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Motivation

Q@ in gauge field theories, one-loop calculations are in general quite involved

@ over 30 years since first non trivial computations K. Ellis Ross Terrano 8|

@ progress has been very slow
(adding one more parton would take ~10 years)

Q@ yet,in the last ~5 years, one-loop calculations have undergone
tremendous progress, so-called NLO revolution

various causes:

_ generalised unitarity Bern Dixon Dunbar Kosower 94
. , . . Britto Cachazo Feng 04
- Witten’s twistor string theory
- OPP method Ossola Papadopoulos Pittau 2006
Q@ two-loop calculations are much younger Smirnov Tausk 99-00

obviously they are much more difficult

Q@ can we envisage a similar leap forward ?
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N=4 Super Yang-Mills

@ maximal supersymmetric theory (without gravity)
conformally invariant,! fn.=0
& spin | gluon

4 spin 1/2 gluinos
6 spin 0 real scalars
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N=4 Super Yang-Mills

@ maximal supersymmetric theory (without gravity)
conformally invariant,! fn.=0
& spin | gluon

4 spin 1/2 gluinos
6 spin 0 real scalars

Q@ ‘t Hooft limit: Nc"#  with $ = ¢?N¢ fixed

¥ only planar diagrams

@ AdS/CFT duality Maldacena 97

¢ large-$ limit of 4dim CFT < weakly-coupled string theory

(aka weak-strong duality)
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AdS/CFT duality, amplitudes & Wilson loops

Q@ planar scattering amplitude at strong coupling Alday Maldacena 07

M ! exp [iZH!(Area)d]

: classical solution
area of string world-sheet ( )

neglect O(1/%$) corrections
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AdS/CFT duality, amplitudes & Wilson loops

Q@ planar scattering amplitude at strong coupling Alday Maldacena 07

M ! exp [iZH!(Area)d]

( classical solution )

area of string world-sheet neglect O(1/%$) corrections

@ amplitude has same form as ansatz for MHV amplitudes at weak coupling

Mn = M@ exp [Z a (f Oy m® 1)+ const® + Er(,')(!))]
=1
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AdS/CFT duality, amplitudes & Wilson loops

Q@ planar scattering amplitude at strong coupling Alday Maldacena 07

!
2"

M ! exp [i (Area)d]

( classical solution )

area of string world-sheet neglect O(1/%$) corrections

@ amplitude has same form as ansatz for MHV amplitudes at weak coupling

Mn = M@ exp [Z a (f Oy m® 1)+ const® + Er(,')(!))]
=1

@ computation "‘formally the same as ... the expectation value of a Wilson loop
given by a sequence of light-like segments”
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MHYV amplitudes in planar N=4 SYM

@ atany order in the coupling, colour-ordered MHV amplitude
in N=4 SYM can be written as tree-level amplitude times
helicity-free loop coefficient ML) — 370, (L)

9 at | |OOp Bern Dixon Dunbar Kosower 94

mit) = Y F*™(p,q, P, Q) n>6
Pqg
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MHYV amplitudes in planar N=4 SYM

@ atany order in the coupling, colour-ordered MHV amplitude
in N=4 SYM can be written as tree-level amplitude times
helicity-free loop coefficient ML) — 370, (L)

Q at | |OOp Bern Dixon Dunbar Kosower 94

mit) = Y F*™(p,q, P, Q) n>6
Pqg

Q@ at 2 loops, iteration formula for the n-pt amplitude

1 2
m@ (9= - mP ()| + @ (mP 26+ Const® + R

Anastasiou Bern Dixon Kosower 03
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MHYV amplitudes in planar N=4 SYM

@ atany order in the coupling, colour-ordered MHV amplitude
in N=4 SYM can be written as tree-level amplitude times
helicity-free loop coefficient ML) — 370, (L)

9 at | |OOp Bern Dixon Dunbar Kosower 94

mit) = Y F*™(p,q, P, Q) n>6
Pqg

Q@ at 2 loops, iteration formula for the n-pt amplitude

1 2
m@ (9= - [ (1) (e)} + 1@ m® (2¢) + Const® + R

Anastasiou Bern Dixon Kosower 03

Q@ atall loops, ansatz for a resummed exponent

m{F) = exp [Z a’ (f(l)(e) miY (le) + ConstV) + qul)(e)) + R
=1

Bern Dixon Smirnov 05
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MHYV amplitudes in planar N=4 SYM

@ atany order in the coupling, colour-ordered MHV amplitude
in N=4 SYM can be written as tree-level amplitude times
helicity-free loop coefficient ML) — 370, (L)

9 at | |OOp Bern Dixon Dunbar Kosower 94
m) = Y F*™(p,q, P,Q) n>6
Pq

remainder

/ function

1 2
m®@ (e) = é[ (1) (e)} + @ (e m® (2¢) + Const® @

Anastasiou Bern Dixgh Kosower 03

Q@ at 2 loops, iteration formula for the n-pt amplitude

Q@ atall loops, ansatz for a resummed exponent

m7(zL) = exp [Z a’ (f(l)(e) m,,(ll)(le) + Const® + qul)(e))] @
=1

Bern Dixon Smirnov 05
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ansatz for MHV amplitudes in planar N=4 SYM

oo

MO 1+ atmiE0)

Bern Dixon Smirnov 05

M, =
I L=1
oo % %i
= M9 exp a fOOmY )+ Const) + EQ(1)
=1
. A AN 2 ‘
coupling a = ——(dme ") | = ¢°N ‘t Hooft parameter
S U |
ROE Sl é(9“) +12§ ) ED ()= o)

Korchemsky Radyuskin 86

B’ cusp anomalous dimension, known to all orders of a Beisert Eden Staudacher 06

Q") collinear anomalous dimension, known through O(a®) Bern Dixon Smirnov 05
Cachazo Spradlin Volovich 07
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Factorisation of a multi-leg amplitude in QCD

/ Mueller 1981

Sen 1983

V.~ Botts Sterman 1987

R N Kidonakis Oderda Sterman 1998

D 4 Catani 1998

Tejeda-Yeomans Sterman 2002
N Kosower 2003
| & ] < ——- Aybat Dixon Sterman 2006
Becher Neubert 2009
Gardi Magnea 2009

Mn (PilY, €)= Sne (G- G, e)HL - o
M ni'K i

L

(2pi - nj)?
THITCE

2(6; - nj)?
2 » €

n;

, T

pi =!1Qo/v2 value of Qo is immaterial in S, J

to avoid double counting of soft-collinear region (IR double poles),
Jiremoves eikonal part from J, which is already in S
JJi contains only single collinear poles
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N =4 SYM in the planar limit

Q@ colour-wise, the planar limit is trivial:
can absorb Sinto J

Q@ each slice is square root
of Sudakov form factor

In # P72

M [og—1] S ALy hn({pi}, 1°,1s,")

M
2
=1 H

@ ! fn =0 = coupling runs only through dimension &(p*)u* = b5("*)"~

Sudakov form factor has simple solution

. HP | 1+ " I = "
L@ e L 1% LA™ 1T | e
S 2 # 12 2n2"2 n"

. Magnea Sterman 90
= IR structure of N = 4 SYM amplitudes Bern Dixon Smirnov 05
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Q@ the ansatz checked for the 3-loop 4-pt amplitude Bern Dixon Smirnov 05

2'|00P S'Pt amplitUde Cachazo Spradlin Volovich 06
Bern Czakon Kosower Roiban Smirnov 06

Q the ansatz fails on 2'|OOP 6'Pt a-mPIitUde Bern Dixon Kosower Roiban Spradlin Vergu Volovich 08
Alday Maldacena 07; Bartels Lipatov Sabio-Vera 08

@ at 2 loops, the remainder function characterises the deviation from the ansatz

1 2
RY =m@ (e) - 5 m® ()| — /@ () mP (2€) ~ Const®

Y forn=4,5, Risa constant
forn& 6, Ris a function of conformally invariant cross ratios

Monday, June 18, 12



Q@ the ansatz checked for the 3-loop 4-pt amplitude Bern Dixon Smirnov 05

2'IOOP S'Pt amplitUde Cachazo Spradlin Volovich 06
Bern Czakon Kosower Roiban Smirnov 06

Q the ansatz fails on 2-loop 6-pt amplitude

Bern Dixon Kosower Roiban Spradlin Vergu Volovich 08
Alday Maldacena 07; Bartels Lipatov Sabio-Vera 08

@ at 2 loops, the remainder function characterises the deviation from the ansatz

1 2
RY =m@ (e) - 5 m® ()| — /@ () mP (2€) ~ Const®

Y forn=4,5, Risa constant
forn& 6, Ris a function of conformally invariant cross ratios

¢ for n = 6, the conformally invariant cross ratios are

2 2 2 2 2 2
U, = ~13%46 u, = ~24%15 U. = 35%26
L= %22 27 2 2 37 %2 y2

14136 25714 36725

X are variables in a dual space s.t.  pi =i — i1

thus Xﬁ,k+r =(pc+ ...+ Prrr 1)2
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Q@ the ansatz checked for the 3-loop 4-pt amplitude Bern Dixon Smirnov 05

2'|00P S'Pt amplitUde Cachazo Spradlin Volovich 06
Bern Czakon Kosower Roiban Smirnov 06

Q the ansatz fails on 2'|OOP 6'Pt a-mPIitUde Bern Dixon Kosower Roiban Spradlin Vergu Volovich 08
Alday Maldacena 07; Bartels Lipatov Sabio-Vera 08

@ at 2 loops, the remainder function characterises the deviation from the ansatz

1 2
RY =m@ (e) - 5 m® ()| — /@ () mP (2€) ~ Const®

Y forn=4,5, Risa constant
forn& 6, Ris a function of conformally invariant cross ratios

¢ for n = 6, the conformally invariant cross ratios are

-

2 2 2 2 2 2
_ X13X4p _ X24X15 _ X35X2%6
U= 3232 U2 = 32 2 Us = 32 32 |
14”36 25114 367125
X are variables in a dual space s.t.  pi =i — i1 6

thus Xﬁ,k+r =(pc+ ...+ Prrr 1)2

Bern Dixon Kosower Roiban Spradlin Vergu Volovich 08
numerically Drummond Henn Korchemsky Sokatchev 08
(2) Y y
R6 known Anastasiou Brandhuber Heslop Khoze Spence Travaglini 09

analytically Duhr SmirnovVDD 09
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Wilson loops

Q@ WI[C]=TrP exp [ig j'{ drit (1) A, (2(1))

closed contour C,, made by light-like external momenta Pi = Ti — Ti+1
Alday Maldacena 07
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Wilson loops

Q@ WI[C]=TrP exp [ig 7{ drit (1) A, (2(1))

closed contour C,, made by light-like external momenta Pi = Ti — Ti+1
Alday Maldacena 07

Q@ non-Abelian exponentiation theorem: vev of Wilson loop as an exponential,

allows us to compute the log of W Gatheral 83
Frenkel Taylor 84

(WIC,]) =1+ Z o W) = exp Z alwlP)
L=1 L=1

through 2 loops wd =w w® =w@ _

(W)’

DO |
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Wilson loops

Q@ WI[C]=TrP exp [ig 7{ drit (1) A, (2(1))

closed contour C,, made by light-like external momenta Pi = Ti — Ti+1
Alday Maldacena 07

Q@ non-Abelian exponentiation theorem: vev of Wilson loop as an exponential,

allows us to compute the log of W Gatheral 83
Frenkel Taylor 84

(WIC,]) =1+ Z oL W) = exp Z alwlP)
L=1 L=1

through 2 loops wd =w w® =w@ _

()

Q@ relation between | loop amplitudes & Wilson loops

DO |

(1! 21) "

wil) = 211 1) m{t) = m{ | n% + O(!) Brandhuber Heslop Travaglini 07
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Wilson loops & VWard identities

Drummond Henn Korchemsky Sokatchev 07

@ N=4 SYM is invariant under S(2,4) conformal transformations

©

the Wilson loops fulfill conformal VWard identities

@ the solution of the Ward identity for special conformal boosts
is given by the finite parts of the BDS ansatz + R

¢ at 2 loops
w@ ()= 5 M wiPEY+ Ol + RAL + O(1)

with fWL (6) = —(o + 7(3€ — 5(462

(to be compared with @ (¢) = —(, — (ze — (4¢* for the amplitudes)
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Wilson loops & VWard identities

Drummond Henn Korchemsky Sokatchev 07

@ N=4 SYM is invariant under S(2,4) conformal transformations

©

the Wilson loops fulfill conformal VWard identities

@ the solution of the Ward identity for special conformal boosts
is given by the finite parts of the BDS ansatz + R

¢ at 2 loops

wP() = fyl () wP@)+ Gl + Ry + O()

with f\%)L (€) = —(o + Tlze — 5(a€?

(to be compared with @ (¢) = —(, — (ze — (4¢* for the amplitudes)

Q RE,Z,\)NL arbitrary function of conformally invariant cross ratios

p p
X1 X414

2 2
X Kir1j+1

: 2 _ 2
Ujj = with Xik+r =(Pxk* - oo F Prsrr 1)
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Wilson loops & VWard identities

Drummond Henn Korchemsky Sokatchev 07

@ N=4 SYM is invariant under S(2,4) conformal transformations

©

the Wilson loops fulfill conformal VWard identities

@ the solution of the Ward identity for special conformal boosts
is given by the finite parts of the BDS ansatz + R

¢ at 2 loops
w@ ()= 5 M wiPEY+ Ol + RAL + O(1)

with f\ss)l_ (6) = —(o + 7(3€ — 5(462
(to be compared with @ (¢) = —(, — (ze — (4¢* for the amplitudes)
Q Rﬁf\),\,L arbitrary function of conformally invariant cross ratios

p p
X1 X414

2 2
X Kir1j+1

: 2 _ 2
Ujj = with Xik+r =(Pxk* - oo F Prsrr 1)

Q@  duality Wilson loop <& MHV amplitude is expressed by
2
Rr(L\BVL = R
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MHY amplitudes & Wilson loops

@ agreement between n-edged Wilson loop and npoint MHV amplitude
at weak coupling (aka weak-weak duality)

¢ verified for n-edged |-loop Wilson loop Brandhuber Heslop Travaglini 07

up to é-edged 2-loop Wilson loop Drummond Henn Korchemsky Sokatchev 07
Bern Dixon Kosower Roiban Spradlin Vergu Volovich 08

@ n-edged 2-loop Wilson loops computed (numerically)

Anastasiou Brandhuber Heslop Khoze Spence Travaglini 09

¢ no amplitudes are known beyond the 6-point 2-loop amplitude!
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2-loop 6-edged remainder function Rs(?)
Duhr SmirnovVDD 09

@ the remainder function Rs\?) is explicitly dependent
on the cross ratios Ui, W, Ws

Q@ itis symmetric in all its arguments
(for N> 6, it is symmetric under cyclic permutations and reflections)

Q@ itis of uniform transcendental weight 4
transcendental weights: W(In X =w(* ) = | W(Li2(X)) =w(" %) =2

@ it vanishes under collinear and multi-Regge limits (in Euclidean space)

Q@ itis in agreement with the numeric calculation by
Anastasiou Brandhuber Heslop Khoze Spence Travaglini 09
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2-loop 6-edged remainder function Rs(?)
Duhr SmirnovVDD 09

@ the remainder function Rs\?) is explicitly dependent
on the cross ratios Ui, W, Ws

Q@ itis symmetric in all its arguments
(for N> 6, it is symmetric under cyclic permutations and reflections)

Q@ itis of uniform transcendental weight 4
transcendental weights: W(In X =w(* ) = | W(Li2(X)) =w(" %) =2

@ it vanishes under collinear and multi-Regge limits (in Euclidean space)

Q@ itis in agreement with the numeric calculation by
Anastasiou Brandhuber Heslop Khoze Spence Travaglini 09

T straightforward computation
gmR kinematics make it technically feasible
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2-loop 6-edged remainder function Rs(?)
Duhr SmirnovVDD 09

@ the remainder function Rs\?) is explicitly dependent
on the cross ratios Ui, W, Ws

Q@ itis symmetric in all its arguments
(for N> 6, it is symmetric under cyclic permutations and reflections)

Q@ itis of uniform transcendental weight 4
transcendental weights: W(In X =w(* ) = | W(Li2(X)) =w(" %) =2

it vanishes under collinear and multi-Regge limits (in Euclidean space)

Q@ itis in agreement with the numeric calculation by
Anastasiou Brandhuber Heslop Khoze Spence Travaglini 09

T straightforward computation
gmR kinematics make it technically feasible

finite answer, but in intermediate steps many divergences
output is punishingly long
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Analytic 2-loop 6-edged Wilson loop

< in MB representation of the integrals in general kinematics,
get up to 8-fold integrals
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Analytic 2-loop 6-edged Wilson loop

< in MB representation of the integrals in general kinematics,
get up to 8-fold integrals

Q@ after procedure in gmR limit, at most 3-fold integrals
in fact, only one 3-fold integral, which comes from fu (p1,P3,P5; P4, D6, P2)

+1200 +1200 +1200 le dZQ dZ3 o
(Zl 29 + 22 23 + 23 Zl) Ui Uy~ Ug
—100 —100

21w 2w 2m

) F(" 23)2 F(Zl + ZQ) F(ZQ -+ 23) F(Zg + Zl)
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Analytic 2-loop 6-edged Wilson loop

< in MB representation of the integrals in general kinematics,
get up to 8-fold integrals

Q@ after procedure in gmR limit, at most 3-fold integrals
in fact, only one 3-fold integral, which comes from fu (p1,P3,P5; P4, D6, P2)

+1200 +100 +100
le dZQ dZ3 21 2o 23
(21 22 + 22 23 + 23 21) uy" us® ug

21w 2w 2m

) F(" 23)2 F(Zl + ZQ) F(ZQ -+ 23) F(Zg + Zl)

the result is in terms of multiple polylogarithms

t—a a

G(a,w; z) = /OZ a G(w;t), G(a;z) = In (1 _ f)
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Analytic 2-loop 6-edged Wilson loop

< in MB representation of the integrals in general kinematics,
get up to 8-fold integrals

Q@ after procedure in gmR limit, at most 3-fold integrals
in fact, only one 3-fold integral, which comes from fu (p1,P3,P5; P4, D6, P2)

“+1200 —+200 —+200
le dZQ dZ3 2o 23
(Zl 29 + 22 23 + 23 Zl) u1 Uy~ Ug

21w 2w 2m

) F(" 23)2 F(Zl + ZQ) F(ZQ -+ 23) F(Zg + Zl)

the result is in terms of multiple polylogarithms

G(a,w; z) = /OZ a G(w;t), G(a;z) = In (1 _ f)

t—a a

Q@ the remainder function Rs(?) is given in terms of
O(103) multiple polylogarithms G(ui, W, W) Duhr Smirnov VDD 09
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the remainder Rs(?) has been simplified and given in terms of polylogarithms

Goncharov Spradlin Vergu Volovich 10

| 3 T
Réz,\)NL (u1,uz,uz) = La(z 27 ) — §L14(1— 1/ui)
-
| $l3 2 4 2 4
' J T T
— = Lio(1 — 1/ S
o ( Juy) —|—24-|—12J -|—72
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the remainder Rs(?) has been simplified and given in terms of polylogarithms

Goncharov Spradlin Vergu Volovich 10

| 3 T
' . 1.
Réz,\),VL (u1,uz,uz) = La(x ,x; ) — §L14(1 — 1/uj)
-
| $I3 o 4 2 4
1 - J 7 T
- = Lis(1 —1/u J?+ —
where 8 = 1fu)  +or T T 7
| 1
X;_-r :Uq;Xi Xi: Up +Uz+Us: T+ - A:(U1+UQ+U3_1)2_4U1UQU3
2Uq1U2U3
+ ' (_1)m +y—\m (] + | - 1 +y—\4
Ly(XT,X7) = 0Wlog(x X)) (N gem (XT) + 1y (X ))—i—@log(x X")
1 9
lh(X) = 5 (Lin(x)! (! D)"Lin(1/x)) J = (ﬁl(xj) —l1(x;))
i=1
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the remainder Rs(?) has been simplified and given in terms of polylogarithms

Goncharov Spradlin Vergu Volovich 10

| 3 e
' . 1.
Réz,\),VL (u1,uz,uz) = La(x ,x; ) — §L14(1 — 1/uj)
-
| $I3 o 4 2 4
1 - J 7 T
- = Lis(1 —1/u J?+ —
where 8 Rl =1/u)  + oyl T 5
| 1
X;f_ :Uq;Xi Xi: Up+Up+Us: 1+ ° A:(U1+UQ+U3_1)2_4U1UQU3
2Uq1U2U3
+ ' <_1)m +y—\m (] + | - 1 +y—\4
Ly(XT,X7) = Wlog(x X)) (N gem (XT) + 1y (X ))—i—@log(x X")
m=0
1 '
lh(X) = 5 (Lin(x)! (! D)"Lin(1/x)) J = (21(azj) —l1(x;))

1=1

i not a new, independent, computation
just a manipulation of our result
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the remainder Rs(?) has been simplified and given in terms of polylogarithms
Goncharov Spradlin Vergu Volovich 10

| 3 H
. B 1 .
Ry (u1,uz,uz) = La(x) 2 ) — 5 La(l — 1/ui)
i=1
$ ' 3 0/02 J4 71.2 7.‘_4
- = Lis(1 —1/u J?+ —
where - = 1fu)  +or T T 7
| 1
X;f_ :U7;Xi Xi: Up+Up+Us: 1+ ° A:(U1+UQ+U3_1)2_4U1UQU3
2Uq1U2U3

13 1\m
Ly(xT,x7) = % og(XTX )™ (14— (XT) + 14— (X7)) + % log(xtx™)*

m=0
! 3

()= 5 (L0 (¢ 1) Lin (1) J= (@) - b))

1=1

i not a new, independent, computation
just a manipulation of our result

T answer is short and simple
introduces symbol# TH physics
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Symbols
Q@ take a fn. defined as an iterated integral of logs of rational functions R

: b i Pt m
TK = dInR;'4aadInRy = dinRiltadadInRy, 1 dInRy(t)

a a a

then the total differential can be written as

dT® = N 1% Vqin R,

(3
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Symbols

Q@ take a fn. defined as an iterated integral of logs of rational functions R

b
T =

a

dinRi'd4dadInRy =

b ot

a a

then the total differential can be written as

dT® = N 1% Vqin R,

@ the symbol is defined recursively as  Sym[17®] =

dlan!éééUMRk! 1

7

T

Sym[Tz‘(k_l)]

as such, the symbol is defined on the tensor product

of the group of rational functions, modulo constants

QRIRy® -
---®(CR1)®---

QR+ QR ® -
QR ® -

dInR (1)

® R;

Goncharov
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Symbols

Q@ take a fn. defined as an iterated integral of logs of rational functions R

H b H b H t T
dinRi'd4dadInRy = dinRi!'ddadInRy, 1 dInRg(t)

a a

T =

a

then the total differential can be written as

dT® = N 1% Vqin R,

@ the symbol is defined recursively as  Sym[T®™] = Sym[T\* V] ® R,

as such, the symbol is defined on the tensor product
of the group of rational functions, modulo constants

Goncharov

- QRIRR® = QR Q-+ QR ® -
---®(CR1)®---:---®R1®---

@ if Tis a multiple polylogarithm G then

v 0l am”
AG(am 1, ra1:a0) = Glam 1, Goy- . az;a,)dln 20
i=1 a’i! G 1
the symbol is
.!]! 1 ai " ai 1#
Sym (G(an 1,...,a1;8n)) =  Sym(G(ani 1,...,8,...,a;8n))! ﬁ
=1 | il 1

Monday, June 18, 12



Q@ Euler and Nielsen polylogarithms are multiple polylogarithms with special arguments

1, , .
G(bn;x) = mln X G(bn; X) = %In 1! g
GOm 1,aX)= ! Lin = GbwBniX)= (! D" Som - Sut 11(x) = Li n(X)
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Q@ Euler and Nielsen polylogarithms are multiple polylogarithms with special arguments

1, , .
G(bn;x) = mln X G(bn; X) = %In 1! g
GO 1,ax) = ! Liy g GOy, B :x) = (! )™ Som g Sut 1100 = Li n(X)

Q@  when the root equals +1,-1,0 multiple polylogarithms become harmonic polylogarithms (HPLs)

H(a,w;z):/O dt f(a;t) H(w;t) F( 1;15):%”, f(O;t)zé, f(1it) = 1!1 n

with {a, @} ! {" 1,01} Remiddi Vermaseren
when the root equals +1,0 HPLs reduce to Euler and Nielsen polylogarithms

Li,,(x) = H(0,_1,1;x) Snm (X) = H(Opn, Im: x)
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Q@ Euler and Nielsen polylogarithms are multiple polylogarithms with special arguments

1, , .
G(bn;x) = mln X G(bn; X) = %In 1! g
GO 1,ax) = ! Liy g GOy, B :x) = (! )™ Som g Sut 1100 = Li n(X)

Q@  when the root equals +1,-1,0 multiple polylogarithms become harmonic polylogarithms (HPLs)

H(a,w;z):/O dt f(a;t) H(w;t) F( 1;15):%”, f(O;t)zé, f(1it) = 1!1 n

with {a, @} ! {" 1,01} Remiddi Vermaseren
when the root equals +1,0 HPLs reduce to Euler and Nielsen polylogarithms
Lin(x) = H(0,_1,1;x) Sam (X) = H(Gy, Im; x)
Q@ ... on to symbols

_ 1 4z
Sym[lnzx] =z Sym mlnn X = xQ0aga%= x N

Sym[Li,(z)] = —(1 — z) ® 2®n~"1

Sym|[Sp m(z)] = )™ )@ @7

Sym[H (ai,...,a,;X)] = (! D)*(@,! x)" 444 (ay! x) {a;} €{ 0,1}

K is the number of as equal to |
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Q@ the symbol knows about the discontinuities of T; if
Symr'®= R, ®---® Ry
then T has a branch cut at R, = 0, and the symbol of the discontinuity is
Sym[Discr, (T")] = Ry @ --- ® Ry,
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Q@ the symbol knows about the discontinuities of T; if
Sym[r'®]= R, ® - ® R
then T has a branch cut at R, = 0, and the symbol of the discontinuity is
Sym[Discr, (T")] = Ry @ --- ® Ry,

2' 1Inx along the ycut [-# , 0]

Disclh x Iny) = :
Q@ I Y) { 2" ilny along the X cut [-# , 0]

Sym|lnz Inyl =r®y+yRx
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Q@ the symbol knows about the discontinuities of T; if

Sym[I'®]= Ry ®---® Ry
then T has a branch cut at R, = 0, and the symbol of the discontinuity is

Sym[Discr, (T")] = Ry @ --- ® Ry,

@ DX = {5 il one e xen it
Sym|lnz Inyl =r®y+yRx
@ in general,if Disc(f g) Disc(f) g + f Disc(g)
and  Sym|f] =®;y Ri  Sym[g]=! {1, R
then Sym[fgl= > | I R
where ( denotes tahe set of all shuffles of N+(m-r) elements
e.g. Sym|f]=R; ® Ry Sym[g] = R3 ® R4

Sym[fgl= RIQR,OR3QR4+ R QR3Q Ry @ Ry + R1 ® R3 ® Ry @ Ry
+ R3QR QR QR4 +R3QR QRiQRy+R3 @Ry Q Ry ® Ry
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Q@ the symbol knows about the discontinuities of T; if

Sym[I'®]= Ry @ --- ® Ry
then T has a branch cut at R, = 0, and the symbol of the discontinuity is

Sym[Discr, (T")] = Ry @ --- ® Ry,

2' 1Inx along the ycut [-# , 0]

Disclh x Iny) = :
Q@ I Y) { 2" ilny along the X cut [-# , 0]

Sym|lnz Inyl =r®y+yRx
@ in general,if Disc(f g) Disc(f) g + f Disc(g)
and  Sym[f] = ®izy Ri  Symlg]= 1! L, R
then Sym[fgl= > | I R
where ( denotes tahe set of all shuffles of N+(m-r) elements

e.g. Sym[f] = R ® Ry Sym[g] = R3 ® R4

Sym[fgl= Ri1Q® Ry Q@ R3@ R4+ R ® R3®@ Ro® Ry + R1 ® R3 ® Ry ® Ry
4+ R3®RI Ry QRs+R3QR1 ® Ry ® Roy+ Rz ® Ry @ R1 ® Ro

Q@ symbols form a shuffle algebra, i.ea vector space with a shuffle product
(also iterated integrals and multiple polylogarithms form shuffle algebras)
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polylogarithm identities satisfied by the function f
become algebraic identities satisfied by its symbol

2

let us prove the identity Lio(1! x) ="! Liz(z)! Inzln(1! x)+ %
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polylogarithm identities satisfied by the function f
become algebraic identities satisfied by its symbol

let us prove the identity Lio(1! z) =! Lig(z)! Inzln(1! z)+ %2

proof Sym|[Lis(z)] ="' (1! z)" = Sym[Lip(1! z)]=1 " (1! xz)
Sym[lnzln(1! z)]=z" (1! =)+ (1! z)" x

thus  Sym[Lix(1 —z)] = Sym[—Lis(z) — InzIn(1 — z)]

which determines the function up to functions of lesser degree

Li(1 — ) = —Liz(2) —Inzln(l — 2) + ¢ +ir (' Inz + ' In(1 — z))
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polylogarithm identities satisfied by the function f
become algebraic identities satisfied by its symbol

let us prove the identity Liog(1! z) =! Lig(z)! InzIn(1! z)+ %2
proof  Sym[Lix(z)] =! (1! 2)" = Sym[Li(1! z)]=! 2" (1! x)
Sym[lnzIn(1! x)]=2" (1! z)+ (1! z)" x
thus Syml[Lis(1 — z)] = Sym[—Lis(z) — InxIn(1 — x)]
which determines the function up to functions of lesser degree
Liz(1 — ) = —Liz(2) —InzIn(l — ) + ¢ +in (¢ Inz 4+ ¢" In(1 — z))

but the equation is real for 0 < X< |,so c’=c”’=

| 2

at X = | 0:!?!0”!2 —_

(@)
[
ol =
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Q@ take f, gwith W(f) = W(g) = nand Sym[f] = Sym[d]
then f-g = hwith w(h) = n -1
the symbol does not know about h
info on the degree n-1 is lost by taking the symbol
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Q@ take f, gwith W(f) = W(g) = nand Sym[f] = Sym[d]
then f-g = hwith w(h) = n -1
the symbol does not know about h
info on the degree n-1 is lost by taking the symbol

@ in N=4 SYM, polynomials exhibit a uniform weight
W(n X) = I, W(Lik(xX)) =k, w(" ) =1
I symbols fix polynomials up to factors of * times functions of lesser weight
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Q@ take f, gwith W(f) = W(g) = nand Sym[f] = Sym[d]
then f-g = hwith w(h) = n -1
the symbol does not know about h
info on the degree n-1 is lost by taking the symbol

@ in N=4 SYM, polynomials exhibit a uniform weight
W(n X) = I, W(Lik(xX)) =k, w(" ) =1
I symbols fix polynomials up to factors of * times functions of lesser weight

Thus, we have a procedure to simplify a generic function of polylogarithms:

Q@ find suitable variables (through momentum twistors or else) such that
the arguments of the multiple polylogarithms become rational functions

Q determine the symbol of the function

Q@ through some symbol-processing procedure, Duhr Gangl Rhodes ||
find a simpler form of the integral in terms of multiple polylogarithms
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Recent results on symbols

@ symbol of n-point 2-loop MHV amplitudes/Wilson loops  caron-Huot 11
(in principle one can get the n-point 2-loop Wilson loop,
but the symbol is complicated)

@ symbol of 6-point 3-loop MHV amplitude, up to 2 constants
(and function in the multi-Regge limit) Dixon Drummond Henn | 1

@ symbol of 6-point 2-loop NMHV amplitude

(and function up to a |-dim integral) Dixon Drummond Henn 11

@ symbol of non-planar massive double box (to be used in qg, gd' ttban

von Manteuffel presented at ACAT2011

Q SymbOI of 3-g|uon 2'|O°P form factor Brandhuber Travaglini Yang 12
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Coproducts

@ symbols miss transcendental constants

Q@ look for somethingrith more structure
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Coproducts

@ symbols miss transcendental constants
Q@ look for somethingrith more structure

@ multiple polylogarithms form a Hopf algebra with a coproduct Goncharov
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Coproducts

symbols miss transcendental constants
look for somethingvith more structure

multiple polylogarithms form a Hopf algebra with a coproduct Goncharov

© © © ©

algebra is a vector space with a multiplication ): A® A" A ) (a®b) = ab
that is associative A® A® A" A® A" A (a-b).c = a(b:c
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Coproducts

@ symbols miss transcendental constants

Q@ look for somethingrith more structure

@ multiple polylogarithms form a Hopf algebra with a coproduct Goncharov

@ algebra is a vector space with a multiplication ): A® A" A ) (a®b) = ab
that is associative A® A® A" A® A" A (a-b).c = a(b:c

Q@ coalgebra is a vector space with a comultiplication *: B" B® B

that is coassociative B" B® B" B® B® B Ala) =Y "aV1 af”
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Coproducts

@ symbols miss transcendental constants

Q@ look for somethingrith more structure

@ multiple polylogarithms form a Hopf algebra with a coproduct Goncharov

@ algebra is a vector space with a multiplication ): A® A" A ) (a®b) = ab
that is associative A® A® A" A® A" A (a-b).c = a(b:c

Q@ coalgebra is a vector space with a comultiplication *: B" B® B

that is coassociative B" B® B" B® B® B Ala) =Y "aV1 af”

Q@ ) puts together;* decomposes
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Coproducts

@ symbols miss transcendental constants

Q@ look for somethingrith more structure

@ multiple polylogarithms form a Hopf algebra with a coproduct Goncharov

@ algebra is a vector space with a multiplication ): A® A" A ) (a®b) = ab
that is associative A® A® A" A® A" A (a-b).c = a(b:c

Q@ coalgebra is a vector space with a comultiplication *: B" B® B
that is coassociative B" B® B" B® B® B Ala) =Y "aV1 af”

Q@ ) puts together;* decomposes i

@ take a word, sum over ways to split it into two: deconcatenation

T'=wxzyz

AT)=WXYZR1+WXYRZ+WXRYZ+WRXYZ+1RWXYZ
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Coproducts

@ symbols miss transcendental constants

Q@ look for somethingrith more structure

@ multiple polylogarithms form a Hopf algebra with a coproduct Goncharov

@ algebra is a vector space with a multiplication ): A® A" A ) (a®b) = ab
that is associative A® A® A" A® A" A (a-b).c = a(b:c

Q@ coalgebra is a vector space with a comultiplication *: B" B® B
that is coassociative B" B® B" B® B® B Ala) =Y "aV1 af”

Q@ ) puts together;* decomposes i

@ take a word, sum over ways to split it into two: deconcatenation

T'=wxzyz
AT)=WXYZR1+WXYRZ+WXRYZ+WRXYZ+1RWXYZ
iterate: sum over ways to split it into three
! " ! |
waet yz" (wh )l yz if sum over all possibilities,
WXRYZ—->WX®(Y®Z) get to the same result
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Hopf algebra

@ a Hopf algebra is an algebra and a coalgebra,
such that product and coproduct are compatible * (a:-b) =* (a)* (b)
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Hopf algebra

@ a Hopf algebra is an algebra and a coalgebra,
such that product and coproduct are compatible * (a:-b) =* (a)* (b)

@ multiple polylogarithms form a Hopf algebra with a coproduct Goncharov

ZAW i ( ZLme K
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Hopf algebra

@ a Hopf algebra is an algebra and a coalgebra,
such that product and coproduct are compatible * (a:-b) =* (a)* (b)

@ multiple polylogarithms form a Hopf algebra with a coproduct Goncharov

ZAW i ( ZLme K

@ let’s see how it works on the classical polylogarithms

Y I(n 2)=1®Inz+nz1

A(lnylnz) = A(lny) - A(lnz2)
=(1®ny+hy®1)- (1xnz+hzx1)
=1@nyhz+hy®hz+hzxhy+hylnz®1

{ 3
e
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Hopf algebra

@ a Hopf algebra is an algebra and a coalgebra,
such that product and coproduct are compatible * (a:-b) =* (a)* (b)

@ multiple polylogarithms form a Hopf algebra with a coproduct Goncharov

ZAW i ( ZLme K

@ let’s see how it works on the classical polylogarithms
Y I(n 2)=1®Inz+nz1
A(lnylnz) = A(lny) - A(In z)
=(1®ny+hy®1)- (1xnz+hzx1)

=1®nylnz @@ Inz+Inz ®@lnylnz® 1

Sym[lnyInz]=y! z+ z! vy

{ 3
e
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Hopf algebra

@ a Hopf algebra is an algebra and a coalgebra,
such that product and coproduct are compatible * (a:-b) =* (a)* (b)

@ multiple polylogarithms form a Hopf algebra with a coproduct Goncharov

ZAM i ( ZLme K

@ let’s see how it works on the classical polylogarithms
Y I(n 2)=1®Inz+nz1
A(lnylnz) = A(lny) - A(In z)
=(1®ny+hy®1)- (1xnz+hzx1)

=1®nylnz @@ Inz+Inz ®@lnylnz® 1

Sym[lnyInz]=y! z+ z! vy

)
e

!
U

A(Lix(z)) =1®Lis(2) + Lis(2) @ 1 = In(1 — 2) ® In 2
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Hopf algebra

@ a Hopf algebra is an algebra and a coalgebra,
such that product and coproduct are compatible * (a:-b) =* (a)* (b)

@ multiple polylogarithms form a Hopf algebra with a coproduct Goncharov

ZAM i ( ZLme K

@ let’s see how it works on the classical polylogarithms
Y I(n 2)=1®Inz+nz1
O A(lnylnz) =A(lny) - A(ln 2)
=(1®ny+hy®1)- (1xnz+hzx1)

=1®nylnz @@ Inz+Inz ®@lnylnz® 1

Sym[lnyInz]=y! z+ z! vy

A(Lix(z)) =1 ®Lis(2) + Lis(2) @ 1 (1l — 2) ® In 2

!
U

Sym[Liz(z)] =" (1! z)" z
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Hopf algebra

@ a Hopf algebra is an algebra and a coalgebra,
such that product and coproduct are compatible * (a:-b) =* (a)* (b)

@ multiple polylogarithms form a Hopf algebra with a coproduct Goncharov

ZAM i ( ZLme K

@ let’s see how it works on the classical polylogarithms
Y I(n 2)=1®Inz+nz1
A(lnylnz) = A(lny) - A(In z)
=(1®ny+hy®1)- (1xnz+hzx1)

=1®nylnz @@ Inz+Inz ®@lnylnz® 1

Sym[lnyInz]=y! z+ z! vy

A(Lix(z)) =1 ®Lis(2) + Lis(2) @ 1 (1l — 2) ® In 2
Sym[Liz(z)] =" (1! z)" z

n—1 k
- . . . . . ln <
@ ingeneral A(Li,(z)) = 1® Lin(2) + Lin(2) © 14 ) Lin-1(2) © —
k=1
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Hopf algebra

@ a Hopf algebra is an algebra and a coalgebra,
such that product and coproduct are compatible * (a:-b) =* (a)* (b)

@ multiple polylogarithms form a Hopf algebra with a coproduct Goncharov

ZAM i ( ZLme K

@ let’s see how it works on the classical polylogarithms
Y I(n 2)=1®Inz+nz1
A(lnylnz) = A(lny) - A(In z)
=(1®ny+hy®1)- (1xnz+hzx1)

=1®nylnz @@ Inz+Inz ®@lnylnz® 1

Sym[lnyInz]=y! z+ z! vy

A(Lix(z)) =1 ®Lis(2) + Lis(2) @ 1 (1l — 2) ® In 2
Sym[Liz(z)] =" (1! z)" z

n—1 k
- . . . . . ln <
@ ingeneral A(Li,(z)) = 1® Lin(2) + Lin(2) © 14 ) Lin-1(2) © —
k=1

Ap_11 (Lin(z)) =Li, 1(2) ®Inz

iteratin A 1(Lih(2)=—In(l—-2)nz®---RIlnz
g Au @@z

n- |

Sym[Li,(z)] =" (1! 2)" z"aada"z
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Hopf algebra

@ a Hopf algebra is an algebra and a coalgebra,
such that product and coproduct are compatible * (a:-b) =* (a)* (b)

@ multiple polylogarithms form a Hopf algebra with a coproduct Goncharov

ZAM i ( ZLme K

@ let’s see how it works on the classical polylogarithms
Y I(n 2)=1®Inz+nz1
A(lnylnz) = A(lny) - A(In z)
=(1®ny+hy®1)- (1xnz+hzx1)

=1®nylnz @@ Inz+Inz ®@lnylnz® 1

Sym[lnyInz]=y! z+ z! vy

A(Lix(z)) =1 ®Lis(2) + Lis(2) @ 1 (1l — 2) ® In 2
Sym[Liz(z)] =" (1! z)" z

k

@ in general A(Li,(z)) <T® Lin(2) 4 Lin( )ZLI" k( lnk‘z

An—l,l(Lin(Z)) = Lln—l( ) Y In z \ . . .
primitive element

iteratin A 1(Lih(2)=—In(l—-2)nz®---RIlnz
g Au @@z

n- |

Sym[Li,(z)] =" (1! 2)" z"aada"z
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Q@ example on a function of weight 4

Fy =Gy

symbols represent the maximal iteration of a coproduct
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Q@  ..butthere is a problem

n—1 k
. : : : : In" 2z
putz=1in A(Li,(2)) =1®@Li,(2) + Lin(2) ® 1 + g Li,_k(2) ® x
k=1

get All,)=1!l,+!', @1

better than symbols  Sym|¢,] =0

1
however (1= 15 (5

A(G) = % A(G)? = 1—15 (1®@G+E®1)? = % 1R +ER1+263 () contradiction!
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Q@  ..butthere is a problem
putz=1in
get Al =1, +!1,®1
better than symbols

1
however (1= 15 (5

A(Li,(2)) =1®@Li,(2) + Lin(2) ® 1 + Z Lip—x(2) ® ol

Sym[Cn] =0

k

n—1
In” 2

k=1

AC) =L AG)2 =L (o6+601)P=L0ed+@el+2600)

15 15

O define A(lan)=!amn®1

-

15

0 A= AGF= (Gl = del=Gel

contradiction!

Francis Brown | |
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Q@  ..butthere is a problem

In” »

putz=lin  A(Lin(2) = 1©Lin(2) + Lin(2) © 14 ) Lin-r(2) © —
k=1

n—1

get All,)=1!l,+!', @1
better than symbols  Sym|¢,] =0

1
however (1= 15 (5

A(G) = L A(G)? = L (1®@G+E®1)? = % 1R +ER1+263 () contradiction!

15 15 1
O define  A(lan) =l ®1 Francis Brown | |
A = = AG) = = (1= - Gol=Gol
>0 VTN T e A
2 define also I()="!®1 Duhr 12

Monday, June 18, 12



Q@  ..butthere is a problem

put z=1lin A(Lix(2)) = 1®Lin(2) + Lin(2) ® 1+ Y Lin_1(2) ®

get All,)=1!l,+!', @1

better than symbols  Sym|¢,] =0

1
however (4= 15 (5

MG = EAGY =2 (10646812 = L 10G+Ee1+2686)

15 15

O define A(lan) =l ®1

-

0 A= AGP = (Ge = rdel=Gel

& define also I(1)=1®1

-

contradiction!

Francis Brown | |

Duhr 12

@ this allows us to account consistently for +,i' terms (which the symbol misses)

so the coproduct fixes all but the primitive elements
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Coproducts and inverse relations

Q weight | Lil(%) = —1In(1 — %) =—In(1-2z)+In(-z2)=—In(1-2)+Inz -1
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Coproducts and inverse relations

1 1 .
Q weight | Lil(z):—ln(l—g) =—Inl-2z)+In(-z)=—-In(1—-2)+Inz —i!
. 1 ' 1 1
Q Welght2 !1,1 Lio — =!lIn 1! = "In =
Z Z Z
=In(1 !I z)" Inz! Inz" Inz+ il " Inz
' : 1 : o
=1 11 ! Liy(2)! é|n2z+|! In z I' more than
the symbol
. (1 : 1.5 . 2 1
SO Lir [ — :—le(z)—iln z+imrlnz +em y =11 0:5
Z
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Coproducts and inverse relations

1 1 .
Q weight | Lil(z):—ln(l—g) =—Inl-2z)+In(-z)=—-In(1—-2)+Inz —i!
. 1 ' 1 1
Q Welght2 !1,1 Lio — =!lIn 1! = "In =
Z Z Z
=In(1 !I z)" Inz! Inz" Inz+ il " Inz
' : 1 : o
=1 11 ! Liy(2)! é|n2z+|! In z I' more than
the symbol
. (1 : 1.5 . 2 1
SO Lir [ — :—le(z)—iln z+imrlnz +em y =11 0:5
Z

O (o)1 e o)

=1 Ind! 2)" Inz" Inz+Inz" Inz" Inz! 47" Inz" Inz

: 1 '
=1 1,1,1 <L|3(Z)+ (—Sln3z! %Tlnzz)
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Coproducts and inverse relations

1 1 .
Q weight | Lil(E) = _ln(l_E) =—Inl-2z)+In(-z)=—-In(1—-2)+Inz —i!
. 1 ' 1 1
Q Welght2 !1,1 Lio — =!lIn 1! = "In =
Z Z Z
=In(1 !I z)" Inz! Inz" Inz+ il " Inz
' : 1 : o
=1 11 ! Liy(2)! é|n2z+|! In z I' more than
the symbol
. (1 : 1.5 . 2 1
SO Lir [ — :—le(z)—an z+imrlnz +em y =11 0:5
Z

@ S (i) (e ) n() ()

=1 Ind! 2)" Inz" Inz+Inz" Inz" Inz! 47" Inz" Inz

. 1 '
=1 111 <L|3(2)+ (—3In3z! %Tlnzz)

one can do better

. - : | , )
Ag;  Lis - Lig(z)+61n3z—%ln2z :—%'Q@lnz "
' 2
:A271 —%IHZ
so Li 1) oy (z)+}ln32' i!—Inzz' ﬁlnz+c" + Gyl 3 z=1! ¢1=c=0
3| 3 5 S '3 13+ Call !
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Higgs + 3 gluons

Q@ the 2-loop amplitudes for Higgs + 3 gluons have been computed

in terms of 2-dim HPLs Koukoutsakis 03
Gehrmann Jacquier Glover Koukoutsakis | |
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Higgs + 3 gluons

Q@ the 2-loop amplitudes for Higgs + 3 gluons have been computed
in terms of 2-dim HPLs

Koukoutsakis 03
Gehrmann Jacquier Glover Koukoutsakis | |

Q@ the symbol of the leading colour maximally transcendental part
equals the symbol of the 2-loop 3-gluon form factor in N=4 SYM
and can be expressed in terms of classical polylogarithms up to weight 4

Brandhuber Travaglini Yang 12
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Higgs + 3 gluons

Q@ the 2-loop amplitudes for Higgs + 3 gluons have been computed

in terms of 2-dim HPLs Koukoutsakis 03
Gehrmann Jacquier Glover Koukoutsakis | |

Q@ the symbol of the leading colour maximally transcendental part
equals the symbol of the 2-loop 3-gluon form factor in N=4 SYM
and can be expressed in terms of classical polylogarithms up to weight 4

Brandhuber Travaglini Yang 12

@ using coproducts, the whole 2-loop amplitude for Higgs + 3 gluons
can be expressed in terms of classical polylogarithms up to weight 4

Duhr 12
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Conclusions

Q@ Planar N=4 SYM is an ideal lab where to learn how an integrable
field theory works
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@ one can make comparisons between quantities at weak and
strong couplings: the 2-loop 6-edged Wilson loop
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Conclusions

Q@ Planar N=4 SYM is an ideal lab where to learn how an integrable
field theory works

@ one can make comparisons between quantities at weak and
strong couplings: the 2-loop 6-edged Wilson loop

@ one can learn about 2-loop n-point (N)MHYV amplitudes,
and think of recycling that knowledge in realistic gauge field theories
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Conclusions

Q@ Planar N=4 SYM is an ideal lab where to learn how an integrable
field theory works

@ one can make comparisons between quantities at weak and
strong couplings: the 2-loop 6-edged Wilson loop

@ one can learn about 2-loop n-point (N)MHYV amplitudes,
and think of recycling that knowledge in realistic gauge field theories

@ a major progress has come from the introduction of symbols, which
capture most of the analytic properties of a function, and help us in
simplifying what the final result should be like. Symbols are being
introduced in the analytic results of 2-loop quantities in QCD, and will
certainly be used there more and more
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Conclusions

@ Planar N=4 SYM is an ideal lab where to learn how an integrable
field theory works

@ one can make comparisons between quantities at weak and
strong couplings: the 2-loop 6-edged Wilson loop

@ one can learn about 2-loop n-point (N)MHYV amplitudes,
and think of recycling that knowledge in realistic gauge field theories

@ a major progress has come from the introduction of symbols, which
capture most of the analytic properties of a function, and help us in
simplifying what the final result should be like. Symbols are being
introduced in the analytic results of 2-loop quantities in QCD, and will
certainly be used there more and more

@  ...but symbols loose much info about the target function.
Most of that info can be recovered using coproducts,
which include the symbols, and much more ...
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Resummation: Sudakov form factor

Q@ Sudakov (quark) form factor as matrix element of EM current

Q2
L' (p1, po; ,LL2, €) =< 0|J,(0)|p1,p2 >= @(p2)y,u(p1) T ?7 Oés(MQ)a €

obeys evolution equation

. , o S 2 ) -
2 Q 2 . 1 2 Q 2

Q @ln I py@s(ﬂ ), e = 5 K as(p”),e +G ?,Oés(/i ), €
Kis a counterterm; Gis finite as - 0

RG invariance requires

H——=! = !K("s(u2))
Korchemsky Radyushkin 1987

, K is the cusp anomalous dimension

solution is

! " 1Pt g2 7Y 1 1 n o\ 7
I Q%! =exp = — G ! 1,#&("% |)I ! é$K #("%,1) In

2 "o w2
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Collinear limits of Wilson loops

collinear limit al|b Anastasiou Brandhuber Heslop Khoze Spence Travaglini 09
R" 0 R" R R" R
triple collinear limit allbl[c
R" R R" R R" R+R R" Rt R
quadruple collinear limit a|bj|c||d
R" R R" K R" R+R R" R+ R
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Collinear limits of Wilson loops

collinear limit al|b Anastasiou Brandhuber Heslop Khoze Spence Travaglini 09
R" 0 R" R R" R
triple collinear limit al[bj|c
R" R R" R R" R+Rs R" Rt R
quadruple collinear limit a|bj|c||d
R" R R" R R" R+R R" Rt R
(k+1)-ple collinear limit i1 ||ia]|- - - ||ik+1
R" Rkt Raa
(n-4-ple collinear limit illiaf|---|lin—sa - ( +
Ri" Rt R" Ru ~

(N-3-ple collinear limit  i1]||io]| 444} s
R R
Q@ thus R, is fixed by the (n-3-ple collinear limit
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Quasi-multi-Regge limit of hexagon Wilson loop

© 6-pt amplitude in the gmR limit of a pair along the ladder

Y3 > Ya > Ys > Ye; P31 | = |par| ~| psi| ~| peL]

NolvlvivivivIvlolviolololoioloieivion NelvloleloioloioieloioleiololvIoIoloN . . .
the conformally invariant cross ratios are

a2 2 2
_ T13lye 512545
Uze = 5 —

2
M L14T36 $1235345
' 2 .2
_ Toygdys 523556
%QQQQ% U114 = 5 9

L5514 52345123
2 2
" _ I35%95 534561
U5 — 5

2
L36Lox 52345345

the cross ratios are all O(1)
" Rs does not change its functional dependence on the U®

@ R is invariant under the gmR limit of a pair along the ladder
Duhr Glover Smirnov VDD 08
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Quasi-multi-Regge limit of n-sided Wilson loop

o /-pt amplitude in the gmR limit of a triple along the ladder

Ys > Ya > ys ~ye > yr; |psil = parl = Ipsi| >l pei| ~| pr.l
2 p3
% M 7 cross ratios, which are all O(l)
209900000090000- Ry is invariant under the gmR limit
§ % of a triple along the ladder
1 b7
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Quasi-multi-Regge limit of n-sided Wilson loop

o /-pt amplitude in the gmR limit of a triple along the ladder

Ys > Ya > ys ~ye > yr; |psil = parl = Ipsi| >l pei| ~| pr.l
2 p3
% M 7 cross ratios, which are all O(l)
209900000090000- Ry is invariant under the gmR limit
§ %%%% of a triple along the ladder
MQQQQQQQQQ;_QQQQQQQQJ

@ can be generalised to the n-pt amplitude
in the gmR limit of a (n-4)-ple along the ladder

Y3 > Ya o X Yt 15D Yns P3| >~ ...~ [pp |

Duhr SmirnovVDD 09
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Quasi-multi-Regge limit of Wilson loops

Drummond Korchemsky Sokatchev 07

@ L-loop Wilson loops are Regge exact Duhr Smirnov VDD 09

L L L
Wi (e) = £ 5 ()W (Le) + Ci) + Ry, (Uig) + O(e)
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Quasi-multi-Regge limit of Wilson loops

Drummond Korchemsky Sokatchev 07

@ L-loop Wilson loops are Regge exact Duhr Smirnov VDD 09

L L L
Wi (e) = £ 5 ()W (Le) + Ci) + Ry, (Uig) + O(e)

e

1 (1 — 2¢)
1 2(1 — ¢)

wlD) = mD
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Quasi-multi-Regge limit of Wilson loops

Drummond Korchemsky Sokatchev 07

@ L-loop Wilson loops are Regge exact Duhr Smirnov VDD 09

L L L
Wi (e) = £ 5 ()W (Le) + Ci) + Ry, (Uig) + O(e)

e

1 (1 — 2¢)
1 2(1 — ¢)

"o

\

In(s;;)  +  Li2(1 — uyy)

wil) =
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Quasi-multi-Regge limit of Wilson loops

Drummond Korchemsky Sokatchev 07

@ L-loop Wilson loops are Regge exact Duhr Smirnov VDD 09

L L L
Wi (e) = £ 5 ()W (Le) + Ci) + Ry, (Uig) + O(e)

!(126/ /

(1) ‘ : , :
12(1—¢) M U's are invariant in the gmRk

\

In(s;;)  +  Li2(1 — uyy)

wil) =
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Quasi-multi-Regge limit of Wilson loops

Drummond Korchemsky Sokatchev 07

@ L-loop Wilson loops are Regge exact Duhr Smirnov VDD 09

L L L
Wi (e) = £ 5 ()W (Le) + Ci) + Ry, (Uig) + O(e)

!(126/ /

(1) ‘ : , :
12(1—¢) M U's are invariant in the gmRk

\

In(s;;)  +  Li2(1 — uyy)

N\

log’s are not power suppressed

wi) =
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Quasi-multi-Regge limit of Wilson loops

Drummond Korchemsky Sokatchev 07

@ L-loop Wilson loops are Regge exact Duhr Smirnov VDD 09

L L L
Wi (e) = £ 5 ()W (Le) + Ci) + Ry, (Uig) + O(e)

e

1 (1 — 2¢)
1 2(1 — ¢)

"o

\

In(s;;)  +  Li2(1 — uyy)

N\

log’s are not power suppressed

(1) — ‘ : o
Wy~ = U's are invariant in the gmRk

@ we may compute the Wilson loop in gqmRk
the result will be correct in general kinematics !!!
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Diagrams of 2-loop Wilson loops

hard diagram curtain diagram

s  cross diagram

| ._;:4'%":' Y diagram

Anastasiou Brandhuber Heslop Khoze Spence Travaglini 09

each diagram yields an integral,
similar to a Feynman-parameter integral

factorised cross diagram

Monday, June 18, 12



Computing 2-loop Wilson loops

cusp diagrams are given by cross and Y diagrams with gluons attaching to consecutive sides
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Computing 2-loop Wilson loops

cusp diagrams are given by cross and Y diagrams with gluons attaching to consecutive sides

¥  most difficult diagrams to compute are hard diagrams

fu has 1/-2 singularities if Q1 = Q=0,Q. 0
it has |/- singularities if Q1 =0,Q, Q. 0
itis finite if Q1, @, Q. 0

200000¢ Qo) P e.gfor n=6, themost difficult diagram is

fu (p1,p3,p5; 4,06, 02) Which is finite
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Computing 2-loop Wilson loops

cusp diagrams are given by cross and Y diagrams with gluons attaching to consecutive sides

¥  most difficult diagrams to compute are hard diagrams

fu has 1/-2 singularities if Q1 = Q=0,Q. 0
it has |/- singularities if Q1 =0,Q, Q. 0
itis finite if Q1, @, Q. 0

e.gfor n=6, themost difficult diagram is

fu (p1,p3,p5; 4,06, 02) Which is finite

&) most general hard diagram has Q1?, Q@2 % . 0;it occurs for n & 9
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A comment on 2-loop n-edged Wilson loops

@ 2-loop 7-edged Wilson loop:
in the MB repr. of the integrals in gmRk, one gets up to 4-fold integrals
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A comment on 2-loop n-edged Wilson loops

@ 2-loop 7-edged Wilson loop:
in the MB repr. of the integrals in gmRk, one gets up to 4-fold integrals

Q@ 2-loop 8-edged Wilson loop:
in the MB repr. of the integrals in gmRk, one gets up to 5-fold integrals
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A comment on 2-loop n-edged Wilson loops

@ 2-loop 7-edged Wilson loop:
in the MB repr. of the integrals in gmRk, one gets up to 4-fold integrals

Q@ 2-loop 8-edged Wilson loop:
in the MB repr. of the integrals in gmRk, one gets up to 5-fold integrals

Q@ 2-loop 9-edged Wilson loop:
in the MB repr. of the integrals in gmRk, one gets up to 6-fold integrals

Q@ At 9 edges, the hard diagraropology saturates, which generates
the highest-fold integrals
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A comment on 2-loop n-edged Wilson loops

@ 2-loop 7-edged Wilson loop:
in the MB repr. of the integrals in gmRk, one gets up to 4-fold integrals

Q@ 2-loop 8-edged Wilson loop:
in the MB repr. of the integrals in gmRk, one gets up to 5-fold integrals

Q@ 2-loop 9-edged Wilson loop:
in the MB repr. of the integrals in gmRk, one gets up to 6-fold integrals

Q@ At 9 edges, the hard diagraropology saturates, which generates
the highest-fold integrals

@ For 10/ n/ 12,the only new contributions come from the
factorized cross diagraespology, which is the simplest
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Wilson loops: analytic calc

|. Use Mellin-Barnes (MB) representation of the Feynman-parameter integrals:
replace each denominator by a contour integral

1 1 1 " A?
= I (1 I (1
(A+B) ) 2 . dz! (! z).(.+z)B!+Z
integral turns into a sum of residues A
__1\n
Res-_,I'(z) = ( nl,) #
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Wilson loops: analytic calc

|. Use Mellin-Barnes (MB) representation of the Feynman-parameter integrals:
replace each denominator by a contour integral

1 1 1 " A?
= I (1 I (1
(A+B) ) 2 . dz! (! z).(.+z)B!+Z
integral turns into a sum of residues A
__1\n
Res-_,I'(z) = ( nl,) #

2. Use Regge exactness in the gmR limit:
retain only leading behaviour
(I.e leading residues) of the integral

leading residue
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Wilson loops: analytic calc

3. Use Regge exactness again: iterate the gmR limit n times,
by taking the n cyclic permutations of the external legs
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Wilson loops: analytic calc

3. Use Regge exactness again: iterate the gmR limit n times,
by taking the n cyclic permutations of the external legs

leading residue in step 2

leading residue in step 3
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Wilson loops: analytic calc

3. Use Regge exactness again: iterate the gmR limit n times,
by taking the n cyclic permutations of the external legs

4. Sum remaining towers of residues t
!OO un A
— =1 In(1! u)
n=1 n K
o un
bl o

leading residue in step 2

leading residue in step 3
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Wilson loops: analytic calc

3. Use Regge exactness again: iterate the gmR limit n times,
by taking the n cyclic permutations of the external legs

4. Sum remaining towers of residues t
1o ) A
— =1 In(1! u)
n=1 n K
o un
bl o
712::1 nk 1/€<u)

leading residue in step 2

leading residue in step 3

in general, get nested harmonic sums * multiple polylogarithms

nl ni—1 neg 1—1 1 .
Z Z : : _( 1)kG O O’_""lojl'llol ;1
n1=1 no=1 ni=1 H/T Uq H/—l/ UJ_Uk

mi1 — mip —
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Q@ using symbols, one can reduce the HPLs to a minimal set Buehler Duhr |1

weight 1 BM@) =iz, BP@=Ih@ —2), B¥@=n@+ 2

: : . (1—X
weight 2. BSV(X)=Lix(x),  B{(x) =Lia(—x), B (x) =Li ( 2 )
weight 3:  polylogarithms of type Li3 of various arguments

weight 4:  polylogarithms of type Li4 of various arguments,
plus a few polylogarithms of type Liz, like Liz2(-1, X) etc.
Alternatively, the polylogarithms of type Li,2 can be replaced
by the HPLs: H(0,1,0,-1;X) and H(O,1,1,-1; X)

if needed numerically, any combination of HPLs up to weight 4
can be evaluated in terms of a2 minimal set of numerical routines
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Q@ using symbols, one can reduce the HPLs to a minimal set Buehler Duhr |1

weight 1 BM@) =iz, BP@=Ih@ —2), B¥@=n@+ 2

: : . (1—X
weight 2. BSV(X)=Lix(x),  B{(x) =Lia(—x), B (x) =Li ( 2 )
weight 3:  polylogarithms of type Li3 of various arguments

weight 4:  polylogarithms of type Li4 of various arguments,
plus a few polylogarithms of type Liz, like Liz2(-1, X) etc.
Alternatively, the polylogarithms of type Li,2 can be replaced
by the HPLs: H(0,1,0,-1;X) and H(O,1,1,-1; X)

if needed numerically, any combination of HPLs up to weight 4
can be evaluated in terms of a2 minimal set of numerical routines

Q@ multiple polylogarithms are also defined through nested harmonic sums

| oo Tk Mk —1 r2—1 ni *
, : u ' : u 1 1
Li Ug,...,Up) = k L —(11FG L, —
e ) s e TARITT-T-)
ng =1 nkr 1=1 ni1=1

Gy ooy (U1, o sug) =G 0,...,0,u1,...,0,...,0,ug; 1
— ——
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Q@ also multiple polylogarithms can be reduced to a minimal set Duhr Gangl Rhodes | |

weight |: one needs functions of type In X

weight 2: Li2(X)

weight 3: Li3(X)

weight 4: Li4(X), Li22(X,y

weight 5: Lis(X), Li2,3(X,y

weight 6: Lis(X), Li2,4(X,y), Li33(X,y, Li22,2(X,Y,2
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. . 1 1
let us prove the identity Lio (1 — —) = —Lip(1 —x) — 3 In? x
Xr
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let us prove the identity

proof

Sym[Lix(1! z)] =!

omfs 12

Sym[In®x] = 2x ! x
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. . 1 1
let us prove the identity Li, (1 — —) = —Li(1—xz) — 5 In? x

proof Sym[Li(1! z)]="! 2" (1! z)

omfifi-2)] -2+

x—1
=X
x
—z1l-—2) -«
Sym[In®x] = 2x ! x
- " . - =
thus Sym —L12(1—x)—§ln X :x®(1—x)—§2x®x:8ym Liy 1—;

which determines the function up to functions of lesser degree

' 1 1
Li» 1! = =1Li»(1! x)! ZIn°x+ c!?
2 < 2( ) 5
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. . 1 1
let us prove the identity Li, (1 — —) = —Li(1—xz) — 5 In? x

proof Sym[Li(1! z)]="! 2" (1! z)

omfifi-2)] -2+

x—1
=X
x
—z1l-—2) -«
Sym[In®x] = 2x ! x
- " . - =
thus Sym —L12(1—x)—§ln X :x®(1—x)—§2x®x:8ym Liy 1—;

which determines the function up to functions of lesser degree

' 1 1
Li» 1! = =1Li»(1! x)! ZIn°x+ c!?
2 < 2( ) 5

at X = | 0=1!0! 0+c!? —_ c=0
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Symbols in the DGR construction

Duhr Gangl Rhodes | |
Q@ DGR associate decorated (n+1)-gamsmultiple polylogarithms of weight n

. T ' X
¢ GaN o S(G(a;x))= 1! 3 Gangl Goncharov Levin 05
a

T

¢ Gab)xe W
S(Ga, b)) < W ?7 W

tazx|ba tbx|ax bx|ab

abjcd= 1! by, d
a C

G, b, c; ke c‘ a Ga, b, c,d)x d©a
h € b

©
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Symbols in the DGR construction

Duhr Gangl Rhodes | |
Q@ DGR associate decorated (n+1)-gamsmultiple polylogarithms of weight n

. z ) X
¢ GaN o S(G(a;x))= 1! 3 Gangl Goncharov Levin 05
a

T

¢ Gab)xe W
S(Ga, b; ¥ < W §7 N2

tazx|ba tbx|ax bx|ab

abjcd= 1! by, d
a C

9 GQa,b,cke cl a Ga, b, c,d)x d®a
b © b

@ the symbol in the DGR construction is basically equivalent to GSVV’s,
excepthat one needs not treat d log cas zero

C®2"3"s°@D=m(C®2®D)+n(C®31®D)—-5C®xrx D)
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6-dim one-loop 6-point integrals
@ 2n-dim one-loop 2n-pt integrals (N > 2) are finite and conformal invariant

Q@ For n=3, its symbol contributes to the symbol of two-loop Wilson loop
Caron-Huot | |
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6-dim one-loop 6-point integrals
@ 2n-dim one-loop 2n-pt integrals (N > 2) are finite and conformal invariant

Q@ For n=3, its symbol contributes to the symbol of two-loop Wilson loop
Caron-Huot | |

Q@ explicit expression of massless one-loop 6-pt integral
is reminiscent of 2-loop 6-edged Wilson loop, but it has weight 3

w3 Duhr SmirnovVDD | |
Dixon Drummond Henn | |

1 |
Is(u1,u2,u3) = JA 2 Ls(z;,z;)
i=1
1#"3 b 2 "0 ’
v L@ -a@) +gx (@) - L)
1=1 1=1
|2 k "
1 t
L3(5E+,:U' ) ((Qk))” lnk(:fx! ) L3 w(zT) — L3 k(x' )
- !
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6-dim one-mass one-loop 6-pt integral

Q@ hexagon with a massive side

2 2 _ U2 _ U2 _ U2 _ o2 _
X23 = X34 = X5 = X56 = X5, =0

X2, = m

@ the cross ratios are
2 2 2 U2 2 2 2 2
X5 X35 , = X13 X6 L = X15 X24 X712 X36
=32 w2 @ 2= 5 2 WBB= 55, W= 5
X325 X36 X36 X14 X14 X35 X13 X6

us

& in the massless limit,us " 0

-

© Z2 symmetry swaps U and W
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6-dim one-mass one-loop 6-pt integral

Q@ hexagon with a massive side

2 _ 2 2 _ U2 _ U2 _ U2 _ o2 _
X1p = M X23 = X34 = X5 = X56 = X5, =0

@ the cross ratios are

2 2 2 2 2 2 2 2
_ X26 X35 _ X13X%6 _ X15Xos o X12%56

5 o2 =32 v2 2 o2 ! 2 o2
X35 X36 X36 X14 X14 X35 X13 X26
& in the massless limit,ws " 0

© Z2 symmetry swaps U and W

Q@  after using MB integrals, the symbol map and momentum twistors, the integral is

Z6,m(U1, Ug, Us, Uyg) Duhr SmirnovVDD 1 |
1 | ns mo # "2 $
= ]T n 3(X;{—j,XZ] n _Q(XZ],XZ])BH Eﬁ(xzj’ —'
7 i=1 j=1
1 0

t 5 ﬂ1(X2 1 Xg 1) F ﬂ1()(2 21 Xg 2) Zgl(xl 10 X7 1) @ (x7 21 X1 2)
(Xl 11X1,1) 'zl(x371’ X371) + ﬂl(xila Xl_,l) %(X3721X3_,2) + I%(Xi{:lel_’Q) zl(xé|:11x3_71)
+ 8 (x] 21 X1.2) pl(X:—{Q’ X3.9) +2 _ﬁl(x;;l, X3.1) -ﬂl(xf_;w X3.2)
B,(xt,x7)= 1,(x") ! 1,(x7)

2 . . .
A7 =(uU; + Uy + U3z — UjUoUy — 1) —4uyusus (1 —uy)  reduces to * in the massless limit

:E;T-,Q(ulv U2, U3, U’4) = xil(“Qa Uy, us, U4) ) 1= 17 ce 78 Undel" ZZ S)'mmetl")'
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6-dim 3-mass eaynhe-loop 6-pt integral

Q@ hexagon with 3 massive sides, X24, X57, Xg1

the cross ratios are

2 o2 2 o2 2 o2

_ X95X77 ~ X5eX11 _ XgoX7y
ul — D) 2 u2 — D) 5 u3 - 5 5

X15X357 X18X15 Xo7X4g

2 o2 2 o2 2 o2

X5 XT5 _ X57X4s _ X31X72

Us =55 U=75_5 U=_573

X14X25 X17X58 X30X717

< in the massless limit, s, s, 5" 0

Q0 D3 =S symmetry made of cyclic rotations Cand reflections r

lC lC rIC rIC

U1 U2 uz ' upug ' ug ! Ug ! Ug
I I
ur # uz,ugs # us,
upy B up ug B ug. Dixon Drummond Duhr Henn SmirnovVDD | |
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6-dim 3-mass eaynhe-loop 6-pt integral

Q@ hexagon with 3 massive sides, X24, X57, Xg1

the Cross ratios are T
2 o2 2 o2 2 o2
Ui — Xo5X17 U — X58X11 Un — Xg32X74
1_X2 X2 ) 2_X2 X2 ’ 3_X2 X2 y
15X27 18%15 o7X48
2 o2 2 o2 2 o2
U, — X34X15 U — X57X48 U — Xg31X79 ,
4_X2 X2 y 5_X2 X2 ’ 6_X2 X2 g
14X25 17X58 g2X17

< in the massless limit, s, s, 5" 0

Q0 D3 =S symmetry made of cyclic rotations Cand reflections r

pe rc re re re re
Ul - Uz . us . Uq U4 us Ug - Ugq ,
T
U1 # u3 ;U4 # us ,
upy B up ug B ug. Dixon Drummond Duhr Henn SmirnovVDD | |

Q@  after using diff. egs, the symbol map and momentum twistors, the integral is
+| for {l,cc?}

4
1=

1
9 U1, ...,U6) = o £3£C—-+_,:C-_ :{
. )= U 29%;3 (9 £5(igr i) (@ -1 for {r,rc,k2}

Xl:,tg — g<XI:|:) X|j: :Xi:t(ulau21u3lu41u51u6)

1
ST (
Ag = (1 —U; — Uy — U3 4+ UgUqUg + UsUoUs3 + UgUgUy — u1u2u3u4u5u6)2 — 4uiusUs (1 —uy)(1 —us)(1 — ug)

Ls(zt,2') Ly (zt) 1 (2 ) + La(at, 2! )

reduces to * in the massless limit
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8-edged Wilson loop in AdS3

@ at strong coupling, Alday & Maldacena have considered 2n-sided polygons
embedded into the boundary of AdS3

@ 2n-sided remainder function depends on 2(n-3) variables
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8-edged Wilson loop in AdS3

@ at strong coupling, Alday & Maldacena have considered 2n-sided polygons
embedded into the boundary of AdS3

@ 2n-sided remainder function depends on 2(n-3) variables

@ for the octagon, the remainder function is

1 1 7"
Rgf"';[?"zg = -5 In (1 + | _) In <1 + |—+> - 3 Alday Maldacena 09

+ .

> |Im| sinht s h

+ dt : In <1+ e m|m| cos t)
/_oo tanh(2t + 21 #)

where Vo= erimm V= ¢ 2 Rem m = |m|e’®
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8-edged Wilson loop in AdS3

@ at strong coupling, Alday & Maldacena have considered 2n-sided polygons
embedded into the boundary of AdS3

@ 2n-sided remainder function depends on 2(n-3) variables

@ for the octagon, the remainder function is

1 1 I
strong  _ _
R8,WL = 73 In (1 + ! ) In <1 + |—+> + 5 Alday Maldacena 09
+ o0 :
Im| sinht s h
+ dt : In <1+ e m|m| cos t)

/_oo tanh(2t + 21 #)

where V= emimm \' = ¢ 2Rem m = |m|ei¢

@ at weak coupling, the 2-loop octagon remainder function is

"4 I 1] " o I 1] " 1 nd

! 1 !
l “In1+!'* In 1+ — In1+!" In 1+ —

18 2 |+ | !
Duhr SmirnovVDD 10

2
Rgm(v,!!):!
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8-edged Wilson loop in AdS3

@ at strong coupling, Alday & Maldacena have considered 2n-sided polygons
embedded into the boundary of AdS3

@ 2n-sided remainder function depends on 2(n-3) variables

@ for the octagon, the remainder function is

1 1 7"
Rgf"';[?"zg = -5 In (1 + | _) In <1 + |—+> - 3 Alday Maldacena 09

+ .

> |Im| sinht s h

+ dt : In <1+ e m|m| cos t)
/_oo tanh(2t + 21 #)

where Vo= erimm V= ¢ 2 Rem m = |m|e’®

@ at weak coupling, the 2-loop octagon remainder function is

n4 1 I n " 1 g | n r 1 ~
R(82,\)/VL(!+’!!):!1_8! 5 1+17 n 1+ In 1+1" In L+
Duhr SmirnovVDD 10

@ 2-loop 2n-sided polygon Rconjectured through collinear limits Heslop Khoze 10
proven through OPE Gaiotto Maldacena Sever Vieira 10
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Amplitudes in twistor space

@ twistors live in the fundamental irrep of S(42,4)

Q@ any point in dual space corresponds to a line in twistor space
Lg (Zaa Za—l—l)
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Amplitudes in twistor space

@ twistors live in the fundamental irrep of S(42,4)

Q@ any point in dual space corresponds to a line in twistor space
Lg (Zaa Za—l—l)

Za-?
. . Z(H-] /
null separations in dual space correspond z,
to intersections in twistor space N/ TT——
z, / P
\\ Lq-1
Za.-l
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Amplitudes in twistor space

@ twistors live in the fundamental irrep of S(42,4)

Q@ any point in dual space corresponds to a line in twistor space
Lg (Zaa Za—l—l)

Za-?
, : Za41 /
null separations in dual space correspond z,
to intersections in twistor space N/ TT——
Zq K Pa

Za.-l
2-loop nN-pt MHV amplitudes can be written \Za',\
as sum of pentaboxes in twistor space

] k

mff):% >

i<j<k<l<i

Arkani-Hamed Bourjaily Cachazo Trnkal O
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