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Context Quantum Trajectories Numerical results Conclusions.

Quarkonia as a probe
1 Well-known probe. Experimentally, clean signal through dilepton

decays.
2 Hard scale. Quarkonia mass mQQ̄ ,mQ ≫ ΛQCD . Suited to EFT

description.
3 Small radius. Harder to dissociate than light quark matter.

Target observable:
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Framing the problem
How do we describe quarkonia propagation through a
medium from first principles?

=⇒ Open Quantum Systems
We divide the full quantum system (T) into well-
differentiated parts: the subsystem (S) and the
environment (E) (Breuer and Petruccione, 2002).

The full quantum dynamics of the sub-
system is kept whereas the environment
is traced out.
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OQS for Quarkonia
Density matrix, ρT and observables ⟨O⟩:

ρT =
∑

i
pi |ψi⟩ ⟨ψi | −→ ⟨O⟩ = Tr{ρT O}. (1)

Reduced ρT : ρQ ≡ trE {ρT } −→ ⟨O⟩ = TrQ{ρQO}

Hamiltonian:

HT = HQ ⊗ IE + IQ ⊗ HE + HI , where HI = JQ ⊗ VE . (2)

HQ = T Q + T Q̄ + V vac(|xQ̄ − xQ|)
HE = Hq+A
HI =

∫
x [δ(x − xQ)ta

Q − δ(x − xQ̄)ta∗
Q̄ ] ⊗ gAa

0(x)

TrE
[
T [Aa

0(t1, x1)Ab
0(t2, x2)]ρE

]
= −iδab∆(t1 − t2, x1 − x2) (3)

V (r) = −∆R(ω = 0, r), W (r) = −∆<(ω = 0, r) (4)
(Blaizot and Escobedo, 2017)
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Timescales

Evolution Medium correlation Relaxation QQ̄
τQ ∼ 1/∆E τE ∼ 1/T τR ∼ mQQ̄/T 2

∆E → Spacing between the energy levels.
T → Temperature.

mQQ̄ → Quarkonium mass.

Quarkonium operates in a regime where:
τE ≪ τR −→ Born and Markov approximations,
τE ≪ τQ −→ Born-Oppenheimer approximation.

Starting point: Liouville-von Neumann equation: dρT/dt = −i [HT , ρT ]
Trace over environment degrees of freedom: trE {dρT/dt} .
Born, Markov and Born-Oppenheimer approximations −→
Brownian motion regime.
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Lindblad equation

dρQ
dt = −i

[
Hscr

Q , ρQ
]

+
∑

k

(
CkρQC †

k − 1
2{C †

kCk , ρQ}
)
. (5)

High computational cost, time ∝ N2. =⇒ Rearrange the terms.
Define a pseudo-hamiltonian by putting the subsystem hamiltonian
together with the anti-commutators. It gives rise to a
non-hermitian operator.
(Akamatsu, 2022; Blaizot and Escobedo, 2018; Yao and Mehen, 2019)

Heff = Hscr
Q − i

2
∑

i

∫
q

C†
q,i Cq,i = Hscr

Q − i
2Γ.

dρQ

dt = −i(HeffρQ − ρQH†
eff) +

∑
i

∫
q

Cq,iρQC†
q,i , where ρQ =

(
ρs 0
0 ρo

)
(6)

Schrödinger-like evolution + Stochastic transitions.
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Quantum trajectories and QTRAJ
Why is it useful?

It allows us to perform an equivalent evolution using the
wavefunction.

tcomp[ψ] ∝ N ≪ tcomp[ρ] ∝ N2. (7)

How do we implement the algorithm?
Using QTRAJ, a C-based code that performs such evolution and
retrieves the final population of quarkonia.

ψk=i−1

(1) ψi

(2)

ψi+1(3)

ψ0
(0)

(0) Deterministic evolution of the
initial state.

(1) A jump is randomly triggered.
(2) Projection and normalization.
(3) Deterministic evolution until next

jump is triggered.
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When is a jump triggered?

Non-hermitian hamiltonian =⇒ norm decreases.

A zeroth random number is drawn r0. When:

r0 > |⟨ψ(ti )|ψ(ti )⟩|, (8)
the jump is triggered and the selection rules come into play.
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Upgrade from QTRAJ 1.0

QTRAJ 1.0 (dipolar) QTRAJ 1.1 (one gluon exchange)

C0
i =

√
κ

N2
c −1 r̂i

(
0 1√

N2
c − 1 0

)
−→ C0

q =
(

0 1√
2Nc

Lq√
CF Lq 0

)
,

C1
i =

√
(N2

c −4)κ
2(N2

c −1) r̂i

(
0 0
0 1

)
−→ C1

q =
(

0 0
0
√

N2
c −4
4Nc

Lq

)
,

NEW! −→ C2
q =

(
0 0
0

√
Nc
2 L̄q

)
,

where

Lq = L†
q = 2g

√
∆<(q, 0) sin q · r̂

2 , (9)

L̄q = L̄†
q = 2g

√
∆<(q, 0) cos q · r̂

2 , (10)

∆<(q) = πm2
DT

|q|(q2 + m2
D)2 (HTL). (11)

Enact the stochastic evolution!

New selection rules, beyond
the dipole approximation,
need to be developed.
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Selection rules.

QTRAJ 1.1 → 4 selection rules depending on the shape of the
wavefunction.

1 Color state: singlet/octet → c.
2 Linear impulse exchanged by the propagator→ |q|.
3 Maximum angular momentum exchanged, → t.
4 Angular momentum of the final state→ ℓf .

p(|q|, c, t, ℓf , ) = p(c ∩ |q| ∩ t ∩ ℓf ) =

p(c|Γ)︸ ︷︷ ︸
r1

· p(|q||Γ, c)︸ ︷︷ ︸
r2

· p(t|Γ, c, |q|)︸ ︷︷ ︸
r3

· p(ℓf |Γ, c, |q|, t)︸ ︷︷ ︸
r4

. (12)
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Final state

|ψnew ⟩ =
Cn

q |ψold⟩√
⟨ψold | Γn

q |ψold⟩
(13)

Before jump After jump

The deterministic evolution starts back again!
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Overlaps 1S, 2S, 3S
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30-40%, Tinit = 420 MeV
40-50%, Tinit = 380 MeV
50-60%, Tinit = 330 MeV
60-70%, Tinit = 280 MeV
70-80%, Tinit = 230 MeV
80-90%, Tinit = 185 MeV
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⟨ℓ⟩, % Octets and accumulated jumps.
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⟨ℓ⟩, % Octets and accumulated jumps.
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Summary

1 The implementation of the One-Gluon Exchange approach
allows the expansion the regime of validity of the simulations
to rT ∼ 1.

2 New parity-conserving operators.

3 Systematic computations should be performed from now on to
test the predictive power of this new environment.

Thank you!
Further contact: jorgemanuel.mtzvera@gmail.com

jorgemanuel.mtzvera@gmail.com


16/16

Context Quantum Trajectories Numerical results Conclusions.

Summary

1 The implementation of the One-Gluon Exchange approach
allows the expansion the regime of validity of the simulations
to rT ∼ 1.

2 New parity-conserving operators.

3 Systematic computations should be performed from now on to
test the predictive power of this new environment.

Thank you!
Further contact: jorgemanuel.mtzvera@gmail.com

jorgemanuel.mtzvera@gmail.com


17/16

Context Quantum Trajectories Numerical results Conclusions.

Decay width in QTRAJ 1.1
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The Dipolar Limit

Short distance behaviour of QTRAJ 1.1:

Γs(r̂) ≈ CF
αsm2

DT
3

[
log
( 2

mD r̂

)
+ 1

3 (4 − 3γE − 3 log 2)
]

r̂ 2. (14)

Short distance behaviour of QTRAJ 1.0:

Γs(r̂) = κ̂T 3 r̂ 2 (15)
How to recover the r̂ 2 behaviour? → applying a UV cutoff Λ = qmax/mD

ΓΛ = αsm2
DT

6

[
log
(
Λ2 + 1

)
− Λ2

Λ2 + 1

]
r̂ 2. (16)

How to enforce the dipolar limit? → choose a very massive pair for which Bohr
radius a0 ≪ rD .
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The Dipolar Limit (2)
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Accumulated over ℓmax
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