

µ
ln

|©|2

f 2
a

°1
∂
+m2

r f 2
a + ∏2

M 2l°6
pl

|©|2l°2, (7.4)

where fa is the radial field value at the minimum. We can define an effective mass which is field
dependent

m2
r,eff ¥

d 2V
d |©|2 = 4m2

r

µ
1+ ln

|©|
fa

∂
. (7.5)

In App. D.1, we show that the quadratic potential in Eq. (7.4) can be generated in gravity-mediated
SUSY-broken theories, with mr being equal to the gravitino mass

mr ' m32. (7.6)
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𝝋

θ θ

5

𝜃= a / fa
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ALPs.
Non-perturbative effects at energy 𝝠b  << fa  break the 

shift symmetry  and  generate a potential/mass for the axion
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Axions and Axion-Like-Particles (ALPs)

• One of the strongest BSM candidates: Strong CP problem, dark matter, ...

• At low energies, and high temperatures, it has the e↵ective potential:

VALP � m
2(T )f 2


1� cos

✓
�
f

◆�
= ⇤4

b(T )[1� cos (✓)]

• The mass (barrier-height) is in general temperature-dependent:

m
2(T ) ⇡ m

2
0 ⇥

8
><

>:

✓
Tc

T

◆��

,T � Tc

1 ,T < Tc

QCD axion

m
2
0f

2
⇡ (76MeV)4, � ⇡ 8, Tc ⇡ 150MeV

Generic ALP

m0, f , �,Tc are free parameters.
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ma = 𝝠b / fa
2

2 ≈ (76 MeV)4 ma  and fa  : free parameters 
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An international race.
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JCAP10(2022)053

Experiment: Principle DM? Ref.

Haloscope constraints

ABRACADABRA-10cm Haloscope DM [76]
ADMX Haloscope DM [77–83]
BASE Haloscope (Cryogenic Penning Trap) DM [84]
CAPP Haloscope DM [85–87]
CAST-RADES Haloscope DM [88]
DANCE Haloscope (Optical cavity polarization) DM [89]
Grenoble Haloscope Haloscope DM [90]
HAYSTAC Haloscope DM [91, 92]
ORGAN Haloscope DM [93]
QUAX Haloscope DM [94, 95]
RBF Haloscope DM [96]
SHAFT Haloscope DM [97]
SuperMAG Haloscope (Using terrestrial magnetic field) DM [98]
UF Haloscope DM [99]
Upload Haloscope DM [100]

Haloscope projections

ABDC Haloscope DM [101]
ADMX Haloscope DM [102]
aLIGO Haloscope DM [103]
ALPHA Haloscope (Plasma haloscope) DM [104]
BRASS Haloscope DM [105]
BREAD Haloscope (Parabolic reflector) DM [106]
DANCE Haloscope (Optical cavity polarization) DM [107]
DMRadio Haloscope (All stages: 50L, m

3 and GUT) DM [108, 109]
FLASH Haloscope (Formerly KLASH) DM [110, 111]
Heterodyne SRF Haloscope (Superconduct. Resonant Freq.) DM [112, 113]
LAMPOST Haloscope (Dielectric) DM [114]
MADMAX Haloscope (Dielectric) DM [115]
ORGAN Haloscope DM [93]
QUAX Haloscope DM [116]
TOORAD Haloscope (Topological anti-ferromagnets) DM [117, 118]
WISPLC Haloscope (Tunable LC circuit) DM [119]

LSW and optics

ALPS Light-shining-through wall Any [120]
ALPS II Light-shining-through wall (projection) Any [121]
CROWS Light-shining-through wall (microwave) Any [122]
OSQAR Light-shining-through wall Any [123]
PVLAS Vacuum magnetic birefringence Any [124]

Helioscopes

CAST Helioscope Any [125, 126]
babyIAXO Helioscope (projection) Any [1, 127, 128]
IAXO Helioscope (projection) Any [1, 127, 128]
IAXO+ Helioscope (projection) Any [1, 127, 128]

Table 1. List of experimental searches for axions and ALPs. The table is continued in table 2. All
experiments here rely on the axion-photon coupling.
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Experiment: Principle DM? Reference

Astrophysical constraints

4C+21.35 Photon-ALP oscillation on the “-rays from blazars Any [129]
Breakthough Listen ALP æ radio “ in neutron star magn. fields DM [130]
Bullet Cluster Radio signal from ALP DM decay DM [131]
Chandra AGN X-ray prod. in cosmic magn. field Any [132–135]
BBN + Ne� ALP thermal relic perturbing BBN and Ne� Any [136]
Chandra MWD X-rays from Magnetic White Dwarf ALP prod. Any [137]
COBE/FIRAS CMB spectral distortions from DM relic decay DM [138]
Distance ladder ALP ¡ “ perturbing luminosity distances Any [139]
Fermi-LAT SN ALP product. æ “-rays in cosmic magn. field Any [140–142]
Fermi-LAT AGN X-ray production æ ALP in cosmic magn. field Any [143]
Haystack Telescope ALP DM decay æ microwave photons DM [144]
HAWC TeV Blazars “ æ ALP æ “ conversion reducing “-ray attenuation Any [145]
H.E.S.S. AGN X-ray production æ ALP in cosmic magn. field Any [146]
Horizontal branch stars stellar metabolism and evolution Any [147]
LeoT dwarf galaxy Heating of gas-rich dwarf galaxies by ALP decay DM [148]
Magnetic white dwarf pol. “ æ ALP conversion polarizing light from MWD stars Any [149]
MUSE ALP DM decay æ optical photons DM [150]
Mrk 421 Blazar “-ray æ ALP æ “-ray in cosmic magn. field Any [151]
NuStar Stellar ALP production æ “ in cosmic magn. fields Any [152, 153]
NuStar, Super star clusters Stellar ALP production æ “ in cosmic magn. fields Any [153]
Solar neutrinos ALP energy loss æ changes in neutrino production Any [154]
SN1987A ALP decay SN ALP production æ “ decay Any [155]
SN1987A gamma rays SN ALP production æ “ in cosmic magnetic field Any [156, 157]
SN1987A neutrinos SN ALP luminosity less than neutrino flux Any [157, 158]
Thermal relic compilation Decay and BBN constraints from ALP thermal relic Any [159]
VIMOS Thermal relic ALP decay æ optical photons Any [160]
White dwarf mass relation Stellar ALP production perturbing WD metabolism Any [161]
XMM-Newton Decay of ALP relic DM [162]

Astrophysical projections

eROSITA X-ray signal from ALP DM decay DM [163]
Fermi-LAT SN ALP production æ “ in cosmic magnetic field Any [164]
IAXO Helioscope detection of supernova axions Any [165]
THESEUS ALP DM decay æ x-ray photons DM [166]

Neutron coupling:

CASPEr-wind NMR from oscillating EDM (projection) DM [167, 168]
CASPEr-ZULF-Comag. NMR from oscillating EDM DM [168, 169]
CASPEr-ZULF-Sidechain NMR (constraint & projection) DM [168, 170]
NASDUCK ALP DM perturbing atomic spins DM [171]
nEDM Spin-precession in ultracold neutrons and Hg DM [168, 172]
K-3He Comagnetometer DM [173]
Old comagnetometers New analysis of old comagnetometers DM [174]
Future comagnetometers Comagnetometers DM [174]
SNO Solar ALP flux from deuterium dissociation Any [175]
Proton storage ring EDM signature from ALP DM DM [176]
Neutron Star Cooling ALP production modifies cooling rate Any [177]
SN1987 Cooling ALP production modifies cooling rate Any [178]

Coupling independent:

Black hole spin Superradiance for stellar mass black holes Any [72–74]
Lyman≠– Modification of small-scale structure DM [60]

Table 2. List of experimental searches for axions and ALPs.
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All data can be found here: 
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Conventional misalignment 
makes too little dark matter.
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Opening up the parameter space with 
kinetic misalignment.
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Requirements for the successful intermediate kination era

2. Large initial scalar VEV ⟨ϕ⟩ ≫ fa

1. -symmetric (quadratic) potential 
with spontaneous symmetry-breaking minimum 

U(1)

⟨ϕ⟩ = fa

3. Explicit -breaking term 
(wiggle for angular velocity)

U(1)

4. Radial damping mechanism

case II: ϕini = fa Angular potential 
U(θ)

for T ≥ Tc

case I: ϕini ≫ fa

ϕ = fa

V(Φ) I

II
for T < Tc

δ

θ0

·θ

0 2ππ 3π 4π
angular direction: θ

[Gouttenoire, Servant, PS, 2108.10328 & 2111.01150] 

[2206.14259, 
2408.08355]
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Opening up the parameter space with 
kinetic misalignment.
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Requirements for the successful intermediate kination era

2. Large initial scalar VEV ⟨ϕ⟩ ≫ fa

1. -symmetric (quadratic) potential 
with spontaneous symmetry-breaking minimum 

U(1)

⟨ϕ⟩ = fa

3. Explicit -breaking term 
(wiggle for angular velocity)

U(1)

4. Radial damping mechanism

case II: ϕini = fa Angular potential 
U(θ)

for T ≥ Tc

case I: ϕini ≫ fa

ϕ = fa

V(Φ) I

II
for T < Tc

δ

θ0

·θ

0 2ππ 3π 4π
angular direction: θ

[Gouttenoire, Servant, PS, 2108.10328 & 2111.01150] 

[2206.14259, 
2408.08355]
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• Dark matter & Dark energy: e.g. Spintessence, BEC DM 
[Boyle-Caldwell-Kamionkowski, ’02] [Rindler-Daller-Shapiro, ’13 ’16] 

• Baryogenesis: e.g. Affleck-Dine mechanism 
[Affleck-Dine, 1985] [Dine-Randall-Thomas, 1995]  
[Brandenberger-Fröhlich, ’20] [Wu-Petraki, ’20]  

• Peccei-Quinn scalar: e.g. Axiogenesis and kinetic-misalignment 
[Harigaya et al, ’19 ’20] [Chang & Cui, ’19]

Kination: rotating complex scalar field

5

Φ ∼ ϕeiθ

Radial mode  oscillates 
and dominates the universe.

ϕ Angular mode  rotates 
and stores large kinetic energy.

θ

V(Φ)

Φ

Examples of rotating complex scalar field:
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ρtot

scale factor a

inflation

Kination from  
when  rotates at minimum. 
(sub-dominant again before BBN)

θ
Φ

SM radiationscalar Φ
oscillation 

and rotation 
 for  ρΦ ∼ a−n n < 4

Desired scenario!

Peccei-Quinn field cosmology.

“Common” story:
T>> fa

Alternative:

T≲ fa

●
●

Starts at <𝝓>=0

Starts at <𝝓> >> fa

(field can be driven naturally to 
these large field values during 

inflation due to a negative 
Hubble-induced mass term)

Studies axion 
cosmology ignoring 

the radial mode

Radial mode /axion 
interplay 1414



How did the axion acquire a kick?

With initial conditions:

If PQ symmetry is broken explicitly at high energies
—> mexican hat potential is tilted

If radial mode of PQ field starts at large VEV, the angular mode gets a large 
kick in the early universe

The initial conditions for this mechanism are

Q(ti) = Qi, Q̇(ti) = 0. standard misalignment mechanism (8)

The initial misalignment angle Qi is the value of the angular part of the Peccei-Quinn (PQ) field
after the spontaneous symmetry breaking, which can take different values in different patches of
the universe. If the PQ-breaking happens before inflation, then all the patches are inflated away so
we have a homogeneous value throughout the observable universe. However, if the PQ-breaking
happens after inflation, then the observable universe has many patches having different values of
Qi. Then Qi is fixed by averaging over different Hubble patches.

However, this is not the only mechanism for ALP dark matter. It is possible that the PQ symme-
try is explicitly broken at high energies which tilts the mexican-hat potential such that the angular
part of the PQ field obtains a large kick in early universe. This is known as the kinetic misalignment

mechanism [1]. In this case, the initial condition for the homogeneous mode is modified by

1
2

Q̇2
i
� 2m

2(Ti). kinetic misalignment mechanism (9)

The physical meaning of this initial condition is that the ALP field has a very large initial kinetic
energy such that it goes over many barriers before it got stuck in one of the minimums. The
trapping occurs when the energy of the ALP field falls below the height of the barrier:

rf(T⇤) =
1
2

f
2Q̇2(T⇤) + m

2(T⇤) f
2[1 � cos(Q(T⇤))] = 2m

2(T⇤) f
2[1 � cos(Q(T⇤))], (10)

where the temperature T⇤ is defined by this equation and denoted the temperature at which the
field is trapped by the barrier. For later convenience we introduce the parameter e(t) which is
defined by

e(t) ⌘
rf

2m2(t) f 2 =
1
4

Q̇2

m2(t)
+ sin2

✓
Q
2

◆
. (11)

2 Classification based on the cosmic history before trapping

2.1 Overview of the regions

Based on the evolution of the ALP field before it gets trapped by the potential, there are four dif-
ferent scenarios:

1. Strong axion fragmentation: The ALP field is completely fragmented before it gets trapped
by the potential.

2. Weak axion fragmentation: The fragmentation is active for a while before the field gets
trapped, but it is weak.

3. Kinetic misalignment: The fragmentation does not happen, but the ALP field has a non-
zero initial velocity, such that the onset of oscillations is delayed.

4. Regular misalignment: Even though the ALP field might have some initial velocity, it is not
sufficient to overcome many barriers, so conventional misalignment mechanism is at play.
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-> kinetic misalignment mechanism
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Figure 6: A complex-scalar field evolution in nearly-quadratic or quartic, with spontaneous U(1)-
breaking, potential, assuming the initial rotation is generated via the explicit breaking term. The corre-
sponding parameters defining each stages are as table of 1. Moreover, the U(1)-conserving interaction
is included and allows the field with elliptic motion, stage II, to settle at its minimum with circular orbit,
from stage III to IV.

I. Field frozen H > me↵,� � = �osc ⇢ / a0

II. Field oscillation and rotation me↵ � H > �
�osc > � > f ⇢ / a�3 or a�4

III. Field rotation me↵,� > HIV. Field rotation at minimum � = f ⇢ / a�6

Table 1: Stages of complex-scalar field evolution in U(1)-symmetric potential, corresponding to figure
6, are determined by the Huuble rate H, the e↵ective mass me↵, the U(1)-conserving interaction rate �,
the radial field-value �, and the scaling of energy density ⇢. The oscillation and the rotation mean radial
and angular motion of the field, respectively.
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[Co, Harigaya, Hall’19]

Delayed axion
 oscillations !
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Initial conditions.

Similar to Affleck-Dine ’85  scenario

At early times, 𝝓  is driven away from 𝝓 =0, 
towards <𝝓>  >>  fa

by negative Hubble-induced mass term H >> m𝝓

Peera Simakachorn (Uni. Hamburg) 28.10.2022 96

I. -conserving potential 
(quadratic) 

with a minimum   

U(1)

fa

  
II. explicit breaking term 
(e.g.  is not exact 

at high scales.)

∝ cos(lθ)

U(1)

stabilization 
i.e., at large |Φ |

Ingredients 1 & 2 : scalar potential

(motivated by supersymmetric setups)

By adding a negative Hubble mass 

  

 is driven away from  at early times ( )  
(e.g. Dine, Randall, Thomas, 1995, Fujita & Harigaya 1607.07058)

VH(Φ, H) ⊃ − cH2 |Φ |2

ϕ ϕ = 0 H ≫ mr

Ingredient 3 : large initial VEV ϕini
case II: ϕini = fa Angular potential 

U(θ)
for T ≥ Tc

case I: ϕini ≫ fa

ϕ = fa

V(Φ) I

II
for T < Tc

δ

θ0

·θ

0 2ππ 3π 4π
angular direction: θ

ϕini ≃ MPl ( c
λ2 ⋅ mr

MPl )
1/(l−2)

V(Φ) = m2
r |Φ |2 log ( |Φ |2

f 2a ) − 1 + Λ4
b ( Φ

MPl )
l

+ ( Φ†

MPl )
l

+ λ2

M2l−6
Pl

|Φ |2l−2

Dine, Randall, Thomas ‘95
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Requirements for the successful intermediate kination era

2. Large initial scalar VEV ⟨ϕ⟩ ≫ fa

1. -symmetric (quadratic) potential 
with spontaneous symmetry-breaking minimum 

U(1)

⟨ϕ⟩ = fa

3. Explicit -breaking term 
(wiggle for angular velocity)

U(1)

4. Radial damping mechanism

case II: ϕini = fa Angular potential 
U(θ)

for T ≥ Tc

case I: ϕini ≫ fa

ϕ = fa

V(Φ) I

II
for T < Tc

δ

θ0

·θ

0 2ππ 3π 4π
angular direction: θ

[Gouttenoire, Servant, PS, 2108.10328 & 2111.01150] 

+ explicit U(1) breaking term transfers radial 
mode motion into kick for the axion
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Usual story.

Scale factor of universe a 17

Standard Model
 radiation a-4

Energy  
density

Axion 
dark matter 

dominates, a-3

H~ma
Oscillations 

start

Axion frozen 
by Hubble 
expansion
waiting at 
bottom of 

PQ potential



New story.

Scale factor of universe a 18

Standard Model
 radiation a-4

Energy  
density

Axion 
dark matter 

dominates, a-3

Axion starts 
rotating while 
moving down 
PQ potential

Axion 
trapped

Oscillations 
start

Axion 
reaches 
bottom 
of PQ 

potential This part is similar  
to the usual story,  

but delayed.

Axion frozen



New story.

Scale factor of universe a

19

Standard Model
 radiation a-4

Energy  
density

Axion dark matter
 dominates, a-3

Axion starts 
rotating while 
moving down 
PQ potential

Axion 
trapped

Oscillations 
start

Axion 
reaches 
bottom 
of PQ 

potential This part is similar  
to the usual story,  

but delayed.

Axion frozen
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The conserved -charge is 

 

U(1)
d
dt

(a3ϕ2 ·θ) = 0 ⇒ ·θ ∝ a−3IV

red-shifts to minimum: ϕ = fa Kinetic energy in rotation dominates 
 

and behaves as kination.
ρΦ = E4

KD ∝ ·θ2 ∝ a−6

circle of ϕ = fa
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inflation

scalar Φ

II. elliptic orbit

SM radiation

III. circular orbit
IV. kination era

I.oscillation 
3H ∼ mr

Kination energy scale 

 when .EKD = ( 1
2 ϕ2 ·θ2)

1/4
≃ mr fa ϕ = fa

matter era

damping 
 3H ∼ Γdamp

: radial-mode mass 
: radial damping rate

mr
Γdamp

Duration: e-foldings 

NKD(mr, Γdamp) ∝ log ( ρdamp

ρkin )

Field Evolution 3: Kination§
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Rotating Axion Dark Matter

circle of 
ϕ = fa

via kinetic misalignment & axion fragmentation
Peccei-Quinn charge in the spinning axion transfers to the axion number density

case II: ϕini = fa Angular potential 
U(θ)

for T ≥ Tc

case I: ϕini ≫ fa

ϕ = fa

V(Φ) I

II
for T < Tc

δ

θ0

·θ

0 2ππ 3π 4π
angular direction: θ

m2
a f 2

a[1 − cos(θ)]

na

s 0
≃ nθ

s KD
≡ f 2

a
·θKD

sKD
≃ fa

EKD
e3NKD/2

[Co, Harigaya, Hall, ’19] 
[Chang, Cui, ’19]

[Fonseca, Morgante, Sato, Servant, ’19] 
[Eröncel, Sato, Servant, Sørensen, 2206.14259] 

Kinetic energy red-shifts  until .·θ2f 2
a ∝ a−6 ·θ ≃ ma

After QCD scale, the fast-spinning axion still skips the potential barrier 
and the axion oscillation is delayed ( ).Hosc

a ≪ ma
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Requirements for the successful intermediate kination era

2. Large initial scalar VEV ⟨ϕ⟩ ≫ fa

1. -symmetric (quadratic) potential 
with spontaneous symmetry-breaking minimum 

U(1)

⟨ϕ⟩ = fa

3. Explicit -breaking term 
(wiggle for angular velocity)

U(1)

4. Radial damping mechanism

case II: ϕini = fa Angular potential 
U(θ)

for T ≥ Tc

case I: ϕini ≫ fa

ϕ = fa

V(Φ) I

II
for T < Tc

δ

θ0

·θ

0 2ππ 3π 4π
angular direction: θ

[Gouttenoire, Servant, PS, 2108.10328 & 2111.01150] 
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Rotating Axion Dark Matter

circle of 
ϕ = fa

via kinetic misalignment & axion fragmentation
Peccei-Quinn charge in the spinning axion transfers to the axion number density

case II: ϕini = fa Angular potential 
U(θ)

for T ≥ Tc

case I: ϕini ≫ fa

ϕ = fa

V(Φ) I

II
for T < Tc

δ

θ0

·θ

0 2ππ 3π 4π
angular direction: θ

m2
a f 2

a[1 − cos(θ)]

na

s 0
≃ nθ

s KD
≡ f 2
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·θKD

sKD
≃ fa

EKD
e3NKD/2

[Co, Harigaya, Hall, ’19] 
[Chang, Cui, ’19]

[Fonseca, Morgante, Sato, Servant, ’19] 
[Eröncel, Sato, Servant, Sørensen, 2206.14259] 

Kinetic energy red-shifts  until .·θ2f 2
a ∝ a−6 ·θ ≃ ma

After QCD scale, the fast-spinning axion still skips the potential barrier 
and the axion oscillation is delayed ( ).Hosc

a ≪ ma
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This was the main pitch. 
Let me now go in more details.
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Pre- and post-inflationary scenario

VPQ

Post-inflationary scenario

• Di↵erent initial angle in each Hubble patch.

• Inhomogeneous including topological defects.

Pre-inflationary scenario (This work)

• Random initial angle in the observable

universe.

• Initially homogeneous w/o topological defects.

2/13

Pre- and post-inflationary scenarios.
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Potential of full complex PQ scalar field



Pre- and post-inflationary scenario

VPQ

Post-inflationary scenario

• Di↵erent initial angle in each Hubble patch.

• Inhomogeneous including topological defects.

Pre-inflationary scenario (This work)

• Random initial angle in the observable

universe.

• Initially homogeneous w/o topological defects.

2/13

Pre- and post-inflationary scenarios.
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GLOBAL (axionic)
COSMIC STRINGS

primordial GW bgd

This talk
although with a different initial position for the field



Axions from the misalignment mechanism.
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Axion late cosmology

With initial conditions:

—> standard misalignment mechanism
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For

The initial conditions for this mechanism are

Q(ti) = Qi, Q̇(ti) = 0. standard misalignment mechanism (8)

The initial misalignment angle Qi is the value of the angular part of the Peccei-Quinn (PQ) field
after the spontaneous symmetry breaking, which can take different values in different patches of
the universe. If the PQ-breaking happens before inflation, then all the patches are inflated away so
we have a homogeneous value throughout the observable universe. However, if the PQ-breaking
happens after inflation, then the observable universe has many patches having different values of
Qi. Then Qi is fixed by averaging over different Hubble patches.

However, this is not the only mechanism for ALP dark matter. It is possible that the PQ symme-
try is explicitly broken at high energies which tilts the mexican-hat potential such that the angular
part of the PQ field obtains a large kick in early universe. This is known as the kinetic misalignment

mechanism [1]. In this case, the initial condition for the homogeneous mode is modified by

1
2

Q̇2
i
� 2m

2(Ti). kinetic misalignment mechanism (9)

The physical meaning of this initial condition is that the ALP field has a very large initial kinetic
energy such that it goes over many barriers before it got stuck in one of the minimums. The
trapping occurs when the energy of the ALP field falls below the height of the barrier:

rf(T⇤) =
1
2

f
2Q̇2(T⇤) + m

2(T⇤) f
2[1 � cos(Q(T⇤))] = 2m

2(T⇤) f
2[1 � cos(Q(T⇤))], (10)

where the temperature T⇤ is defined by this equation and denoted the temperature at which the
field is trapped by the barrier. For later convenience we introduce the parameter e(t) which is
defined by

e(t) ⌘
rf

2m2(t) f 2 =
1
4

Q̇2

m2(t)
+ sin2

✓
Q
2

◆
. (11)

2 Classification based on the cosmic history before trapping

2.1 Overview of the regions

Based on the evolution of the ALP field before it gets trapped by the potential, there are four dif-
ferent scenarios:

1. Strong axion fragmentation: The ALP field is completely fragmented before it gets trapped
by the potential.

2. Weak axion fragmentation: The fragmentation is active for a while before the field gets
trapped, but it is weak.

3. Kinetic misalignment: The fragmentation does not happen, but the ALP field has a non-
zero initial velocity, such that the onset of oscillations is delayed.

4. Regular misalignment: Even though the ALP field might have some initial velocity, it is not
sufficient to overcome many barriers, so conventional misalignment mechanism is at play.

2

standard assumption

Conventional misalignment

Axion Lagrangian

L =
1

2
@µ�@

µ
��m

2(T )f2
a (1� cos(�/fa))

Equation of motion in FRW:

�̈+ 3H�̇|{z}
friction

+m
2
a� = 0

Two regimes:
> ma ⌧ 3H () ⇢a / a

0 (Frozen)
> ma � 3H () ⇢a / a

�3 (Oscillating)

DESYª | Opening up the axion dark matter window with axion fragmentation | Philip Sørensen | Hamburg, 01.06.2020 Page 6

Conventional misalignment

1 Inflation sets random ✓I = O(1)

2 Hubble frozen = no redshift
3 Begins to oscillate at

ma ⇠ 3H(T )

4 Redshift as ⇢a / a
�3

DESYª | Opening up the axion dark matter window with axion fragmentation | Philip Sørensen | Hamburg, 01.06.2020 Page 7

Neglecting fluctuations, the homogeneous zero-mode satisfies

6 1. Geometry and Dynamics

Notice that the coordinates x and u are now dimensionless, while the parameter a carries the di-
mension of length. The di↵erential of the embedding condition, x2 ± u

2 = ±1, gives udu = ⌥x · dx,
so

d`2 = a
2


dx2 ± (x · dx)2

1⌥ x2

�
. (1.1.12)

We can unify (1.1.12) with the Euclidean line element (1.1.8) by writing

d`2 = a
2


dx2 + k

(x · dx)2
1� kx2

�
, for k ⌘

8
<

:

0 E3

+1 S3

�1 H3

. (1.1.13)

Note that we must take a
2
> 0 in order to have d`2 positive at x = 0, and hence everywhere. It is

convenient to use spherical polar coordinates, (r, ✓,�), because it makes the symmetries of the space
manifest. Using

dx2 = dr2 + r
2(d✓2 + sin2 ✓d�2) , (1.1.14)

x · dx = rdr , (1.1.15)

the metric in (1.1.13) becomes diagonal

d`2 = a
2


dr2

1� kr2
+ r

2d⌦2

�
, (1.1.16)

where d⌦2 ⌘ d✓2 + sin2 ✓d�2.

Exercise.—Show that despite appearance r = 0 is not a special point in (1.1.7).

1.1.3 Robertson-Walker Metric

Substituting (1.1.7) into (1.1.6), we obtain the Robertson-Walker metric 3 in polar coordinates:

ds2 = dt2 � a
2(t)


dr2

1� kr2
+ r

2d⌦2

�
. (1.1.17)

Notice that the symmetries of the universe have reduced the ten independent components of the

spacetime metric to a single function of time, the scale factor a(t), and a constant, the curvature

parameter k.

• The line element (1.1.17) has a rescaling symmetry

a ! �a , r ! r/� , k ! �
2
k . (1.1.18)

This means that the geometry of the spacetime stays the same if we simultaneously rescale

a, r and k as in (1.1.18). We can use this freedom to set the scale factor to unity today:4

a(t0) ⌘ 1. In this case, a(t) becomes dimensionless, and r and k
�1/2 inherit the dimension

of length.

3Sometimes this is called the Friedmann-Robertson-Walker (FRW) metric.
4Quantities that are evaluated at the present time t0 will have a subscript ‘0’.

a

Different regions for ALP dark matter

Cem Eröncel

November 30, 2020

1 Analytical theory of parametric resonance in Kinetic Misalignment

We are interested in studying the parametric resonance during the cosmological evolution of an
ALP field whose Lagrangian is given by

L =
1
2

g
µn∂µf∂nf � V(f) =

1
2

g
µn∂µf∂nf � m

2(T) f
2


1 � cos
✓

f

f

◆�
. (1)

The metric is taken to be the flat Friedmann-Lemaitre-Robertson-Walker metric1

ds
2 = dt

2 � a
2(t)dij dx

i dx
j . (2)

We decompose f(x, t) into a homogeneous mode f(t) ⌘ f Q(t) and small fluctuations df(x, t),
where the latter can be expanded into the Fourier modes

df(x, t) =
Z d3k

(2p)3

⇣
âkuk(t)e

ik·x + h.c.
⌘

, (3)

where the creation/annihilation operators â
†
k/âk satisfy

h
âk, â

†
k0

i
= (2p)3d(3)(k � k0). (4)

Using the Lagrangian (1) and the metric (2), we can show that the homogeneous mode Q obeys

Q̈ + 3HQ̇ + m
2(T) sin(Q) = 0, (5)

while the equation of motion for the mod functions uk(t) are given by

ük + 3Hu̇k +


k

2

a2 + m
2(T) cos (Q)

�
uk = 0. (6)

So far we have neglected the backreaction of the fluctuations onto the homogenenous. We will
study the backreactions later.

Most of the literature on ALP dark matter focuses on the “standard misalignment mechanism”
in which the ALP field is initially frozen due to the strong Hubble friction, then it starts oscillating
around the temperature Tosc which can be estimated by

m(Tosc) ⇡ 3H(Tosc). standard misalignment mechanism (7)

1In general, the metric should also have curvature perturbation terms. We will study them in Section 4.

1

a𝜌𝜌

ρDM grows with fa  —> Axion Dark Matter overabundance for too large fa  



Kinetic misalignment.
Add kinetic energy to delay onset of oscillationsKinetic misalignment

> Begins to oscillate at �̇ ⇠ 2⇤2
b

> Delay oscillations
) less redshift
) more DM
) lower fa

⇢
kin
� ⇡ mafa�̇⇤

✓
a⇤
a0

◆3

where ⇤ = time of stopping.
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-> ALP can be DM for low fa

Co, Hall, Harigaya et al ’19’20 
Chang, Cui’19 
Eröncel et al, ‘22

Axion Dark Matter

19

circle of 
ϕ = fa

via kinetic misalignment & axion fragmentation
Peccei-Quinn charge in the spinning axion transfers to the axion number density

case II: ϕini = fa Angular potential 
U(θ)

for T ≥ Tc

case I: ϕini ≫ fa

ϕ = fa

V(Φ) I

II
for T < Tc

δ

θ0

·θ

0 2ππ 3π 4π
angular direction: θ

m2
a f 2

a[1 − cos(θ)]

na

s 0
≃ nθ

s KD
≡ f 2

a
·θKD

sKD
≃ fa

EKD
e3NKD/2

[Co, Harigaya, Hall, ’19] 
[Chang, Cui, ’19]

[Fonseca, Morgante, Sato, Servant, ’19] 
[Eröncel, Sato, Servant, Sørensen, soon!] 

Kinetic energy red-shifts  until .·θ2f 2
a ∝ a−6 ·θ ≃ ma

P. Simakachorn (DESY/U.Hamburg)

After QCD scale, the fast-spinning axion still skips the potential barrier 
and the axion oscillation is delayed ( ).Hosc

a ≪ ma

17

Axions from kinetic misalignment.
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Dark matter from ALPs: Misalignment mechanisms

Standard (Large) misalignment

Zhang,Chiueh 1705.01439; Arvanitaki et al. 1909.11665

⇤4
b

⇥̇i = 0

Time

A
LP

en
er

gy
de

ns
ity

m
=

3H

Frozen w � �1 Oscillating w � 0

� a0

�
a �

3

�
a �

3

�i = � � 10�6

�i = 0.8�

Kinetic misalignment

Co et al. 1910.14152

⇥̇i 6= 0

Time

A
LP

en
er

gy
de

ns
ity

Rolling w � 1

�
a �6

Oscillating w � 0

� a�3

� k
in

=
� p

ot
m

�
3H

3/13

Standard versus kinetic Misalignment.
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Two ways to delay the onset of oscillations

Initial field value tuned to top of potential: Large initial velocity

Eroncel et al, 2206.14259 
Chang-Cui, 1911.11885 



Extending the parameter space to lower f� values

• Modify the initial conditions

• Large misalignment: Choose the initial angle
very close to the top, i.e. |⇡ � ✓i | ⌧ 1.
Zhang,Chiueh 1705.01439; Arvanitaki et al. 1909.11665

• Kinetic misalignment: Start with a large initial
kinetic energy.
Co et al. 1910.14152; Chang et al. 1911.11885

• Modify the potential to a non-periodic one:

Ollé+. 1906.06352; Chatrchyan, CE, Koschnitzke, Servant 2305.03756
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• Kinetic misalignment: Start with a large initial
kinetic energy.
Co et al. 1910.14152; Chang et al. 1911.11885

• Modify the potential to a non-periodic one:
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Cem Eröncel (ITU), Axions++ 3/13

1906.06352, 2305.03756 

A third way to delay the onset of oscillations:
 a non-periodic potential.

26



Expanding the parameter space to lower f� values

1 3 5 10 20 30 50 100
Time [m�/H]
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� a �6

� a�3

Standard misalignment

Large misalignment

Non-periodic p = 1/2

Non-periodic p = �1/2

Kinetic misalignment

Common property of all these is that the onset of oscillations got delayed which boosts the dark

matter abundance, and extends the ALP dark matter parameter space to lower decay constants.

Cem Eröncel (ITU), Axions++ 4/13

Common property of all these cases: onset of oscillations is delayed
 which boosts the dark matter abundance, and extends the ALP 
dark matter parameter space to lower decay constants. 

Usual 
story

27
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case II: ϕini = fa Angular potential 
U(θ)

for T ≥ Tc

case I: ϕini ≫ fa

ϕ = fa

V(Φ) I

II
for T < Tc

δ

θ0

·θ

0 2ππ 3π 4π
angular direction: θ

Model B: Complex scalar field “Affleck-Dine Baryogenesis” (Affleck, Dine, 1985)

“Axiogenesis” (Co, Hall, Harigaya, et. al., ’19)

Requirements for the successful kination era

2. Large initial scalar VEV

 with -symmetryΦ ∼ ϕeiθ U(1)

Angular mode  “axion” spins, 
with large kinetic energy.

θ

Radial mode  oscillates in potential 
with mass .

ϕ
V′ ′ (Φ)

1. -symmetric (quadratic) potential 
with spontaneous symmetry-breaking minimum

U(1)

3. Explicit -breaking term 
(wiggle for angular velocity)

U(1)
4. Damping of radial motion

Model implementations of a rotating axion .

2828

“Kination cosmology” (Gouttenoire et al, ’21)



29

Peera Simakachorn (Uni. Hamburg) 28.10.2022 96

I. -conserving potential 
(quadratic) 

with a minimum   

U(1)

fa

  
II. explicit breaking term 
(e.g.  is not exact 

at high scales.)

∝ cos(lθ)

U(1)

stabilization 
i.e., at large |Φ |

Ingredients 1 & 2 : scalar potential

(motivated by supersymmetric setups)

By adding a negative Hubble mass 

  

 is driven away from  at early times ( )  
(e.g. Dine, Randall, Thomas, 1995, Fujita & Harigaya 1607.07058)

VH(Φ, H) ⊃ − cH2 |Φ |2

ϕ ϕ = 0 H ≫ mr

Ingredient 3 : large initial VEV ϕini
case II: ϕini = fa Angular potential 

U(θ)
for T ≥ Tc

case I: ϕini ≫ fa

ϕ = fa

V(Φ) I

II
for T < Tc
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·θ

0 2ππ 3π 4π
angular direction: θ
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Fate of radial mode.

30

Radial mode oscillations can overclose universe.

before radial mode dominates → no entropy production

after radial mode dominates → entropy production

Coupling with fermion 𝜒 :   φ𝜒𝜒
Coupling with Higgs : φ2 H2 

Can be damped.

WHEN:

HOW:



Figure 4. Overview of possible scenarios in models with nearly-quadratic potentials. The energy densities of

the axion (orange) and radial modes (green) are comparable until either damping takes place (Tdamp) or the

radial modes reaches its minimum at fa, (Tkin). The top examples feature entropy injection (late damping)

while the bottom examples do not (early damping). The left examples feature kination, while the right examples

do not. Regardless of whether a period of kination is triggered or not, the temperature at which the radial

mode is relaxed to fa is labeled Tkin. The end of kination is labeled by Tkin,end if it does take place. Physically,

damping may not be nearly-instantaneous, and the energy density of the plasma could reheat smoothly, as

indicated by the blue dashed lines. However, as only the initial and final states matter for the yield dilution,

this question does not impact the damping-mechanism-agnostic solution presented in this section. The physical

evolution of T does impact the more realistic damping considered in later sections of this work, since the

damping rates themselves depend on T . The evolutions displayed here are sketches intended to highlight the

characteristic di↵erences between scenarios and do not represent actual solutions. These visualizations are to

be compared with the full numerical solutions shown at the end of appendix E.
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Ingredient 4: Damping
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radial mode

axion

radiation

[2408.08355]



The hunt for axions.

Motivation: Axion parameter space

Assuming KSVZ-like photon and neutron couplings:

Any ALP

Only DM

DESYª | Opening up the axion dark matter window with axion fragmentation | Philip Sørensen | Hamburg, 01.06.2020 Page 3
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(KSVZ-like coupling)
ALP dark matter parameter space (with KSVZ-like photon coupling g✓� = (↵em/2⇡)(1.92/f ))
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Figure 1. Potentially available ALP DM parameter space (in white) together with experimental bounds [43–

148] and model-independent constraints on DM in the rotating axion scenario. The two lines “fragmentation

before trapping” and “fragmentation after trapping” are derived in our companion paper [16] while the hashed

green region at the centre refers to the observable axion mini-cluster region derived in [17]. The goal of this work

is to provide KMM model implementations in this plane above the thick orange line. Experimental sensitivity

lines assume a KSVZ-like axion-photon coupling gKSVZ
ωεε = (ωEM/2ε)(1.92/fa) → 2.23↑ 10→3/fa. For a list of

experimental constraints and more details on the BBN and structure formation constraints see [16].

3 Ingredients for a KMM implementation

3.1 Starting the rotation

The A!eck-Dine-inspired mechanism which we explore in this work (and which is also reviewed in
details in [23]) relies on two key features:

PQ-violating operators: These are needed to give a kick to the axion from the motion of the radial
mode. They arise as higher-dimensional operators and can be motivated in SUSY models [21].
They are of the form

A

n

P
n

Mn→3
+

A

n

P
↑n

Mn→3
=

2A

n2n/2
cos(nω + εω)

ϑ
n

Mn→3
, (3.1)

where, M is a suppression scale which we typically set to the Planck scale mPl, and εω is a
phase in the potential, which in general is not aligned with the minimum at ω = 0. As will be
discussed further in Section 5, SUSY motivates A → O(mε). The key idea is that even though
this potential plays a major role initially, it rapidly becomes negligible as ϑ decreases from a
large VEV to fa.

Large VEV driver: To probe such higher-dimensional operators, the VEV of the PQ field has to
be driven to a large initial value. A large initial VEV for ϑ is an essential component of the

– 6 –
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Explicit UV completions realising the axion kinetic 
misalignment: unspecified early radial-mode damping.
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Explicit UV completions realising the axion kinetic 
misalignment.

Thermal damping via Higgs portal.
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Explicit UV completions realising the axion kinetic 
misalignment.

Thermal damping via Higgs portal.
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Explicit UV completions realising the axion kinetic 
misalignment.

Thermal damping via Higgs portal.
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Explicit UV completions realising the axion 
kinetic misalignment, some overview.
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Correlations between axion mass and 
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an axion discovery by a given experiment, this figure gives the prediction for the associated radial mass range.

We assumed n = 13.

where yt ⇠ O(1) is the Higgs-top Yukawa coupling, which we assume to be the dominant source of
the Higgs thermal potential.

10.1 Thermal e↵ects and damping rates

As was the case with the Yukawa interaction, the Higgs portal coupling Eq. (10.1) gives rise to a thermal
potential for �. If T

2
> m

2

H,0
+ ⇠

2(�2
� f

2

a
), the SM Higgs boson in the thermal plasma gives thermal

corrections ⇡ ⇠
2
T

2 to m
2

�
. On the other hand, if T

2
< m

2

H,0
+ ⇠

2(�2
� f

2

a
), although the SM Higgs

boson is absent in the thermal bath, it a↵ects the e↵ective gauge coupling via a logarithmic running
e↵ect and the potential energy obtains a thermal correction �V ⇡ ↵

2

2
T

4 log[(m2

H,0
+ ⇠

2(�2
� f

2

a
))/T

2]
[168, 171]. The e↵ective mass of � is then

m
2

�,e↵
⇡

(
m

2

�,0
+ m

2

�,th
if T > ⇠�,

m
2

�,0
+ m

2

�,ln
if T < ⇠�,

where m
2

�,th
⇡ ⇠

2
T

2 and m�,ln ⇡ ↵
2

2

⇠
2
T

4

⇠2�2 + m
2

H,0

,

(10.3)

where ↵2 ⇠ 1/306 and the thermal-log contribution is suppressed by the zero-temperature Higgs mass
mH,0. In the absence of this suppression, much of the otherwise viable parameter space would feature
m�,ln domination and Q-ball formation.

6A contribution also arises from the top quark Yukawa coupling. For a simple order-of-magnitude estimate, we
consider only the contribution from the weak gauge coupling here.
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Axion kinetic misalignment:

Axion fragmentation.

Compact axion halos.
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Axion fragmentation .
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In the conventional misalignment mechanism, the axion field has a constant initial field value in
the early universe and later begins to oscillate. We present an alternative scenario where the axion
field has a nonzero initial velocity, allowing an axion decay constant much below the conventional
prediction from axion dark matter. This axion velocity can be generated from explicit breaking of
the axion shift symmetry in the early universe, which may occur as this symmetry is approximate.

Introduction.—Why is CP violation so suppressed
in the strong interaction [1–3] while near maximal in
the weak interaction? The Peccei-Quinn (PQ) mecha-
nism [4, 5] provides a simple and elegant answer: the
angular parameter describing CP violation in the strong
interaction is actually a field resulting from spontaneous
symmetry breaking, ✓(x). A potential V (✓) arises from
the strong interaction and has CP conserving minima, as
shown in Fig. 1. Axions are fluctuations in this field [6, 7]
and the mass of the axion is powerfully constrained by
particle and astrophysics, ma < 60 meV; equivalently,
there is a lower bound on the PQ symmetry breaking
scale fa = 108 GeV (60 meV/ma) [8–14].

In the early universe, if the initial value of the field, ✓i,
is away from the minima, the axion field starts to oscil-
late at a temperature T⇤ when ma ⇠ 3H, where H is the
Hubble expansion rate. These oscillations, illustrated in
the upper diagram of Fig. 1, can account for the observed
dark matter [15–17]. For ✓i not accidentally close to the
bottom nor the hilltop of the potential, this “misalign-
ment” mechanism predicts an axion mass of order 10 µeV
and tends to underproduce for heavier masses.

In this Letter we show that an alternative initial con-
dition for the axion field, ✓̇ 6= 0, leads to axion dark
matter for larger values of ma. This “kinetic misalign-
ment” mechanism is operative if the axion kinetic energy
is larger than the potential energy at temperature T⇤, de-
laying the onset of axion field oscillations, as shown in the
lower diagram of Fig. 1. We begin with an elaboration of
the basic mechanism. We then show that a su�cient ✓̇

can arise at early times from explicit breaking of the PQ
symmetry by a higher dimensional operator in the same
manner as the A✏eck-Dine mechanism, which generates
rotations of complex scalar fields [18, 19].

The PQ symmetry is an approximate symmetry which
is explicitly broken by the strong interaction. It is plau-
sible that higher dimensional operators also explicitly
break the PQ symmetry. Although they should be negli-
gible in the vacuum in order not to shift the axion min-
imum from the CP conserving one, they can be e↵ec-
tive in the early universe if the PQ symmetry breaking
field takes a large initial value. Higher dimensional PQ-

θi
θ

θ

V(θ)

θ
�
i

Kinetic Misalignment Mechanism

FIG. 1. The schematics of the (kinetic) misalignment mech-
anism. Initial conditions are labeled, shadings from light to
dark indicate the time sequence of the motion, and arrows
with di↵erent relative lengths denote instantaneous velocities.

breaking operators are in fact expected if one tries to un-
derstand the PQ symmetry as an accidental symmetry
arising from some exact symmetries [20–23]. The kinetic
misalignment mechanism is therefore a phenomenologi-
cal prediction intrinsically tied to the theoretical origin
of the PQ symmetry.
The mechanism allows for axion dark matter with a

mass above the prediction of the standard misalignment
mechanism. This mass scalema = O(0.1-100) meV is un-
der extensive experimental investigation [24–38]. Other
known production mechanisms in this mass range are
1) parametric resonance from a PQ symmetry breaking
field [39, 40], 2) anharmonicity e↵ects [41–43] when ✓i

approaches ⇡ due to fine-tuning or inflationary dynam-
ics [44, 45], 3) decays of unstable domain walls [46–53],
and 4) production during a kination era [54]. Contrary
to these mechanisms, kinetic misalignment o↵ers an ex-
citing theoretical connection with the baryon asymmetry
of the Universe through so-called axiogenesis [55].
Kinetic misalignment mechanism.—We estimate

the dark matter abundance for a generic axion-like field
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Axion Fragmentation.

Not considered in usual axion phenomenology with oscillations 
around one minimum: Fragmentation suppressed unless the field 
starts very close to the top of the potential (“large misalignment 
mechanism”) or for specific potentials with more than one cosine -> 
parametric resonance.

However, becomes very relevant when field crosses many wiggles, 
with interesting implications, e.g. for the relaxion mechanism, but 
also as a new axion Dark Matter production mechanism.

Chatrchyan et al, 	1903.03116, 2004.07844

Fonseca,Morgante,Sato, Servant’19

Greene, Kofman, Starobinsky, hep-ph/9808477

Arvanitaki et al, 1909.11665

Chatrchyan et al, 	1903.03116, 2004.07844

Eroncel et al, 2206.14259,  23065.103756Generalization 
(fragmentation before and after trapping + detailed application to DM)

Morgante et al, 2109.13823
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ALP fluctuations and the mode functions

• Even in the pre-inflationary scenario ALP field has some fluctuations on top of the homogeneous

background which can be described by the mode functions in the Fourier space.

✓(t, x) = ⇥(t) +

Z
d3
k

(2⇡)3
✓ke

i~k·~x + h.c.

• These fluctuations are seeded by adiabatic and/or isocurvature perturbations:

Adiabatic perturbations (This work)

• Due to the energy density perturbations of the
dominating component, unavoidable.

• Initial conditions in the super-horizon limit:

�i
1 + wi

=
�j

1 + wj

Isocurvature perturbations

• If ALPs exist during inflation and are light
m ⌧ Hinf , they pick up quantum fluctuations:

�✓ ⇠
Hinf

2⇡finf

• Can be avoided/suppressed if ALP has a large
mass during inflation, or finf � ftoday.

• Even though the fluctuations are small initially, they can be enhanced exponentially later via

tachyonic instability and/or parametric resonance yielding to fragmentation.

5/13

• Even in pre-inflationary scenario, ALP field has some fluctuations on 
top of the homogeneous background, which can be described by the 
mode functions in the Fourier space. 

ALP fluctuations.

• Even though the fluctuations are small initially, they can be enhanced 
exponentially later via parametric resonance yielding to fragmentation. 

• In the case of efficient fragmentation, all the energy of the 
homogeneous mode can be transferred to the fluctuations. [Fonseca et al. 
1911.08472; Morgante et al. 2109.13823] 

ALP fluctuations and the mode functions

⇥̇i 6= 0

• Even in the pre-inflationary scenario ALP field has some fluctuations that are seeded by adiabatic

and/or isocurvature perturbations:

• Even though the fluctuations are small initially, they can be enhanced exponentially later via

parametric resonance yielding to fragmentation.

• In the case of e�cient fragmentation, the backreaction can transfer all the energy from the

homogeneous mod to the fluctuations. Fonseca et al. 1911.08472; Morgante et al. 2109.13823

3/8
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Fragmentation regions on the ALP parameter space
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Fragmentation regions on the ALP parameter space
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ALP fluctuations.

EoM for the unavoidable adiabatic perturbations :

unstable when the effective frequency 

• becomes negative ⇒ tachyonic instability

•   is oscillating ⇒ parametric resonance 

Growth rate of the perturbations depends exponentially on 

Fluctuations of the ALP field
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[Arvanitaki et al’19]  

Observational tests: compact axion halos.
kinetic misalignment—>axion fragmentation-> structure formation enhancement

Different in the context of axion kinetic fragmentation [Eroncel et al , 2207.10111]
Studied in the context of large misalignment scenario in
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Figure 20: The halo spectra corresponding to the benchmarks listed in Table 1 together with the
regions observable by future lensing probes that we briefly summarized in Section 6.1. Di↵erent
colors show the di↵erent ALP masses; m = 10�5 eV (red, left), m = 10�10 eV (blue, middle),
m = 10�15 eV (green, right). Di↵erent linestyles show di↵erent production mechanisms; Kinetic
misalignment with fragmentation (solid), Large misalignment (dot-dashed), post-inflationary sce-
nario (dotted), and Standard misalignment (dashed). The straight faint lines labeled via the ALP
mass show the soliton spectrum corresponding to the given ALP mass.

For the post-inflationary scenario we set the decay constant such that ALPs make up all of

the dark matter. The list of benchmarks that we used when constructing the halo spectra

can be found in Table 1. We also show the region of the Ms–⇢s plane which can be probed

by future experiments by thin lines. We see that low-mass axions provide much more

optimistic discovery prospects since the halo spectra are peaked at larger masses.

6 Observational prospects

In this section, we briefly comment on the phenomenological consequences of the halo spec-

tra that we derived in the previous section. In Section 6.1 we discuss various experiments

that have a potential to probe the halo spectrum at small scales. In Section 6.2 we discuss

the consequences of the compact ALP halos for the terrestrial ALP detection experiments,

such as holoscopes.

6.1 Probes of the halo spectrum

The compact dark matter halos which are denser than the CDM ones can be probed by

future gravitational surveys via their direct gravitational interactions. A detailed study of

the discovery prospects is beyond the scope of this paper. Here we give a quick overview

by using the sensitivity curves in the Ms–⇢s plane presented in [51].
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Small 𝑚 → Large mini-cluster
Perturbative analysis + 
Press-Schechter formalism

https://arxiv.org/abs/2207.10111
https://arxiv.org/abs/2207.10111
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Figure 1: A sketch of the region in the ALP parameter space where dense halos are expected to
form, together with all the experimental constraints and projections on ALPs assuming a coupling to
the electromagnetic field with eq. (6.8). We have obtained this region by combining the regions where
dense halos are expected from the Kinetic Misalignment Mechanism and from ALPs with non-periodic
potentials considered in this work. For caveats about this plot, see section 6. All the data for the
constraints and projections are compiled from ref. [40].

where we denoted @V/@� as V
0
(�). In the radiation-dominated era, once the Hubble friction

term becomes subdominant, the field rolls to the minimum of the potential and oscillates
around it at later times. Near the minimum of the potential, where V ⇡

1

2
m

2
a�

2, the equation
of state of such an oscillating ALP field averages to w = 0 so that it behaves as a (dark)
matter component.

Assuming that oscillation starts in the radiation era, and ma = cst, a general expression
for the relic energy density of ALPs today is given by

⌦a,0 =
1

3
(⌦r,0)

3/4
gs(T0)

gs(Tosc)

✓
g⇢(Tosc)

g⇢(T0)

◆
3/4
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1
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1
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Mpl
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2

V (�i)Z, (2.3)

where Hosc is the Hubble scale at the onset of oscillation, gs and g⇢ are the effective degrees
of freedom in entropy and energy, respectively, while ⌦r,0 is today’s density parameter of
radiation. For this estimate one uses that the energy density scales approximately as ⇢a =

⇢a, osc (aosc/a)
3 for a > aosc, where ⇢a, osc = V (�i) is the energy density of the field before the

onset of oscillation. Z incorporates corrections to this estimate. For a harmonic potential, or
close to the minimum of a general potential, Z can be found to be

Z =
8

⇡
(�(5/4))

2
' 2.1, (2.4)
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Parameter space where parametric resonance 
can create compact halos.

Chatrchyan et al, 2305.03756
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Figure 22: Regions in the ALP parameter space where the parametric resonance might create halos
whose scale densities are larger than ⇢s & 10M� pc�3. Such halos likely survive the tidal stripping,
see Section 5, so they can be observable. Different colours show different production mechanisms,
and we assumed that ALPs make all of dark matter. The dashed lines indicate how the regions will
expand if we impose a smaller bound ⇢s & M� pc�3. Above the gray line, the Kinetic Misalignment
Mechanism is excluded by BBN due to the bound in eq. (6.5). The brown lines show the contours
of the initial angle in the standard misalignment mechanism. For these values the initial angle is
independent of the shape of the potential as long as it is quadratic around the minimum. Finally,
we show the prediction for the case when the ALPs are generated after the inflation via the label
"post-inflationary scenario".

compared to the analysis we performed for the non-periodic potential. In particular, non-
linear effects that can be captured only via a lattice simulation broaden the power spectrum
which decreases the peak scale density. Therefore, we expect that a precise analysis of the
Kinetic Misalignment will shrink the corresponding band. We also note that a sizable region
of the low-mass parameter space in Kinetic Misalignment is excluded due to the BBN bound
of eq. (6.5). Finally, for Large Misalignment, we have found that dense halos are predicted
only in the case of significant tunings |⇡ � ✓i| . 10

�11 which is consistent with the findings
of ref. [22]. For these values, the non-linear effects are expected to be important, but we
did not take these into account. Nevertheless, we define the Large Misalignment band as
10

�15 . |⇡ � ✓i| . 10
�11, and show it on the figure 22 for completeness.

In figure 22, we also show via the dashed lines how the bands can be expanded if we had
taken the weaker bound ⇢s & M� pc�3. The brown lines are the contours of the initial angle
in the standard misalignment mechanism, where the ALP potential can be approximated by
a quadratic one. Finally, via the yellow line we show the prediction in the case where the

– 47 –
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Parameter space where parametric resonance 
can create compact halos (with                        ).
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The dense halo regions from ≠ production mechanisms mostly overlap. 
Difficult to infer the production mechanism from observations.

Dense halo region in the ALP parameter space

Shaded regions indicate the parameter

space where parametric resonance might

create halos with ⇢s & 10M� pc�3 which

are more likely to survive tidal stripping

Arvanitaki et al. 1909.11665.

The “dense halo regions” in di↵erent

production mechanisms mostly overlap

with each other. So, it is di�cult to infer

the mechanism from observations.

However, observation of dense structures

gives us information about the decay

constant even when ALP does not

couple to SM!
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However, observations of dense structure gives information about fa 
even when ALP does not couple to the SM!



Motivation: Axion parameter space
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Figure 1. Potentially available ALP DM parameter space (in white) together with experimental bounds [43–

148] and model-independent constraints on DM in the rotating axion scenario. The two lines “fragmentation

before trapping” and “fragmentation after trapping” are derived in our companion paper [16] while the hashed

green region at the centre refers to the observable axion mini-cluster region derived in [17]. The goal of this work

is to provide KMM model implementations in this plane above the thick orange line. Experimental sensitivity

lines assume a KSVZ-like axion-photon coupling gKSVZ
ωεε = (ωEM/2ε)(1.92/fa) → 2.23↑ 10→3/fa. For a list of

experimental constraints and more details on the BBN and structure formation constraints see [16].

3 Ingredients for a KMM implementation

3.1 Starting the rotation

The A!eck-Dine-inspired mechanism which we explore in this work (and which is also reviewed in
details in [23]) relies on two key features:

PQ-violating operators: These are needed to give a kick to the axion from the motion of the radial
mode. They arise as higher-dimensional operators and can be motivated in SUSY models [21].
They are of the form

A

n

P
n

Mn→3
+

A

n

P
↑n

Mn→3
=

2A

n2n/2
cos(nω + εω)

ϑ
n

Mn→3
, (3.1)

where, M is a suppression scale which we typically set to the Planck scale mPl, and εω is a
phase in the potential, which in general is not aligned with the minimum at ω = 0. As will be
discussed further in Section 5, SUSY motivates A → O(mε). The key idea is that even though
this potential plays a major role initially, it rapidly becomes negligible as ϑ decreases from a
large VEV to fa.

Large VEV driver: To probe such higher-dimensional operators, the VEV of the PQ field has to
be driven to a large initial value. A large initial VEV for ϑ is an essential component of the

– 6 –

Observability of compact halos from kinetic misalignment.

Region that can be probed by 
photometric lensing 



Non-audible Axions
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The transfer of energy in the early universe from the homogeneous axion field into axion quantum
fluctuations, e.g. axion fragmentation, inevitably produces a stochastic background of gravitational
waves of primordial origin with a peak frequency controlled by the axion mass. However, the signal is
generally suppressed and unobservable by future experiments when imposing the upper bounds from
either the axion dark matter abundance or the axion dark radiation. We quantify this e↵ect using
lattice calculations and examine the amplitude of the signal in the whole axion parameter space,
ranging over more than 30 decades in frequencies. We present typical models of axion fragmentation
and characterise the conditions leading to an observable signals in planned observatories, from the
CMB, PTA, LISA to ET.

I. INTRODUCTION

The production of a gravitational-wave background by
early-universe axion dynamics has been studied mainly in
the case where the axion couples to a dark photon [1–3].
We consider the more minimal situation where the ALP
does not have any significant coupling to such dark pho-
ton. Still, the energy of the axion from the misalignment
mechanism can be transferred to axion particles, leading
to a stochastic GW background []. In both cases, it was
found [] that the GW signal can be observed only if a
mechanism enables to get rid of the associated overabun-
dant axion energy density. The aim of this article is to
look at this problem in more detail (using lattice calcu-
lations), examine the di↵erent situations leading to such
a suppression naturally, and quantify the observability
prospects.....

to-do:
Merge figures 1,4,5 together; Add the other plot by Cem
in the (⌦h

2
, f) plane; Add paragraph about friction and

comparison with the gauge case; Merge figures 6 and 8?

II. ROUGH ESTIMATE OF THE ALP
PARAMETERS AND �Ne↵

The NANOGrav collaboration possibly observed a sig-
nal at a frequency of ⌫ = 1 yr�1 with a strain hc of
1.92 ⇥ 10�15 [4]. The frequency density parameter in
gravitational waves, ⌦GW(⌫) is defined via [5]

⇢GW

⇢c
=

Z
d(ln ⌫)⌦GW(⌫). (1)

It is related to the strain via [6]:

⌦GW =
⌫SE(⌫)

⇢cc
2

, with SE ⌘ ⇡c
2

4GN
⌫h

2
c . (2)

Plugging the values this gives very roughly

⌦GW(yr�1) ⇡ 10�8
, (3)

which we will use as a benchmark value that the field has
to produce.

What now follows is a very rough estimate if our axion
model with the non-periodic potential can produce this
signal by fragmentation and, if afterwards it would imme-
diately decay to radiation/ultra-relativistic much lighter
ALPs that behave as radiation until today, the decay
products can fulfill the uncertainty bounds on Ne↵ .

We assume that the frequency of the signal will be
given by the modes that are amplified most strongly dur-
ing fragmentation, which are roughly the size of the ax-
ion mass during fragmentation, i.e. k̃/aosc ⇡ ma. Af-
terwards, the frequency will redshift, which gives as an
rough estimate for relation between the ALP and the GW
frequency:

⌫ ⇡ 1

2⇡
ma

✓
T0

Tosc

◆✓
g⇤S(T0)

g⇤S(Tosc)

◆1/3

. (4)

To find the strain, one starts with the eom for the lin-
earized Einstein equations:

ḧij + 3Hḣij � �hij

a2
=

16⇡

M
2
pl

⇧TT
ij , (5)

where for a scalar field

⇧TT
ij (t, ~x) =

1

a2


@i�(t, ~x)@j�(t, ~x) � 1

3
�ij(@k�(t, ~x)@k�(t, ~x))

�
.

(6)
Since the sourcing will happen mostly/only at fragmen-
tation, which happens directly following oscillation of the
field, we can write

���hij,k̃

��� ⇠ 16⇡

M
2
pl(k̃/aosc)2

���⇧TT
ij,osc,k̃

��� . (7)

For ⇧TT
ij we take ↵⇢�, where ↵ is smaller than unity and

quantifies the fraction of energy stored in the fluctua-
tions.
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early-universe axion dynamics has been studied mainly in
the case where the axion couples to a dark photon [1–3].
We consider the more minimal situation where the ALP
does not have any significant coupling to such dark pho-
ton. Still, the energy of the axion from the misalignment
mechanism can be transferred to axion particles, leading
to a stochastic GW background []. In both cases, it was
found [] that the GW signal can be observed only if a
mechanism enables to get rid of the associated overabun-
dant axion energy density. The aim of this article is to
look at this problem in more detail (using lattice calcu-
lations), examine the di↵erent situations leading to such
a suppression naturally, and quantify the observability
prospects.....

to-do:
Merge figures 1,4,5 together; Add the other plot by Cem
in the (⌦h

2
, f) plane; Add paragraph about friction and

comparison with the gauge case; Merge figures 6 and 8?

II. ROUGH ESTIMATE OF THE ALP
PARAMETERS AND �Ne↵

The NANOGrav collaboration possibly observed a sig-
nal at a frequency of ⌫ = 1 yr�1 with a strain hc of
1.92 ⇥ 10�15 [4]. The frequency density parameter in
gravitational waves, ⌦GW(⌫) is defined via [5]

⇢GW

⇢c
=

Z
d(ln ⌫)⌦GW(⌫). (1)

It is related to the strain via [6]:

⌦GW =
⌫SE(⌫)

⇢cc
2

, with SE ⌘ ⇡c
2

4GN
⌫h

2
c . (2)

Plugging the values this gives very roughly

⌦GW(yr�1) ⇡ 10�8
, (3)

which we will use as a benchmark value that the field has
to produce.

What now follows is a very rough estimate if our axion
model with the non-periodic potential can produce this
signal by fragmentation and, if afterwards it would imme-
diately decay to radiation/ultra-relativistic much lighter
ALPs that behave as radiation until today, the decay
products can fulfill the uncertainty bounds on Ne↵ .

We assume that the frequency of the signal will be
given by the modes that are amplified most strongly dur-
ing fragmentation, which are roughly the size of the ax-
ion mass during fragmentation, i.e. k̃/aosc ⇡ ma. Af-
terwards, the frequency will redshift, which gives as an
rough estimate for relation between the ALP and the GW
frequency:

⌫ ⇡ 1

2⇡
ma

✓
T0

Tosc

◆✓
g⇤S(T0)

g⇤S(Tosc)

◆1/3

. (4)

To find the strain, one starts with the eom for the lin-
earized Einstein equations:

ḧij + 3Hḣij � �hij

a2
=

16⇡

M
2
pl

⇧TT
ij , (5)

where for a scalar field

⇧TT
ij (t, ~x) =

1

a2


@i�(t, ~x)@j�(t, ~x) � 1

3
�ij(@k�(t, ~x)@k�(t, ~x))

�
.

(6)
Since the sourcing will happen mostly/only at fragmen-
tation, which happens directly following oscillation of the
field, we can write

���hij,k̃

��� ⇠ 16⇡

M
2
pl(k̃/aosc)2

���⇧TT
ij,osc,k̃

��� . (7)

For ⇧TT
ij we take ↵⇢�, where ↵ is smaller than unity and

quantifies the fraction of energy stored in the fluctua-
tions.

The transfer of energy in the early universe from the 
homogeneous axion field into axion quantum 
fluctuations, inevitably produces a stochastic 
background of gravitational waves of primordial origin 
with a peak frequency controlled by the axion mass. 
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Figure 13. Peak amplitude and frequency of gravitational waves induced by axion fragmentation
occurring in kinetic misalignment mechanism (KMM) versus large misalignment mechanism (LMM)
according to (eq. (6.11)). The lines assume constant axion mass and should not be understood as GW
spectra. The predictions are compared to the sensitivity of future experiments. The expression of ‹peak
in terms of the axion mass and decay constant is given by eq. (6.4), see contours in figure 14 and 15.

both of them to unity for our estimates. Again we assume that the GW emission takes place
at trapping. Then, the energy density of the ALP field at emission is

fl◊,emit ¥ 2m
2
úf

2
. (6.8)

Also, the peak momentum becomes kpeak = Ÿúaúmú ≥ aúmú. Then (6.7) is simplified to

�peak
GW,ú ≥ 256fi

2

3

3
mú
Hú

42A
f

Mpl

B4
. (6.9)

Evolving this amplitude until today by using (6.6) and (6.3) we obtain

�peak
GW,0 ≥ 1.5 ◊ 10≠15

3
mú
m0

42/33
m0

10≠16 eV

4≠2/33
f

1014 GeV

44/3
Z≠4/3

. (6.10)

By combining this result with (6.4) we can obtain a simple relation between the peak frequency
and the peak amplitude:

�peak
GW,0 ≥ 10≠35

A
mú/m0

(‹peak/Hz)Z

B2
. (6.11)

From this, we learn that ALP models with a constant mass have better prospects for an
observable gravitational-wave signal. Secondly, the models with a lower peak frequency predict
a larger GW amplitude. Finally, if there is an additional dilution in the energy density due to
the fragmentation, the gravitational-wave amplitude is also enhanced. We show the contours
of the peak GW frequency calculated via (6.4), and the peak GW amplitude calculated
via (6.11) in the upper plots of figure 14.

– 30 –

Gravitational waves from ALP DM 
fragmentation.

2206.14259

Z = needed dilution factor of ALP energy density
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Summary so far on axion fluctuations.

5252

Axion fluctuations:
- sourced by primordial inflationary curvature perturbations
- exponentially amplified by parametric resonance induced by                                  

kinetic misalignment, when the ALP field is rolling over the 
potential barriers and when it is oscillating around the 
minimum, around the time when the axion is trapped, leading 
to axion fragmentation

- Observational signatures: axion mini-clusters and low-
frequency gravitational waves

-  This late fragmentation does not affect much the dark matter 
relic abundance: It is only a transfer of energy  from the zero-
mode condensate to higher-modes, that occurs when the 
axion is already non-relativistic. 

- This late effect has thus a weak dependance on the power of 
primordial fluctuations . Because of the exponential 
growth, the amplitude of the initial fluctuations does not 
matter much. 

𝒫ℛ(k)



However, axion fluctuations may 
come to dominate much earlier.

53

Eroncel et al, 2206.14259

We have discussed axion fluctuations 
generated around the (late) time of axion 
trapping when axion oscillations start.

Eroncel et al, 2408.08355
Eroncel et al, 2501.17226



A novel source for axion Dark Matter 
production: Curvature-induced.

54

Eroncel et al, 2503.04880

Bodas, Co, Ghalsasi, Harigaya,  Wang, 2503.04888
+

Axion fluctuations



Different from the axion fluctuations produced 
during fragmentation at late (trapping) time.

5555

Axion fluctuations induced by curvature perturbations also 
occur at very early times when axion is still massless and 
highly relativistic.
They are sourced by non-vanishing velocity of the axion field. 
They have a crucial dependance on the primordial (inflationary) 
power spectrum.
They may end up dominating eventually, after the axion has 
become non-relativistic, over the zero-mode condensate, and 
independently from its late fragmentation.
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We discuss a novel mechanism for generating dark matter from a fast-rolling scalar field, relevant for both
inflation and rotating axion models, and apply it specifically to the (QCD) axion. Dark matter comes from scalar
field fluctuations generated by the product of the curvature perturbation and the fast-rolling background field.
These fluctuations can explain the totality of dark matter in a vast axion parameter space, particularly for the
QCD axion, which will be targeted by upcoming experiments. We review the constraints on this mechanism
and potential gravitational-wave signatures.

I. Introduction

Axion-like-particles (ALP) are leading candidates to ex-
plain the dark matter (DM) of the universe [1–3]. Several
mechanisms to produce ALPs have been advocated: thermal
production in the case of large axion couplings to the Stan-
dard Model as is the case for the QCD axion with a low decay
constant fa [4], standard misalignment [1–3], large misalign-
ment [5], kinetic misalignment [6–10]. In the later case, it
was shown that in most of the parameter space, the axion field
is fragmented and the axion energy density is not confined in
the zero-mode [11–14]. Axions can also be produced from the
emission of the cosmic string-domain wall network [15–18].
Axions from standard misalignment and from cosmic strings
are the most studied cases, although they correspond to a re-
gion of parameter space in the [axion mass ma, axion cou-
pling → f

→1
a ] plane that is difficult to probe experimentally.

In contrast, kinetic misalignment followed by axion fragmen-
tation, as arising in models of rotating axions, opens a large
region of parameter space for ALP DM that will be tested in
upcoming experiments.

In this letter, we show a novel implication of rotating axion
models, namely the possibility that DM comes from a com-
pletely different source: rather than coming from the energy
initially stored in the zero-mode background field, the DM
energy density comes from the fluctuations of the axion field
that are induced by primordial (inflationary) curvature pertur-
bations, see also [19–22]. Such a source term is effective if
the background scalar field has a large kinetic energy.

The generation of these fluctuations was pointed out in
[12, 23] and some important implication, when applied to
massless fields, was shown in [24]. In this work, we study
how they can behave as DM, as suggested in [14]. Depend-
ing on the axion mass value as well as other UV parameters,
their contribution may be the dominant one over the abun-
dance from the zero mode, as shown in Fig. 1. This general
mechanism could have other applications. For instance, if the
scalar field is the inflaton itself and inflation is ended by a
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Figure 1. Cartoon of the energy-density evolution of a rotating scalar
field condensate in blue, which behaves as radiation → a

→4, kination
→ a

→6, and matter → a
→3, consecutively, during the radiation era of

the universe. The second stage starts at akin when the field dynam-
ics is kinetic-energy dominated. The last stage happens when the
field gets trapped and oscillates inside the potential barrier at aosc,
leading to DM via kinetic misalignment or fragmentation. The red
line shows the energy-density evolution of scalar-field fluctuations
ωfluct induced by primordial curvature perturbations. Initially pro-
duced relativistically, they become non-relativistic at aNR, and can
serve as DM. The orange line shows the Standard Model radiation,
and its intersection with the red line indicates the matter-radiation
equality. The inset illustrates another possible scenario in which the
scalar field is the inflaton and it fast-rolls after inflation (blue), thus
producing curvature-induced fluctuations (red). Due to a minimum
in a scalar potential, the fluctuations become non-relativistic at late
times and explain DM. Both plots are schematic and not to scale.

fast-rolling stage (like in quintessential inflation [25, 26] and
string cosmologies [23]), fluctuations can be efficiently pro-
duced and could explain DM, see inset in Fig. 1.
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Supplemental Material

A: Derivation of ωfluct

In this Appendix, we derive the energy density of the scalar field fluctuations and describe its evolution from the
beginning of the fast-rolling regime until today. The sub-sections A 1 and A 2 review the derivation already presented
in [12] while the results derived in sub-sections A 3 and A 4 are new.

1. Equations of Motion (EoM) for the background and fluctuations

Our goal is to study the effect of curvature fluctuation Rk on a scalar field which is decomposed as

ω(ε,x) = ω(ε) + ϑω(ε,x) = ω(ε) +

∫
d3k

(2ϖ)3
ϑωk(ε)e

→ik·x
, (A1)

where ω and ϑω denote the background and the fluctuations respectively. Denoting by V (ω) its potential, the equation
of motion (EoM) for the background is

ω
↑↑
+ 2Hω

↑
+ a

2ϱV

ϱω
= 0, (A2)

while the EoM for the fluctuation Fourier modes ϑωk in the limit ! → 1 and ϑω → 1 read [53]

ϑω
↑↑

k + 2Hϑω
↑

k +

(
k
2 + a

2ϱ
2
V

ϱω2

)
ϑωk = ↑2!k

ϱV

ϱω
+ 4!↑

kω
↑
, (A3)

In both equations, the potential derivatives are evaluated at ω = ω. The solution of !k during radiation (ς = 1/3)
is: [54]

!k(kε) =
9↓
3

!k(0)

kε
j1

(
kε↓
3

)
↑↑↑↔
kω↓1

6Rk(0)
cos

(
kε/

↓
3
)

(kε)2
, (A4)

where j1(x) is the spherical Bessel function and R(0) = 3!(0)/2 is the comoving curvature perturbation on super-
horizon scales in radiation era [54].

2. Fluctuations in the fast-rolling regime

We assume the scalar field undergoes a period of fast-rolling during which the potential V (ω) is negligible com-
pared to its kinetic and gradient energies. In this regime, the EoM (A3) simplifies to

ϑω
↑↑

k + 2Hϑω
↑

k + k
2
ϑωk = 4!↑

kω
↑
. (A5)

The fluctuation ϑωk is sourced by !k around the time of the horizon re-entry (k = H = aH).
The solution of Eq. (A5) is derived in the Appendix B of [12] for the modes that enter the horizon during the

fast-rolling period by assuming adiabatic initial conditions at akin. In the sub-horizon limit k/H ↗ 1, the solution is
approximated by

ϑωk ↘ φRk(0)
ω
↑

H

∣∣∣∣∣
kin

(
akin

a

)
cos

(
k

H

)
, (A6)

Warning: Change of notation in the following,  denotes the axion and is decomposed asϕ
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2

II. Curvature-induced fluctuations of fast-rolling field

We review the impact of primordial curvature perturbations
on a fast-rolling scalar field, ω = ω+ εω, with ω its homoge-
neous part and εω its fluctuations, as already discussed in [24].
In the absence of anisotropic stress, the space-time metric in
the conformal Newtonian gauge is

ds
2 = a

2
[
→ (1 + 2!)dϑ2 + (1→ 2!)εijdx

i
dx

j
]
, (1)

where ! is the scalar metric fluctuation whose Fourier
modes are defined by !k =

∫
d
3x e

ik·x!(x). On super-
horizon modes, ! is frozen and related to the gauge-
invariant comoving curvature perturbation R ↑ →! →
2(H→1!↑ + !)/3(1 + ϖ) ↓ →3!/2, where H = aH is the
comoving Hubble rate and ϖ is the universe equation of state.
In this letter, we assume radiation-domination ϖ = 1/3 (un-
like [24]) and treat the case of kination-domination in Fig. 3.
During fast-rolling – when kinetic and gradient energies dom-
inate and potential energy is negligible – and under the condi-
tions !, εω ↔ 1, the scalar field equation of motion becomes

εω
↑↑
k + 2H εω

↑
k + k

2
εωk = 4!↑

kω
↑
. (2)

The right-hand side of this equation is the key point. The non-
zero scalar speed ω

↑
combined with the curvature perturbation

!↑
k sources the scalar fluctuation with momentum k, leading

to the sub-horizon solution (k ↗ H)

ωk(ϑ) ↓ ϱRk(0)
ω
↑

H cos(kϑ), (3)

for modes entering during the fast-rolling stage k < Hkin

and ϱ ↓ 0.52 (see [12, App. B.2] and App. A for a red-
erivation). At all orders in εω, the scalar field energy den-
sity is ςω = [(ω↑)2 + (↘ω)2]/(2a2) = ςω(1 + εω + ε

2
ω/2),

with ςω = (ω
↑
/a)2/2 and the linear component of the density

contrast εω ↑ (ςω/ςω → 1)linear = 2εω↑
/ω. We deduce the

volume-average of the energy density fluctuations [24]

ςfluct(ϑ) ↑
〈
ςω → ςω

〉
=

ςω(ϑ)

2

∫
d log k Pεω(k, ϑ), (4)

where Pεω(k) ↑
∫
dx3

e
ik·x≃εω(0)εω(x)⇐ is the dimensionless

power spectrum of the linear density contrast. We used the
important fact that ≃εω⇐ ⇒ ≃Rk⇐ = 0 for adiabatic primordial
curvature perturbations. Using Eq. (3) and averaging over os-
cillations, we get Pεω ↓ 2ϱ2PR(k)(k/H)2 and Eq. (4) leads
to the fractional energy density ”fluct ↑ ςfluct/ςtot of the
fluctuations of the fast-rolling field

d”fluct(ϑ)

d log k
= ϱ

2”ω(ϑkin)

(
k

Hkin

)2

PR(k), (5)

where Hkin = akinHkin is the value of the Hubble rate
when the scalar field starts rolling at akin. We used H ⇒
a
→1 and introduced ”ω(ϑ) ↑ ςω/ςtot which redshifts like

⇒ a
→2 during radiation domination. We now study the novel

implications for DM.

III. Dark matter from curvature-induced scalar fluctuations

DM abundance.— We consider a scalar field ω with mass
ma. Below a scale factor aNR(k) = k/ma, the mode k turns
non-relativistic and its energy density redshifts like matter.
From integrating Eq. (5) over all modes, we deduce the to-
tal fractional energy abundance of scalar fluctuation today

”0
fluct

”0
rad

= ϱ
2”ω(ϑkin)

(
a0ma

Hkin

)∫ kkin

kosc

dk

k

(
k

Hkin

)
PR(k).

(6)
where ”0

radh
2 ↓ 4.21⇑ 10→5 [27] with h ↓ 0.68 the reduced

Hubble factor and a0 is today’s scale factor. The expression at
any time is provided in Eq. (A25) of Supplemental Material.
We model the curvature power spectrum as a power-law

PR(k) = PR(kϑ) (k/kϑ)
ns(k)→1

, (7)

where the amplitude and spectral index are measured by
Planck at the pivot scale kϑ ↑ 0.05 Mpc→1 [28], PR(kϑ) ↓
2.099(29) ⇑ 10→9

, ns(kϑ) ↓ 0.965(4). For k away from
kϑ, we use the Taylor-expansion ns(k) = ns(kϑ) → (3.65 ⇑
10→4) ln(k/kϑ) obtained after analyzing 300 single-field in-
flation models [29]. Plugging Eq. (7) into Eq. (6), the total
abundance for Hkin ↗ kosc is dominated by the mode kkin

that re-enters at akin

”0
fluct

”0
rad

= ϱ
2”ω(ϑkin)

(
a0ma

Hkin

)
PR(kkin)

ns
, (8)

Note that PR(kkin) is poorly constrained and could be in
principle many orders of magnitude larger than PR(kϑ), a fact
exploited in inflationary models that predict primordial black
holes [30]. Applying numerical values, we get the fraction of
curvature-induced DM to the total DM energy density,

”0
fluct

”0
DM

↓ ”ω(ϑkin)

(
109 GeV

Tkin

)
· ma

1 eV
· PR(kkin)

2.1 · 10→9
, (9)

where Tkin is the Universe temperature at the onset of the fast-
rolling phase, and ”0

DM = 0.2657 [27] is the fractional en-
ergy density in DM today. The abundance of fluctuations εωk

should be compared with the one of the zero mode ω

”0
zero ↓ ”0

rad”ω(ϑkin)

(
a0

aosc

)(
akin

aosc

)2

, (10)

where aosc is the scale factor when the homogeneous scalar
field stops fast-rolling and starts oscillating, redshifting like
matter [6, 7]. This occurs when the scalar field energy density
drops below ςω(ϑosc) ↓ m

2
af

2
a , which leads to akin/aosc ↓

(mafa)1/3/ς
1/6
ω (ϑkin). We deduce

”0
fluct

”0
zero

↓
⇓
3ϱ2”1/2

ω (ϑkin)

(
Mpl

fa

)
PR(kkin)

ns
, (11)

where

 = Fourier modes of the 
curvature perturbations
Φk
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Equations of motion

Homogeneous mode:

 V: potential

Fluctuations:

Conformal 
Hubble =a H

′ : derivative with respect to conformal time

space-time metric in
conformal Newtonian gauge

Φ is the scalar metric fluctuation

Source term 
due to curvature 

perturbations
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II. Curvature-induced fluctuations of fast-rolling field

We review the impact of primordial curvature perturbations
on a fast-rolling scalar field, ω = ω+ εω, with ω its homoge-
neous part and εω its fluctuations, as already discussed in [24].
In the absence of anisotropic stress, the space-time metric in
the conformal Newtonian gauge is

ds
2 = a

2
[
→ (1 + 2!)dϑ2 + (1→ 2!)εijdx

i
dx

j
]
, (1)

where ! is the scalar metric fluctuation whose Fourier
modes are defined by !k =

∫
d
3x e

ik·x!(x). On super-
horizon modes, ! is frozen and related to the gauge-
invariant comoving curvature perturbation R ↑ →! →
2(H→1!↑ + !)/3(1 + ϖ) ↓ →3!/2, where H = aH is the
comoving Hubble rate and ϖ is the universe equation of state.
In this letter, we assume radiation-domination ϖ = 1/3 (un-
like [24]) and treat the case of kination-domination in Fig. 3.
During fast-rolling – when kinetic and gradient energies dom-
inate and potential energy is negligible – and under the condi-
tions !, εω ↔ 1, the scalar field equation of motion becomes

εω
↑↑
k + 2H εω

↑
k + k

2
εωk = 4!↑

kω
↑
. (2)

The right-hand side of this equation is the key point. The non-
zero scalar speed ω

↑
combined with the curvature perturbation

!↑
k sources the scalar fluctuation with momentum k, leading

to the sub-horizon solution (k ↗ H)

ωk(ϑ) ↓ ϱRk(0)
ω
↑

H cos(kϑ), (3)

for modes entering during the fast-rolling stage k < Hkin

and ϱ ↓ 0.52 (see [12, App. B.2] and App. A for a red-
erivation). At all orders in εω, the scalar field energy den-
sity is ςω = [(ω↑)2 + (↘ω)2]/(2a2) = ςω(1 + εω + ε

2
ω/2),

with ςω = (ω
↑
/a)2/2 and the linear component of the density

contrast εω ↑ (ςω/ςω → 1)linear = 2εω↑
/ω. We deduce the

volume-average of the energy density fluctuations [24]

ςfluct(ϑ) ↑
〈
ςω → ςω

〉
=

ςω(ϑ)

2

∫
d log k Pεω(k, ϑ), (4)

where Pεω(k) ↑
∫
dx3

e
ik·x≃εω(0)εω(x)⇐ is the dimensionless

power spectrum of the linear density contrast. We used the
important fact that ≃εω⇐ ⇒ ≃Rk⇐ = 0 for adiabatic primordial
curvature perturbations. Using Eq. (3) and averaging over os-
cillations, we get Pεω ↓ 2ϱ2PR(k)(k/H)2 and Eq. (4) leads
to the fractional energy density ”fluct ↑ ςfluct/ςtot of the
fluctuations of the fast-rolling field

d”fluct(ϑ)

d log k
= ϱ

2”ω(ϑkin)

(
k

Hkin

)2

PR(k), (5)

where Hkin = akinHkin is the value of the Hubble rate
when the scalar field starts rolling at akin. We used H ⇒
a
→1 and introduced ”ω(ϑ) ↑ ςω/ςtot which redshifts like

⇒ a
→2 during radiation domination. We now study the novel

implications for DM.

III. Dark matter from curvature-induced scalar fluctuations

DM abundance.— We consider a scalar field ω with mass
ma. Below a scale factor aNR(k) = k/ma, the mode k turns
non-relativistic and its energy density redshifts like matter.
From integrating Eq. (5) over all modes, we deduce the to-
tal fractional energy abundance of scalar fluctuation today

”0
fluct

”0
rad

= ϱ
2”ω(ϑkin)

(
a0ma

Hkin

)∫ kkin

kosc

dk

k

(
k

Hkin

)
PR(k).

(6)
where ”0

radh
2 ↓ 4.21⇑ 10→5 [27] with h ↓ 0.68 the reduced

Hubble factor and a0 is today’s scale factor. The expression at
any time is provided in Eq. (A25) of Supplemental Material.
We model the curvature power spectrum as a power-law

PR(k) = PR(kϑ) (k/kϑ)
ns(k)→1

, (7)

where the amplitude and spectral index are measured by
Planck at the pivot scale kϑ ↑ 0.05 Mpc→1 [28], PR(kϑ) ↓
2.099(29) ⇑ 10→9

, ns(kϑ) ↓ 0.965(4). For k away from
kϑ, we use the Taylor-expansion ns(k) = ns(kϑ) → (3.65 ⇑
10→4) ln(k/kϑ) obtained after analyzing 300 single-field in-
flation models [29]. Plugging Eq. (7) into Eq. (6), the total
abundance for Hkin ↗ kosc is dominated by the mode kkin

that re-enters at akin

”0
fluct

”0
rad

= ϱ
2”ω(ϑkin)

(
a0ma

Hkin

)
PR(kkin)

ns
, (8)

Note that PR(kkin) is poorly constrained and could be in
principle many orders of magnitude larger than PR(kϑ), a fact
exploited in inflationary models that predict primordial black
holes [30]. Applying numerical values, we get the fraction of
curvature-induced DM to the total DM energy density,

”0
fluct

”0
DM

↓ ”ω(ϑkin)

(
109 GeV

Tkin

)
· ma

1 eV
· PR(kkin)

2.1 · 10→9
, (9)

where Tkin is the Universe temperature at the onset of the fast-
rolling phase, and ”0

DM = 0.2657 [27] is the fractional en-
ergy density in DM today. The abundance of fluctuations εωk

should be compared with the one of the zero mode ω

”0
zero ↓ ”0

rad”ω(ϑkin)

(
a0

aosc

)(
akin

aosc

)2

, (10)

where aosc is the scale factor when the homogeneous scalar
field stops fast-rolling and starts oscillating, redshifting like
matter [6, 7]. This occurs when the scalar field energy density
drops below ςω(ϑosc) ↓ m

2
af

2
a , which leads to akin/aosc ↓

(mafa)1/3/ς
1/6
ω (ϑkin). We deduce

”0
fluct

”0
zero

↓
⇓
3ϱ2”1/2

ω (ϑkin)

(
Mpl

fa

)
PR(kkin)

ns
, (11)

The scalar speed  
combined with the curvature 
perturbation  sources the 

scalar fluctuation with 
momentum k

ϕ′ 

Φ′ k

Neglecting the mass
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This is the main 
difference with standard 
misalignment  which has 

 = 0ϕ′ 

In contrast, in kinetic misalignment, the ALP field receives a kick at a much 
earlier time, so the right side of the equation is active much earlier. While the 
mass term is still negligible, fluctuations then quickly behave as free 
fluctuations, i.e. as radiation (see 2501.17226).

—> the adiabatic fluctuations 
remain zero until oscillations start. 

https://arxiv.org/abs/2501.17226


Φk(0) :stochastic variable that depends on the amplitude of 
the scalar primordial fluctuations As

3.1 Early evolution of fluctuations: before and during fragmentation

Our starting point is the Friedmann-Lemaitre-Robertson-Walker metric including curvature
perturbations !,” in the Newtonian gauge3:

ds2 = a
2(ω)

{
→[1 + 2”(ω,x)] dω2 + [1 + 2!(ω,x)]εij dx

i dxj
}
, (3.1)

The anisotropic stress vanishes for scalar fields at the linear order in perturbation theory
which sets ” = →!. At early times, we assume that the dominant component of the energy
density is radiation, so ! is an external field for the ALP.

We expand the ALP field as

ϑ(ω,x) = #(ω) + εϑ(ω,x), (3.2)

and keep only the terms that are linear in fluctuations εϑ and !. Since the fluctuations are
small, the average energy density is given by the energy density of the homogeneous mode:

↑ϖ↓ = ϖ! =
f
2

2

(
#→

a

)
2

+ f
2
m

2(1→ cos#), (3.3)

where ↔ denotes derivative with respect to conformal time. The density contrast is

ε ↗ εϖω

ϖ!
=

f
2

ϖ!

[
#→

εϑ
→

a2
+ !

#→2

a2
+m

2 sin#εϑ

]
. (3.4)

The homogeneous mode satisfies the following equation of motion in physical time t:

#̈+ 3H#̇+m
2 sin# = 0, (3.5)

while the equation of motion for the mode functions ϑk reads

ϑ̈k + 3H ϑ̇k +

(
k
2

a2
+m

2 cos#

)
ϑk = 2!km

2 sin#→ 4!̇k#̇, (3.6)

where !k are the Fourier modes of the curvature perturbations. Following [53], we introduce
the following dimensionless quantities:

tm ↗ m

2H
↘ mt, tk ↗ k/a≃

3H
, k̃

2 ↗ k
2
/a

2

2mH
, (3.7)

where the approximate expression for tm is valid during radiation domination. The momen-
tum variable k̃ is constant during radiation era, therefore it can be used to uniquely identify
the momentum mode. The variable tk is convenient to express the exact solution for the
curvature perturbations !k in radiation era:

!k(tk) = 3!k(0)

(
sin tk → tk cos tk

t
3

k

)
, (3.8)

where !k(0) is a stochastic variable that depends on the amplitude of the scalar primordial
fluctuations As by

〈
|!k(0)|2

〉
=

(
2

3

)
2 〈

|Rk(0)|2
〉
=

(
2

3

)
2
(
2ϱ2

k3

)
As

(
k

kε

)ns↑1

. (3.9)

3We adopt the conventions used in [71].

– 8 –

 : comoving curvature perturbationℛk

k* = 0.05 Mpc-1 :  the pivot scale

ns : spectral tilt

we take ns = 1 for simplicity, and set As = 2.1 ×10-9
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Supplemental Material

A: Derivation of ωfluct

In this Appendix, we derive the energy density of the scalar field fluctuations and describe its evolution from the
beginning of the fast-rolling regime until today. The sub-sections A 1 and A 2 review the derivation already presented
in [12] while the results derived in sub-sections A 3 and A 4 are new.

1. Equations of Motion (EoM) for the background and fluctuations

Our goal is to study the effect of curvature fluctuation Rk on a scalar field which is decomposed as

ω(ε,x) = ω(ε) + ϑω(ε,x) = ω(ε) +

∫
d3k

(2ϖ)3
ϑωk(ε)e

→ik·x
, (A1)

where ω and ϑω denote the background and the fluctuations respectively. Denoting by V (ω) its potential, the equation
of motion (EoM) for the background is

ω
↑↑
+ 2Hω

↑
+ a

2ϱV

ϱω
= 0, (A2)

while the EoM for the fluctuation Fourier modes ϑωk in the limit ! → 1 and ϑω → 1 read [53]

ϑω
↑↑

k + 2Hϑω
↑

k +

(
k
2 + a

2ϱ
2
V

ϱω2

)
ϑωk = ↑2!k

ϱV

ϱω
+ 4!↑

kω
↑
, (A3)

In both equations, the potential derivatives are evaluated at ω = ω. The solution of !k during radiation (ς = 1/3)
is: [54]

!k(kε) =
9↓
3

!k(0)

kε
j1

(
kε↓
3

)
↑↑↑↔
kω↓1

6Rk(0)
cos

(
kε/

↓
3
)

(kε)2
, (A4)

where j1(x) is the spherical Bessel function and R(0) = 3!(0)/2 is the comoving curvature perturbation on super-
horizon scales in radiation era [54].

2. Fluctuations in the fast-rolling regime

We assume the scalar field undergoes a period of fast-rolling during which the potential V (ω) is negligible com-
pared to its kinetic and gradient energies. In this regime, the EoM (A3) simplifies to

ϑω
↑↑

k + 2Hϑω
↑

k + k
2
ϑωk = 4!↑

kω
↑
. (A5)

The fluctuation ϑωk is sourced by !k around the time of the horizon re-entry (k = H = aH).
The solution of Eq. (A5) is derived in the Appendix B of [12] for the modes that enter the horizon during the

fast-rolling period by assuming adiabatic initial conditions at akin. In the sub-horizon limit k/H ↗ 1, the solution is
approximated by

ϑωk ↘ φRk(0)
ω
↑

H

∣∣∣∣∣
kin

(
akin

a

)
cos

(
k

H

)
, (A6)

Solution for the curvature perturbations in radiation era
(they are constant in matter domination)
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3

with Mpl → 2.44↑ 10→18 GeV. Numerically, this leads to

!0
fluct

!0
zero

→ 0.9ω2!1/2
ω (εkin)

(
1010 GeV

fa

)(
PR(kkin)

2.1 · 10→9

)
,

(12)
where we set ns = 1. This result assumed a radiation domi-
nated universe. The fluctuation energy density can be further
enhanced by up to one order of magnitude when the scalar
field dominates the Universe, inducing a kination era, see
App. E for a derivation. Such a situation can be natural in ro-
tating axion models and is associated with large backgrounds
of gravitational waves (GW) [31–33]. We illustrate the ob-
servability prospects at future GW observatories in Fig. 3.

Warmness of dark matter.— Fluctuations are produced
with k ↓ ma and initially behave as radiation, so they are
constrained by structure formation. The Lyman-ω limit on
thermal DM, mWDM ↭ 2 keV [34], translates into an up-
per bound on the DM equation of state at matter–radiation
equality, ϑDM,eq ↫ 10→8 [35]. In the non-relativistic limit
(k ↔ ma), the EoS for a mode is ϑfluct → k/(3ama), see
App. B for details. The dominant contribution arises from
k → kkin, which leads to the bound

Tkin ↫ 1.1↑ 1015 GeV
(
ma

1 eV

)
g
1/3
↑s (Tkin)

g
1/2
↑ (Tkin)

. (13)

This condition is satisfied in the model parameter space of
Fig. 2, but is modified if the scalar field dominates the universe
and leads to a constraint in Fig. 3.

Extra radiation.— Eq. (5) suggests that the energy density
fraction in radiation-like fluctuations is fixed over times and is
proportional to !ωPR(kkin) ↔ 1. Therefore, the curvature-
induced axion DM is exempted from the dark radiation bound
imposed by Big-Bang Nucleosynthesis [36] and CMB [28].

Backreaction.— In the above analysis, we neglected the
interactions between the curvature-and-fast-roll-induced fluc-
tuations and the zero mode. We provide an estimate of this
effect in Appendix C for the model of Section IV, which in-
dicates that the zero-mode contribution could be further sup-
pressed and the dominant relic would come from the fluctua-
tions. Nonetheless, a dedicated numerical simulations would
be needed for estimating the size of such corrections.

IV. Application: DM from rotating axions

We now apply our findings to a well-motivated framework
realising fast-moving axions: rotating complex fields, as dis-
cussed extensively in Ref. [6, 8, 9, 12, 14, 31–33, 40]. They
rely on a complex scalar field ϖ = Se

iω/fa , corresponding to
the Peccei-Quinn field in the case of the QCD axion [41, 42],
where S and ϱ describe the radial and angular field directions.
The latter is identified with the axion. The key evolution is
that the dynamics starts at large-S value rather than at the ori-
gin of the potential. Such scenario requires four ingredients:
i) a scalar potential invariant under a global U(1) symmetry

Figure 2. The rotating axion with quartic potential Eq. (14) pro-
duces the observed DM abundance in the region above the green
line, via curvature-induced production and kinetic misalignment, i.e.,
!0

DM = !0
fluct+!0

zero. For each ω, DM is overproduced on the right
of each dashed blue line. The top panel assumes PR(k) using Eq.(7).
Red lines show the fraction of curvature-induced DM to zero mode
DM. The bottom panel assumes the enhanced PR(kkin) = 10→3,
close to the primordial black-hole overproduction bound, for which
the rotating axion produces all DM from curvature-induced fluc-
tuations. The purple region is ruled out by the second inflation
bound (15), while the warmness constraint (13) does not enter the
parameter space. The gray regions are the experimental bounds,
while regions above the gray dotted and dot-dashed will be probed
by future experiments. These are compiled from [37], assuming
gωεε → 1.02εem/(2ϑfa) as motivated by the KSVZ model [38, 39].

with the spontaneous breaking minimum at S = fa that al-
lows a motion along the axion direction at late times, ii) an
explicit U(1)–breaking term that operates only at early times
and kicks the complex field into an elliptic orbit, iii) a large ra-
dial initial field value Sini that enables the angular kick, iv) a
radial-motion damping mechanism to bring the field orbit into
a circle which later settles down to the potential minimum and
starts the kination behavior (i.e., ςω ↗ a

→6). Here, we remain
agnostic on the origins of some ingredients as they depend
on the complete realization of such models, which were dis-

Ω0
fluct ∝ 𝒫ℛ(kkin)

61

ϕk(t) ∝ Φk(0) ∝ ℛk(0)

Solution for the energy density today stored 
in the axion fluctuations
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We discuss a novel mechanism for generating dark matter from a fast-rolling scalar field, relevant for both
inflation and rotating axion models, and apply it specifically to the (QCD) axion. Dark matter comes from scalar
field fluctuations generated by the product of the curvature perturbation and the fast-rolling background field.
These fluctuations can explain the totality of dark matter in a vast axion parameter space, particularly for the
QCD axion, which will be targeted by upcoming experiments. We review the constraints on this mechanism
and potential gravitational-wave signatures.

I. Introduction

Axion-like-particles (ALP) are leading candidates to ex-
plain the dark matter (DM) of the universe [1–3]. Several
mechanisms to produce ALPs have been advocated: thermal
production in the case of large axion couplings to the Stan-
dard Model as is the case for the QCD axion with a low decay
constant fa [4], standard misalignment [1–3], large misalign-
ment [5], kinetic misalignment [6–10]. In the later case, it
was shown that in most of the parameter space, the axion field
is fragmented and the axion energy density is not confined in
the zero-mode [11–14]. Axions can also be produced from the
emission of the cosmic string-domain wall network [15–18].
Axions from standard misalignment and from cosmic strings
are the most studied cases, although they correspond to a re-
gion of parameter space in the [axion mass ma, axion cou-
pling → f

→1
a ] plane that is difficult to probe experimentally.

In contrast, kinetic misalignment followed by axion fragmen-
tation, as arising in models of rotating axions, opens a large
region of parameter space for ALP DM that will be tested in
upcoming experiments.

In this letter, we show a novel implication of rotating axion
models, namely the possibility that DM comes from a com-
pletely different source: rather than coming from the energy
initially stored in the zero-mode background field, the DM
energy density comes from the fluctuations of the axion field
that are induced by primordial (inflationary) curvature pertur-
bations, see also [19–22]. Such a source term is effective if
the background scalar field has a large kinetic energy.

The generation of these fluctuations was pointed out in
[12, 23] and some important implication, when applied to
massless fields, was shown in [24]. In this work, we study
how they can behave as DM, as suggested in [14]. Depend-
ing on the axion mass value as well as other UV parameters,
their contribution may be the dominant one over the abun-
dance from the zero mode, as shown in Fig. 1. This general
mechanism could have other applications. For instance, if the
scalar field is the inflaton itself and inflation is ended by a
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Figure 1. Cartoon of the energy-density evolution of a rotating scalar
field condensate in blue, which behaves as radiation → a

→4, kination
→ a

→6, and matter → a
→3, consecutively, during the radiation era of

the universe. The second stage starts at akin when the field dynam-
ics is kinetic-energy dominated. The last stage happens when the
field gets trapped and oscillates inside the potential barrier at aosc,
leading to DM via kinetic misalignment or fragmentation. The red
line shows the energy-density evolution of scalar-field fluctuations
ωfluct induced by primordial curvature perturbations. Initially pro-
duced relativistically, they become non-relativistic at aNR, and can
serve as DM. The orange line shows the Standard Model radiation,
and its intersection with the red line indicates the matter-radiation
equality. The inset illustrates another possible scenario in which the
scalar field is the inflaton and it fast-rolls after inflation (blue), thus
producing curvature-induced fluctuations (red). Due to a minimum
in a scalar potential, the fluctuations become non-relativistic at late
times and explain DM. Both plots are schematic and not to scale.

fast-rolling stage (like in quintessential inflation [25, 26] and
string cosmologies [23]), fluctuations can be efficiently pro-
duced and could explain DM, see inset in Fig. 1.
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Note

The source term in 

is suppressed quickly after generating the fluctuations 
(see Appendix C of 2501.17226 and Eq. C11).

Thus, fluctuations    behave as free fluctuations (i.e like radiation) even when 
the energy density of fluctuations dominates the zero-mode energy density, and 
there is no backreaction issue in the regime where the potential approximately 
vanishes. 

Our calculation using the perturbative expansion is valid because we calculate the 
amount of fluctuations only at the time of horizon entry when the fluctuation is 
initially very small compared to zero modes. After some time, the fluctuation and 
zero modes evolve independently, and the fluctuation can dominate the energy 
density.

δϕk

2

II. Curvature-induced fluctuations of fast-rolling field

We review the impact of primordial curvature perturbations
on a fast-rolling scalar field, ω = ω+ εω, with ω its homoge-
neous part and εω its fluctuations, as already discussed in [24].
In the absence of anisotropic stress, the space-time metric in
the conformal Newtonian gauge is

ds
2 = a

2
[
→ (1 + 2!)dϑ2 + (1→ 2!)εijdx

i
dx

j
]
, (1)

where ! is the scalar metric fluctuation whose Fourier
modes are defined by !k =

∫
d
3x e

ik·x!(x). On super-
horizon modes, ! is frozen and related to the gauge-
invariant comoving curvature perturbation R ↑ →! →
2(H→1!↑ + !)/3(1 + ϖ) ↓ →3!/2, where H = aH is the
comoving Hubble rate and ϖ is the universe equation of state.
In this letter, we assume radiation-domination ϖ = 1/3 (un-
like [24]) and treat the case of kination-domination in Fig. 3.
During fast-rolling – when kinetic and gradient energies dom-
inate and potential energy is negligible – and under the condi-
tions !, εω ↔ 1, the scalar field equation of motion becomes

εω
↑↑
k + 2H εω

↑
k + k

2
εωk = 4!↑

kω
↑
. (2)

The right-hand side of this equation is the key point. The non-
zero scalar speed ω

↑
combined with the curvature perturbation

!↑
k sources the scalar fluctuation with momentum k, leading

to the sub-horizon solution (k ↗ H)

ωk(ϑ) ↓ ϱRk(0)
ω
↑

H cos(kϑ), (3)

for modes entering during the fast-rolling stage k < Hkin

and ϱ ↓ 0.52 (see [12, App. B.2] and App. A for a red-
erivation). At all orders in εω, the scalar field energy den-
sity is ςω = [(ω↑)2 + (↘ω)2]/(2a2) = ςω(1 + εω + ε

2
ω/2),

with ςω = (ω
↑
/a)2/2 and the linear component of the density

contrast εω ↑ (ςω/ςω → 1)linear = 2εω↑
/ω. We deduce the

volume-average of the energy density fluctuations [24]

ςfluct(ϑ) ↑
〈
ςω → ςω

〉
=

ςω(ϑ)

2

∫
d log k Pεω(k, ϑ), (4)

where Pεω(k) ↑
∫
dx3

e
ik·x≃εω(0)εω(x)⇐ is the dimensionless

power spectrum of the linear density contrast. We used the
important fact that ≃εω⇐ ⇒ ≃Rk⇐ = 0 for adiabatic primordial
curvature perturbations. Using Eq. (3) and averaging over os-
cillations, we get Pεω ↓ 2ϱ2PR(k)(k/H)2 and Eq. (4) leads
to the fractional energy density ”fluct ↑ ςfluct/ςtot of the
fluctuations of the fast-rolling field

d”fluct(ϑ)

d log k
= ϱ

2”ω(ϑkin)

(
k

Hkin

)2

PR(k), (5)

where Hkin = akinHkin is the value of the Hubble rate
when the scalar field starts rolling at akin. We used H ⇒
a
→1 and introduced ”ω(ϑ) ↑ ςω/ςtot which redshifts like

⇒ a
→2 during radiation domination. We now study the novel

implications for DM.

III. Dark matter from curvature-induced scalar fluctuations

DM abundance.— We consider a scalar field ω with mass
ma. Below a scale factor aNR(k) = k/ma, the mode k turns
non-relativistic and its energy density redshifts like matter.
From integrating Eq. (5) over all modes, we deduce the to-
tal fractional energy abundance of scalar fluctuation today

”0
fluct

”0
rad

= ϱ
2”ω(ϑkin)

(
a0ma

Hkin

)∫ kkin

kosc

dk

k

(
k

Hkin

)
PR(k).

(6)
where ”0

radh
2 ↓ 4.21⇑ 10→5 [27] with h ↓ 0.68 the reduced

Hubble factor and a0 is today’s scale factor. The expression at
any time is provided in Eq. (A25) of Supplemental Material.
We model the curvature power spectrum as a power-law

PR(k) = PR(kϑ) (k/kϑ)
ns(k)→1

, (7)

where the amplitude and spectral index are measured by
Planck at the pivot scale kϑ ↑ 0.05 Mpc→1 [28], PR(kϑ) ↓
2.099(29) ⇑ 10→9

, ns(kϑ) ↓ 0.965(4). For k away from
kϑ, we use the Taylor-expansion ns(k) = ns(kϑ) → (3.65 ⇑
10→4) ln(k/kϑ) obtained after analyzing 300 single-field in-
flation models [29]. Plugging Eq. (7) into Eq. (6), the total
abundance for Hkin ↗ kosc is dominated by the mode kkin

that re-enters at akin

”0
fluct

”0
rad

= ϱ
2”ω(ϑkin)

(
a0ma

Hkin

)
PR(kkin)

ns
, (8)

Note that PR(kkin) is poorly constrained and could be in
principle many orders of magnitude larger than PR(kϑ), a fact
exploited in inflationary models that predict primordial black
holes [30]. Applying numerical values, we get the fraction of
curvature-induced DM to the total DM energy density,

”0
fluct

”0
DM

↓ ”ω(ϑkin)

(
109 GeV

Tkin

)
· ma

1 eV
· PR(kkin)

2.1 · 10→9
, (9)

where Tkin is the Universe temperature at the onset of the fast-
rolling phase, and ”0

DM = 0.2657 [27] is the fractional en-
ergy density in DM today. The abundance of fluctuations εωk

should be compared with the one of the zero mode ω

”0
zero ↓ ”0

rad”ω(ϑkin)

(
a0

aosc

)(
akin

aosc

)2

, (10)

where aosc is the scale factor when the homogeneous scalar
field stops fast-rolling and starts oscillating, redshifting like
matter [6, 7]. This occurs when the scalar field energy density
drops below ςω(ϑosc) ↓ m

2
af

2
a , which leads to akin/aosc ↓

(mafa)1/3/ς
1/6
ω (ϑkin). We deduce

”0
fluct

”0
zero

↓
⇓
3ϱ2”1/2

ω (ϑkin)

(
Mpl

fa

)
PR(kkin)

ns
, (11)

The scalar speed  
combined with the curvature 
perturbation  sources the 

scalar fluctuation with 
momentum k

ϕ𝒫 

ℛ𝒫 k

Neglecting the mass
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This is the main 
difference with standard 
misalignment  which has 

 = 0ϕ𝒫 

In contrast, in kinetic misalignment, the ALP field receives a kick at a much 
earlier time, so the right side of the equation is active much earlier. While the 
mass term is still negligible, fluctuations then quickly behave as free 
fluctuations, i.e. as radiation (see 2501.17226).

—> the adiabatic fluctuations 
remain zero until oscillations start. 
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with Mpl → 2.44↑ 10→18 GeV. Numerically, this leads to
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where we set ns = 1. This result assumed a radiation domi-
nated universe. The fluctuation energy density can be further
enhanced by up to one order of magnitude when the scalar
field dominates the Universe, inducing a kination era, see
App. E for a derivation. Such a situation can be natural in ro-
tating axion models and is associated with large backgrounds
of gravitational waves (GW) [31–33]. We illustrate the ob-
servability prospects at future GW observatories in Fig. 3.

Warmness of dark matter.— Fluctuations are produced
with k ↓ ma and initially behave as radiation, so they are
constrained by structure formation. The Lyman-ω limit on
thermal DM, mWDM ↭ 2 keV [34], translates into an up-
per bound on the DM equation of state at matter–radiation
equality, ϑDM,eq ↫ 10→8 [35]. In the non-relativistic limit
(k ↔ ma), the EoS for a mode is ϑfluct → k/(3ama), see
App. B for details. The dominant contribution arises from
k → kkin, which leads to the bound

Tkin ↫ 1.1↑ 1015 GeV
(
ma

1 eV

)
g
1/3
↑s (Tkin)

g
1/2
↑ (Tkin)

. (13)

This condition is satisfied in the model parameter space of
Fig. 2, but is modified if the scalar field dominates the universe
and leads to a constraint in Fig. 3.

Extra radiation.— Eq. (5) suggests that the energy density
fraction in radiation-like fluctuations is fixed over times and is
proportional to !ωPR(kkin) ↔ 1. Therefore, the curvature-
induced axion DM is exempted from the dark radiation bound
imposed by Big-Bang Nucleosynthesis [36] and CMB [28].

Backreaction.— In the above analysis, we neglected the
interactions between the curvature-and-fast-roll-induced fluc-
tuations and the zero mode. We provide an estimate of this
effect in Appendix C for the model of Section IV, which in-
dicates that the zero-mode contribution could be further sup-
pressed and the dominant relic would come from the fluctua-
tions. Nonetheless, a dedicated numerical simulations would
be needed for estimating the size of such corrections.

IV. Application: DM from rotating axions

We now apply our findings to a well-motivated framework
realising fast-moving axions: rotating complex fields, as dis-
cussed extensively in Ref. [6, 8, 9, 12, 14, 31–33, 40]. They
rely on a complex scalar field ϖ = Se

iω/fa , corresponding to
the Peccei-Quinn field in the case of the QCD axion [41, 42],
where S and ϱ describe the radial and angular field directions.
The latter is identified with the axion. The key evolution is
that the dynamics starts at large-S value rather than at the ori-
gin of the potential. Such scenario requires four ingredients:
i) a scalar potential invariant under a global U(1) symmetry
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Figure 2. The rotating axion with quartic potential Eq. (14) pro-
duces the observed DM abundance in the region above the green
line, via curvature-induced production and kinetic misalignment, i.e.,
!0

DM = !0
fluct+!0

zero. For each ω, DM is overproduced on the right
of each dashed blue line. The top panel assumes PR(k) using Eq.(7).
Red lines show the fraction of curvature-induced DM to zero mode
DM. The bottom panel assumes the enhanced PR(kkin) = 10→3,
close to the primordial black-hole overproduction bound, for which
the rotating axion produces all DM from curvature-induced fluc-
tuations. The purple region is ruled out by the second inflation
bound (15), while the warmness constraint (13) does not enter the
parameter space. The gray regions are the experimental bounds,
while regions above the gray dotted and dot-dashed will be probed
by future experiments. These are compiled from [37], assuming
gωεε → 1.02εem/(2ϑfa) as motivated by the KSVZ model [38, 39].

with the spontaneous breaking minimum at S = fa that al-
lows a motion along the axion direction at late times, ii) an
explicit U(1)–breaking term that operates only at early times
and kicks the complex field into an elliptic orbit, iii) a large ra-
dial initial field value Sini that enables the angular kick, iv) a
radial-motion damping mechanism to bring the field orbit into
a circle which later settles down to the potential minimum and
starts the kination behavior (i.e., ςω ↗ a

→6). Here, we remain
agnostic on the origins of some ingredients as they depend
on the complete realization of such models, which were dis-
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where we set ns = 1. This result assumed a radiation domi-
nated universe. The fluctuation energy density can be further
enhanced by up to one order of magnitude when the scalar
field dominates the Universe, inducing a kination era, see
App. E for a derivation. Such a situation can be natural in ro-
tating axion models and is associated with large backgrounds
of gravitational waves (GW) [31–33]. We illustrate the ob-
servability prospects at future GW observatories in Fig. 3.

Warmness of dark matter.— Fluctuations are produced
with k ↓ ma and initially behave as radiation, so they are
constrained by structure formation. The Lyman-ω limit on
thermal DM, mWDM ↭ 2 keV [34], translates into an up-
per bound on the DM equation of state at matter–radiation
equality, ϑDM,eq ↫ 10→8 [35]. In the non-relativistic limit
(k ↔ ma), the EoS for a mode is ϑfluct → k/(3ama), see
App. B for details. The dominant contribution arises from
k → kkin, which leads to the bound

Tkin ↫ 1.1↑ 1015 GeV
(
ma

1 eV

)
g
1/3
↑s (Tkin)

g
1/2
↑ (Tkin)
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This condition is satisfied in the model parameter space of
Fig. 2, but is modified if the scalar field dominates the universe
and leads to a constraint in Fig. 3.

Extra radiation.— Eq. (5) suggests that the energy density
fraction in radiation-like fluctuations is fixed over times and is
proportional to !ωPR(kkin) ↔ 1. Therefore, the curvature-
induced axion DM is exempted from the dark radiation bound
imposed by Big-Bang Nucleosynthesis [36] and CMB [28].

Backreaction.— In the above analysis, we neglected the
interactions between the curvature-and-fast-roll-induced fluc-
tuations and the zero mode. We provide an estimate of this
effect in Appendix C for the model of Section IV, which in-
dicates that the zero-mode contribution could be further sup-
pressed and the dominant relic would come from the fluctua-
tions. Nonetheless, a dedicated numerical simulations would
be needed for estimating the size of such corrections.

IV. Application: DM from rotating axions

We now apply our findings to a well-motivated framework
realising fast-moving axions: rotating complex fields, as dis-
cussed extensively in Ref. [6, 8, 9, 12, 14, 31–33, 40]. They
rely on a complex scalar field ϖ = Se

iω/fa , corresponding to
the Peccei-Quinn field in the case of the QCD axion [41, 42],
where S and ϱ describe the radial and angular field directions.
The latter is identified with the axion. The key evolution is
that the dynamics starts at large-S value rather than at the ori-
gin of the potential. Such scenario requires four ingredients:
i) a scalar potential invariant under a global U(1) symmetry
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Figure 2. The rotating axion with quartic potential Eq. (14) pro-
duces the observed DM abundance in the region above the green
line, via curvature-induced production and kinetic misalignment, i.e.,
!0

DM = !0
fluct+!0

zero. For each ω, DM is overproduced on the right
of each dashed blue line. The top panel assumes PR(k) using Eq.(7).
Red lines show the fraction of curvature-induced DM to zero mode
DM. The bottom panel assumes the enhanced PR(kkin) = 10→3,
close to the primordial black-hole overproduction bound, for which
the rotating axion produces all DM from curvature-induced fluc-
tuations. The purple region is ruled out by the second inflation
bound (15), while the warmness constraint (13) does not enter the
parameter space. The gray regions are the experimental bounds,
while regions above the gray dotted and dot-dashed will be probed
by future experiments. These are compiled from [37], assuming
gωεε → 1.02εem/(2ϑfa) as motivated by the KSVZ model [38, 39].

with the spontaneous breaking minimum at S = fa that al-
lows a motion along the axion direction at late times, ii) an
explicit U(1)–breaking term that operates only at early times
and kicks the complex field into an elliptic orbit, iii) a large ra-
dial initial field value Sini that enables the angular kick, iv) a
radial-motion damping mechanism to bring the field orbit into
a circle which later settles down to the potential minimum and
starts the kination behavior (i.e., ςω ↗ a

→6). Here, we remain
agnostic on the origins of some ingredients as they depend
on the complete realization of such models, which were dis-
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where we set ns = 1. This result assumed a radiation domi-
nated universe. The fluctuation energy density can be further
enhanced by up to one order of magnitude when the scalar
field dominates the Universe, inducing a kination era, see
App. E for a derivation. Such a situation can be natural in ro-
tating axion models and is associated with large backgrounds
of gravitational waves (GW) [31–33]. We illustrate the ob-
servability prospects at future GW observatories in Fig. 3.

Warmness of dark matter.— Fluctuations are produced
with k ↓ ma and initially behave as radiation, so they are
constrained by structure formation. The Lyman-ω limit on
thermal DM, mWDM ↭ 2 keV [34], translates into an up-
per bound on the DM equation of state at matter–radiation
equality, ϑDM,eq ↫ 10→8 [35]. In the non-relativistic limit
(k ↔ ma), the EoS for a mode is ϑfluct → k/(3ama), see
App. B for details. The dominant contribution arises from
k → kkin, which leads to the bound

Tkin ↫ 1.1↑ 1015 GeV
(
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This condition is satisfied in the model parameter space of
Fig. 2, but is modified if the scalar field dominates the universe
and leads to a constraint in Fig. 3.

Extra radiation.— Eq. (5) suggests that the energy density
fraction in radiation-like fluctuations is fixed over times and is
proportional to !ωPR(kkin) ↔ 1. Therefore, the curvature-
induced axion DM is exempted from the dark radiation bound
imposed by Big-Bang Nucleosynthesis [36] and CMB [28].

Backreaction.— In the above analysis, we neglected the
interactions between the curvature-and-fast-roll-induced fluc-
tuations and the zero mode. We provide an estimate of this
effect in Appendix C for the model of Section IV, which in-
dicates that the zero-mode contribution could be further sup-
pressed and the dominant relic would come from the fluctua-
tions. Nonetheless, a dedicated numerical simulations would
be needed for estimating the size of such corrections.

IV. Application: DM from rotating axions

We now apply our findings to a well-motivated framework
realising fast-moving axions: rotating complex fields, as dis-
cussed extensively in Ref. [6, 8, 9, 12, 14, 31–33, 40]. They
rely on a complex scalar field ϖ = Se

iω/fa , corresponding to
the Peccei-Quinn field in the case of the QCD axion [41, 42],
where S and ϱ describe the radial and angular field directions.
The latter is identified with the axion. The key evolution is
that the dynamics starts at large-S value rather than at the ori-
gin of the potential. Such scenario requires four ingredients:
i) a scalar potential invariant under a global U(1) symmetry

Figure 2. The rotating axion with quartic potential Eq. (14) pro-
duces the observed DM abundance in the region above the green
line, via curvature-induced production and kinetic misalignment, i.e.,
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DM = !0
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zero. For each ω, DM is overproduced on the right
of each dashed blue line. The top panel assumes PR(k) using Eq.(7).
Red lines show the fraction of curvature-induced DM to zero mode
DM. The bottom panel assumes the enhanced PR(kkin) = 10→3,
close to the primordial black-hole overproduction bound, for which
the rotating axion produces all DM from curvature-induced fluc-
tuations. The purple region is ruled out by the second inflation
bound (15), while the warmness constraint (13) does not enter the
parameter space. The gray regions are the experimental bounds,
while regions above the gray dotted and dot-dashed will be probed
by future experiments. These are compiled from [37], assuming
gωεε → 1.02εem/(2ϑfa) as motivated by the KSVZ model [38, 39].

with the spontaneous breaking minimum at S = fa that al-
lows a motion along the axion direction at late times, ii) an
explicit U(1)–breaking term that operates only at early times
and kicks the complex field into an elliptic orbit, iii) a large ra-
dial initial field value Sini that enables the angular kick, iv) a
radial-motion damping mechanism to bring the field orbit into
a circle which later settles down to the potential minimum and
starts the kination behavior (i.e., ςω ↗ a

→6). Here, we remain
agnostic on the origins of some ingredients as they depend
on the complete realization of such models, which were dis-
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where we have used the fact that ω̇
2
→ a

→6 between akin and aosc and the fact that without the backreaction, oscil-

lations of the homogeneous mode starts when εω,kin = εω,pot =↑ ω̇
2

osc = 2m2
a,oscf

2
a . If kkin is relativistic at aosc,

then the argument of the first sinh→1 function is large so we can approximate it as sinh→1[akinHkin/(ama,osc)] ↓
log[2akinHkin/(ama,osc)]. On the other hand, in the kinetic misalignment mechanism, the onset of oscillations is
delayed compared to the standard misalignment, so ma,osc ↔ Hosc. Then, the second sinh→1 term can be approx-
imated as sinh→1(Hosc/ma,osc) ↓ Hosc/ma,osc so this term is negligible compared to the log term. So, our final
result for the variance at the onset of zero-mode oscillations is

ϑ2(aosc) ↓ ϖ
2

(
ma,osc

Hosc

)2

PR(kkin) log

(
2
akin

a

Hkin

ma,osc

)
. (C8)

We expect that the onset of the zero-mode oscillations will be delayed due to the backreaction of the fluctuations if
this term is larger than unity. Neglecting the log factor this occurs when

ma,osc

Hosc
↭ 1

ϖP1/2
R

(kkin)
. (C9)

For the rotating axion model presented in Sec. IV ma,osc/Hosc can be calculated for a given ma and fa as shown in
Ref. [12], and a large ma,osc/Hosc values correspond to the low fa region. As shown in Figures 2, 3, and 4, in the
low fa region dark matter is already dominated by the fluctuations so we do not expect that the backreaction modifies
our conclusions in a qualitative way.

D: More results on the rotating axion in the quartic potential

Fig. 4 shows the axion parameter space, similar to Fig. 2, but for other values of PR(kkin). The larger PR(kkin)
increases the abundance of the curvature-induced DM and opens up more parameter space as the second inflation
bound moves the lower ma region. We also checked that for PR(kkin) ↭ 3.5↗10→7 the axion fluctuation dominates
the DM energy density.
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Figure 4. Same as Fig. 2 of the main text with Hinf = 6→ 1013 GeV, but with other values of PR(kkin).

E: The case of a kination era from scalar-field domination

In this appendix, we consider the scenario where the rotating axion dominates the energy density of the universe
and later becomes subdominant again. For a nearly-quadratic potential (18), the scalar field can lead to a kination
era following a matter era [9, 31–33, 40], which is of high interest because it is associated with a large enhancement
of the inflationary background of gravitational waves. This model was extensively studied in [32]. We estimate
the axion abundance from the curvature-induced fluctuations and compare it to the background field abundance.
We focus on the fluctuations generated during the fast-roll stage. However, the fluctuations generated during the
preceeding matter era would enhance the abundance; we will investigate this further in future work.
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where we set ns = 1. This result assumed a radiation domi-
nated universe. The fluctuation energy density can be further
enhanced by up to one order of magnitude when the scalar
field dominates the Universe, inducing a kination era, see
App. E for a derivation. Such a situation can be natural in ro-
tating axion models and is associated with large backgrounds
of gravitational waves (GW) [31–33]. We illustrate the ob-
servability prospects at future GW observatories in Fig. 3.

Warmness of dark matter.— Fluctuations are produced
with k ↓ ma and initially behave as radiation, so they are
constrained by structure formation. The Lyman-ω limit on
thermal DM, mWDM ↭ 2 keV [34], translates into an up-
per bound on the DM equation of state at matter–radiation
equality, ϑDM,eq ↫ 10→8 [35]. In the non-relativistic limit
(k ↔ ma), the EoS for a mode is ϑfluct → k/(3ama), see
App. B for details. The dominant contribution arises from
k → kkin, which leads to the bound

Tkin ↫ 1.1↑ 1015 GeV
(
ma

1 eV

)
g
1/3
↑s (Tkin)

g
1/2
↑ (Tkin)

. (13)

This condition is satisfied in the model parameter space of
Fig. 2, but is modified if the scalar field dominates the universe
and leads to a constraint in Fig. 3.

Extra radiation.— Eq. (5) suggests that the energy density
fraction in radiation-like fluctuations is fixed over times and is
proportional to !ωPR(kkin) ↔ 1. Therefore, the curvature-
induced axion DM is exempted from the dark radiation bound
imposed by Big-Bang Nucleosynthesis [36] and CMB [28].

Backreaction.— In the above analysis, we neglected the
interactions between the curvature-and-fast-roll-induced fluc-
tuations and the zero mode. We provide an estimate of this
effect in Appendix C for the model of Section IV, which in-
dicates that the zero-mode contribution could be further sup-
pressed and the dominant relic would come from the fluctua-
tions. Nonetheless, a dedicated numerical simulations would
be needed for estimating the size of such corrections.

IV. Application: DM from rotating axions

We now apply our findings to a well-motivated framework
realising fast-moving axions: rotating complex fields, as dis-
cussed extensively in Ref. [6, 8, 9, 12, 14, 31–33, 40]. They
rely on a complex scalar field ϖ = Se

iω/fa , corresponding to
the Peccei-Quinn field in the case of the QCD axion [41, 42],
where S and ϱ describe the radial and angular field directions.
The latter is identified with the axion. The key evolution is
that the dynamics starts at large-S value rather than at the ori-
gin of the potential. Such scenario requires four ingredients:
i) a scalar potential invariant under a global U(1) symmetry

Figure 2. The rotating axion with quartic potential Eq. (14) pro-
duces the observed DM abundance in the region above the green
line, via curvature-induced production and kinetic misalignment, i.e.,
!0

DM = !0
fluct+!0

zero. For each ω, DM is overproduced on the right
of each dashed blue line. The top panel assumes PR(k) using Eq.(7).
Red lines show the fraction of curvature-induced DM to zero mode
DM. The bottom panel assumes the enhanced PR(kkin) = 10→3,
close to the primordial black-hole overproduction bound, for which
the rotating axion produces all DM from curvature-induced fluc-
tuations. The purple region is ruled out by the second inflation
bound (15), while the warmness constraint (13) does not enter the
parameter space. The gray regions are the experimental bounds,
while regions above the gray dotted and dot-dashed will be probed
by future experiments. These are compiled from [37], assuming
gωεε → 1.02εem/(2ϑfa) as motivated by the KSVZ model [38, 39].

with the spontaneous breaking minimum at S = fa that al-
lows a motion along the axion direction at late times, ii) an
explicit U(1)–breaking term that operates only at early times
and kicks the complex field into an elliptic orbit, iii) a large ra-
dial initial field value Sini that enables the angular kick, iv) a
radial-motion damping mechanism to bring the field orbit into
a circle which later settles down to the potential minimum and
starts the kination behavior (i.e., ςω ↗ a

→6). Here, we remain
agnostic on the origins of some ingredients as they depend
on the complete realization of such models, which were dis-
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cussed extensively in e.g. [14, 32].
Let us consider for ingredient i) a quartic potential and for

ingredient iii) a Hubble-induced mass term:

V (ω) = ε(ω2 → f
2
a )

2 →
{
H

2
ω
2 during inflation

0 after inflation,
(14)

which also suppresses the axion isocurvature perturbation.
Before the kick.—During inflation, the field is driven to

the potential minimum Sini = fa

√
1 + ϑ2 with ϑ

2 ↑
H

2
inf/(2εf

2
a ), where Hinf is the Hubble scale during inflation.

After inflation, the scalar field energy density is set by the po-
tential, ϖω,ini = V (Sini) = εf

4
aϑ

4 = H
4
inf/(4ε), and is sub-

dominant with respect to the total radiation energy density of
the Universe. The field remains frozen due to Hubble friction.

At the kick.—The complex field starts moving when
3Hkick = mr,kick ↑

√
V →(Sini)/Sini). This happens at the

Hubble scale, Hkick =
↓
2Hinf/3, which is slightly after in-

flation ends. To prevent the ‘second inflation’ (i.e. the scalar
field dominates the Universe before the kick occurs), we re-
quire that ϖω,ini < ϖ

rad
kick = 3M2

PlH
2
kick, which translates into

the lower bound of ε,

ε >
3

8

(
Hinf

MPl

)2

↔ 2.3 · 10↑10

(
Hinf

6 · 1013 GeV

)2

. (15)

After oscillation.— As the field orbits inside a quartic po-
tential, the total energy density of the complex field redshifts
like radiation as ↗ a

↑4. The last remaining ingredient iv) ‘the
radial damping’ must occur before the field reaches the po-
tential minimum. We refer to e.g., [9, 14, 32, 33, 40] for the
realizations of radial damping using the interactions between
the complex field and other particles in the thermal plasma.
Once the orbit reaches the minimum S = fa, the axion can be
considered as a freely rolling field, whose fluctuations can be
efficiently induced by the curvature perturbation.

From the time of the kick to the time when the complex field
reaches the bottom of its potential, the Universe has expanded
by akin/akick = Sini/fa =

√
1 + ϑ2. The energy densities in

the rotating homogeneous axion ϱ and the total energy density
of the Universe at the start of the kination behavior read,

ϖε,kin = ςϖω,ini

(
akick

akin

)4

= ς
H

4
inf/(4ε)

(1 + ϑ2)2
, (16)

ϖtot,kin = ϖ
rad
kick

(
akick

akin

)4

=
2M2

PlH
2
inf/3

(1 + ϑ2)2
, (17)

where we use that both quantities scale as a
↑4, and ς

parametrizes the energy fraction in the axion compared to that
of the radial mode. ς encodes the orbit ellipticity and can be
determined by the exact form of the explicit U(1)–breaking
term, see e.g. [8, 32]. We assume ς ↗ 1, as for ς ↘ 1, the
complex field could experience parametric resonance [8].

Using Eqs. (16)–(17) in Eqs. (8) and (10), we show in Fig. 2
the region where DM comes from the curvature-induced fluc-
tuation and the kinetic misalignment, !0

DM = !0
fluct + !0

zero,
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fa
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Figure 3. Detectability of the kination peak of the inflationary grav-
itational waves at LISA (green), BBO (orange), and ET (blue), using
the complex scalar potential (18) with {ω, l} = {10→4

, 13}. Yellow
region violates the perturbativity (ma/fa >

→
4ε). Purple region

is excluded by the second inflation bound (Eq.(8.22) of [45]). Dark
red region has DM too warm [ϑeq

fluct ↑ kkin/(3aeqma) > 10→8].
Red lines represent the ratio !0

fluct/!
0
zero. Below the black dotted

line, there is no kination era; the curvature-induced DM is produced
in radiation era and becomes less abundant due to !ω(ϖkin) < 1 in
Eq. (11). Gray shaded regions are constrained by axion searches.

assuming no interaction between the fluctuation and zero
modes. For PR(k) from Eq. (7), the curvature-induced ax-
ion contributes to DM with at least more than 1% of the zero-
mode abundance, which goes up to more than 10% for the
QCD axion. The purple region is ruled out by the second
inflation constraint (15). The curvature-induced fluctuation
opens up the model parameter space. Note also the strong de-
pendence on the inflationary scale Hinf in Eqs. (16)-(17) such
that [Eq. (11)] scales as !0

fluct/!
0
zero ≃ Hinf . Fig. 2 uses

the largest value suggested by Planck data [43]. In the bot-
tom panel, we show predictions for PR(kkin) = 10↑3, close
to the primordial black holes overproduction bound [44], that
leads to more enhanced axion fluctuations and larger param-
eter space. We have checked that, for ma < 100 eV, the
curvature-induced fluctuation dominates the DM abundance
if PR(kkin) ↭ 3.5 ⇐ 10↑7. We show the parameter spaces
for other PR(kkin) values in supplemental material. For the
parameter space in Fig. 2, the temperature at which the fluctu-
ation (of kkin mode) becomes non-relativistic is TNR ↭ MeV.

Experimental tests.—In our example model, the DM from
kinetic misalignment alone cannot explain DM for ma ↫
2.1meV due to the second inflation bound (15). As shown in
Fig. 2, the new mechanism opens up this range of ma, which
is a target region for the ALPS II experiment [46], for helio-
scopes BabyIAXO and IAXO [47, 48], and for future halo-
scopes [37]. Regarding gravitational signatures, it was shown
in [13] that kinetic fragmentation of the axion condensate can
lead to compact mini-halos. A new analysis will be required to
study the formation of compact structures in the new scenario
studied in this letter. Next, we also stress the potential sig-

[2503.04880]

Detectability of the kination peak of 
inflationary gravitational waves.
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Requirements for the successful intermediate kination era

2. Large initial scalar VEV ⟨ϕ⟩ ≫ fa

1. -symmetric (quadratic) potential 
with spontaneous symmetry-breaking minimum 

U(1)

⟨ϕ⟩ = fa

3. Explicit -breaking term 
(wiggle for angular velocity)

U(1)

4. Radial damping mechanism

case II: ϕini = fa Angular potential 
U(θ)

for T ≥ Tc

case I: ϕini ≫ fa

ϕ = fa

V(Φ) I

II
for T < Tc

δ

θ0

·θ

0 2ππ 3π 4π
angular direction: θ

[Gouttenoire, Servant, PS, 2108.10328 & 2111.01150] 

Amplification of inflationary GW from 
axion-induced kination era.

[Gouttenoire et al  2108.10328 & 2111.01150]

Peera Simakachorn (Uni. Hamburg) 28.10.2022 18

1. Kination energy scale 
EKD = ρ1/4

KD

 Ωpeakh2 ≈ 10−12 ( Einf
1.6 × 1016 GeV )

4

[ exp(2NKD)
104 ]

Peak position for GW from inflation.

cosmic evolution

 fpeak ≈ 10 Hz ( EKD
108 GeV ) [ exp(NKD/2)
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Precise predictions will need to be checked with numerical simulations 
because of back-reaction effects that enter when the axion mass term 
becomes relevant (which is only much later, long after the energy 
density of fluctuations dominates over the zero-mode).

Open questions.

A new analysis will be required to study the formation of compact 
structures in this new scenario.

A re-analysis  along the lines of [2408.08355] will be required to 
determine the details of the modified parameter space in UV-
completion models since the DM abundance is of different origin.
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Summary.

-Axion not alone, e.g, its radial mode partner is a key player. 
May be light and could also be searched for.

-Standard Misalignment Mechanism cannot account for dark matter in the 
ALP parameter space where the experiments are most sensitive. 

- QCD axion Dark Matter inside MADMAX and Iaxo sensitivities

-Kinetic Misalignment Mechanism moves the ALP Dark Matter window 
into testable territory.
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-All axion experiments are in principle sensitive to axion dark matter (even 
helioscopes and light-shining-through-the-wall experiments)

-There is much more to the original kinetic misalignment mechanism: 
—> axion fragmentation 
—> curvature-induced axion fluctuations may dominate over the zero-mode 
condensate with a different dependence of the DM relic abundance on UV 
parameters 



-ALP mini-clusters can be formed even in the pre-inflationary scenario 
from kinetic fragmentation. 

- Band in the (ma,fa)-plane where dense structures can be formed does 
not depend drastically on the production mechanism. 

- Existence of this band allows us to obtain information about the decay 
constant, even if ALP does not couple to the Standard Model. 

Summary continued .
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- Gravitational waves: not discussed much in this talk, however:             
Kination era leads to a unique amplification of the primordial GW background 
from inflation & from cosmic strings (2111.01150)                                                
+ another independent GW source (and weaker) comes from axion 
fluctuations (2206.14259).


