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Current status of leptonic CPV

phases. The PDG parametrization [46] of the PMNS matrix is given as follows

UPMNS =




c12c13 s12c13 s13e−iδ

−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13

s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13








1 0 0
0 eiα21/2 0
0 0 eiα31/2



 .

(4.2)
This matrix is decomposed as

=




1 0 0
0 c23 s23

0 −s23 c23








c13 0 s13e−iδ

0 1 0
−s13eiδ 0 c13








c12 s12 0
−s12 c12 0

0 0 1








1 0 0
0 eiα21/2 0
0 0 eiα31/2



 .

(4.3)
The notation of mixing angles is similar to the CKM matrix, and δ,α21, α31 is one Dirac
and two Majorana CP violating phases, respectively. The formalism of quark and lepton
flavor mixing are very similar, however, while quarks and charged leptons are identified
as mass eigenstates, neutrinos are identified as flavor eigenstates.

We can also define the rephasing invariant JCP

JCP ≡ Im [Uµ3U
∗
e3Ue2U

∗
µ2] = s12s13s23c12c23c

2
13 sin δ. (4.4)

4.1.2 Neutrino oscillations in vacuum

We now turn to the derivation of the neutrino oscillation formalism. The weak eigenstates
|να〉, produced in a weak interaction, are linear combinations of the mass eigenstates |νi〉

|να〉 =
n∑

i=1

U∗
αi |νi〉 , (4.5)

where n is the number of light neutrino species. Time evolution of an initially produced
state |να〉 is given by

|να(t)〉 =
n∑

i=1

e−iEitU∗
αi|νi〉 , (4.6)

where Ei is the energy of the neutrino mass eigenstate νi, and we assume that all the
components in the neutrino wave packet have the same momenta (pi = p). Employing

the relativistic approximation Ei =
√

p2
i + m2

i $ p + m2
i

2E and the orthogonality relation
〈νj|νi〉 = δij, we get the following transition probability from flavor α to β [59]

Pαβ = |〈νβ|να(t)〉|2 =

∣∣∣∣
n∑

i=1

n∑

j=1

U∗
αiUβj〈νj|νi(t)〉

∣∣∣∣
2

(4.7)

= δαβ − 4
n∑

i<j

Re[UαiU
∗
βiU

∗
αjUβj] sin

2 Xij + 2
n∑

i<j

Im[UαiU
∗
βiU

∗
αjUβj] sin 2Xij , (4.8)
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2 An almost general representation of flavor-mixing matrices
for hierarchical Yukawa structure

This section introduces an almost general form of flavor-mixing matrices that originate from
hierarchical Yukawa matrices. At first, we define that a Yukawa matrix Yf of the Standard
Model fermions f = u, d, ν, e is hierarchical if its elements satisfy |Yfii| ! |Yfij |, |Yji| for i > j.
Namely, for a matrix,

Yf ≡




Yf11 Yf12 Yf13
Yf21 Yf22 Yf23
Yf31 Yf32 Yf33



 , (1)

absolute values of its elements |Yfij | satisfy

|Yf33| ! |Yf23|, |Yf32|, |Yf13|, |Yf31| , and |Yf22| ! |Yf21|, |Yf12| . (2)

With these conditions, unitary matrices of the singular value decomposition of Yf necessarily has
only small mixings, and singular values mfi of Yf are close to its diagonal elements |Yfii| # mfi.

These hierarchical Yukawa matrices have approximate chiral flavor symmetries U(1)2L ×
U(1)2R;

Y ′
f =




eiα1L 0 0
0 eiα2L 0
0 0 1



Yf




eiα1R 0 0
0 eiα2R 0
0 0 1



 # Yf . (3)

Such Yf is easily realized by hierarchical vacuum expectation values (vevs) of scalar (flavon)
fields with appropriate chiral charges. Specifically, we consider a situation where the Yukawa
matrices are generated by vevs of flavon fields φi and φ̃j that have chiral charges associated
with the left-handed i and right-handed j generations. At leading order, Yukawa matrices are
generated as

Yf =
1

Λ2




yf11〈φ1〉〈φ̃1〉 yf12〈φ1〉〈φ̃2〉 yf13〈φ1〉〈φ̃3〉
yf21〈φ2〉〈φ̃1〉 yf22〈φ2〉〈φ̃2〉 yf23〈φ2〉〈φ̃3〉
yf31〈φ3〉〈φ̃1〉 yf32〈φ3〉〈φ̃2〉 yf33〈φ3〉〈φ̃3〉



 . (4)

Here, yfij denotes coupling constants between flavons and fermions f , and Λ is some cutoff
scale. Approximate chiral symmetries exist if these vevs satisfy |〈φ3〉| ! |〈φ2〉| ! |〈φ1〉| and
|〈φ̃3〉| ! |〈φ̃2〉| ! |〈φ̃1〉|. Various models of mass matrices exhibit these properties.

2.1 An approximation from hierarchy of Yukawa matrices

For the hierarchical Yukawa matrices, this letter deals with two flavor-mixing matrices, the CKM
matrix VCKM and the MNS matrix UMNS.

VCKM = U †
uUd , UMNS = U †

eUν . (5)

Here, Uf denote left-handed unitary matrices that diagonalize Yf and the mass matrix of neu-
trinos mν . This Uf is generally displayed by the PDG parameterization as

Uf = Φf
LU

0
fΦ

f
R , (6)
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|〈φ̃3〉| ! |〈φ̃2〉| ! |〈φ̃1〉|. Various models of mass matrices exhibit these properties.

2.1 An approximation from hierarchy of Yukawa matrices

For the hierarchical Yukawa matrices, this letter deals with two flavor-mixing matrices, the CKM
matrix VCKM and the MNS matrix UMNS.

VCKM = U †
uUd , UMNS = U †

eUν . (5)

Here, Uf denote left-handed unitary matrices that diagonalize Yf and the mass matrix of neu-
trinos mν . This Uf is generally displayed by the PDG parameterization as

Uf = Φf
LU

0
fΦ

f
R , (6)

2

ৼΓࢠͷ๏ଇ
ੈք nݩ࣍ϑʔϦΤϞʔυ

f(x) =

∫
dnk

(2π)n
f(k) eikx (1)

k = 0Λબͨ͠ͱ͖ͷΈɺੈք͔ΒനࠇΛऔΓআ͕͘ࣄग़དྷΔʂʂ
ψ′
i = Uijψc

j

0.0.1 2503ֶձ

P (νµ → νe)ͱ P (ν̄µ → ν̄e)ΛൺΔ͜ͱͰDiracҐ૬Λଌఆ
Measure the Dirac phase by comparing P (νµ → νe) with P (ν̄µ → ν̄e)

U =




eiρL1 0 0

0 eiρL2 0

0 0 eiρL3



UPDG




eiρR1 0 0

0 eiρR2 0

0 0 eiρR3



 (2)

UPDG ≡




1 0 0

0 c23 s23
0 −s23 c23








c13 0 s13e−iδ

0 1 0

−s13eiδ 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (3)

Uν,e = Φν,eL U0
ν,eΦ

ν,e
R

Φe†
L ΦνL = diag (eiρ, eiσ, eiσ

′
)

between U0
ν and U0

e . By a redefinition of the overall phase, we define σ′ ≡ −σ to

set the determinant of the 2-3 submatrix to unity. Then the MNS matrix is written

by

UMNS ≡ Φe†
RU0†

e




eiρ 0 0

0 eiσ 0

0 0 e−iσ



U0
νΦ

ν
R, U0†

e ≡




ce −se 0

se ce 0

0 0 1








1 0 0

0 cτ −sτ
0 sτ cτ



 ,

U0
ν ≡




1 0 0

0 cν sν
0 −sν cν








c13 0 s13e−iδν

0 1 0

−s13eiδν 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (4)

U0
e ≡




1 0 0

0 cτ sτ
0 −sτ cτ








ce13 0 se13e

−iδe

0 1 0

−se13e
iδe 0 ce13








ce se 0

−se ce 0

0 0 1



 . (5)

తʹɺݱ

|Vub| ∼ 0.003 % |Ue3| ∼ 0.15 (6)

JCKM ∼ 3× 10−5 % JMNS ∼ 0.03 (7)
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studies are based on the same methodology employed by the T2K collaboration in its os-
cillation analysis studies, scaling up the far detector statistics to those expected at the time
of Hyper-Kamiokande, and presenting the results under various systematic uncertainties sce-
narios, ranging from the conservative T2K 2020 systematics case to the ideal statistics only
results. Unless otherwise specified the discussion below is based on the metrics for the Im-
proved systematics case, which is the one expected to better represent the systematic uncer-
tainties in Hyper-Kamiokande.

3.1 Accelerator and Atmospheric Neutrinos

3.1.1 CP-violation

The presence of CP-violation in neutrino oscillations, i.e. unequal oscillation in neutrinos
and antineutrinos, is characterized by a �CP phase di↵erent from 0 and 180�. Maximal sen-
sitivity to exclude CP-conservation is expected when the CP-violation is maximal, namely,
for values of �CP of 90� or 270�. The expected sensitivity of Hyper-Kamiokande to identify
such asymmetry is presented in Figure 2. In the most favorable scenario, Hyper-Kamiokande
might claim the discovery of this asymmetry after 3 years of data taking, namely, by 2030.
In intermediate scenarios, the discovery is expected in less than a decade. In 10 years of op-
eration, Hyper-Kamiokande expects 5� (3�) sensitivity in this measurement for about 63%
(78%) of the possible values of �CP using beam neutrinos complemented by existing knowl-
edge form reactor neutrinos regarding ✓13. The �CP measurement 1� precision is expected to
be as low as below 10% for CP-conserving values, and gradually increasing to about 20% for
maximally CP-violating true values of �CP.
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Figure 2. Left: Expected sensitivity in Hyper-Kamiokande to exclude a null value for sin �CP over
time. Right: Possible true values of �CP for which Hyper-Kamiokande would discover CP-asymmetry
in neutrino oscillations.

3.1.2 Atmospheric parameters

Hyper-Kamiokande will measure with great precision the so-called atmospheric parameters
✓23 and �m2

23, see Figure 3. Such precision will allow to reject maximal ✓23 beyond 3� for
most values of ✓23. The sensitivity to identify the true octant was also studied, resulting in a
5� confidence for 0.45 / sin2 ✓23 / 0.57, and 3� confidence for 0.48 / sin2 ✓23 / 0.54.
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Hyper-Kamiokande will measure with great precision the so-called atmospheric parameters
✓23 and �m2

23, see Figure 3. Such precision will allow to reject maximal ✓23 beyond 3� for
most values of ✓23. The sensitivity to identify the true octant was also studied, resulting in a
5� confidence for 0.45 / sin2 ✓23 / 0.57, and 3� confidence for 0.48 / sin2 ✓23 / 0.54.
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Fig. 14 Significance of the DUNE determination of CP-
violation (�CP 6= [0,±⇡]) as a function of the true value of
�CP, for seven (blue) and ten (orange) years of exposure, in
both normal (top) and inverted (bottom) ordering. The width
of the transparent bands cover 68% of fits in which random
throws are used to simulate statistical variations and select
true values of the oscillation and systematic uncertainty pa-
rameters, constrained by pre-fit uncertainties. The solid lines
show the median sensitivity.

and, within these constraints, do not have a dramatic
impact on the sensitivity. Note that in the Asimov cases
shown in Figure 15, the median sensitivity reaches 0
at CP-conserving values of �CP (unlike the case with
the throws as in Figure 14), but in regions far from
CP-conserving values, the Asimov sensitivity and the
median sensitivity from the throws agree well.

Figure 16 shows the result of Asimov studies inves-
tigating the significance with which CPV can be deter-
mined in NO for 75% and 50% of �CP values, and when

Fig. 15 Asimov sensitivity to CP violation, as a function
of the true value of �CP, for ten years of exposure. Curves
are shown for variations in the true values of ✓23 (top), ✓13
(middle) and �m2

32
(bottom), which correspond to their 3�

NuFIT 4.0 range of values, as well as the NuFIT 4.0 central
value, and maximal mixing.

DUNE Collaboration, B. Abi et al,
EPJC 80 (2020) 10, 978, 2006.16043 [hep-ex]
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Fig. 21 Resolution in degrees for the DUNE measurement of
�CP, as a function of the true value of �CP, for seven (blue),
ten (orange), and fifteen (green) years of exposure. The width
of the band shows the impact of applying an external con-
straint on ✓13.

many throws of the systematic other oscillation param-
eters, and statistical throws. As seen in Figure 21, the
�CP resolution varies significantly with the true value of
�CP, but for favorable values, resolutions near five de-
grees are possible for large exposure. The DUNE mea-
surement of sin2 2✓13 approaches the precision of reac-
tor experiments for high exposure, allowing a compar-
ison between the two results, which is of interest as a
test of the unitarity of the PMNS matrix.

One of the primary physics goals for DUNE is the
simultaneous measurement of all oscillation parameters
governing long-baseline neutrino oscillation, without a
need for external constraints. Figure 24 shows the 90%
constant ��2 allowed regions in the sin2 2✓13–�CP and
sin2 ✓23–�m2

32
planes for seven, ten, and fifteen years of

running, when no external constraints are applied, com-
pared to the current measurements from world data. An
additional degenerate lobe visible at higher values of
sin2 2✓13 and in the wrong sin2 ✓23 octant is present in
the seven and ten year exposures, but is resolved after
long exposures. The time to resolve the degeneracy with
DUNE data alone depends on the true oscillation pa-
rameter values. For shorter exposures, the degeneracy
observed in Figure 24 can be resolved by introducing an
external constraint on the value of ✓13. Figure 25 shows
two-dimensional 90% constant ��2 allowed regions in
the sin2 ✓23–�CP plane with an external constraint on
✓13 applied. In this case, the degenerate octant solution
has disappeared for all exposures shown.

Fig. 22 Resolution of DUNE measurements of �CP (top) and
sin2 2✓13 (bottom), as a function of exposure in kt-MW-years.
As seen in Figure 21, the �CP resolution has a significant
dependence on the true value of �CP, so curves for �CP =
�⇡/2 (red) and �CP = 0 (green) are shown. For �CP, the
width of the band shows the impact of applying an external
constraint on ✓13. No constraint is applied when calculating
the sin2 2✓13 resolution.

Figure 26 explores the resolution sensitivity that is
expected in the sin2 ✓23–�CP and sin2 ✓23–�m2

32
planes

for various true oscillation parameter values, with an
external constraint on ✓13. The true oscillation param-
eter values used are denoted by stars, and the NuFIT
4.0 best fit values are used as the true value of all those
not explicitly shown. Values of sin2 ✓23 = 0.42, 0.5, 0.58
were used in both planes, and additionally, values of
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振り子の法則
世界は n次元フーリエモード

f(x) =

∫
dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！
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′
)

between U0
ν and U0

e . By a redefinition of the overall phase, we define σ′ ≡ −σ to set the

determinant of the 2-3 submatrix to unity. Then the MNS matrix is written by
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For the mixing matrix,
PDG rep. of each fermion will be,

2 An almost general representation of flavor-mixing matrices
for hierarchical Yukawa structure

This section introduces an almost general form of flavor-mixing matrices that originate from
hierarchical Yukawa matrices. At first, we define that a Yukawa matrix Yf of the Standard
Model fermions f = u, d, ν, e is hierarchical if its elements satisfy |Yfii| ! |Yfij |, |Yji| for i > j.
Namely, for a matrix,

Yf ≡




Yf11 Yf12 Yf13
Yf21 Yf22 Yf23
Yf31 Yf32 Yf33



 , (1)

absolute values of its elements |Yfij | satisfy

|Yf33| ! |Yf23|, |Yf32|, |Yf13|, |Yf31| , and |Yf22| ! |Yf21|, |Yf12| . (2)

With these conditions, unitary matrices of the singular value decomposition of Yf necessarily has
only small mixings, and singular values mfi of Yf are close to its diagonal elements |Yfii| # mfi.

These hierarchical Yukawa matrices have approximate chiral flavor symmetries U(1)2L ×
U(1)2R;

Y ′
f =




eiα1L 0 0
0 eiα2L 0
0 0 1



Yf




eiα1R 0 0
0 eiα2R 0
0 0 1



 # Yf . (3)

Such Yf is easily realized by hierarchical vacuum expectation values (vevs) of scalar (flavon)
fields with appropriate chiral charges. Specifically, we consider a situation where the Yukawa
matrices are generated by vevs of flavon fields φi and φ̃j that have chiral charges associated
with the left-handed i and right-handed j generations. At leading order, Yukawa matrices are
generated as

Yf =
1

Λ2




yf11〈φ1〉〈φ̃1〉 yf12〈φ1〉〈φ̃2〉 yf13〈φ1〉〈φ̃3〉
yf21〈φ2〉〈φ̃1〉 yf22〈φ2〉〈φ̃2〉 yf23〈φ2〉〈φ̃3〉
yf31〈φ3〉〈φ̃1〉 yf32〈φ3〉〈φ̃2〉 yf33〈φ3〉〈φ̃3〉



 . (4)

Here, yfij denotes coupling constants between flavons and fermions f , and Λ is some cutoff
scale. Approximate chiral symmetries exist if these vevs satisfy |〈φ3〉| ! |〈φ2〉| ! |〈φ1〉| and
|〈φ̃3〉| ! |〈φ̃2〉| ! |〈φ̃1〉|. Various models of mass matrices exhibit these properties.

2.1 An approximation from hierarchy of Yukawa matrices

For the hierarchical Yukawa matrices, this letter deals with two flavor-mixing matrices, the CKM
matrix VCKM and the MNS matrix UMNS.

VCKM = U †
uUd , UMNS = U †

eUν . (5)

Here, Uf denote left-handed unitary matrices that diagonalize Yf and the mass matrix of neu-
trinos mν . This Uf is generally displayed by the PDG parameterization as

Uf = Φf
LU

0
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R , (6)
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Thus, this approximation is justified in a wide range of parameters.
A similar discussion allows some mention for magnitudes of the 1-2 mixings εfL/δ

f
L.

me1

me2
! 0.005 ! |se12| ! 0.07 !

√
me1

me2
, (12)

mu1

mu2
! 0.002 ! |su12| ! 0.04 !

√
mu1

mu2
. (13)

In subsequent analyses, we consider parameter regions of se,u12 ! 0.1.

2.2 Representation of flavor-mixing matrices

Using this approximation, we organize an almost general representation of the flavor-mixing
matrices. For unitary matrices Uν,e = Φν,e

L U0
ν,eΦ

ν,e
R displayed in the PDG parameterization,

there is relative phases Φe†
L Φν

L = diag (eiρ, eiσ, eiσ
′
) between U0

ν and U0
e . By a redefinition of the

overall phase, we define σ′ ≡ −σ to set the determinant of the 2-3 submatrix to unity. Then the
MNS matrix is written by

UMNS ≡ Φe†
RU0†

e




eiρ 0 0
0 eiσ 0
0 0 e−iσ



U0
νΦ

ν
R, U0†

e ≡




ce −se 0
se ce 0
0 0 1








1 0 0
0 cτ −sτ
0 sτ cτ



 ,

U0
ν ≡




1 0 0
0 cν sν
0 −sν cν








c13 0 s13e−iδν

0 1 0
−s13eiδν 0 c13








c12 s12 0
−s12 c12 0
0 0 1



 . (14)

Here sf ≡ sin f , cf ≡ cos f , sij ≡ sin θij , cij ≡ cos θij . Since the phases Φν,e
R do not affect the

Dirac phase, they are omitted hereafter. The CKM matrix is also defined in the same way.
The approximation eliminates the intrinsic CP phase δu,e associated with Uu,e, because three

generations are no longer involved in flavor-mixing for the more hierarchical fermions. Thus,
in this analysis, there are two sources of CP violation: relative phases between the two unitary
matrices ρ,σ and intrinsic CP phase δd,ν for the less hierarchical fermions.

The two 2-3 mixings are merged to define new arguments χ and η.
(
cτ −sτ
sτ cτ

)(
eiσ 0
0 e−iσ

)(
cν sν
−sν cν

)
=

(
eiσcτ cν + e−iσsτsν eiσcτsν − e−iσsτ cν
eiσsτ cν − e−iσcτsν eiσsτsν + e−iσcτ cν

)
(15)

=

(
cσcν−τ + isσcν+τ cσsν−τ + isσsν+τ

−cσsν−τ + isσsν+τ cσcν−τ − isσcν+τ

)
≡

(
eiχc23 eiηs23

−e−iηs23 e−iχc23

)
. (16)

Relations between these arguments χ, η and parameters σ, ν, τ are

tanχ = tanσ
cν+τ

cν−τ
, tan η = tanσ

sν+τ

sν−τ
. (17)

From this,

UMNS =




ce −se 0
se ce 0
0 0 1








eiρ 0 0
0 eiχc23 eiηs23
0 −e−iηs23 e−iχc23








c13 0 s13e−iδν

0 1 0
−s13eiδν 0 c13








c12 s12 0
−s12 c12 0
0 0 1



 ,

(18)
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For the mixing matrix,
PDG rep. of each fermion will be,

2 An almost general representation of flavor-mixing matrices
for hierarchical Yukawa structure

This section introduces an almost general form of flavor-mixing matrices that originate from
hierarchical Yukawa matrices. At first, we define that a Yukawa matrix Yf of the Standard
Model fermions f = u, d, ν, e is hierarchical if its elements satisfy |Yfii| ! |Yfij |, |Yji| for i > j.
Namely, for a matrix,

Yf ≡




Yf11 Yf12 Yf13
Yf21 Yf22 Yf23
Yf31 Yf32 Yf33



 , (1)

absolute values of its elements |Yfij | satisfy

|Yf33| ! |Yf23|, |Yf32|, |Yf13|, |Yf31| , and |Yf22| ! |Yf21|, |Yf12| . (2)

With these conditions, unitary matrices of the singular value decomposition of Yf necessarily has
only small mixings, and singular values mfi of Yf are close to its diagonal elements |Yfii| # mfi.

These hierarchical Yukawa matrices have approximate chiral flavor symmetries U(1)2L ×
U(1)2R;

Y ′
f =




eiα1L 0 0
0 eiα2L 0
0 0 1



Yf




eiα1R 0 0
0 eiα2R 0
0 0 1



 # Yf . (3)

Such Yf is easily realized by hierarchical vacuum expectation values (vevs) of scalar (flavon)
fields with appropriate chiral charges. Specifically, we consider a situation where the Yukawa
matrices are generated by vevs of flavon fields φi and φ̃j that have chiral charges associated
with the left-handed i and right-handed j generations. At leading order, Yukawa matrices are
generated as

Yf =
1

Λ2




yf11〈φ1〉〈φ̃1〉 yf12〈φ1〉〈φ̃2〉 yf13〈φ1〉〈φ̃3〉
yf21〈φ2〉〈φ̃1〉 yf22〈φ2〉〈φ̃2〉 yf23〈φ2〉〈φ̃3〉
yf31〈φ3〉〈φ̃1〉 yf32〈φ3〉〈φ̃2〉 yf33〈φ3〉〈φ̃3〉



 . (4)

Here, yfij denotes coupling constants between flavons and fermions f , and Λ is some cutoff
scale. Approximate chiral symmetries exist if these vevs satisfy |〈φ3〉| ! |〈φ2〉| ! |〈φ1〉| and
|〈φ̃3〉| ! |〈φ̃2〉| ! |〈φ̃1〉|. Various models of mass matrices exhibit these properties.

2.1 An approximation from hierarchy of Yukawa matrices

For the hierarchical Yukawa matrices, this letter deals with two flavor-mixing matrices, the CKM
matrix VCKM and the MNS matrix UMNS.

VCKM = U †
uUd , UMNS = U †

eUν . (5)

Here, Uf denote left-handed unitary matrices that diagonalize Yf and the mass matrix of neu-
trinos mν . This Uf is generally displayed by the PDG parameterization as

Uf = Φf
LU

0
fΦ

f
R , (6)

2

振り子の法則
世界は n次元フーリエモード

f(x) =

∫
dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.0.1 2503学会

U =
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0 eiρL2 0

0 0 eiρL3



UPDG




eiρR1 0 0

0 eiρR2 0

0 0 eiρR3



 (2)

UPDG ≡




1 0 0

0 c23 s23
0 −s23 c23








c13 0 s13e−iδ

0 1 0

−s13eiδ 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (3)

Uν,e = Φν,eL U0
ν,eΦ

ν,e
R

Φe†
L ΦνL = diag (eiρ, eiσ, eiσ

′
)

between U0
ν and U0

e . By a redefinition of the overall phase, we define σ′ ≡ −σ to set the

determinant of the 2-3 submatrix to unity. Then the MNS matrix is written by

UMNS ≡ Φe†
RU0†

e




eiρ 0 0

0 eiσ 0

0 0 e−iσ



U0
νΦ

ν
R, U0†

e ≡




ce −se 0

se ce 0

0 0 1








1 0 0

0 cτ −sτ
0 sτ cτ



 ,

U0
ν ≡




1 0 0

0 cν sν
0 −sν cν








c13 0 s13e−iδν

0 1 0

−s13eiδν 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (4)

0.0.2 2403学会
M1 ∼ 10− 1000TeV




eiθ 0 0

0 1 0

0 0 1








0 0 0

0 M22 M23

0 M23 M33








eiθ 0 0

0 1 0

0 0 1



 = MR (5)

1

General treatment of mixing matrices:
Any unitary matrix → PDG rep. and phases

Thus, this approximation is justified in a wide range of parameters.
A similar discussion allows some mention for magnitudes of the 1-2 mixings εfL/δ

f
L.

me1

me2
! 0.005 ! |se12| ! 0.07 !

√
me1

me2
, (12)

mu1

mu2
! 0.002 ! |su12| ! 0.04 !

√
mu1

mu2
. (13)

In subsequent analyses, we consider parameter regions of se,u12 ! 0.1.
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Using this approximation, we organize an almost general representation of the flavor-mixing
matrices. For unitary matrices Uν,e = Φν,e

L U0
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R displayed in the PDG parameterization,

there is relative phases Φe†
L Φν

L = diag (eiρ, eiσ, eiσ
′
) between U0

ν and U0
e . By a redefinition of the

overall phase, we define σ′ ≡ −σ to set the determinant of the 2-3 submatrix to unity. Then the
MNS matrix is written by
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RU0†
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0 eiσ 0
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R, U0†

e ≡




ce −se 0
se ce 0
0 0 1








1 0 0
0 cτ −sτ
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U0
ν ≡
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0 cν sν
0 −sν cν








c13 0 s13e−iδν

0 1 0
−s13eiδν 0 c13








c12 s12 0
−s12 c12 0
0 0 1



 . (14)

Here sf ≡ sin f , cf ≡ cos f , sij ≡ sin θij , cij ≡ cos θij . Since the phases Φν,e
R do not affect the

Dirac phase, they are omitted hereafter. The CKM matrix is also defined in the same way.
The approximation eliminates the intrinsic CP phase δu,e associated with Uu,e, because three

generations are no longer involved in flavor-mixing for the more hierarchical fermions. Thus,
in this analysis, there are two sources of CP violation: relative phases between the two unitary
matrices ρ,σ and intrinsic CP phase δd,ν for the less hierarchical fermions.

The two 2-3 mixings are merged to define new arguments χ and η.
(
cτ −sτ
sτ cτ

)(
eiσ 0
0 e−iσ

)(
cν sν
−sν cν

)
=

(
eiσcτ cν + e−iσsτsν eiσcτsν − e−iσsτ cν
eiσsτ cν − e−iσcτsν eiσsτsν + e−iσcτ cν

)
(15)

=

(
cσcν−τ + isσcν+τ cσsν−τ + isσsν+τ

−cσsν−τ + isσsν+τ cσcν−τ − isσcν+τ

)
≡

(
eiχc23 eiηs23

−e−iηs23 e−iχc23

)
. (16)

Relations between these arguments χ, η and parameters σ, ν, τ are

tanχ = tanσ
cν+τ

cν−τ
, tan η = tanσ

sν+τ

sν−τ
. (17)

From this,

UMNS =




ce −se 0
se ce 0
0 0 1








eiρ 0 0
0 eiχc23 eiηs23
0 −e−iηs23 e−iχc23
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0 1 0
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 ,

(18)

4
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In this paper, we survey the analytic structure of the MNS matrix with diagonal reflection sym-
metries. If the mass matrix of charged leptons me is hierarchical (i.e., |(me)33| ! mτ " |(me)1i,j1|),
by neglecting the 1-3 mixing of me, the MNS matrix is represented by four parameters and several
sign degrees of freedom. By substituting the three observed mixing angles θij as input parameters,
the Dirac phase δ and the Majorana phases α2,3 are represented by functions of the 1-2 mixing of
charged leptons se. The effective mass of double beta decay mee is also displayed as a function of se
and the lightest neutrino mass m1 or 3. Because the generalized CP symmetries restrict the effective
mass to near the maximum or minimum value in the whole parameter region, several scenarios are
suggested to be excluded by the latest limit of the KAMLAND-Zen collaboration.

I. INTRODUCTION

The Dirac phase δ, which represents CP violation (CPV) in the lepton mixing matrix, has been
measured recently [1, 2]. Since the leptonic CPV will be determined more precisely by next-generation
experiments [3, 4], the behavior of the phase is an important subject to be considered in this era. While
the Dirac phase has been studied generally [5–10], a generalized CP symmetry (GCP) [11–32] can fix the
phase. One notable example is the µ − τ reflection symmetry [33–64] that predicts the maximal Dirac
phase δ = ±π/2.
On the other hand, diagonal reflection symmetries (DRS) [65–68] are GCPs that can predict relatively

small δ in a way that can unify quarks and leptons. However, the behavior of the symmetries is not
yet well understood. In this paper, to explore general properties, we survey the analytic structure and
physical observables which results from the MNS matrix with DRS.
This paper is organized as follows. The next section gives a review of DRS in the quark sector. In

Sec. 3, we discuss a field theoretical realization of DRS by the type-I seesaw mechanism. In Sec. 4, a
systematic analysis of the MNS matrix with DRS is performed. The final section is devoted to a summary.

II. DIAGONAL REFLECTION SYMMETRIES FOR QUARKS

In this section, we define the diagonal reflection symmetries (DRS), generalized CP symmetries associ-
ated with chiral symmetries of the first generation. First, a representation of the CKM matrix proposed
by Fritzsch and Xing is [69],

VCKM = U †
uUd =




cu su 0
−su cu 0
0 0 1








e−iφ 0 0
0 cq sq
0 −sq cq








cd −sd 0
sd cd 0
0 0 1



 (1)

=




susdcq + cucde−iφ sucdcq − cusde−iφ susq
cusdcq − sucde−iφ cucdcq + susde−iφ cusq

−sdsq −cdsq cq



 , (2)

∗Electronic address: mjsyang@mail.saitama-u.ac.jp
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the parameters in the expression eq. (18) for U [13]:

sin ✓13 = |Ue3| = sin ✓e12 sin ✓̂23 , (19)

sin2 ✓23 =
|Uµ3|2

1� |Ue3|2
= sin2 ✓̂23

cos2 ✓e
12

1� sin2 ✓e
12
sin2 ✓̂23

=
sin2 ✓̂23 � sin2 ✓13

1� sin2 ✓13
, (20)

sin2 ✓12 =
|Ue2|2

1� |Ue3|2
=

�
1� cos2 ✓23 cos

2
✓13

��1
h
sin2 ✓⌫12 sin

2
✓23

+ cos2 ✓⌫12 cos
2
✓23 sin

2
✓13 +

1

2
sin 2✓⌫12 sin 2✓23 sin ✓13 cos�

i
, (21)

where eq. (19) was used in order to obtain the expression for sin2 ✓23 in terms of ✓̂23 and ✓13,
and eqs. (19) and (20) were used to get the last expression for sin2 ✓12. Within the approach
employed, the expressions in eqs. (19) – (21) are exact.

It follows from eqs. (1), (2) and (18) that the four observables ✓12, ✓23, ✓13 and � are
functions of three parameters ✓

e
12
, ✓̂23 and �. As a consequence, the Dirac phase � can be

expressed as a function of the three PMNS angles ✓12, ✓23 and ✓13 [13], leading to a new “sum
rule” relating � and ✓12, ✓23 and ✓13. For an arbitrary fixed value of the angle ✓

⌫
12

the sum
rule for cos � reads [14]:

cos � =
tan ✓23

sin 2✓12 sin ✓13

⇥
cos 2✓⌫12 +

�
sin2 ✓12 � cos2 ✓⌫12

� �
1� cot2 ✓23 sin2 ✓13

�⇤
. (22)

For ✓⌫
12

= ⇡/4 and ✓
⌫
12

= sin�1(1/
p
3) the expression eq. (22) for cos � reduces to those found

in [13] in the BM (LC) and TBM cases, respectively. A similar sum rule for an arbitrary ✓
⌫
12

can be derived for the phase � [13,14]. It proves convenient for our further discussion to cast
the sum rules for cos � and cos� of interest in the form:

sin2 ✓12 = cos2 ✓⌫12 +
sin 2✓12 sin ✓13 cos � � tan ✓23 cos 2✓⌫12

tan ✓23(1� cot2 ✓23 sin2 ✓13)
, (23)

sin2 ✓12 = cos2 ✓⌫12 +
1

2
sin 2✓23

sin 2✓⌫
12

sin ✓13 cos�� tan ✓23 cos 2✓⌫12
(1� cos2 ✓23 cos2 ✓13)

. (24)

The phases � and � are related by [14]:

sin � = � sin 2✓⌫
12

sin 2✓12
sin� , (25)

cos � =
sin 2✓⌫

12

sin 2✓12
cos�

✓
�1 +

2 sin2 ✓23
sin2 ✓23 cos2 ✓13 + sin2 ✓13

◆

+
cos 2✓⌫

12

sin 2✓12

sin 2✓23 sin ✓13
sin2 ✓23 cos2 ✓13 + sin2 ✓13

. (26)

Within the scheme considered the sum rules eqs. (22) – (24) and the relations eqs. (25) and
(26) are exact. In a complete self-consistent theory of (lepton) flavour based on discrete flavour
symmetry, the indicated sum rules and relations are expected to get corrections due to, e.g.,
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physical observables which results from the MNS matrix with DRS.
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In this section, we define the diagonal reflection symmetries (DRS), generalized CP symmetries associ-
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Approximation: neglect 1-3 mixing for more hierarchical fermions (u,e)

振り子の法則
世界は n次元フーリエモード

f(x) =

∫
dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.0.1 2503学会
P (νµ → νe)と P (ν̄µ → ν̄e)を比べることでDirac位相を測定

U =




eiρL1 0 0

0 eiρL2 0

0 0 eiρL3



UPDG




eiρR1 0 0

0 eiρR2 0

0 0 eiρR3



 (2)

UPDG ≡




1 0 0

0 c23 s23
0 −s23 c23








c13 0 s13e−iδ

0 1 0

−s13eiδ 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (3)

Uν,e = Φν,eL U0
ν,eΦ

ν,e
R

Φe†
L ΦνL = diag (eiρ, eiσ, eiσ

′
)

between U0
ν and U0

e . By a redefinition of the overall phase, we define σ′ ≡ −σ to set the

determinant of the 2-3 submatrix to unity. Then the MNS matrix is written by

UMNS ≡ Φe†
RU0†

e




eiρ 0 0

0 eiσ 0

0 0 e−iσ



U0
νΦ

ν
R, U0†

e ≡




ce −se 0

se ce 0

0 0 1








1 0 0

0 cτ −sτ
0 sτ cτ



 ,

U0
ν ≡




1 0 0

0 cν sν
0 −sν cν








c13 0 s13e−iδν

0 1 0

−s13eiδν 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (4)

U0
e ≡




1 0 0

0 cτ sτ
0 −sτ cτ








ce13 0 se13e

−iδe

0 1 0

−se13e
iδe 0 ce13








ce se 0

−se ce 0

0 0 1



 . (5)

現象論的にも、
|Vub| ∼ 0.003 % |Ue3| ∼ 0.15 (6)

JCKM ∼ 3× 10−5 % JMNS ∼ 0.03 (7)

Ue ∼ Uu,d

1
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Justification: chiral symmetry of 1st gen. ⇒ s13^e 〜 me/mτ 〜 10^-3

振り子の法則
世界は n次元フーリエモード

f(x) =

∫
dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！
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R
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′
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ν and U0

e . By a redefinition of the overall phase, we define σ′ ≡ −σ to set the

determinant of the 2-3 submatrix to unity. Then the MNS matrix is written by
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0 cν sν
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−s13eiδν 0 c13
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 . (4)

現象論的にも、
|Vub| ∼ 0.003 $ |Ue3| ∼ 0.15 (5)

JCKM ∼ 3× 10−5 $ JMNS ∼ 0.03 (6)

0.0.2 2403学会
M1 ∼ 10− 1000TeV




eiθ 0 0

0 1 0

0 0 1








0 0 0

0 M22 M23

0 M23 M33








eiθ 0 0

0 1 0

0 0 1



 = MR (7)
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Phenomenologically,

振り子の法則
世界は n次元フーリエモード
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Thus, this approximation is justified in a wide range of parameters.
A similar discussion allows some mention for magnitudes of the 1-2 mixings εfL/δ

f
L.

me1

me2
! 0.005 ! |se12| ! 0.07 !

√
me1

me2
, (12)

mu1

mu2
! 0.002 ! |su12| ! 0.04 !

√
mu1

mu2
. (13)

In subsequent analyses, we consider parameter regions of se,u12 ! 0.1.

2.2 Representation of flavor-mixing matrices

Using this approximation, we organize an almost general representation of the flavor-mixing
matrices. For unitary matrices Uν,e = Φν,e

L U0
ν,eΦ

ν,e
R displayed in the PDG parameterization,

there is relative phases Φe†
L Φν

L = diag (eiρ, eiσ, eiσ
′
) between U0

ν and U0
e . By a redefinition of the

overall phase, we define σ′ ≡ −σ to set the determinant of the 2-3 submatrix to unity. Then the
MNS matrix is written by
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0 cν sν
0 −sν cν








c13 0 s13e−iδν

0 1 0
−s13eiδν 0 c13
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 . (14)

Here sf ≡ sin f , cf ≡ cos f , sij ≡ sin θij , cij ≡ cos θij . Since the phases Φν,e
R do not affect the

Dirac phase, they are omitted hereafter. The CKM matrix is also defined in the same way.
The approximation eliminates the intrinsic CP phase δu,e associated with Uu,e, because three

generations are no longer involved in flavor-mixing for the more hierarchical fermions. Thus,
in this analysis, there are two sources of CP violation: relative phases between the two unitary
matrices ρ,σ and intrinsic CP phase δd,ν for the less hierarchical fermions.

The two 2-3 mixings are merged to define new arguments χ and η.
(
cτ −sτ
sτ cτ

)(
eiσ 0
0 e−iσ

)(
cν sν
−sν cν

)
=

(
eiσcτ cν + e−iσsτsν eiσcτsν − e−iσsτ cν
eiσsτ cν − e−iσcτsν eiσsτsν + e−iσcτ cν

)
(15)

=

(
cσcν−τ + isσcν+τ cσsν−τ + isσsν+τ

−cσsν−τ + isσsν+τ cσcν−τ − isσcν+τ

)
≡

(
eiχc23 eiηs23

−e−iηs23 e−iχc23

)
. (16)

Relations between these arguments χ, η and parameters σ, ν, τ are

tanχ = tanσ
cν+τ

cν−τ
, tan η = tanσ

sν+τ

sν−τ
. (17)

From this,
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c12 s12 0
−s12 c12 0
0 0 1



 ,

(18)
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contribute to δ

By merging relative phases and redefining the overall phase
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現象論的にも、
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Approximation: neglect 1-3 mixing for more hierarchical fermions (u,e)
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Ue ∼ Uu,d
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Approximation: neglect 1-3 mixing for more hierarchical fermions (u,e)

⇒ CPV sources are relative phases ρ,σ and δν in Uν
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現象論的にも、
|Vub| ∼ 0.003 $ |Ue3| ∼ 0.15 (5)
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Ue ∼ Uu,d

UMNS =




ce −se 0

se ce 0

0 0 1








eiα 0 0

0 c23 s23
0 −s23 c23








c13 0 s13e−iβ

0 1 0

−s13eiβ 0 c13








c12 s12 0

−s12 c12 0
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 . (7)

14 mixing angles (se, sij) and 2 phases α, β = 6 parameters

If sτ (2-3 mixing of Ue) is small,

Furthermore, by multiplying diag (1, 1, ei(χ+η)) from the left and diag (1, 1, ei(χ−η)) from the
right of UMNS and removing an overall phase eiχ, we obtain

UMNS =




ce −se 0
se ce 0
0 0 1








ei(ρ−χ) 0 0

0 c23 s23
0 −s23 c23








c13 0 s13e−i(δν+η−χ)

0 1 0
−s13ei(δν+η−χ) 0 c13








c12 s12 0
−s12 c12 0
0 0 1



 .

(19)

Therefore, the following two phases α and β have physical significance.

α ≡ ρ− χ , β = δν + η − χ . (20)

If sτ is sufficiently small by the chiral symmetry, χ ∼ η ∼ σ and α ∼ ρ− σ , β ∼ δν hold. This
notation is a generalization of the Fritzsch–Xing parameterization [18].

Finally, we discuss sign degrees of freedom for mixing angles. Continuous parameters in
this notation are se, sij and two phases α,β. Similar to the PDG parameterization, phase
redefinitions of six fermions can eliminate five signs. Since the sign of s13 can be absorbed into
the phase e±iβ , the six sij and cij are set to be positive. By multiplying diag (−1,−1, 1) from
the left of Eq. (19), the sign of ce is inverted without changing the sign of sij and cij . As a
result, only the sign of se is physical because the sign of two se cannot be absorbed into the
phase α. Later, we specifically check that the physical sign of the CP violation is sign(cese).

2.3 Constraints on mixing angles

The six continuous parameters (se, sij ,α and β) are constrained by the three observed mixing
angles, resulting in three free parameters α,β, se in the MNS matrix. For this purpose, the
best-fit values of the latest global fit [19] are used as input parameters for the MNS matrix. The
three mixing angles of the normal hierarchy (NH) without Super-Kamiokande (SK) are

sin2 θNH
12 = 0.304 , sin2 θNH

23 = 0.573 , sin2 θNH
13 = 0.0222 . (21)

The reason for using NH without SK is that the values of inverted hierarchy (IH) with or without
SK are close to these values. Although the inclusion of the SK data makes θNH

23 about 0.1 smaller,
the qualitative behavior remains the same in the following discussion.

Three mixing parameters sij are constrained from θNH
ij . Hereafter, the above three input

parameters are denoted as sin θNH
ij ≡ Sij , cos θNH

ij ≡ Cij . First, the 3-3 element of UMNS, which
is the same as the PDG parameterization, determines s23;

c13c23 = C13C23 , s23 =

√

1− C2
13C

2
23

c213
. (22)

Next, |U13|2 is a function of s13 and s23.

U13 = ces13e
i(α−β) − c13s23se , (23)

|U13|2 = c2es
2
13 + c213s

2
23s

2
e − 2c13ces13s23se cos(α− β) . (24)

Substituting the solution of s23 and setting |U13|2 equal to S2
13, we obtain a quadratic equation

for s213.

s413(4c
2
es

2
e cos

2(α− β) + (s2e − c2e)
2) + (s2e(C

2
13C

2
23 − 1) + S2

13)
2

+ s213[2(s
2
e − c2e)(s

2
e(C

2
13C

2
23 − 1) + S2

13) + 4c2es
2
e(C

2
13C

2
23 − 1) cos2(α− β)] = 0 . (25)

5

⬅ s_ij are solved by three observed mixing angles
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By merging the 2-3 mixing ofνand e and redefining phases,

振り子の法則
世界は n次元フーリエモード

f(x) =

∫
dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.0.1 2503学会

U =




eiρL1 0 0

0 eiρL2 0

0 0 eiρL3



UPDG




eiρR1 0 0

0 eiρR2 0

0 0 eiρR3



 (2)

UPDG ≡




1 0 0

0 c23 s23
0 −s23 c23








c13 0 s13e−iδ

0 1 0

−s13eiδ 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (3)

Uν,e = Φν,eL U0
ν,eΦ

ν,e
R

Φe†
L ΦνL = diag (eiρ, eiσ, eiσ

′
)

between U0
ν and U0

e . By a redefinition of the overall phase, we define σ′ ≡ −σ to set the

determinant of the 2-3 submatrix to unity. Then the MNS matrix is written by

UMNS ≡ Φe†
RU0†

e




eiρ 0 0

0 eiσ 0

0 0 e−iσ



U0
νΦ

ν
R, U0†

e ≡




ce −se 0

se ce 0

0 0 1








1 0 0

0 cτ −sτ
0 sτ cτ



 ,

U0
ν ≡




1 0 0

0 cν sν
0 −sν cν








c13 0 s13e−iδν

0 1 0

−s13eiδν 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (4)

現象論的にも、
|Vub| ∼ 0.003 $ |Ue3| ∼ 0.15 (5)

JCKM ∼ 3× 10−5 $ JMNS ∼ 0.03 (6)

Ue ∼ Uu,d

UMNS =




ce −se 0

se ce 0

0 0 1








eiα 0 0

0 c23 s23
0 −s23 c23








c13 0 s13e−iβ

0 1 0

−s13eiβ 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (7)

14 mixing angles (se, sij) and 2 phases α, β = 6 parameters

If sτ (2-3 mixing of Ue) is small,

Furthermore, by multiplying diag (1, 1, ei(χ+η)) from the left and diag (1, 1, ei(χ−η)) from the
right of UMNS and removing an overall phase eiχ, we obtain

UMNS =




ce −se 0
se ce 0
0 0 1








ei(ρ−χ) 0 0

0 c23 s23
0 −s23 c23








c13 0 s13e−i(δν+η−χ)

0 1 0
−s13ei(δν+η−χ) 0 c13








c12 s12 0
−s12 c12 0
0 0 1



 .

(19)

Therefore, the following two phases α and β have physical significance.

α ≡ ρ− χ , β = δν + η − χ . (20)

If sτ is sufficiently small by the chiral symmetry, χ ∼ η ∼ σ and α ∼ ρ− σ , β ∼ δν hold. This
notation is a generalization of the Fritzsch–Xing parameterization [18].

Finally, we discuss sign degrees of freedom for mixing angles. Continuous parameters in
this notation are se, sij and two phases α,β. Similar to the PDG parameterization, phase
redefinitions of six fermions can eliminate five signs. Since the sign of s13 can be absorbed into
the phase e±iβ , the six sij and cij are set to be positive. By multiplying diag (−1,−1, 1) from
the left of Eq. (19), the sign of ce is inverted without changing the sign of sij and cij . As a
result, only the sign of se is physical because the sign of two se cannot be absorbed into the
phase α. Later, we specifically check that the physical sign of the CP violation is sign(cese).

2.3 Constraints on mixing angles

The six continuous parameters (se, sij ,α and β) are constrained by the three observed mixing
angles, resulting in three free parameters α,β, se in the MNS matrix. For this purpose, the
best-fit values of the latest global fit [19] are used as input parameters for the MNS matrix. The
three mixing angles of the normal hierarchy (NH) without Super-Kamiokande (SK) are

sin2 θNH
12 = 0.304 , sin2 θNH

23 = 0.573 , sin2 θNH
13 = 0.0222 . (21)

The reason for using NH without SK is that the values of inverted hierarchy (IH) with or without
SK are close to these values. Although the inclusion of the SK data makes θNH

23 about 0.1 smaller,
the qualitative behavior remains the same in the following discussion.

Three mixing parameters sij are constrained from θNH
ij . Hereafter, the above three input

parameters are denoted as sin θNH
ij ≡ Sij , cos θNH

ij ≡ Cij . First, the 3-3 element of UMNS, which
is the same as the PDG parameterization, determines s23;

c13c23 = C13C23 , s23 =

√

1− C2
13C

2
23

c213
. (22)

Next, |U13|2 is a function of s13 and s23.

U13 = ces13e
i(α−β) − c13s23se , (23)

|U13|2 = c2es
2
13 + c213s

2
23s

2
e − 2c13ces13s23se cos(α− β) . (24)

Substituting the solution of s23 and setting |U13|2 equal to S2
13, we obtain a quadratic equation

for s213.

s413(4c
2
es

2
e cos

2(α− β) + (s2e − c2e)
2) + (s2e(C

2
13C

2
23 − 1) + S2

13)
2

+ s213[2(s
2
e − c2e)(s

2
e(C

2
13C

2
23 − 1) + S2

13) + 4c2es
2
e(C

2
13C

2
23 − 1) cos2(α− β)] = 0 . (25)
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For small mixing se, (Sij is the observed mixing angle)

In particular, the dependence of β on s12 is small, because it is suppressed by s13se. Thus,
the constraint on s12 is approximately

C2
13S

2
12 ! (c12c23se)

2 + (c13ces12)
2 − 2c12c23sec13ces12 cosα . (32)

Since this constraint has a similar structure to Eq. (24), we choose s212 ! A′ + cosαB′ > 0
as a positive solution that reproduces the matrix elements of UMNS. Here, A′, B′ are functions
of several trigonometric functions. We will not discuss the critical value of s12 because it is
relatively large for both the CKM and MNS matrices.

Imposing the three constraints, we can treat the CP violation in flavor-mixing matrices as a
function of α,β and se. Rough parameter dependences of the three solutions are as follows.

• s23: From Eq. (22), dependences of α,β on s23 are relatively small because these phases
depend on the second order of se and s13.

s23 = S23 +O(s213, ses13, s
2
e) . (33)

• s13: From Eq. (23), s13 depends on α− β. An expansion of s13 for small se is

s13 = S13 + C13S23se cos(α− β) +O(s2e) . (34)

However, se/s13 is often not negligible, and this expansion does not have good accuracy.

• s12: Since dependence of β is suppressed by s13se in Eq. (31), s12 has an almost only α
dependence for a small se. Therefore, the behavior of the solution is

s12 ! S12 + C12C23se cosα . (35)

3 The Jarlskog invariant and its numerical results

In this section, we investigate numerical behaviors of the CP violation after imposing the three
experimental constraints. The Jarlskog invariant J [20] of the unitary matrix UMNS (19) is

J = Im [Uµ2Uτ3U
∗
µ3U

∗
τ2] (36)

= c13c23[c12s12
(
c13s23s13(c

2
e − s2e) sinβ − c213s

2
23cese sinα

)

+ c23(c
2
12 − s212)s23s13cese sin(α− β) + s213cese

(
c223 sinα− s223 sin(α− 2β)

)
] . (37)

To the extent that se, s13 ! 0.1 holds, higher orders of se and s13 are negligible, and the
dominant terms are those proportional to sinα and sinβ. Note that the relative sign between
terms depends only on cese.

From Eqs. (33), (34), and (35), behavour of the Dirac phase δ for small se is

sin δ =
J

C12S12C23S23C2
13S13

(38)

! sinβ + se

(
−S23 cosβ sin(α− β)

S13
+

(1− 2S2
12)C23 cosα sinβ

C12S12

)
. (39)

The term with sin(α−β) is a sum of the term with sinα and a contribution from the expansion
of s13, while the term with cosα is from the expansion of s12. For the MNS matrix, the second
term is dominant over the third term because S23/S13 ! 5 and (1 − 2S2

12)C23/C12S12 ! 1/2
hold. The same is true for the CKM matrix from S23/S13 ! 10.
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For small mixing se, (Sij is the observed mixing angle)
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Figure 2: Plots of sin δ of the MNS matrix UMNS for a given 1-2 mixing se and phases α,β. The
green-shaded regions represent cos δ < 0.

3.1 Numerical results

Plots of sin δ as a function of α,β and se are shown in Fig. 2. The range of se is set within the
critical value |se| ! 0.2. The green-shaded region corresponds to cos δ < 0. From Eq. (39), if se
is sufficiently small, δ is approximately equal to β ∼ δν . On the other hand, when se approaches
the critical value sce, it shows singular behavour on the line α− β = ±π/2,±3π/2. For se > sce,
the divided two regions correspond to the large and small solutions in Fig. 1.

The DUNE and T2HK experiment has a discovery capability of around δ " 30◦ after 10 years
of operation. This allows for physical interpretations when the next-generation experiments
observe or do not observe the Dirac phase δ, respectively.

When the Dirac phase (of about O(1)) is observed

Large CP violation, as suggested by the T2K experiment, cannot be achieved by the rel-
ative phase α alone. Therefore, if the Yukawa matrix of charged leptons Ye is sufficiently
hierarchical, large CP violation corresponds to the intrinsic CP violation δν in the diago-
nalization U0

ν of the neutrinos. In particular, if the phase is close to π/2, the µ−τ reflection
symmetry [21, 22, 23] (and as a review [24]) is more favored. However, in regions where
|se sinα| is large, the contribution of sinβ can be subdominant.
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In particular, the dependence of β on s12 is small, because it is suppressed by s13se. Thus,
the constraint on s12 is approximately

C2
13S

2
12 ! (c12c23se)

2 + (c13ces12)
2 − 2c12c23sec13ces12 cosα . (32)

Since this constraint has a similar structure to Eq. (24), we choose s212 ! A′ + cosαB′ > 0
as a positive solution that reproduces the matrix elements of UMNS. Here, A′, B′ are functions
of several trigonometric functions. We will not discuss the critical value of s12 because it is
relatively large for both the CKM and MNS matrices.

Imposing the three constraints, we can treat the CP violation in flavor-mixing matrices as a
function of α,β and se. Rough parameter dependences of the three solutions are as follows.

• s23: From Eq. (22), dependences of α,β on s23 are relatively small because these phases
depend on the second order of se and s13.

s23 = S23 +O(s213, ses13, s
2
e) . (33)

• s13: From Eq. (23), s13 depends on α− β. An expansion of s13 for small se is

s13 = S13 + C13S23se cos(α− β) +O(s2e) . (34)

However, se/s13 is often not negligible, and this expansion does not have good accuracy.

• s12: Since dependence of β is suppressed by s13se in Eq. (31), s12 has an almost only α
dependence for a small se. Therefore, the behavior of the solution is

s12 ! S12 + C12C23se cosα . (35)

3 The Jarlskog invariant and its numerical results

In this section, we investigate numerical behaviors of the CP violation after imposing the three
experimental constraints. The Jarlskog invariant J [20] of the unitary matrix UMNS (19) is

J = Im [Uµ2Uτ3U
∗
µ3U

∗
τ2] (36)

= c13c23[c12s12
(
c13s23s13(c

2
e − s2e) sinβ − c213s

2
23cese sinα

)

+ c23(c
2
12 − s212)s23s13cese sin(α− β) + s213cese

(
c223 sinα− s223 sin(α− 2β)

)
] . (37)

To the extent that se, s13 ! 0.1 holds, higher orders of se and s13 are negligible, and the
dominant terms are those proportional to sinα and sinβ. Note that the relative sign between
terms depends only on cese.

From Eqs. (33), (34), and (35), behavour of the Dirac phase δ for small se is

sin δ =
J

C12S12C23S23C2
13S13

(38)

! sinβ + se

(
−S23 cosβ sin(α− β)

S13
+

(1− 2S2
12)C23 cosα sinβ

C12S12

)
. (39)

The term with sin(α−β) is a sum of the term with sinα and a contribution from the expansion
of s13, while the term with cosα is from the expansion of s12. For the MNS matrix, the second
term is dominant over the third term because S23/S13 ! 5 and (1 − 2S2

12)C23/C12S12 ! 1/2
hold. The same is true for the CKM matrix from S23/S13 ! 10.
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Figure 2: Plots of sin δ of the MNS matrix UMNS for a given 1-2 mixing se and phases α,β. The
green-shaded regions represent cos δ < 0.

3.1 Numerical results

Plots of sin δ as a function of α,β and se are shown in Fig. 2. The range of se is set within the
critical value |se| ! 0.2. The green-shaded region corresponds to cos δ < 0. From Eq. (39), if se
is sufficiently small, δ is approximately equal to β ∼ δν . On the other hand, when se approaches
the critical value sce, it shows singular behavour on the line α− β = ±π/2,±3π/2. For se > sce,
the divided two regions correspond to the large and small solutions in Fig. 1.

The DUNE and T2HK experiment has a discovery capability of around δ " 30◦ after 10 years
of operation. This allows for physical interpretations when the next-generation experiments
observe or do not observe the Dirac phase δ, respectively.

When the Dirac phase (of about O(1)) is observed

Large CP violation, as suggested by the T2K experiment, cannot be achieved by the rel-
ative phase α alone. Therefore, if the Yukawa matrix of charged leptons Ye is sufficiently
hierarchical, large CP violation corresponds to the intrinsic CP violation δν in the diago-
nalization U0

ν of the neutrinos. In particular, if the phase is close to π/2, the µ−τ reflection
symmetry [21, 22, 23] (and as a review [24]) is more favored. However, in regions where
|se sinα| is large, the contribution of sinβ can be subdominant.
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Figure 2: Plots of sin δ of the MNS matrix UMNS for a given 1-2 mixing se and phases α,β. The
green-shaded regions represent cos δ < 0.

3.1 Numerical results

Plots of sin δ as a function of α,β and se are shown in Fig. 2. The range of se is set within the
critical value |se| ! 0.2. The green-shaded region corresponds to cos δ < 0. From Eq. (39), if se
is sufficiently small, δ is approximately equal to β ∼ δν . On the other hand, when se approaches
the critical value sce, it shows singular behavour on the line α− β = ±π/2,±3π/2. For se > sce,
the divided two regions correspond to the large and small solutions in Fig. 1.

The DUNE and T2HK experiment has a discovery capability of around δ " 30◦ after 10 years
of operation. This allows for physical interpretations when the next-generation experiments
observe or do not observe the Dirac phase δ, respectively.

When the Dirac phase (of about O(1)) is observed

Large CP violation, as suggested by the T2K experiment, cannot be achieved by the rel-
ative phase α alone. Therefore, if the Yukawa matrix of charged leptons Ye is sufficiently
hierarchical, large CP violation corresponds to the intrinsic CP violation δν in the diago-
nalization U0

ν of the neutrinos. In particular, if the phase is close to π/2, the µ−τ reflection
symmetry [21, 22, 23] (and as a review [24]) is more favored. However, in regions where
|se sinα| is large, the contribution of sinβ can be subdominant.
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In particular, the dependence of β on s12 is small, because it is suppressed by s13se. Thus,
the constraint on s12 is approximately

C2
13S

2
12 ! (c12c23se)

2 + (c13ces12)
2 − 2c12c23sec13ces12 cosα . (32)

Since this constraint has a similar structure to Eq. (24), we choose s212 ! A′ + cosαB′ > 0
as a positive solution that reproduces the matrix elements of UMNS. Here, A′, B′ are functions
of several trigonometric functions. We will not discuss the critical value of s12 because it is
relatively large for both the CKM and MNS matrices.

Imposing the three constraints, we can treat the CP violation in flavor-mixing matrices as a
function of α,β and se. Rough parameter dependences of the three solutions are as follows.

• s23: From Eq. (22), dependences of α,β on s23 are relatively small because these phases
depend on the second order of se and s13.

s23 = S23 +O(s213, ses13, s
2
e) . (33)

• s13: From Eq. (23), s13 depends on α− β. An expansion of s13 for small se is

s13 = S13 + C13S23se cos(α− β) +O(s2e) . (34)

However, se/s13 is often not negligible, and this expansion does not have good accuracy.

• s12: Since dependence of β is suppressed by s13se in Eq. (31), s12 has an almost only α
dependence for a small se. Therefore, the behavior of the solution is

s12 ! S12 + C12C23se cosα . (35)

3 The Jarlskog invariant and its numerical results

In this section, we investigate numerical behaviors of the CP violation after imposing the three
experimental constraints. The Jarlskog invariant J [20] of the unitary matrix UMNS (19) is

J = Im [Uµ2Uτ3U
∗
µ3U

∗
τ2] (36)

= c13c23[c12s12
(
c13s23s13(c

2
e − s2e) sinβ − c213s

2
23cese sinα

)

+ c23(c
2
12 − s212)s23s13cese sin(α− β) + s213cese

(
c223 sinα− s223 sin(α− 2β)

)
] . (37)

To the extent that se, s13 ! 0.1 holds, higher orders of se and s13 are negligible, and the
dominant terms are those proportional to sinα and sinβ. Note that the relative sign between
terms depends only on cese.

From Eqs. (33), (34), and (35), behavour of the Dirac phase δ for small se is

sin δ =
J

C12S12C23S23C2
13S13

(38)

! sinβ + se

(
−S23 cosβ sin(α− β)

S13
+

(1− 2S2
12)C23 cosα sinβ

C12S12

)
. (39)

The term with sin(α−β) is a sum of the term with sinα and a contribution from the expansion
of s13, while the term with cosα is from the expansion of s12. For the MNS matrix, the second
term is dominant over the third term because S23/S13 ! 5 and (1 − 2S2

12)C23/C12S12 ! 1/2
hold. The same is true for the CKM matrix from S23/S13 ! 10.

7
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Figure 2: Plots of sin δ of the MNS matrix UMNS for a given 1-2 mixing se and phases α,β. The
green-shaded regions represent cos δ < 0.

3.1 Numerical results

Plots of sin δ as a function of α,β and se are shown in Fig. 2. The range of se is set within the
critical value |se| ! 0.2. The green-shaded region corresponds to cos δ < 0. From Eq. (39), if se
is sufficiently small, δ is approximately equal to β ∼ δν . On the other hand, when se approaches
the critical value sce, it shows singular behavour on the line α− β = ±π/2,±3π/2. For se > sce,
the divided two regions correspond to the large and small solutions in Fig. 1.

The DUNE and T2HK experiment has a discovery capability of around δ " 30◦ after 10 years
of operation. This allows for physical interpretations when the next-generation experiments
observe or do not observe the Dirac phase δ, respectively.

When the Dirac phase (of about O(1)) is observed

Large CP violation, as suggested by the T2K experiment, cannot be achieved by the rel-
ative phase α alone. Therefore, if the Yukawa matrix of charged leptons Ye is sufficiently
hierarchical, large CP violation corresponds to the intrinsic CP violation δν in the diago-
nalization U0

ν of the neutrinos. In particular, if the phase is close to π/2, the µ−τ reflection
symmetry [21, 22, 23] (and as a review [24]) is more favored. However, in regions where
|se sinα| is large, the contribution of sinβ can be subdominant.

8
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In particular, the dependence of β on s12 is small, because it is suppressed by s13se. Thus,
the constraint on s12 is approximately

C2
13S

2
12 ! (c12c23se)

2 + (c13ces12)
2 − 2c12c23sec13ces12 cosα . (32)

Since this constraint has a similar structure to Eq. (24), we choose s212 ! A′ + cosαB′ > 0
as a positive solution that reproduces the matrix elements of UMNS. Here, A′, B′ are functions
of several trigonometric functions. We will not discuss the critical value of s12 because it is
relatively large for both the CKM and MNS matrices.

Imposing the three constraints, we can treat the CP violation in flavor-mixing matrices as a
function of α,β and se. Rough parameter dependences of the three solutions are as follows.

• s23: From Eq. (22), dependences of α,β on s23 are relatively small because these phases
depend on the second order of se and s13.

s23 = S23 +O(s213, ses13, s
2
e) . (33)

• s13: From Eq. (23), s13 depends on α− β. An expansion of s13 for small se is

s13 = S13 + C13S23se cos(α− β) +O(s2e) . (34)

However, se/s13 is often not negligible, and this expansion does not have good accuracy.

• s12: Since dependence of β is suppressed by s13se in Eq. (31), s12 has an almost only α
dependence for a small se. Therefore, the behavior of the solution is

s12 ! S12 + C12C23se cosα . (35)

3 The Jarlskog invariant and its numerical results

In this section, we investigate numerical behaviors of the CP violation after imposing the three
experimental constraints. The Jarlskog invariant J [20] of the unitary matrix UMNS (19) is

J = Im [Uµ2Uτ3U
∗
µ3U

∗
τ2] (36)

= c13c23[c12s12
(
c13s23s13(c

2
e − s2e) sinβ − c213s

2
23cese sinα

)

+ c23(c
2
12 − s212)s23s13cese sin(α− β) + s213cese

(
c223 sinα− s223 sin(α− 2β)

)
] . (37)

To the extent that se, s13 ! 0.1 holds, higher orders of se and s13 are negligible, and the
dominant terms are those proportional to sinα and sinβ. Note that the relative sign between
terms depends only on cese.

From Eqs. (33), (34), and (35), behavour of the Dirac phase δ for small se is

sin δ =
J

C12S12C23S23C2
13S13

(38)

! sinβ + se

(
−S23 cosβ sin(α− β)

S13
+

(1− 2S2
12)C23 cosα sinβ

C12S12

)
. (39)

The term with sin(α−β) is a sum of the term with sinα and a contribution from the expansion
of s13, while the term with cosα is from the expansion of s12. For the MNS matrix, the second
term is dominant over the third term because S23/S13 ! 5 and (1 − 2S2

12)C23/C12S12 ! 1/2
hold. The same is true for the CKM matrix from S23/S13 ! 10.
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⬅ δ is roughly β〜δν, NLO is suppressed by se
DUNE/T2HK can detect |sin δ|>0.5 in about 10 years. 
For S23/S13〜５ and se〜0.1,
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For small mixing se, (Sij is the observed mixing angle)
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⬅ δ is roughly β〜δν, NLO is suppressed by se
DUNE/T2HK can detect |sin δ|>0.5 in about 10 years. 
For S23/S13〜５ and se〜0.1,

Result (prospects for a probable future)：
Discovery of δ in 10 years leads to δν ≠ 0
If not discovered, upper bounds imposed δν and ρ, σ
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Physical understanding:
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0.0.3 他の質量と誤差
質量が階層的 mD1 $ mD2 $ mD3であれば、
MR = UMdiag

R UT の３つの質量
M1 =

m2
D1

m11
, M2 =

m2
D2m11

(m11m22 −m2
12)

, M3 = m2
D3(m

−1)33 (11)

と U の３つの混合
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誤差は？
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−1)jkmDk,

M †
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m2n
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固有値方程式は偶数次 ⇒ 固有値 M2
i はmDiの偶数次

NLOはO(m2
Di/m

2
Dj) < 1%

2

1. CPV of Ue is ignored.
2. if Ue=1, relative phases are erased by redefinition, 

so they are suppressed by mixings of Ue
3. δ ~ δν, and the boundary is about 10 years for DUNE/HK.
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In particular, the dependence of β on s12 is small, because it is suppressed by s13se. Thus,
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23cese sinα

)

+ c23(c
2
12 − s212)s23s13cese sin(α− β) + s213cese

(
c223 sinα− s223 sin(α− 2β)

)
] . (37)

To the extent that se, s13 ! 0.1 holds, higher orders of se and s13 are negligible, and the
dominant terms are those proportional to sinα and sinβ. Note that the relative sign between
terms depends only on cese.

From Eqs. (33), (34), and (35), behavour of the Dirac phase δ for small se is

sin δ =
J

C12S12C23S23C2
13S13

(38)

! sinβ + se

(
−S23 cosβ sin(α− β)

S13
+

(1− 2S2
12)C23 cosα sinβ

C12S12

)
. (39)

The term with sin(α−β) is a sum of the term with sinα and a contribution from the expansion
of s13, while the term with cosα is from the expansion of s12. For the MNS matrix, the second
term is dominant over the third term because S23/S13 ! 5 and (1 − 2S2

12)C23/C12S12 ! 1/2
hold. The same is true for the CKM matrix from S23/S13 ! 10.
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Figure 3: Plots of the CP violation sin δKM of the quark mixing matrix VCKM. The green-shaded
regions are excluded because they represent cos δKM < 0.

4 Summary

In this letter, we perform an almost general analysis of flavor-mixing matrices VCKM and UMNS

to investigate the discriminative power of CP phases by next-generation neutrino oscillation
experiments. For hierarchical Yukawa matrice Yf of the Standard Model fermions f , the unitary
matrix Uf of diagonalization for left-handed fields is expected to have small mixings. As an
approximation, we neglect the 1-3 mixing of more hierarchical fermions (i.e. up-type quarks and
charged leptons). Thus there are two sources of CP violation in VCKM and UMNS, the intrinsic
CP phase δd,ν in diagonalization of less hierarchical fermions d, ν and relative phases between
two unitary matrices.

By eliminating unphysical phases and imposing constraints of the three measured mixing
angles, the flavor-mixing matrices are analytically displayed by two phases and the 1-2 mixing
su,e of more hierarchical fermions. For sufficiently small 1-2 mixing se of charged leptons, the
Dirac phase δ is mostly identical to the intrinsic phase of neutrinos δν and contributions of
relative phases are not dominant. Therefore, future detection of the Dirac phase indicates the
observation of δν . On the other hand, if such a CP violation is not observed, an upper limit is
placed on a combination of δν and relative phases. This interpretation holds because the relative
phases can be eliminated by further phase redefinition in the limit of zero mixing of the charged

10

When the Dirac phase (of about 30◦ or more) is does not observed

Non-observation of CPV, as suggested by the NOνA experiment, gives an upper bound
sin δlim on sin δ. In the absence of special cancellation, it imposes upper bounds on α ∼ ρ−σ
and β ∼ δν respectively.

seS23

S13
sinα , sinβ < sin δlim ∼ 0.5 . (40)

In this situation, β = 0 or π can be favored, that is realized by some generalized CP
symmetries [25, 26, 27, 28]. The smaller the observed Dirac phase, the more important
the relative phase can be for the source of CPV. Besides, even for large se ∼ 0.1, the
relative phase sinα is hardly restricted (and α ∼ ±π/2 is allowed).

The reason for this physical interpretation is as follows: in Eq. (14), the mixing se and sτ
become zero when the chiral symmetry of the first and second generation becomes exact. In this
limit, the phases ρ and σ can be removed by further phase redefinition. Therefore, effects of the
original phases ρ,σ are suppressed by se and sτ , and δν becomes the leading CPV source for
small se. Such restrictions on CP phases can provide important constraints on the leptogenesis
scenario [29].

3.2 CKM matrix

A similar analysis is performed for the CKM matrix. The 1-3 element of the CKM matrix
satisfies

|Vub| ∼ md1/md3 # mu1/mu3 , (41)

and the approximation by chiral symmetry seems to be reasonable. As input parameters, we
use the latest data of UTfit [30].

sin θCKM
12 = 0.22519± 0.00083 , sin θCKM

23 = 0.04200± 0.00047 , (42)

sin θCKM
13 = 0.003714± 0.000092 , δKM = 1.137± 0.022 . (43)

A similar plot for the CKM matrix is shown in Fig. 3. The parameter se in the MNS matrix is
redefined as su and its range is set to be within the critical value (|su| ! 0.09). The green-shaded
regions are excluded because cos δKM < 0. The region within the error range of δKM is filled in.
In the three continuous parameters, one two-dimensional surface is chosen that reproduces the
observed CP phase.

Since the phase behaves as δKM $ β for sufficiently small su, we see that the observed CPV
in the CKM matrix corresponds to the intrinsic CP phase δd associated with the diagonalization
of down quarks. This situation corresponds to the large CPV in the MNS matrix, and |su sinα|
must be large to make sinβ small. A characteristic structure of CP phases such as the µ − τ
reflection symmetry can be required. On the other hand, near the critical value, a parameter
set su = 0.09,α = −π/2 or su = −0.09,α = π/2 is possible. In the limit of s13 → 0, Eq. (19)
is reduced to the Fritzsch–Xing parameterization [18] and it has been known that the phase is
almost maximal |α| = π/2. Such restrictions can be useful in the construction of grand unified
theories.

9
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Figure 3: Plots of the CP violation sin δKM of the quark mixing matrix VCKM. The green-shaded
regions are excluded because they represent cos δKM < 0.

4 Summary

In this letter, we perform an almost general analysis of flavor-mixing matrices VCKM and UMNS

to investigate the discriminative power of CP phases by next-generation neutrino oscillation
experiments. For hierarchical Yukawa matrice Yf of the Standard Model fermions f , the unitary
matrix Uf of diagonalization for left-handed fields is expected to have small mixings. As an
approximation, we neglect the 1-3 mixing of more hierarchical fermions (i.e. up-type quarks and
charged leptons). Thus there are two sources of CP violation in VCKM and UMNS, the intrinsic
CP phase δd,ν in diagonalization of less hierarchical fermions d, ν and relative phases between
two unitary matrices.

By eliminating unphysical phases and imposing constraints of the three measured mixing
angles, the flavor-mixing matrices are analytically displayed by two phases and the 1-2 mixing
su,e of more hierarchical fermions. For sufficiently small 1-2 mixing se of charged leptons, the
Dirac phase δ is mostly identical to the intrinsic phase of neutrinos δν and contributions of
relative phases are not dominant. Therefore, future detection of the Dirac phase indicates the
observation of δν . On the other hand, if such a CP violation is not observed, an upper limit is
placed on a combination of δν and relative phases. This interpretation holds because the relative
phases can be eliminated by further phase redefinition in the limit of zero mixing of the charged
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When the Dirac phase (of about 30◦ or more) is does not observed

Non-observation of CPV, as suggested by the NOνA experiment, gives an upper bound
sin δlim on sin δ. In the absence of special cancellation, it imposes upper bounds on α ∼ ρ−σ
and β ∼ δν respectively.

seS23

S13
sinα , sinβ < sin δlim ∼ 0.5 . (40)

In this situation, β = 0 or π can be favored, that is realized by some generalized CP
symmetries [25, 26, 27, 28]. The smaller the observed Dirac phase, the more important
the relative phase can be for the source of CPV. Besides, even for large se ∼ 0.1, the
relative phase sinα is hardly restricted (and α ∼ ±π/2 is allowed).

The reason for this physical interpretation is as follows: in Eq. (14), the mixing se and sτ
become zero when the chiral symmetry of the first and second generation becomes exact. In this
limit, the phases ρ and σ can be removed by further phase redefinition. Therefore, effects of the
original phases ρ,σ are suppressed by se and sτ , and δν becomes the leading CPV source for
small se. Such restrictions on CP phases can provide important constraints on the leptogenesis
scenario [29].

3.2 CKM matrix

A similar analysis is performed for the CKM matrix. The 1-3 element of the CKM matrix
satisfies

|Vub| ∼ md1/md3 # mu1/mu3 , (41)

and the approximation by chiral symmetry seems to be reasonable. As input parameters, we
use the latest data of UTfit [30].

sin θCKM
12 = 0.22519± 0.00083 , sin θCKM

23 = 0.04200± 0.00047 , (42)

sin θCKM
13 = 0.003714± 0.000092 , δKM = 1.137± 0.022 . (43)

A similar plot for the CKM matrix is shown in Fig. 3. The parameter se in the MNS matrix is
redefined as su and its range is set to be within the critical value (|su| ! 0.09). The green-shaded
regions are excluded because cos δKM < 0. The region within the error range of δKM is filled in.
In the three continuous parameters, one two-dimensional surface is chosen that reproduces the
observed CP phase.

Since the phase behaves as δKM $ β for sufficiently small su, we see that the observed CPV
in the CKM matrix corresponds to the intrinsic CP phase δd associated with the diagonalization
of down quarks. This situation corresponds to the large CPV in the MNS matrix, and |su sinα|
must be large to make sinβ small. A characteristic structure of CP phases such as the µ − τ
reflection symmetry can be required. On the other hand, near the critical value, a parameter
set su = 0.09,α = −π/2 or su = −0.09,α = π/2 is possible. In the limit of s13 → 0, Eq. (19)
is reduced to the Fritzsch–Xing parameterization [18] and it has been known that the phase is
almost maximal |α| = π/2. Such restrictions can be useful in the construction of grand unified
theories.
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If su cos β sin α is not large, the observed δCKM 〜 β 〜 δd

neglect the 1-3 mixing for
up-quarks appears reasonable.



Middle Summary

• Approximation: neglect 1-3 mixing for more hierarchical fermions (u,e)
• justification: chiral symmetry of 1st gen. ⇒ s13^e 〜 me/mτ 〜 10^-3

1. Almost general analysis of CKM and MNS matrices 

• Result：Discovery of δ in 10 years leads to δν ≠ 0. 
If not discovered, upper bounds imposed δν and ρ, σ

• Understanding：if Ue=1, relative phases are erased, and they are 
suppressed by Ue

2. interpretation of Dirac CP phase probed by DUNE and T2HK

3. Analysis of general CP phases is important in GUT and leptogenesis.
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What DUNE/HK can verify in the first 10 years:
perturbed μ-τ reflection symmetry 
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Generalized CP symmetry
• CP × unitary trf (different from generalised symmetry)  

37
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振り子の法則
世界は n次元フーリエモード

f(x) =

∫
dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！
ψ′
i = Uijψc

j

0.0.1 2503学会
P (νµ → νe)と P (ν̄µ → ν̄e)を比べることでDirac位相を測定

U =




eiρL1 0 0

0 eiρL2 0

0 0 eiρL3



UPDG




eiρR1 0 0

0 eiρR2 0

0 0 eiρR3



 (2)

UPDG ≡




1 0 0

0 c23 s23
0 −s23 c23








c13 0 s13e−iδ

0 1 0

−s13eiδ 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (3)

Uν,e = Φν,eL U0
ν,eΦ

ν,e
R

Φe†
L ΦνL = diag (eiρ, eiσ, eiσ

′
)

between U0
ν and U0

e . By a redefinition of the overall phase, we define σ′ ≡ −σ to set the

determinant of the 2-3 submatrix to unity. Then the MNS matrix is written by

UMNS ≡ Φe†
RU0†

e




eiρ 0 0

0 eiσ 0

0 0 e−iσ



U0
νΦ

ν
R, U0†

e ≡




ce −se 0

se ce 0

0 0 1








1 0 0

0 cτ −sτ
0 sτ cτ



 ,

U0
ν ≡




1 0 0

0 cν sν
0 −sν cν








c13 0 s13e−iδν

0 1 0

−s13eiδν 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (4)

U0
e ≡




1 0 0

0 cτ sτ
0 −sτ cτ








ce13 0 se13e

−iδe

0 1 0

−se13e
iδe 0 ce13








ce se 0

−se ce 0

0 0 1



 . (5)

現象論的にも、
|Vub| ∼ 0.003 % |Ue3| ∼ 0.15 (6)

JCKM ∼ 3× 10−5 % JMNS ∼ 0.03 (7)

Ue ∼ Uu,d

1



Generalized CP symmetry
• CP × unitary trf (different from generalised symmetry)  

• μ-τ reflection symmetry
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e . By a redefinition of the overall phase, we define σ′ ≡ −σ to set the
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U0
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|Vub| ∼ 0.003 % |Ue3| ∼ 0.15 (6)
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In this letter, we generally analyze the µ − τ reflection symmetry modified by small mixings of
charged leptons and interpret deviations of the mixing angle θ23 and the Dirac CP phase δ. As an
approximaition, the left-handed diagonalization Ue of charged leptons is assumed to have a similar
magnitude as the CKM matrix. In other words, the 1-3 mixing is neglected and the 1-2 and 2-3
mixing are to be about O(0.1). The Dirac CP phase δ of the MNS matrix is evaluated in such
parameter regions.

As a result, since deviations from the predictions sin θ23 = π/4, δ = ±π/2 has information on
the charged lepton sector, the observation of δ gives an indication of the dominant contribution
depending on a magnitude of the deviation. On the other hand, if δ is not observed, such a scenario
is excluded by about 5 years of observation of next-generation experiments.

I. INTRODUCTION

Understanding CP violation (CPV) in the lepton sector is important in studies of grand unified theories
and leptogenesis. Although observations of the Dirac phase δ have been continued by the T2K [1] and the
NOvA experiment [2], the value is rarely determined in the normal mass hierarchy. As next-generation
experiments, Deep Underground Neutrino Experiment (DUNE) [3] and Tokai to Hyper-Kamiokande
(T2HK) [4] are scheduled in the next decade.
Meanwhile, to explain certain Dirac and Majorana phases, there have been a number of literatures of

generalized CP symmetry (GCP) [5–30]. A notable example is the µ−τ reflection symmetry [31–61] that
predicts the maximal 2-3 mixing θ23 = π/4, the maximal Dirac phase δ = ±π/2 and Majolana phases 0
or π/2 [62, 63].

When the Dirac phase is observed in the near future, it is generally expected to deviate from the
maximal value δ = ±π/2. In this letter, we generally analyze how the prediction of µ − τ reflection
symmetry is modified by small mixings of charged leptons and what kind of deviation is expected.

II. µ− τ REFLECTION SYMMETRY AND PERTURBATION BY CHARGED LEPTONS

In this section, we first organize µ − τ reflection symmetry [31, 32] and perturbations by charged
leptons. The µ− τ reflection symmetry for the mass matrix of light majorana neutrinos mν is defined as

Tm∗
νT = mν , T =




1 0 0
0 0 1
0 1 0



 . (1)

This symmetry restricts mν to the following form

mν =




a b+ ic b− ic

b+ ic d+ if g
b− ic g d− if



 , (2)
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振り子の法則
世界は n次元フーリエモード

f(x) =

∫
dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！
0.0.1 2504pisa

a ∼ h ∈ R
ψ′
i = Uijψc

j

1− cos 2σ sin 2τ

2
= s223 (2)

0.0.2 2503学会
P (νµ → νe)と P (ν̄µ → ν̄e)を比べることでDirac位相を測定
Measure the Dirac phase by comparing P (νµ → νe) with P (ν̄µ → ν̄e)

U =
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UPDG
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c12 s12 0

−s12 c12 0

0 0 1
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ν,eΦ
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Φe†
L ΦνL = diag (eiρ, eiσ, eiσ

′
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between U0
ν and U0

e . By a redefinition of the overall phase, we define σ′ ≡ −σ to

set the determinant of the 2-3 submatrix to unity. Then the MNS matrix is written
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UMNS ≡ Φe†
RU0†
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ν
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0 cν sν
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0 1 0

−s13eiδν 0 c13








c12 s12 0
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U0
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−se ce 0

0 0 1



 . (6)
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θ12, θ23, θ13, δPDG

VCKM =
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0 c23 s23
0 −s23 c23








c13 0 s13e−iδ

0 1 0

−s13eiδ 0 c13








c12 s12 0

−s12 c12 0

0 0 1
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mf =




a b b

c d e

c e d



 (98)

mu-tau symmetry



1 0 0

0 1√
2

1√
2

0 − 1√
2

1√
2








a b b

c d e

c e d








1 0 0

0 1√
2

− 1√
2

0 1√
2

1√
2
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a

√
2b 0√

2c d+ e 0

0 0 d− e



 (99)

TBM mass matrix




√
2
3 − 1√

6
− 1√

6
1√
3

1√
3
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3

0 − 1√
2

1√
2








c+ d− b b b

b c d

b d c









√
2
3

1√
3

0

− 1√
6

1√
3

− 1√
2

− 1√
6

1√
3

1√
2



 =




c+ d− 2b 0 0

0 c+ d+ b 0

0 0 c− d





(100)

S =




−1

3
2
3

2
3

2
3 −1

3
2
3

2
3

2
3 −1

3



 SmfS = mf , (101)

mu-tau reflection symmetry



1 0 0

0 1√
2

1√
2

0 − 1√
2

1√
2








a b b∗

b c d

b∗ d c








1 0 0

0 1√
2

− 1√
2

0 1√
2

1√
2



 =




a

√
2b 0√

2b c+ d 0

0 0 c− d???



 (102)

a ∼ k ∈ R

Tum
∗
fTu = m, mf =




a b− ic b+ ic

d− ie f − ig h+ ik

d+ ie h− ik f + ig



 (103)

次の bi-maximal変換で
UBM =




1 0 0

0 1/
√
2 1/

√
2

0 −1/
√
2 1/

√
2



 , (104)

13

UBMmfU
†
BM =




a

√
2Re b −

√
2i Im b√

2Re c Re (d+ e) i Im (e− d)

−
√
2i Im c i Im (−e− d) Re (d− e)



 =




1 0 0

0 1 0

0 0 −i



m0




1 0 0

0 1 0

0 0 i



 ,

(105)

簡易版

UBMmfU
†
BM =




1 0 0

0 1 0

0 0 −i



m0




1 0 0

0 1 0

0 0 i



 , (106)

UBMmfU
†
BM =




a

√
2b

√
2ic√

2d f + h i(g + k)√
2ie i(g − k) f − h



 =




1 0 0

0 1 0

0 0 −i



m0




1 0 0

0 1 0

0 0 i



 , (107)

UBMmfU
†
BM =




1 0 0

0 1 0

0 0 −i



m0




1 0 0

0 1 0

0 0 i



 , (108)

RLm0RT
R =




±m1 0 0

0 ±m2 0

0 0 ±m3



 .

GCP, ψ′
i = UijCψ

∗
j (t,−x) , m′

ψ = ULm
∗
ψU

†
R , (109)

FZ表示

VCKM #





1

√
mu

mc
0

−
√

mu

mc
1 0

0 0 1








−i 0 0

0 cq sq
0 −sq cq









1 −
√

md

ms
0

√
md

ms
1 0

0 0 1




, (110)

MNS

U #





1
√

me

mµ
0

−
√

me

mµ
1 0

0 0 1








−i 0 0

0 c23 s23
0 −s23 c23








c13 0 s13
0 1 0

−s13 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (111)

mf # Φ∗
fR

−1
f mdiag

f RfΦ,
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Bi-maximal trf.
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In this letter, we generally analyze the µ − τ reflection symmetry modified by small mixings of
charged leptons and interpret deviations of the mixing angle θ23 and the Dirac CP phase δ. As an
approximaition, the left-handed diagonalization Ue of charged leptons is assumed to have a similar
magnitude as the CKM matrix. In other words, the 1-3 mixing is neglected and the 1-2 and 2-3
mixing are to be about O(0.1). The Dirac CP phase δ of the MNS matrix is evaluated in such
parameter regions.

As a result, since deviations from the predictions sin θ23 = π/4, δ = ±π/2 has information on
the charged lepton sector, the observation of δ gives an indication of the dominant contribution
depending on a magnitude of the deviation. On the other hand, if δ is not observed, such a scenario
is excluded by about 5 years of observation of next-generation experiments.

I. INTRODUCTION

Understanding CP violation (CPV) in the lepton sector is important in studies of grand unified theories
and leptogenesis. Although observations of the Dirac phase δ have been continued by the T2K [1] and the
NOvA experiment [2], the value is rarely determined in the normal mass hierarchy. As next-generation
experiments, Deep Underground Neutrino Experiment (DUNE) [3] and Tokai to Hyper-Kamiokande
(T2HK) [4] are scheduled in the next decade.
Meanwhile, to explain certain Dirac and Majorana phases, there have been a number of literatures of

generalized CP symmetry (GCP) [5–30]. A notable example is the µ−τ reflection symmetry [31–61] that
predicts the maximal 2-3 mixing θ23 = π/4, the maximal Dirac phase δ = ±π/2 and Majolana phases 0
or π/2 [62, 63].

When the Dirac phase is observed in the near future, it is generally expected to deviate from the
maximal value δ = ±π/2. In this letter, we generally analyze how the prediction of µ − τ reflection
symmetry is modified by small mixings of charged leptons and what kind of deviation is expected.

II. µ− τ REFLECTION SYMMETRY AND PERTURBATION BY CHARGED LEPTONS

In this section, we first organize µ − τ reflection symmetry [31, 32] and perturbations by charged
leptons. The µ− τ reflection symmetry for the mass matrix of light majorana neutrinos mν is defined as

Tm∗
νT = mν , T =




1 0 0
0 0 1
0 1 0



 . (1)

This symmetry restricts mν to the following form

mν =




a b+ ic b− ic

b+ ic d+ if g
b− ic g d− if



 , (2)
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振り子の法則
世界は n次元フーリエモード

f(x) =

∫
dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！
0.0.1 2504pisa

a ∼ h ∈ R
ψ′
i = Uijψc

j

1− cos 2σ sin 2τ

2
= s223 (2)

0.0.2 2503学会
P (νµ → νe)と P (ν̄µ → ν̄e)を比べることでDirac位相を測定
Measure the Dirac phase by comparing P (νµ → νe) with P (ν̄µ → ν̄e)

U =




eiρL1 0 0

0 eiρL2 0

0 0 eiρL3



UPDG




eiρR1 0 0

0 eiρR2 0

0 0 eiρR3



 (3)

UPDG ≡




1 0 0

0 c23 s23
0 −s23 c23








c13 0 s13e−iδ

0 1 0

−s13eiδ 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (4)

Uν,e = Φν,eL U0
ν,eΦ

ν,e
R

Φe†
L ΦνL = diag (eiρ, eiσ, eiσ

′
)

between U0
ν and U0

e . By a redefinition of the overall phase, we define σ′ ≡ −σ to

set the determinant of the 2-3 submatrix to unity. Then the MNS matrix is written

by

UMNS ≡ Φe†
RU0†

e




eiρ 0 0

0 eiσ 0

0 0 e−iσ



U0
νΦ

ν
R, U0†

e ≡




ce −se 0

se ce 0

0 0 1








1 0 0

0 cτ −sτ
0 sτ cτ



 ,

U0
ν ≡




1 0 0

0 cν sν
0 −sν cν








c13 0 s13e−iδν

0 1 0

−s13eiδν 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (5)

U0
e ≡




1 0 0

0 cτ sτ
0 −sτ cτ








ce13 0 se13e

−iδe

0 1 0

−se13e
iδe 0 ce13








ce se 0

−se ce 0

0 0 1



 . (6)
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θ12, θ23, θ13, δPDG

VCKM =




1 0 0

0 c23 s23
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0 1 0
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c12 s12 0

−s12 c12 0

0 0 1
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mf =




a b b

c d e

c e d



 (98)

mu-tau symmetry



1 0 0

0 1√
2

1√
2

0 − 1√
2

1√
2








a b b

c d e

c e d








1 0 0

0 1√
2

− 1√
2

0 1√
2

1√
2



 =




a

√
2b 0√

2c d+ e 0

0 0 d− e



 (99)

TBM mass matrix




√
2
3 − 1√

6
− 1√

6
1√
3

1√
3

1√
3

0 − 1√
2

1√
2








c+ d− b b b

b c d

b d c









√
2
3

1√
3

0

− 1√
6

1√
3

− 1√
2

− 1√
6

1√
3

1√
2



 =




c+ d− 2b 0 0

0 c+ d+ b 0

0 0 c− d





(100)

S =




−1

3
2
3

2
3

2
3 −1

3
2
3

2
3

2
3 −1

3



 SmfS = mf , (101)

mu-tau reflection symmetry



1 0 0

0 1√
2

1√
2

0 − 1√
2

1√
2








a b b∗

b c d

b∗ d c








1 0 0

0 1√
2

− 1√
2

0 1√
2

1√
2



 =




a

√
2b 0√

2b c+ d 0

0 0 c− d???



 (102)

a ∼ k ∈ R

Tum
∗
fTu = m, mf =




a b− ic b+ ic

d− ie f − ig h+ ik

d+ ie h− ik f + ig



 (103)

次の bi-maximal変換で
UBM =




1 0 0

0 1/
√
2 1/

√
2

0 −1/
√
2 1/

√
2



 , (104)

13

UBMmfU
†
BM =




a

√
2Re b −

√
2i Im b√

2Re c Re (d+ e) i Im (e− d)

−
√
2i Im c i Im (−e− d) Re (d− e)



 =




1 0 0

0 1 0

0 0 −i



m0




1 0 0

0 1 0

0 0 i



 ,

(105)

簡易版

UBMmfU
†
BM =




1 0 0

0 1 0

0 0 −i



m0




1 0 0

0 1 0

0 0 i



 , (106)

UBMmfU
†
BM =




a

√
2b

√
2ic√

2d f + h i(g + k)√
2ie i(g − k) f − h



 =




1 0 0

0 1 0

0 0 −i



m0




1 0 0

0 1 0

0 0 i



 , (107)

UBMmfU
†
BM =




1 0 0

0 1 0

0 0 −i



m0




1 0 0

0 1 0

0 0 i



 , (108)

RLm0RT
R =




±m1 0 0

0 ±m2 0

0 0 ±m3



 .

GCP, ψ′
i = UijCψ

∗
j (t,−x) , m′

ψ = ULm
∗
ψU

†
R , (109)

FZ表示

VCKM #





1

√
mu

mc
0

−
√

mu

mc
1 0

0 0 1








−i 0 0

0 cq sq
0 −sq cq









1 −
√

md

ms
0

√
md

ms
1 0

0 0 1




, (110)

MNS

U #





1
√

me

mµ
0

−
√

me

mµ
1 0

0 0 1








−i 0 0

0 c23 s23
0 −s23 c23








c13 0 s13
0 1 0

−s13 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (111)

mf # Φ∗
fR

−1
f mdiag

f RfΦ,

14

Bi-maximal trf.

Inversely, θ23=45°& δ=±90°⇒ we can find a basis that satisfies μ-τ ref. sym. 
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In this letter, we generally analyze the µ − τ reflection symmetry modified by small mixings of
charged leptons and interpret deviations of the mixing angle θ23 and the Dirac CP phase δ. As an
approximaition, the left-handed diagonalization Ue of charged leptons is assumed to have a similar
magnitude as the CKM matrix. In other words, the 1-3 mixing is neglected and the 1-2 and 2-3
mixing are to be about O(0.1). The Dirac CP phase δ of the MNS matrix is evaluated in such
parameter regions.

As a result, since deviations from the predictions sin θ23 = π/4, δ = ±π/2 has information on
the charged lepton sector, the observation of δ gives an indication of the dominant contribution
depending on a magnitude of the deviation. On the other hand, if δ is not observed, such a scenario
is excluded by about 5 years of observation of next-generation experiments.

I. INTRODUCTION

Understanding CP violation (CPV) in the lepton sector is important in studies of grand unified theories
and leptogenesis. Although observations of the Dirac phase δ have been continued by the T2K [1] and the
NOvA experiment [2], the value is rarely determined in the normal mass hierarchy. As next-generation
experiments, Deep Underground Neutrino Experiment (DUNE) [3] and Tokai to Hyper-Kamiokande
(T2HK) [4] are scheduled in the next decade.
Meanwhile, to explain certain Dirac and Majorana phases, there have been a number of literatures of

generalized CP symmetry (GCP) [5–30]. A notable example is the µ−τ reflection symmetry [31–61] that
predicts the maximal 2-3 mixing θ23 = π/4, the maximal Dirac phase δ = ±π/2 and Majolana phases 0
or π/2 [62, 63].

When the Dirac phase is observed in the near future, it is generally expected to deviate from the
maximal value δ = ±π/2. In this letter, we generally analyze how the prediction of µ − τ reflection
symmetry is modified by small mixings of charged leptons and what kind of deviation is expected.

II. µ− τ REFLECTION SYMMETRY AND PERTURBATION BY CHARGED LEPTONS

In this section, we first organize µ − τ reflection symmetry [31, 32] and perturbations by charged
leptons. The µ− τ reflection symmetry for the mass matrix of light majorana neutrinos mν is defined as

Tm∗
νT = mν , T =




1 0 0
0 0 1
0 1 0



 . (1)

This symmetry restricts mν to the following form

mν =




a b+ ic b− ic

b+ ic d+ if g
b− ic g d− if



 , (2)
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U =




eiρL1 0 0

0 eiρL2 0

0 0 eiρL3



UPDG




eiρR1 0 0

0 eiρR2 0

0 0 eiρR3



 (3)

UPDG ≡




1 0 0

0 c23 s23
0 −s23 c23








c13 0 s13e−iδ

0 1 0

−s13eiδ 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (4)

Uν,e = Φν,eL U0
ν,eΦ

ν,e
R

Φe†
L ΦνL = diag (eiρ, eiσ, eiσ

′
)

between U0
ν and U0

e . By a redefinition of the overall phase, we define σ′ ≡ −σ to

set the determinant of the 2-3 submatrix to unity. Then the MNS matrix is written

by

UMNS ≡ Φe†
RU0†

e




eiρ 0 0

0 eiσ 0

0 0 e−iσ



U0
νΦ

ν
R, U0†

e ≡




ce −se 0

se ce 0

0 0 1








1 0 0

0 cτ −sτ
0 sτ cτ



 ,

U0
ν ≡




1 0 0

0 cν sν
0 −sν cν








c13 0 s13e−iδν

0 1 0

−s13eiδν 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (5)

U0
e ≡




1 0 0

0 cτ sτ
0 −sτ cτ








ce13 0 se13e

−iδe

0 1 0

−se13e
iδe 0 ce13
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 . (6)
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mu-tau symmetry



1 0 0

0 1√
2
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0 − 1√
2

1√
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a b b

c d e
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2
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√
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TBM mass matrix




√
2
3 − 1√

6
− 1√

6
1√
3

1√
3

1√
3

0 − 1√
2

1√
2








c+ d− b b b

b c d

b d c









√
2
3

1√
3

0

− 1√
6

1√
3

− 1√
2

− 1√
6

1√
3

1√
2



 =




c+ d− 2b 0 0

0 c+ d+ b 0

0 0 c− d





(100)

S =




−1

3
2
3

2
3

2
3 −1

3
2
3

2
3

2
3 −1

3



 SmfS = mf , (101)

mu-tau reflection symmetry



1 0 0

0 1√
2

1√
2

0 − 1√
2

1√
2








a b b∗

b c d

b∗ d c








1 0 0

0 1√
2

− 1√
2

0 1√
2

1√
2



 =




a

√
2b 0√

2b c+ d 0

0 0 c− d???



 (102)

a ∼ k ∈ R

Tum
∗
fTu = m, mf =




a b− ic b+ ic

d− ie f − ig h+ ik

d+ ie h− ik f + ig



 (103)

次の bi-maximal変換で
UBM =




1 0 0

0 1/
√
2 1/

√
2

0 −1/
√
2 1/

√
2



 , (104)
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UBMmfU
†
BM =




a

√
2Re b −

√
2i Im b√

2Re c Re (d+ e) i Im (e− d)

−
√
2i Im c i Im (−e− d) Re (d− e)



 =




1 0 0

0 1 0

0 0 −i



m0




1 0 0

0 1 0

0 0 i



 ,

(105)

簡易版

UBMmfU
†
BM =




1 0 0

0 1 0

0 0 −i



m0




1 0 0

0 1 0

0 0 i



 , (106)

UBMmfU
†
BM =




a

√
2b

√
2ic√

2d f + h i(g + k)√
2ie i(g − k) f − h



 =




1 0 0

0 1 0

0 0 −i



m0




1 0 0

0 1 0

0 0 i



 , (107)

UBMmfU
†
BM =




1 0 0

0 1 0

0 0 −i



m0




1 0 0

0 1 0

0 0 i



 , (108)

RLm0RT
R =




±m1 0 0

0 ±m2 0

0 0 ±m3



 .

GCP, ψ′
i = UijCψ

∗
j (t,−x) , m′

ψ = ULm
∗
ψU

†
R , (109)

FZ表示

VCKM #





1

√
mu

mc
0

−
√

mu

mc
1 0

0 0 1








−i 0 0

0 cq sq
0 −sq cq









1 −
√

md

ms
0

√
md

ms
1 0

0 0 1




, (110)

MNS

U #





1
√

me

mµ
0

−
√

me

mµ
1 0

0 0 1








−i 0 0

0 c23 s23
0 −s23 c23








c13 0 s13
0 1 0

−s13 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (111)

mf # Φ∗
fR

−1
f mdiag

f RfΦ,

14

Bi-maximal trf.

Inversely, θ23=45°& δ=±90°⇒ we can find a basis that satisfies μ-τ ref. sym. 

How is it understood when δ deviates from ±π/2?
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In this letter, we generally analyze the µ − τ reflection symmetry modified by small mixings of
charged leptons and interpret deviations of the mixing angle θ23 and the Dirac CP phase δ. As an
approximaition, the left-handed diagonalization Ue of charged leptons is assumed to have a similar
magnitude as the CKM matrix. In other words, the 1-3 mixing is neglected and the 1-2 and 2-3
mixing are to be about O(0.1). The Dirac CP phase δ of the MNS matrix is evaluated in such
parameter regions.

As a result, since deviations from the predictions sin θ23 = π/4, δ = ±π/2 has information on
the charged lepton sector, the observation of δ gives an indication of the dominant contribution
depending on a magnitude of the deviation. On the other hand, if δ is not observed, such a scenario
is excluded by about 5 years of observation of next-generation experiments.

I. INTRODUCTION

Understanding CP violation (CPV) in the lepton sector is important in studies of grand unified theories
and leptogenesis. Although observations of the Dirac phase δ have been continued by the T2K [1] and the
NOvA experiment [2], the value is rarely determined in the normal mass hierarchy. As next-generation
experiments, Deep Underground Neutrino Experiment (DUNE) [3] and Tokai to Hyper-Kamiokande
(T2HK) [4] are scheduled in the next decade.
Meanwhile, to explain certain Dirac and Majorana phases, there have been a number of literatures of

generalized CP symmetry (GCP) [5–30]. A notable example is the µ−τ reflection symmetry [31–61] that
predicts the maximal 2-3 mixing θ23 = π/4, the maximal Dirac phase δ = ±π/2 and Majolana phases 0
or π/2 [62, 63].

When the Dirac phase is observed in the near future, it is generally expected to deviate from the
maximal value δ = ±π/2. In this letter, we generally analyze how the prediction of µ − τ reflection
symmetry is modified by small mixings of charged leptons and what kind of deviation is expected.

II. µ− τ REFLECTION SYMMETRY AND PERTURBATION BY CHARGED LEPTONS

In this section, we first organize µ − τ reflection symmetry [31, 32] and perturbations by charged
leptons. The µ− τ reflection symmetry for the mass matrix of light majorana neutrinos mν is defined as

Tm∗
νT = mν , T =




1 0 0
0 0 1
0 1 0



 . (1)

This symmetry restricts mν to the following form

mν =




a b+ ic b− ic

b+ ic d+ if g
b− ic g d− if



 , (2)
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振り子の法則
世界は n次元フーリエモード

f(x) =

∫
dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！
0.0.1 2504pisa

a ∼ h ∈ R
ψ′
i = Uijψc

j

1− cos 2σ sin 2τ

2
= s223 (2)

0.0.2 2503学会
P (νµ → νe)と P (ν̄µ → ν̄e)を比べることでDirac位相を測定
Measure the Dirac phase by comparing P (νµ → νe) with P (ν̄µ → ν̄e)

U =




eiρL1 0 0

0 eiρL2 0

0 0 eiρL3



UPDG




eiρR1 0 0

0 eiρR2 0

0 0 eiρR3



 (3)

UPDG ≡




1 0 0

0 c23 s23
0 −s23 c23








c13 0 s13e−iδ

0 1 0

−s13eiδ 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (4)

Uν,e = Φν,eL U0
ν,eΦ

ν,e
R

Φe†
L ΦνL = diag (eiρ, eiσ, eiσ

′
)

between U0
ν and U0

e . By a redefinition of the overall phase, we define σ′ ≡ −σ to

set the determinant of the 2-3 submatrix to unity. Then the MNS matrix is written

by

UMNS ≡ Φe†
RU0†

e




eiρ 0 0

0 eiσ 0

0 0 e−iσ



U0
νΦ

ν
R, U0†

e ≡




ce −se 0

se ce 0

0 0 1








1 0 0

0 cτ −sτ
0 sτ cτ



 ,

U0
ν ≡




1 0 0

0 cν sν
0 −sν cν








c13 0 s13e−iδν

0 1 0

−s13eiδν 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (5)

U0
e ≡




1 0 0

0 cτ sτ
0 −sτ cτ








ce13 0 se13e

−iδe

0 1 0

−se13e
iδe 0 ce13








ce se 0

−se ce 0

0 0 1



 . (6)

1
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ここで a ∼ hは実パラメーターである。これを対角化するユニタリー行列 Uν の 1-3混合が 0でなければ、
the maximal 2-3 mixingと the maximal CP violationが予言される

θ13 "= 0 ⇒ θ23 = π/4 and δ = ±π/2 . (3)

この対称性は荷電レプトンの質量meが対角的な基底で定義されることが多いが、模型構成によっては、摂動的に非対角成分が入ってくる可能性がある。そのため、me の対角化における左側のユニタリー行列 Ueによってこの結果が変化する可能性がある。よって、この論文では、meが階層的で小混合しか持たない基底において µ− τreflection 対称性が定義されると考えることにする。
Tm∗

νT = mν , me ∼




me1 ∗ ∗
∗ me2 ∗
∗ ∗ me3



 , (4)

ここでmei はme の特異値であり、∗は大混合にならない程度の大きさの行列要素を表す。一般的に、Uν,e の PDG表示を考えると Uν,e = Φν,e
L U0

ν,eΦ
ν,e
R という形に書ける。ここで Φν,e

L,R は対角的な位相行列で、U0
ν,e は３つの混合角と１つの位相をもつ。すると、MNS行列は

UMNS = U †
eUν = Φe†

RU0†
e Φe†

L Φν
LUνΦ

ν
R . (5)

ここで Uν は最大の 2-3混合と CP位相をもつ。Φν,e
R は δ に対して物理的影響をもたないので今後は omitする。

A. MNS行列に対する近似とパラメーター化
ここでは上で定義されたMNS行列に対する近似とそれに基づいた specificなパラメーター化を定義し、数値解析の準備をする。近似: U0

e における 1-3混合を無視し、1-2混合 seと 2-3混合 sτ を 0.1以下程度 |se,τ | ! 0.1程度とする。正当化: 相当する CKM行列の 1-3混合は |Vub| & 0.003なので、MNS行列 |Ue3| & 0.15に対して無視できる。また、1-2混合 |Vus| & 0.2, |Vcb| & 0.04から、素朴な大統一理論においては近似がなりたつ。より理論的なカイラル対称性による正当化は the previous paper []に存在する。この仮定によって、MNS行列は
UMNS ≡ Φe†

RU0†
e




eiρ 0 0
0 eiσ 0
0 0 e−iσ



U0
νΦ

ν
R, U0†

e ≡




ce −se 0
se ce 0
0 0 1








1 0 0
0 cτ −sτ
0 sτ cτ



 ,

U0
ν ≡




1 0 0
0 cν sν
0 −sν cν








c13 0 s13e−iδν

0 1 0
−s13eiδν 0 c13








c12 s12 0
−s12 c12 0
0 0 1



 . (6)

Here sf ≡ sin f , cf ≡ cos f , sij ≡ sin θij , cij ≡ cos θij . ρ,σは位相であり、overall位相の自由度によって
2-3混合の行列式が１となるように再定義した。the µ−τ reflection symmetryによって、ν = π/4, δν = ±π/2としてよい。２つの 2-3 mixingsを合体することで、新しい位相 χ and ηを定義する。
(
cτ −sτ
sτ cτ

)(
eiσ 0
0 e−iσ

)(
cν sν
−sν cν

)
=

(
cσcν−τ + isσcν+τ cσsν−τ + isσsν+τ

−cσsν−τ + isσsν+τ cσcν−τ − isσcν+τ

)
≡

(
eiχc23 eiηs23

−e−iηs23 e−iχc23

)
.

(7)

Relations between these phases χ, η and parameters σ, ν, τ are

tanχ = tanσ
cν+τ

cν−τ
, tan η = tanσ

sν+τ

sν−τ
. (8)
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ここで a ∼ hは実パラメーターである。これを対角化するユニタリー行列 Uν の 1-3混合が 0でなければ、
the maximal 2-3 mixingと the maximal CP violationが予言される

θ13 "= 0 ⇒ θ23 = π/4 and δ = ±π/2 . (3)

この対称性は荷電レプトンの質量meが対角的な基底で定義されることが多いが、模型構成によっては、摂動的に非対角成分が入ってくる可能性がある。そのため、me の対角化における左側のユニタリー行列 Ueによってこの結果が変化する可能性がある。よって、この論文では、meが階層的で小混合しか持たない基底において µ− τreflection 対称性が定義されると考えることにする。
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me1 ∗ ∗
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∗ ∗ me3



 , (4)

ここでmei はme の特異値であり、∗は大混合にならない程度の大きさの行列要素を表す。一般的に、Uν,e の PDG表示を考えると Uν,e = Φν,e
L U0

ν,eΦ
ν,e
R という形に書ける。ここで Φν,e

L,R は対角的な位相行列で、U0
ν,e は３つの混合角と１つの位相をもつ。すると、MNS行列は

UMNS = U †
eUν = Φe†

RU0†
e Φe†

L Φν
LUνΦ

ν
R . (5)

ここで Uν は最大の 2-3混合と CP位相をもつ。Φν,e
R は δ に対して物理的影響をもたないので今後は omitする。

A. MNS行列に対する近似とパラメーター化
ここでは上で定義されたMNS行列に対する近似とそれに基づいた specificなパラメーター化を定義し、数値解析の準備をする。近似: U0

e における 1-3混合を無視し、1-2混合 seと 2-3混合 sτ を 0.1以下程度 |se,τ | ! 0.1程度とする。正当化: 相当する CKM行列の 1-3混合は |Vub| & 0.003なので、MNS行列 |Ue3| & 0.15に対して無視できる。また、1-2混合 |Vus| & 0.2, |Vcb| & 0.04から、素朴な大統一理論においては近似がなりたつ。より理論的なカイラル対称性による正当化は the previous paper []に存在する。この仮定によって、MNS行列は
UMNS ≡ Φe†

RU0†
e




eiρ 0 0
0 eiσ 0
0 0 e−iσ



U0
νΦ

ν
R, U0†

e ≡




ce −se 0
se ce 0
0 0 1








1 0 0
0 cτ −sτ
0 sτ cτ



 ,

U0
ν ≡




1 0 0
0 cν sν
0 −sν cν








c13 0 s13e−iδν

0 1 0
−s13eiδν 0 c13








c12 s12 0
−s12 c12 0
0 0 1



 . (6)

Here sf ≡ sin f , cf ≡ cos f , sij ≡ sin θij , cij ≡ cos θij . ρ,σは位相であり、overall位相の自由度によって
2-3混合の行列式が１となるように再定義した。the µ−τ reflection symmetryによって、ν = π/4, δν = ±π/2としてよい。２つの 2-3 mixingsを合体することで、新しい位相 χ and ηを定義する。
(
cτ −sτ
sτ cτ

)(
eiσ 0
0 e−iσ

)(
cν sν
−sν cν

)
=

(
cσcν−τ + isσcν+τ cσsν−τ + isσsν+τ

−cσsν−τ + isσsν+τ cσcν−τ − isσcν+τ

)
≡

(
eiχc23 eiηs23

−e−iηs23 e−iχc23

)
.

(7)

Relations between these phases χ, η and parameters σ, ν, τ are

tanχ = tanσ
cν+τ

cν−τ
, tan η = tanσ

sν+τ

sν−τ
. (8)

Thus, this approximation is justified in a wide range of parameters.
A similar discussion allows some mention for magnitudes of the 1-2 mixings εfL/δ

f
L.

me1

me2
! 0.005 ! |se12| ! 0.07 !

√
me1

me2
, (12)

mu1

mu2
! 0.002 ! |su12| ! 0.04 !

√
mu1

mu2
. (13)

In subsequent analyses, we consider parameter regions of se,u12 ! 0.1.

2.2 Representation of flavor-mixing matrices

Using this approximation, we organize an almost general representation of the flavor-mixing
matrices. For unitary matrices Uν,e = Φν,e

L U0
ν,eΦ

ν,e
R displayed in the PDG parameterization,

there is relative phases Φe†
L Φν

L = diag (eiρ, eiσ, eiσ
′
) between U0

ν and U0
e . By a redefinition of the

overall phase, we define σ′ ≡ −σ to set the determinant of the 2-3 submatrix to unity. Then the
MNS matrix is written by

UMNS ≡ Φe†
RU0†

e




eiρ 0 0
0 eiσ 0
0 0 e−iσ



U0
νΦ

ν
R, U0†

e ≡




ce −se 0
se ce 0
0 0 1








1 0 0
0 cτ −sτ
0 sτ cτ



 ,

U0
ν ≡




1 0 0
0 cν sν
0 −sν cν








c13 0 s13e−iδν

0 1 0
−s13eiδν 0 c13








c12 s12 0
−s12 c12 0
0 0 1



 . (14)

Here sf ≡ sin f , cf ≡ cos f , sij ≡ sin θij , cij ≡ cos θij . Since the phases Φν,e
R do not affect the

Dirac phase, they are omitted hereafter. The CKM matrix is also defined in the same way.
The approximation eliminates the intrinsic CP phase δu,e associated with Uu,e, because three

generations are no longer involved in flavor-mixing for the more hierarchical fermions. Thus,
in this analysis, there are two sources of CP violation: relative phases between the two unitary
matrices ρ,σ and intrinsic CP phase δd,ν for the less hierarchical fermions.

The two 2-3 mixings are merged to define new arguments χ and η.
(
cτ −sτ
sτ cτ

)(
eiσ 0
0 e−iσ

)(
cν sν
−sν cν

)
=

(
eiσcτ cν + e−iσsτsν eiσcτsν − e−iσsτ cν
eiσsτ cν − e−iσcτsν eiσsτsν + e−iσcτ cν

)
(15)

=

(
cσcν−τ + isσcν+τ cσsν−τ + isσsν+τ

−cσsν−τ + isσsν+τ cσcν−τ − isσcν+τ

)
≡

(
eiχc23 eiηs23

−e−iηs23 e−iχc23

)
. (16)

Relations between these arguments χ, η and parameters σ, ν, τ are

tanχ = tanσ
cν+τ

cν−τ
, tan η = tanσ

sν+τ

sν−τ
. (17)

From this,

UMNS =




ce −se 0
se ce 0
0 0 1








eiρ 0 0
0 eiχc23 eiηs23
0 −e−iηs23 e−iχc23








c13 0 s13e−iδν

0 1 0
−s13eiδν 0 c13








c12 s12 0
−s12 c12 0
0 0 1



 ,

(18)

4

=π/4 =±π/2
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ν
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ここで Uν は最大の 2-3混合と CP位相をもつ。Φν,e
R は δ に対して物理的影響をもたないので今後は omitする。
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Here sf ≡ sin f , cf ≡ cos f , sij ≡ sin θij , cij ≡ cos θij . ρ,σは位相であり、overall位相の自由度によって
2-3混合の行列式が１となるように再定義した。the µ−τ reflection symmetryによって、ν = π/4, δν = ±π/2としてよい。２つの 2-3 mixingsを合体することで、新しい位相 χ and ηを定義する。
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Relations between these phases χ, η and parameters σ, ν, τ are
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Thus, this approximation is justified in a wide range of parameters.
A similar discussion allows some mention for magnitudes of the 1-2 mixings εfL/δ

f
L.

me1

me2
! 0.005 ! |se12| ! 0.07 !

√
me1

me2
, (12)

mu1

mu2
! 0.002 ! |su12| ! 0.04 !

√
mu1

mu2
. (13)

In subsequent analyses, we consider parameter regions of se,u12 ! 0.1.
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R do not affect the

Dirac phase, they are omitted hereafter. The CKM matrix is also defined in the same way.
The approximation eliminates the intrinsic CP phase δu,e associated with Uu,e, because three

generations are no longer involved in flavor-mixing for the more hierarchical fermions. Thus,
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4

=π/4 =±π/2

How these predictions are modified by charged leptons?
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ここで a ∼ hは実パラメーターである。これを対角化するユニタリー行列 Uν の 1-3混合が 0でなければ、
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この対称性は荷電レプトンの質量meが対角的な基底で定義されることが多いが、模型構成によっては、摂動的に非対角成分が入ってくる可能性がある。そのため、me の対角化における左側のユニタリー行列 Ueによってこの結果が変化する可能性がある。よって、この論文では、meが階層的で小混合しか持たない基底において µ− τreflection 対称性が定義されると考えることにする。
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e における 1-3混合を無視し、1-2混合 seと 2-3混合 sτ を 0.1以下程度 |se,τ | ! 0.1程度とする。正当化: 相当する CKM行列の 1-3混合は |Vub| & 0.003なので、MNS行列 |Ue3| & 0.15に対して無視できる。また、1-2混合 |Vus| & 0.2, |Vcb| & 0.04から、素朴な大統一理論においては近似がなりたつ。より理論的なカイラル対称性による正当化は the previous paper []に存在する。この仮定によって、MNS行列は
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Merging of 2-3 mixings defines new phases η and χ

2 An almost general representation of flavor-mixing matrices
for hierarchical Yukawa structure

This section introduces an almost general form of flavor-mixing matrices that originate from
hierarchical Yukawa matrices. At first, we define that a Yukawa matrix Yf of the Standard
Model fermions f = u, d, ν, e is hierarchical if its elements satisfy |Yfii| ! |Yfij |, |Yji| for i > j.
Namely, for a matrix,

Yf ≡




Yf11 Yf12 Yf13
Yf21 Yf22 Yf23
Yf31 Yf32 Yf33



 , (1)

absolute values of its elements |Yfij | satisfy

|Yf33| ! |Yf23|, |Yf32|, |Yf13|, |Yf31| , and |Yf22| ! |Yf21|, |Yf12| . (2)

With these conditions, unitary matrices of the singular value decomposition of Yf necessarily has
only small mixings, and singular values mfi of Yf are close to its diagonal elements |Yfii| # mfi.

These hierarchical Yukawa matrices have approximate chiral flavor symmetries U(1)2L ×
U(1)2R;

Y ′
f =




eiα1L 0 0
0 eiα2L 0
0 0 1



Yf




eiα1R 0 0
0 eiα2R 0
0 0 1



 # Yf . (3)

Such Yf is easily realized by hierarchical vacuum expectation values (vevs) of scalar (flavon)
fields with appropriate chiral charges. Specifically, we consider a situation where the Yukawa
matrices are generated by vevs of flavon fields φi and φ̃j that have chiral charges associated
with the left-handed i and right-handed j generations. At leading order, Yukawa matrices are
generated as

Yf =
1

Λ2




yf11〈φ1〉〈φ̃1〉 yf12〈φ1〉〈φ̃2〉 yf13〈φ1〉〈φ̃3〉
yf21〈φ2〉〈φ̃1〉 yf22〈φ2〉〈φ̃2〉 yf23〈φ2〉〈φ̃3〉
yf31〈φ3〉〈φ̃1〉 yf32〈φ3〉〈φ̃2〉 yf33〈φ3〉〈φ̃3〉



 . (4)

Here, yfij denotes coupling constants between flavons and fermions f , and Λ is some cutoff
scale. Approximate chiral symmetries exist if these vevs satisfy |〈φ3〉| ! |〈φ2〉| ! |〈φ1〉| and
|〈φ̃3〉| ! |〈φ̃2〉| ! |〈φ̃1〉|. Various models of mass matrices exhibit these properties.

2.1 An approximation from hierarchy of Yukawa matrices

For the hierarchical Yukawa matrices, this letter deals with two flavor-mixing matrices, the CKM
matrix VCKM and the MNS matrix UMNS.

VCKM = U †
uUd , UMNS = U †

eUν . (5)

Here, Uf denote left-handed unitary matrices that diagonalize Yf and the mass matrix of neu-
trinos mν . This Uf is generally displayed by the PDG parameterization as

Uf = Φf
LU

0
fΦ

f
R , (6)

2
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2-3混合の行列式が１となるように再定義した。the µ−τ reflection symmetryによって、ν = π/4, δν = ±π/2としてよい。２つの 2-3 mixingsを合体することで、新しい位相 χ and ηを定義する。
(
cτ −sτ
sτ cτ

)(
eiσ 0
0 e−iσ

)(
cν sν
−sν cν

)
=

(
cσcν−τ + isσcν+τ cσsν−τ + isσsν+τ

−cσsν−τ + isσsν+τ cσcν−τ − isσcν+τ

)
≡

(
eiχc23 eiηs23

−e−iηs23 e−iχc23

)
.

(7)

Relations between these phases χ, η and parameters σ, ν, τ are

tanχ = tanσ
cν+τ

cν−τ
, tan η = tanσ

sν+τ

sν−τ
. (8)

Relation of before and after merging
The mixing, phase and
s23 are related
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Measure the Dirac phase by comparing P (νµ → νe) with P (ν̄µ → ν̄e)

U =
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1 0 0

0 c23 s23
0 −s23 c23








c13 0 s13e−iδ

0 1 0

−s13eiδ 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (4)

Uν,e = Φν,eL U0
ν,eΦ

ν,e
R

Φe†
L ΦνL = diag (eiρ, eiσ, eiσ

′
)

between U0
ν and U0

e . By a redefinition of the overall phase, we define σ′ ≡ −σ to

set the determinant of the 2-3 submatrix to unity. Then the MNS matrix is written

by

UMNS ≡ Φe†
RU0†

e




eiρ 0 0

0 eiσ 0

0 0 e−iσ



U0
νΦ

ν
R, U0†

e ≡




ce −se 0

se ce 0

0 0 1








1 0 0

0 cτ −sτ
0 sτ cτ



 ,

U0
ν ≡




1 0 0

0 cν sν
0 −sν cν








c13 0 s13e−iδν

0 1 0

−s13eiδν 0 c13








c12 s12 0

−s12 c12 0
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 . (5)

U0
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0 cτ sτ
0 −sτ cτ








ce13 0 se13e

−iδe
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−se13e
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1

Merging of 2-3 mixings defines new phases η and χ

2 An almost general representation of flavor-mixing matrices
for hierarchical Yukawa structure

This section introduces an almost general form of flavor-mixing matrices that originate from
hierarchical Yukawa matrices. At first, we define that a Yukawa matrix Yf of the Standard
Model fermions f = u, d, ν, e is hierarchical if its elements satisfy |Yfii| ! |Yfij |, |Yji| for i > j.
Namely, for a matrix,

Yf ≡




Yf11 Yf12 Yf13
Yf21 Yf22 Yf23
Yf31 Yf32 Yf33



 , (1)

absolute values of its elements |Yfij | satisfy

|Yf33| ! |Yf23|, |Yf32|, |Yf13|, |Yf31| , and |Yf22| ! |Yf21|, |Yf12| . (2)

With these conditions, unitary matrices of the singular value decomposition of Yf necessarily has
only small mixings, and singular values mfi of Yf are close to its diagonal elements |Yfii| # mfi.

These hierarchical Yukawa matrices have approximate chiral flavor symmetries U(1)2L ×
U(1)2R;

Y ′
f =




eiα1L 0 0
0 eiα2L 0
0 0 1



Yf




eiα1R 0 0
0 eiα2R 0
0 0 1



 # Yf . (3)

Such Yf is easily realized by hierarchical vacuum expectation values (vevs) of scalar (flavon)
fields with appropriate chiral charges. Specifically, we consider a situation where the Yukawa
matrices are generated by vevs of flavon fields φi and φ̃j that have chiral charges associated
with the left-handed i and right-handed j generations. At leading order, Yukawa matrices are
generated as

Yf =
1

Λ2




yf11〈φ1〉〈φ̃1〉 yf12〈φ1〉〈φ̃2〉 yf13〈φ1〉〈φ̃3〉
yf21〈φ2〉〈φ̃1〉 yf22〈φ2〉〈φ̃2〉 yf23〈φ2〉〈φ̃3〉
yf31〈φ3〉〈φ̃1〉 yf32〈φ3〉〈φ̃2〉 yf33〈φ3〉〈φ̃3〉



 . (4)

Here, yfij denotes coupling constants between flavons and fermions f , and Λ is some cutoff
scale. Approximate chiral symmetries exist if these vevs satisfy |〈φ3〉| ! |〈φ2〉| ! |〈φ1〉| and
|〈φ̃3〉| ! |〈φ̃2〉| ! |〈φ̃1〉|. Various models of mass matrices exhibit these properties.

2.1 An approximation from hierarchy of Yukawa matrices

For the hierarchical Yukawa matrices, this letter deals with two flavor-mixing matrices, the CKM
matrix VCKM and the MNS matrix UMNS.

VCKM = U †
uUd , UMNS = U †

eUν . (5)

Here, Uf denote left-handed unitary matrices that diagonalize Yf and the mass matrix of neu-
trinos mν . This Uf is generally displayed by the PDG parameterization as

Uf = Φf
LU

0
fΦ

f
R , (6)

2
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2

ここで a ∼ hは実パラメーターである。これを対角化するユニタリー行列 Uν の 1-3混合が 0でなければ、
the maximal 2-3 mixingと the maximal CP violationが予言される

θ13 "= 0 ⇒ θ23 = π/4 and δ = ±π/2 . (3)

この対称性は荷電レプトンの質量meが対角的な基底で定義されることが多いが、模型構成によっては、摂動的に非対角成分が入ってくる可能性がある。そのため、me の対角化における左側のユニタリー行列 Ueによってこの結果が変化する可能性がある。よって、この論文では、meが階層的で小混合しか持たない基底において µ− τreflection 対称性が定義されると考えることにする。
Tm∗

νT = mν , me ∼




me1 ∗ ∗
∗ me2 ∗
∗ ∗ me3



 , (4)

ここでmei はme の特異値であり、∗は大混合にならない程度の大きさの行列要素を表す。一般的に、Uν,e の PDG表示を考えると Uν,e = Φν,e
L U0

ν,eΦ
ν,e
R という形に書ける。ここで Φν,e

L,R は対角的な位相行列で、U0
ν,e は３つの混合角と１つの位相をもつ。すると、MNS行列は

UMNS = U †
eUν = Φe†

RU0†
e Φe†

L Φν
LUνΦ

ν
R . (5)

ここで Uν は最大の 2-3混合と CP位相をもつ。Φν,e
R は δ に対して物理的影響をもたないので今後は omitする。

A. MNS行列に対する近似とパラメーター化
ここでは上で定義されたMNS行列に対する近似とそれに基づいた specificなパラメーター化を定義し、数値解析の準備をする。近似: U0

e における 1-3混合を無視し、1-2混合 seと 2-3混合 sτ を 0.1以下程度 |se,τ | ! 0.1程度とする。正当化: 相当する CKM行列の 1-3混合は |Vub| & 0.003なので、MNS行列 |Ue3| & 0.15に対して無視できる。また、1-2混合 |Vus| & 0.2, |Vcb| & 0.04から、素朴な大統一理論においては近似がなりたつ。より理論的なカイラル対称性による正当化は the previous paper []に存在する。この仮定によって、MNS行列は
UMNS ≡ Φe†

RU0†
e




eiρ 0 0
0 eiσ 0
0 0 e−iσ



U0
νΦ

ν
R, U0†

e ≡




ce −se 0
se ce 0
0 0 1








1 0 0
0 cτ −sτ
0 sτ cτ



 ,

U0
ν ≡




1 0 0
0 cν sν
0 −sν cν








c13 0 s13e−iδν

0 1 0
−s13eiδν 0 c13








c12 s12 0
−s12 c12 0
0 0 1



 . (6)

Here sf ≡ sin f , cf ≡ cos f , sij ≡ sin θij , cij ≡ cos θij . ρ,σは位相であり、overall位相の自由度によって
2-3混合の行列式が１となるように再定義した。the µ−τ reflection symmetryによって、ν = π/4, δν = ±π/2としてよい。２つの 2-3 mixingsを合体することで、新しい位相 χ and ηを定義する。
(
cτ −sτ
sτ cτ

)(
eiσ 0
0 e−iσ

)(
cν sν
−sν cν

)
=

(
cσcν−τ + isσcν+τ cσsν−τ + isσsν+τ

−cσsν−τ + isσsν+τ cσcν−τ − isσcν+τ

)
≡

(
eiχc23 eiηs23

−e−iηs23 e−iχc23

)
.

(7)

Relations between these phases χ, η and parameters σ, ν, τ are

tanχ = tanσ
cν+τ

cν−τ
, tan η = tanσ

sν+τ

sν−τ
. (8)
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ここで a ∼ hは実パラメーターである。これを対角化するユニタリー行列 Uν の 1-3混合が 0でなければ、
the maximal 2-3 mixingと the maximal CP violationが予言される

θ13 "= 0 ⇒ θ23 = π/4 and δ = ±π/2 . (3)

この対称性は荷電レプトンの質量meが対角的な基底で定義されることが多いが、模型構成によっては、摂動的に非対角成分が入ってくる可能性がある。そのため、me の対角化における左側のユニタリー行列 Ueによってこの結果が変化する可能性がある。よって、この論文では、meが階層的で小混合しか持たない基底において µ− τreflection 対称性が定義されると考えることにする。
Tm∗

νT = mν , me ∼




me1 ∗ ∗
∗ me2 ∗
∗ ∗ me3



 , (4)

ここでmei はme の特異値であり、∗は大混合にならない程度の大きさの行列要素を表す。一般的に、Uν,e の PDG表示を考えると Uν,e = Φν,e
L U0

ν,eΦ
ν,e
R という形に書ける。ここで Φν,e

L,R は対角的な位相行列で、U0
ν,e は３つの混合角と１つの位相をもつ。すると、MNS行列は

UMNS = U †
eUν = Φe†

RU0†
e Φe†

L Φν
LUνΦ

ν
R . (5)

ここで Uν は最大の 2-3混合と CP位相をもつ。Φν,e
R は δ に対して物理的影響をもたないので今後は omitする。

A. MNS行列に対する近似とパラメーター化
ここでは上で定義されたMNS行列に対する近似とそれに基づいた specificなパラメーター化を定義し、数値解析の準備をする。近似: U0

e における 1-3混合を無視し、1-2混合 seと 2-3混合 sτ を 0.1以下程度 |se,τ | ! 0.1程度とする。正当化: 相当する CKM行列の 1-3混合は |Vub| & 0.003なので、MNS行列 |Ue3| & 0.15に対して無視できる。また、1-2混合 |Vus| & 0.2, |Vcb| & 0.04から、素朴な大統一理論においては近似がなりたつ。より理論的なカイラル対称性による正当化は the previous paper []に存在する。この仮定によって、MNS行列は
UMNS ≡ Φe†

RU0†
e




eiρ 0 0
0 eiσ 0
0 0 e−iσ



U0
νΦ

ν
R, U0†

e ≡




ce −se 0
se ce 0
0 0 1








1 0 0
0 cτ −sτ
0 sτ cτ



 ,

U0
ν ≡




1 0 0
0 cν sν
0 −sν cν








c13 0 s13e−iδν

0 1 0
−s13eiδν 0 c13








c12 s12 0
−s12 c12 0
0 0 1



 . (6)

Here sf ≡ sin f , cf ≡ cos f , sij ≡ sin θij , cij ≡ cos θij . ρ,σは位相であり、overall位相の自由度によって
2-3混合の行列式が１となるように再定義した。the µ−τ reflection symmetryによって、ν = π/4, δν = ±π/2としてよい。２つの 2-3 mixingsを合体することで、新しい位相 χ and ηを定義する。
(
cτ −sτ
sτ cτ

)(
eiσ 0
0 e−iσ

)(
cν sν
−sν cν

)
=

(
cσcν−τ + isσcν+τ cσsν−τ + isσsν+τ

−cσsν−τ + isσsν+τ cσcν−τ − isσcν+τ

)
≡

(
eiχc23 eiηs23

−e−iηs23 e−iχc23

)
.

(7)

Relations between these phases χ, η and parameters σ, ν, τ are

tanχ = tanσ
cν+τ

cν−τ
, tan η = tanσ

sν+τ

sν−τ
. (8)

Relation of before and after merging
The mixing, phase and
s23 are related
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P (νµ → νe)ͱ P (ν̄µ → ν̄e)ΛൺΔ͜ͱͰDiracҐ૬Λଌఆ
Measure the Dirac phase by comparing P (νµ → νe) with P (ν̄µ → ν̄e)

U =




eiρL1 0 0

0 eiρL2 0

0 0 eiρL3



UPDG




eiρR1 0 0

0 eiρR2 0

0 0 eiρR3



 (3)

UPDG ≡




1 0 0

0 c23 s23
0 −s23 c23








c13 0 s13e−iδ

0 1 0

−s13eiδ 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (4)

Uν,e = Φν,eL U0
ν,eΦ

ν,e
R

Φe†
L ΦνL = diag (eiρ, eiσ, eiσ

′
)

between U0
ν and U0

e . By a redefinition of the overall phase, we define σ′ ≡ −σ to

set the determinant of the 2-3 submatrix to unity. Then the MNS matrix is written

by

UMNS ≡ Φe†
RU0†

e




eiρ 0 0

0 eiσ 0

0 0 e−iσ



U0
νΦ

ν
R, U0†

e ≡




ce −se 0

se ce 0

0 0 1








1 0 0

0 cτ −sτ
0 sτ cτ



 ,

U0
ν ≡




1 0 0

0 cν sν
0 −sν cν








c13 0 s13e−iδν

0 1 0

−s13eiδν 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (5)

U0
e ≡




1 0 0

0 cτ sτ
0 −sτ cτ








ce13 0 se13e

−iδe

0 1 0

−se13e
iδe 0 ce13








ce se 0

−se ce 0

0 0 1



 . (6)

1

Merging of 2-3 mixings defines new phases η and χ

The shift of s23 from 45° depends on the lepton sector.

2 An almost general representation of flavor-mixing matrices
for hierarchical Yukawa structure

This section introduces an almost general form of flavor-mixing matrices that originate from
hierarchical Yukawa matrices. At first, we define that a Yukawa matrix Yf of the Standard
Model fermions f = u, d, ν, e is hierarchical if its elements satisfy |Yfii| ! |Yfij |, |Yji| for i > j.
Namely, for a matrix,

Yf ≡




Yf11 Yf12 Yf13
Yf21 Yf22 Yf23
Yf31 Yf32 Yf33



 , (1)

absolute values of its elements |Yfij | satisfy

|Yf33| ! |Yf23|, |Yf32|, |Yf13|, |Yf31| , and |Yf22| ! |Yf21|, |Yf12| . (2)

With these conditions, unitary matrices of the singular value decomposition of Yf necessarily has
only small mixings, and singular values mfi of Yf are close to its diagonal elements |Yfii| # mfi.

These hierarchical Yukawa matrices have approximate chiral flavor symmetries U(1)2L ×
U(1)2R;

Y ′
f =




eiα1L 0 0
0 eiα2L 0
0 0 1



Yf




eiα1R 0 0
0 eiα2R 0
0 0 1



 # Yf . (3)

Such Yf is easily realized by hierarchical vacuum expectation values (vevs) of scalar (flavon)
fields with appropriate chiral charges. Specifically, we consider a situation where the Yukawa
matrices are generated by vevs of flavon fields φi and φ̃j that have chiral charges associated
with the left-handed i and right-handed j generations. At leading order, Yukawa matrices are
generated as

Yf =
1

Λ2




yf11〈φ1〉〈φ̃1〉 yf12〈φ1〉〈φ̃2〉 yf13〈φ1〉〈φ̃3〉
yf21〈φ2〉〈φ̃1〉 yf22〈φ2〉〈φ̃2〉 yf23〈φ2〉〈φ̃3〉
yf31〈φ3〉〈φ̃1〉 yf32〈φ3〉〈φ̃2〉 yf33〈φ3〉〈φ̃3〉



 . (4)

Here, yfij denotes coupling constants between flavons and fermions f , and Λ is some cutoff
scale. Approximate chiral symmetries exist if these vevs satisfy |〈φ3〉| ! |〈φ2〉| ! |〈φ1〉| and
|〈φ̃3〉| ! |〈φ̃2〉| ! |〈φ̃1〉|. Various models of mass matrices exhibit these properties.

2.1 An approximation from hierarchy of Yukawa matrices

For the hierarchical Yukawa matrices, this letter deals with two flavor-mixing matrices, the CKM
matrix VCKM and the MNS matrix UMNS.

VCKM = U †
uUd , UMNS = U †

eUν . (5)

Here, Uf denote left-handed unitary matrices that diagonalize Yf and the mass matrix of neu-
trinos mν . This Uf is generally displayed by the PDG parameterization as

Uf = Φf
LU

0
fΦ

f
R , (6)

2
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3

後の解析でわかるように、ここで定義された s23はほとんど観測された 2-3混合に等しい。ν = π/4を代入し、s23 を σ, τ で表すと
s223 = |cσsν−τ + isσsν+τ |2 =

1− cos 2σ sin 2τ

2
, ∆s223 ≡ − cos 2σ sin 2τ

2
. (9)

ここで∆s223は s223の 1/2からのずれを表す。現在の global fitではこのずれは Super-Kamiokande(SK)の有無に関わらず、3σ rangeで ±0.1程度であるから [67]、混合角に対する近似 |sτ | ! 0.1は妥当である。
By multipliying diag (1, 1, ei(χ+η)) from the left and diag (1, 1, ei(χ−η)) from the right of UMNS and

removing an overall phase eiχ, UMNS is found to be

UMNS =




ce −se 0
se ce 0
0 0 1








ei(ρ−χ) 0 0

0 c23 s23
0 −s23 c23








c13 0 s13e−i(δν+η−χ)

0 1 0
−s13ei(δν+η−χ) 0 c13








c12 s12 0
−s12 c12 0
0 0 1



 .

(10)

Therefore, the following two phases α and β are physical CP phases.

α ≡ ρ− χ , β = δν + η − χ . (11)

十分に小さい τ に対しては、χ ∼ η ∼ σ and α ∼ ρ− σ , β ∼ δν が成り立つ。混合角 sτ が小さいことから、βの動く範囲が制限される。tθ ≡ tan θとして、小さな τ に対して tη−χを展開すると
tη−χ =

tη − tχ
1 + tηtχ

$ 2 sin 2σ tan τ . (12)

位相 σが 0から 2 πまで動くとすれば、この β に対する補正 η − χは ±0.2程度になる。この β への補正は、Eq. (9)を用いて？σを消去することで上記の∆s223 と関係式が得られる。
η − χ $ 2 sin 2σ tan τ $ ±2sτ

√

1− (∆s223)
2

s2τ
. (13)

ここで符号自由度 ±は sin 2σのものである。
(コメント：最初のパラメーターは se,τ , ρ, σ, s13, s12だが、S23を与えることで∆s223が決まるのだからこれは従属で、２つパラメーターが残るのは正しいと思う)えーと、だからこうしてβの値は τでかけるので、∆δに代入すると、何がわかる？、∆δがαと τの関数でかけて、拘束される？
こうして定義された混合行列は４つの混合角 se, sij と２つの位相 α,β を持つ。３つの観測された混合角を拘束する手法は前の論文 []に詳しいので、ここでは概要に留める。まず、混合行列 (10)の絶対値を PDG表示されたMNS行列 UPDG

MNS の絶対値と等しいとおく |UPDG
MNS | = |UMNS|。ここから３つの条件 (具体的には

2-3成分、1-3成分と 1-2成分)を選ぶことで、UMNS の３つの混合角 sij を固定できる。UPDG
MNS の３つの混合角による三角関数を Sij , Cij と表記すると、

|(UPDG
MNS )23| = |(UMNS)23| ⇒ C23C13 = c23c13 , (14)

|(UPDG
MNS )13| = |(UMNS)13| ⇒ S13 = |ces13ei(α−β) − c13s23se| , (15)

|(UPDG
MNS )12| = |(UMNS)12| ⇒ C13S12 = |− c12c23se + eiαc13ces12 + eiβs12s23s13se| . (16)

これを逐次的に解くことで、sij を Sij , Cij の関数として表すことができる。位相再定義によって PDG表示の混合角は第１章限にとれるため、sij , cij > 0の解を選んでよい。s23 についての解は直ちにもとまる。
s23 =

√

1− C2
13C

2
23

c213
. (17)

3

ここで∆s223は s223の 1/2からのずれを表す。現在の global fitではこのずれは Super-Kamiokande (SK)の有無に関わらず、3σ rangeで ±0.1程度であるから [75]、混合角に対する近似 |sτ | ! 0.1は妥当である。
By multipliying diag (1, 1, ei(χ+η)) from the left and diag (1, 1, ei(χ−η)) from the right of UMNS and

removing an overall phase eiχ, UMNS is found to be
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Therefore, the following two phases α and β are physical CP phases.

α ≡ ρ− χ , β = δν + η − χ . (11)

十分に小さい τ に対しては、χ ∼ η ∼ σ and α ∼ ρ− σ , β ∼ δν が成り立つ。混合角 sτ が小さいことから、βの動く範囲が制限される。tθ ≡ tan θとして、小さな τ に対して tη−χを展開すると
tη−χ =

tη − tχ
1 + tηtχ

$ 2 sin 2σ tan τ . (12)

位相 σが 0から 2 πまで動くとすれば、この βに対する補正 η − χは±0.2程度になる。さらに Eq. (9)を用いて σを消去することで上記の∆s223 と関係式が得られる。
η − χ $ 2 sin 2σ tan τ $ ±2sτ
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2
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. (13)

ここで符号自由度 ±は sin 2σのものである。
(コメント：最初のパラメーターは se,τ , ρ, σ, s13, s12だが、S23を与えることで∆s223が決まるのだからこれは従属で、２つパラメーターが残るのは正しいと思う)

こうして定義された混合行列は４つの混合角 se, sij と２つの位相 α,β を持つ。３つの観測された混合角を拘束する手法は前の論文 []に詳しいので、ここでは概要に留める。まず、混合行列 (10)の絶対値を PDG表示されたMNS行列 UPDG
MNS の絶対値と等しいとおく |UPDG

MNS | = |UMNS|。ここから３つの条件 (具体的には
2-3成分、1-3成分と 1-2成分)を選ぶことで、UMNS の３つの混合角 sij を固定できる。UPDG

MNS の３つの混合角による三角関数を Sij , Cij と表記すると、
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MNS )12| = |(UMNS)12| ⇒ C13S12 = |− c12c23se + eiαc13ces12 + eiβs12s23s13se| . (16)

これを逐次的に解くことで、sij を Sij , Cij の関数として表すことができる。位相再定義によって PDG表示の混合角は第１章限にとれるため、sij , cij > 0の解を選んでよい。s23 についての解は直ちにもとまる。
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これより s23 $ S23 が従い、そのズレは s13 の２次である。s13 については４次方程式、もしくは s213 についての２次方程式になるが、
s213 =

A±B

(c4e + 2c2es
2
e cos 2(α− β) + s4e)

, (18)

A = −c2es
2
e(C

2
13C

2
23 − 1) cos 2(α− β)− C2

13C
2
23s

4
e + c2eS

2
13 − S2

13s
2
e + s4e , (19)

B = 2cese cos(α− β)
√

C2
13S

2
13S

2
23 − c2es

2
e(C

2
13C

2
23 − 1)2 sin2(α− β) . (20)

3

後の解析でわかるように、ここで定義された s23はほとんど観測された 2-3混合に等しい。ν = π/4を代入し、s23 を σ, τ で表すと
s223 = |cσsν−τ + isσsν+τ |2 =

1− cos 2σ sin 2τ

2
, ∆s223 ≡ − cos 2σ sin 2τ

2
. (9)

ここで∆s223は s223の 1/2からのずれを表す。現在の global fitではこのずれは Super-Kamiokande(SK)の有無に関わらず、3σ rangeで ±0.1程度であるから [67]、混合角に対する近似 |sτ | ! 0.1は妥当である。
By multipliying diag (1, 1, ei(χ+η)) from the left and diag (1, 1, ei(χ−η)) from the right of UMNS and

removing an overall phase eiχ, UMNS is found to be
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(10)

Therefore, the following two phases α and β are physical CP phases.

α ≡ ρ− χ , β = δν + η − χ . (11)

十分に小さい τ に対しては、χ ∼ η ∼ σ and α ∼ ρ− σ , β ∼ δν が成り立つ。混合角 sτ が小さいことから、βの動く範囲が制限される。tθ ≡ tan θとして、小さな τ に対して tη−χを展開すると
tη−χ =

tη − tχ
1 + tηtχ

$ 2 sin 2σ tan τ . (12)

位相 σが 0から 2 πまで動くとすれば、この β に対する補正 η − χは ±0.2程度になる。この β への補正は、Eq. (9)を用いて？σを消去することで上記の∆s223 と関係式が得られる。
η − χ $ 2 sin 2σ tan τ $ ±2sτ

√

1− (∆s223)
2

s2τ
. (13)

ここで符号自由度 ±は sin 2σのものである。
(コメント：最初のパラメーターは se,τ , ρ, σ, s13, s12だが、S23を与えることで∆s223が決まるのだからこれは従属で、２つパラメーターが残るのは正しいと思う)えーと、だからこうしてβの値は τでかけるので、∆δに代入すると、何がわかる？、∆δがαと τの関数でかけて、拘束される？
こうして定義された混合行列は４つの混合角 se, sij と２つの位相 α,β を持つ。３つの観測された混合角を拘束する手法は前の論文 []に詳しいので、ここでは概要に留める。まず、混合行列 (10)の絶対値を PDG表示されたMNS行列 UPDG

MNS の絶対値と等しいとおく |UPDG
MNS | = |UMNS|。ここから３つの条件 (具体的には

2-3成分、1-3成分と 1-2成分)を選ぶことで、UMNS の３つの混合角 sij を固定できる。UPDG
MNS の３つの混合角による三角関数を Sij , Cij と表記すると、

|(UPDG
MNS )23| = |(UMNS)23| ⇒ C23C13 = c23c13 , (14)

|(UPDG
MNS )13| = |(UMNS)13| ⇒ S13 = |ces13ei(α−β) − c13s23se| , (15)

|(UPDG
MNS )12| = |(UMNS)12| ⇒ C13S12 = |− c12c23se + eiαc13ces12 + eiβs12s23s13se| . (16)

これを逐次的に解くことで、sij を Sij , Cij の関数として表すことができる。位相再定義によって PDG表示の混合角は第１章限にとれるため、sij , cij > 0の解を選んでよい。s23 についての解は直ちにもとまる。
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後の解析でわかるように、ここで定義された s23はほとんど観測された 2-3混合に等しい。ν = π/4を代入し、s23 を σ, τ で表すと
s223 = |cσsν−τ + isσsν+τ |2 =

1− cos 2σ sin 2τ

2
, ∆s223 ≡ − cos 2σ sin 2τ
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. (9)

ここで∆s223は s223の 1/2からのずれを表す。現在の global fitではこのずれは Super-Kamiokande(SK)の有無に関わらず、3σ rangeで ±0.1程度であるから [67]、混合角に対する近似 |sτ | ! 0.1は妥当である。
By multipliying diag (1, 1, ei(χ+η)) from the left and diag (1, 1, ei(χ−η)) from the right of UMNS and

removing an overall phase eiχ, UMNS is found to be
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Therefore, the following two phases α and β are physical CP phases.

α ≡ ρ− χ , β = δν + η − χ . (11)

十分に小さい τ に対しては、χ ∼ η ∼ σ and α ∼ ρ− σ , β ∼ δν が成り立つ。混合角 sτ が小さいことから、βの動く範囲が制限される。tθ ≡ tan θとして、小さな τ に対して tη−χを展開すると
tη−χ =

tη − tχ
1 + tηtχ

$ 2 sin 2σ tan τ . (12)

位相 σが 0から 2 πまで動くとすれば、この β に対する補正 η − χは ±0.2程度になる。この β への補正は、Eq. (9)を用いて？σを消去することで上記の∆s223 と関係式が得られる。
η − χ $ 2 sin 2σ tan τ $ ±2sτ

√

1− (∆s223)
2

s2τ
. (13)

ここで符号自由度 ±は sin 2σのものである。
(コメント：最初のパラメーターは se,τ , ρ, σ, s13, s12だが、S23を与えることで∆s223が決まるのだからこれは従属で、２つパラメーターが残るのは正しいと思う)えーと、だからこうしてβの値は τでかけるので、∆δに代入すると、何がわかる？、∆δがαと τの関数でかけて、拘束される？
こうして定義された混合行列は４つの混合角 se, sij と２つの位相 α,β を持つ。３つの観測された混合角を拘束する手法は前の論文 []に詳しいので、ここでは概要に留める。まず、混合行列 (10)の絶対値を PDG表示されたMNS行列 UPDG

MNS の絶対値と等しいとおく |UPDG
MNS | = |UMNS|。ここから３つの条件 (具体的には

2-3成分、1-3成分と 1-2成分)を選ぶことで、UMNS の３つの混合角 sij を固定できる。UPDG
MNS の３つの混合角による三角関数を Sij , Cij と表記すると、
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|(UPDG
MNS )12| = |(UMNS)12| ⇒ C13S12 = |− c12c23se + eiαc13ces12 + eiβs12s23s13se| . (16)

これを逐次的に解くことで、sij を Sij , Cij の関数として表すことができる。位相再定義によって PDG表示の混合角は第１章限にとれるため、sij , cij > 0の解を選んでよい。s23 についての解は直ちにもとまる。
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ここで∆s223は s223の 1/2からのずれを表す。現在の global fitではこのずれは Super-Kamiokande (SK)の有無に関わらず、3σ rangeで ±0.1程度であるから [75]、混合角に対する近似 |sτ | ! 0.1は妥当である。
By multipliying diag (1, 1, ei(χ+η)) from the left and diag (1, 1, ei(χ−η)) from the right of UMNS and

removing an overall phase eiχ, UMNS is found to be

UMNS =
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Therefore, the following two phases α and β are physical CP phases.

α ≡ ρ− χ , β = δν + η − χ . (11)

十分に小さい τ に対しては、χ ∼ η ∼ σ and α ∼ ρ− σ , β ∼ δν が成り立つ。混合角 sτ が小さいことから、βの動く範囲が制限される。tθ ≡ tan θとして、小さな τ に対して tη−χを展開すると
tη−χ =

tη − tχ
1 + tηtχ

$ 2 sin 2σ tan τ . (12)

位相 σが 0から 2 πまで動くとすれば、この βに対する補正 η − χは±0.2程度になる。さらに Eq. (9)を用いて σを消去することで上記の∆s223 と関係式が得られる。
η − χ $ 2 sin 2σ tan τ $ ±2sτ
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ここで符号自由度 ±は sin 2σのものである。
(コメント：最初のパラメーターは se,τ , ρ, σ, s13, s12だが、S23を与えることで∆s223が決まるのだからこれは従属で、２つパラメーターが残るのは正しいと思う)

こうして定義された混合行列は４つの混合角 se, sij と２つの位相 α,β を持つ。３つの観測された混合角を拘束する手法は前の論文 []に詳しいので、ここでは概要に留める。まず、混合行列 (10)の絶対値を PDG表示されたMNS行列 UPDG
MNS の絶対値と等しいとおく |UPDG

MNS | = |UMNS|。ここから３つの条件 (具体的には
2-3成分、1-3成分と 1-2成分)を選ぶことで、UMNS の３つの混合角 sij を固定できる。UPDG
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|(UPDG
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これを逐次的に解くことで、sij を Sij , Cij の関数として表すことができる。位相再定義によって PDG表示の混合角は第１章限にとれるため、sij , cij > 0の解を選んでよい。s23 についての解は直ちにもとまる。
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これより s23 $ S23 が従い、そのズレは s13 の２次である。s13 については４次方程式、もしくは s213 についての２次方程式になるが、
s213 =

A±B

(c4e + 2c2es
2
e cos 2(α− β) + s4e)

, (18)

A = −c2es
2
e(C

2
13C

2
23 − 1) cos 2(α− β)− C2

13C
2
23s

4
e + c2eS

2
13 − S2

13s
2
e + s4e , (19)

B = 2cese cos(α− β)
√

C2
13S

2
13S

2
23 − c2es

2
e(C

2
13C

2
23 − 1)2 sin2(α− β) . (20)

3

後の解析でわかるように、ここで定義された s23はほとんど観測された 2-3混合に等しい。ν = π/4を代入し、s23 を σ, τ で表すと
s223 = |cσsν−τ + isσsν+τ |2 =
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2
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ここで∆s223は s223の 1/2からのずれを表す。現在の global fitではこのずれは Super-Kamiokande(SK)の有無に関わらず、3σ rangeで ±0.1程度であるから [67]、混合角に対する近似 |sτ | ! 0.1は妥当である。
By multipliying diag (1, 1, ei(χ+η)) from the left and diag (1, 1, ei(χ−η)) from the right of UMNS and

removing an overall phase eiχ, UMNS is found to be
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Therefore, the following two phases α and β are physical CP phases.

α ≡ ρ− χ , β = δν + η − χ . (11)

十分に小さい τ に対しては、χ ∼ η ∼ σ and α ∼ ρ− σ , β ∼ δν が成り立つ。混合角 sτ が小さいことから、βの動く範囲が制限される。tθ ≡ tan θとして、小さな τ に対して tη−χを展開すると
tη−χ =

tη − tχ
1 + tηtχ

$ 2 sin 2σ tan τ . (12)

位相 σが 0から 2 πまで動くとすれば、この β に対する補正 η − χは ±0.2程度になる。この β への補正は、Eq. (9)を用いて？σを消去することで上記の∆s223 と関係式が得られる。
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√

1− (∆s223)
2

s2τ
. (13)

ここで符号自由度 ±は sin 2σのものである。
(コメント：最初のパラメーターは se,τ , ρ, σ, s13, s12だが、S23を与えることで∆s223が決まるのだからこれは従属で、２つパラメーターが残るのは正しいと思う)えーと、だからこうしてβの値は τでかけるので、∆δに代入すると、何がわかる？、∆δがαと τの関数でかけて、拘束される？
こうして定義された混合行列は４つの混合角 se, sij と２つの位相 α,β を持つ。３つの観測された混合角を拘束する手法は前の論文 []に詳しいので、ここでは概要に留める。まず、混合行列 (10)の絶対値を PDG表示されたMNS行列 UPDG

MNS の絶対値と等しいとおく |UPDG
MNS | = |UMNS|。ここから３つの条件 (具体的には

2-3成分、1-3成分と 1-2成分)を選ぶことで、UMNS の３つの混合角 sij を固定できる。UPDG
MNS の３つの混合角による三角関数を Sij , Cij と表記すると、
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MNS )23| = |(UMNS)23| ⇒ C23C13 = c23c13 , (14)
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|(UPDG
MNS )12| = |(UMNS)12| ⇒ C13S12 = |− c12c23se + eiαc13ces12 + eiβs12s23s13se| . (16)

これを逐次的に解くことで、sij を Sij , Cij の関数として表すことができる。位相再定義によって PDG表示の混合角は第１章限にとれるため、sij , cij > 0の解を選んでよい。s23 についての解は直ちにもとまる。
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If Ue is about the CKM matrix,      sτ<0.1 ⇒ |η-χ|<0.2

Region of β is restricted to β= ±π/2±0.2 .
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FIG. 1: β = ±π/2付近の Plots of sin δ of the MNS matrix UMNS for a given 1-2 mixing se and phases α,β.

この εに対して Eq. (26)を加法定理だとみなせば、cos εによって εと seについての２次の摂動が自動的に取り入れられる。
sin δ ! cos ε sinβ + cosβ sin ε ! sin(β + ε) . (31)

我々はこの sin(β + ε)が Fig. 1を数値的に良く再現することを実際に確認した。結果の直観的理解としては、次のとおりである。seが十分小さければ位相の変化は小さく、UMNSはPDG表示に近似できるから、
Dirac位相は 13成分 Ue3 = ces13ei(α−β) − c13s23seの偏角となる。よって、ディラック位相のずれは seの摂動による角度のズレと解釈することができる。ここから、δの±π/2からのずれを荷電レプトンの混合角で表すことが可能になる。Eq. (13)と合わせて、

∆δ ≡ δ − ±π

2
= η − χ+ ε ! ±2sτ

√

1− (∆s223)
2

s2τ
− se

(
S23 sin(α− β)

C13S13

)
, (32)

se,τ ! 0.1とすると、η − χによる第 1項は最大 0.2程度なので、10◦程度のずれしかもたらさない。一方、
se を含む項は S23/S13 ∼ 5より最大 0.5程度の大きなずれをもたらす可能性がある。これによって、ごく近い将来に Dirac位相が発見された orされなかったときに、荷電レプトンによって摂動された µ− τ reflection symmetryというシナリオの解釈が可能である。
1. |δ| = 90◦ ∼ 80◦ 程度のDirac位相が発見されたとき accidentalな相殺がなければ、se sin(α−β) ! 0.2という制限がつけられ、sτ の寄与のみで説明が可能である。θ23が精度よく決定されれば、そこから

sτ の大きさにも上限がつく。
2. |δ| = 80◦ ∼ 70◦ 程度のDirac位相が発見されたとき sτ と位相 σ の寄与だけでは説明ができない領域で、sτ の寄与を無視すれば∆δ ∼ −5se sin(α− β)という領域に限られる。
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FIG. 1: β = ±π/2付近の Plots of sin δ of the MNS matrix UMNS for a given 1-2 mixing se and phases α,β.

この εに対して Eq. (26)を加法定理だとみなせば、cos εによって εと seについての２次の摂動が自動的に取り入れられる。
sin δ ! cos ε sinβ + cosβ sin ε ! sin(β + ε) . (31)

我々はこの sin(β + ε)が Fig. 1を数値的に良く再現することを実際に確認した。結果の直観的理解としては、次のとおりである。seが十分小さければ位相の変化は小さく、UMNSはPDG表示に近似できるから、
Dirac位相は 13成分 Ue3 = ces13ei(α−β) − c13s23seの偏角となる。よって、ディラック位相のずれは seの摂動による角度のズレと解釈することができる。ここから、δの±π/2からのずれを荷電レプトンの混合角で表すことが可能になる。Eq. (13)と合わせて、

∆δ ≡ δ − ±π

2
= η − χ+ ε ! ±2sτ

√

1− (∆s223)
2

s2τ
− se

(
S23 sin(α− β)

C13S13

)
, (32)

se,τ ! 0.1とすると、η − χによる第 1項は最大 0.2程度なので、10◦程度のずれしかもたらさない。一方、
se を含む項は S23/S13 ∼ 5より最大 0.5程度の大きなずれをもたらす可能性がある。これによって、ごく近い将来に Dirac位相が発見された orされなかったときに、荷電レプトンによって摂動された µ− τ reflection symmetryというシナリオの解釈が可能である。
1. |δ| = 90◦ ∼ 80◦ 程度のDirac位相が発見されたとき accidentalな相殺がなければ、se sin(α−β) ! 0.2という制限がつけられ、sτ の寄与のみで説明が可能である。θ23が精度よく決定されれば、そこから

sτ の大きさにも上限がつく。
2. |δ| = 80◦ ∼ 70◦ 程度のDirac位相が発見されたとき sτ と位相 σ の寄与だけでは説明ができない領域で、sτ の寄与を無視すれば∆δ ∼ −5se sin(α− β)という領域に限られる。
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FIG. 1: Plots of sin δ of the MNS matrix UMNS for a given 1-2 mixing se and phases α,β = ±π/2 ± 0.2. The
green-shaded regions represent cos δ < 0.

This expression contains all first-order contributions of se and is more accurate than the previous expres-
sion [74]. Since cosβ is also small, the deviation of δ is small in wide regions.
On the other hand, in the region of sin(α − β) " 0, the phase δ largely deviates from π/2 and the

first-order contributions are insufficient to explain the behavior. The reason is that the relative phase
between two terms in Eq. (15) becomes α − β " ±π/2 and second-order contributions of se become
non-negligible,

(UMNS)13 = ces13e
i(α−β) − c13s23se " ±ices13 − c13s23se , (28)

S2
13 "

√
(ces13)2 + (c13s23se)2 . (29)

To incorporate second-order perturbations of se, we reinterpret the first-order perturbation of Eq. (26)
as an angular shift and define the shift of CP phase ε as follows.

sin ε ≡ sin δ(1)

cosβ
" se

(
−S23 sin(α− β)

C13S13
+

(1− 2S2
12)C23 sinα

C12C13S12

)
. (30)

By considering Eq. (26) as the addition theorem for ε, a part of second-order perturbations of se are
automatically incorporated by cos ε,

sin δ " cos ε sinβ + cosβ sin ε " sin(β + ε) . (31)

The author actually confirmed that the leading terms of second-order perturbations come from this point.
This expression sin(β + ε) reproduces the Dirac phase numerically well even for small β. An intuitive
understanding of the result is as follows. If se is small enough, the phase shift is also small, and UMNS
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In most regions, this scenario predicts |sin δ| > 0.95
|sinδ|~0.8 only in a special region (se〜0.1, α-β ~ ±π/2)

5

In[159]:= {tabsin4, tabsin4m}

Out[159]=

0.948

0.948 0.948

0.96

0.96 0.96

0.972

0.972

0.972

0.984

0.984 0.984

0 1 2 3 4 5 6

1.4

1.5

1.6

1.7

α

β

se=0.03

0.9

0.90.9

0.925

0.925

0.925

0.95

0.95

0.95

0.975

0.9750.975

0 1 2 3 4 5 6

1.4

1.5

1.6

1.7

α

β

se=0.06

0.78

0.78 0.78

0.832

0.8320.832

0.884

0.884

0.884

0.936

0.936 0.936

0 1 2 3 4 5 6

1.4

1.5

1.6

1.7

α

β

se=0.1

-0.984

-0.984

-0.984

0.972

-0.972

-0.972

-0.96

-0.96

-0.96

-0.948
-0.948

-0.948

0 1 2 3 4 5 6

-1.7

-1.6

-1.5

-1.4

α

β

se=0.03

-0.975

-0.975

-0.975

-0.95

0.95

-0.95

-0.925

-0.925

-0.925

-0.9
-0.9

-0.9

0 1 2 3 4 5 6

-1.7

-1.6

-1.5

-1.4

α

β

se=0.06

-0.936

-0.936
0.936

-0.884

-0.884

-0.884

-0.832

-0.832

-0.832-0.78

-0.78

0.78

0 1 2 3 4 5 6

-1.7

-1.6

-1.5

-1.4

α

β

se=0.1

色が一番マシ

In[ ]:= tabsin4m = Table

ContourPlotsd /. sol12〚1〛 /. sol23〚2〛 /. s13  t13 /. sol13〚1〛 /. solse〚m〛,

{α, 0, 2 π}, β, -
π

2
- 0.2, -

π

2
+ 0.2, Contours  4,

ContourLabels  True, Frame  True, PlotPoints  20,
ColorFunction  (Blend[{White, LightYellow, Orange}, Rescale[#, {-6, 4}]] &),
FrameLabel  {{Style["β", 12], ""}, {Style["α", 12], label〚m〛 }}, {m, 1, 3}

Out[ ]= 

-0.984

-0.984

-0.984

0.972

-0.972

-0.972

-0.96

-0.96

-0.96

-0.948
-0.948

-0.948

0 1 2 3 4 5 6

-1.7

-1.6

-1.5

-1.4

α

β

se=0.03

,

-0.975

-0.975

-0.975

-0.95

0.95

-0.95

-0.925

-0.925

-0.925

-0.9
-0.9

-0.9

0 1 2 3 4 5 6

-1.7

-1.6

-1.5

-1.4

α

β

se=0.06

,

-0.936

-0.936
0.936

-0.884

-0.884

-0.884

-0.832

-0.832

-0.832-0.78

-0.78

0.78

0 1 2 3 4 5 6

-1.7

-1.6

-1.5

-1.4

α

β

se=0.1



42 250312摂動的m-t-refsym.nb

FIG. 1: β = ±π/2付近の Plots of sin δ of the MNS matrix UMNS for a given 1-2 mixing se and phases α,β.

この εに対して Eq. (26)を加法定理だとみなせば、cos εによって εと seについての２次の摂動が自動的に取り入れられる。
sin δ ! cos ε sinβ + cosβ sin ε ! sin(β + ε) . (31)

我々はこの sin(β + ε)が Fig. 1を数値的に良く再現することを実際に確認した。結果の直観的理解としては、次のとおりである。seが十分小さければ位相の変化は小さく、UMNSはPDG表示に近似できるから、
Dirac位相は 13成分 Ue3 = ces13ei(α−β) − c13s23seの偏角となる。よって、ディラック位相のずれは seの摂動による角度のズレと解釈することができる。ここから、δの±π/2からのずれを荷電レプトンの混合角で表すことが可能になる。Eq. (13)と合わせて、

∆δ ≡ δ − ±π

2
= η − χ+ ε ! ±2sτ

√

1− (∆s223)
2

s2τ
− se

(
S23 sin(α− β)

C13S13

)
, (32)

se,τ ! 0.1とすると、η − χによる第 1項は最大 0.2程度なので、10◦程度のずれしかもたらさない。一方、
se を含む項は S23/S13 ∼ 5より最大 0.5程度の大きなずれをもたらす可能性がある。これによって、ごく近い将来に Dirac位相が発見された orされなかったときに、荷電レプトンによって摂動された µ− τ reflection symmetryというシナリオの解釈が可能である。
1. |δ| = 90◦ ∼ 80◦ 程度のDirac位相が発見されたとき accidentalな相殺がなければ、se sin(α−β) ! 0.2という制限がつけられ、sτ の寄与のみで説明が可能である。θ23が精度よく決定されれば、そこから

sτ の大きさにも上限がつく。
2. |δ| = 80◦ ∼ 70◦ 程度のDirac位相が発見されたとき sτ と位相 σ の寄与だけでは説明ができない領域で、sτ の寄与を無視すれば∆δ ∼ −5se sin(α− β)という領域に限られる。
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FIG. 1: β = ±π/2付近の Plots of sin δ of the MNS matrix UMNS for a given 1-2 mixing se and phases α,β.

この εに対して Eq. (26)を加法定理だとみなせば、cos εによって εと seについての２次の摂動が自動的に取り入れられる。
sin δ ! cos ε sinβ + cosβ sin ε ! sin(β + ε) . (31)

我々はこの sin(β + ε)が Fig. 1を数値的に良く再現することを実際に確認した。結果の直観的理解としては、次のとおりである。seが十分小さければ位相の変化は小さく、UMNSはPDG表示に近似できるから、
Dirac位相は 13成分 Ue3 = ces13ei(α−β) − c13s23seの偏角となる。よって、ディラック位相のずれは seの摂動による角度のズレと解釈することができる。ここから、δの±π/2からのずれを荷電レプトンの混合角で表すことが可能になる。Eq. (13)と合わせて、

∆δ ≡ δ − ±π

2
= η − χ+ ε ! ±2sτ

√

1− (∆s223)
2

s2τ
− se

(
S23 sin(α− β)

C13S13

)
, (32)

se,τ ! 0.1とすると、η − χによる第 1項は最大 0.2程度なので、10◦程度のずれしかもたらさない。一方、
se を含む項は S23/S13 ∼ 5より最大 0.5程度の大きなずれをもたらす可能性がある。これによって、ごく近い将来に Dirac位相が発見された orされなかったときに、荷電レプトンによって摂動された µ− τ reflection symmetryというシナリオの解釈が可能である。
1. |δ| = 90◦ ∼ 80◦ 程度のDirac位相が発見されたとき accidentalな相殺がなければ、se sin(α−β) ! 0.2という制限がつけられ、sτ の寄与のみで説明が可能である。θ23が精度よく決定されれば、そこから

sτ の大きさにも上限がつく。
2. |δ| = 80◦ ∼ 70◦ 程度のDirac位相が発見されたとき sτ と位相 σ の寄与だけでは説明ができない領域で、sτ の寄与を無視すれば∆δ ∼ −5se sin(α− β)という領域に限られる。
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FIG. 1: Plots of sin δ of the MNS matrix UMNS for a given 1-2 mixing se and phases α,β = ±π/2 ± 0.2. The
green-shaded regions represent cos δ < 0.

This expression contains all first-order contributions of se and is more accurate than the previous expres-
sion [74]. Since cosβ is also small, the deviation of δ is small in wide regions.
On the other hand, in the region of sin(α − β) " 0, the phase δ largely deviates from π/2 and the

first-order contributions are insufficient to explain the behavior. The reason is that the relative phase
between two terms in Eq. (15) becomes α − β " ±π/2 and second-order contributions of se become
non-negligible,

(UMNS)13 = ces13e
i(α−β) − c13s23se " ±ices13 − c13s23se , (28)

S2
13 "

√
(ces13)2 + (c13s23se)2 . (29)

To incorporate second-order perturbations of se, we reinterpret the first-order perturbation of Eq. (26)
as an angular shift and define the shift of CP phase ε as follows.

sin ε ≡ sin δ(1)

cosβ
" se

(
−S23 sin(α− β)

C13S13
+

(1− 2S2
12)C23 sinα

C12C13S12

)
. (30)

By considering Eq. (26) as the addition theorem for ε, a part of second-order perturbations of se are
automatically incorporated by cos ε,

sin δ " cos ε sinβ + cosβ sin ε " sin(β + ε) . (31)

The author actually confirmed that the leading terms of second-order perturbations come from this point.
This expression sin(β + ε) reproduces the Dirac phase numerically well even for small β. An intuitive
understanding of the result is as follows. If se is small enough, the phase shift is also small, and UMNS
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FIG. 1: β = ±π/2付近の Plots of sin δ of the MNS matrix UMNS for a given 1-2 mixing se and phases α,β.

この εに対して Eq. (26)を加法定理だとみなせば、cos εによって εと seについての２次の摂動が自動的に取り入れられる。
sin δ ! cos ε sinβ + cosβ sin ε ! sin(β + ε) . (31)

我々はこの sin(β + ε)が Fig. 1を数値的に良く再現することを実際に確認した。結果の直観的理解としては、次のとおりである。seが十分小さければ位相の変化は小さく、UMNSはPDG表示に近似できるから、
Dirac位相は 13成分 Ue3 = ces13ei(α−β) − c13s23seの偏角となる。よって、ディラック位相のずれは seの摂動による角度のズレと解釈することができる。ここから、δの±π/2からのずれを荷電レプトンの混合角で表すことが可能になる。Eq. (13)と合わせて、

∆δ ≡ δ − ±π

2
= η − χ+ ε ! ±2sτ

√

1− (∆s223)
2

s2τ
− se

(
S23 sin(α− β)

C13S13

)
, (32)

se,τ ! 0.1とすると、η − χによる第 1項は最大 0.2程度なので、10◦程度のずれしかもたらさない。一方、
se を含む項は S23/S13 ∼ 5より最大 0.5程度の大きなずれをもたらす可能性がある。これによって、ごく近い将来に Dirac位相が発見された orされなかったときに、荷電レプトンによって摂動された µ− τ reflection symmetryというシナリオの解釈が可能である。
1. |δ| = 90◦ ∼ 80◦ 程度のDirac位相が発見されたとき accidentalな相殺がなければ、se sin(α−β) ! 0.2という制限がつけられ、sτ の寄与のみで説明が可能である。θ23が精度よく決定されれば、そこから

sτ の大きさにも上限がつく。
2. |δ| = 80◦ ∼ 70◦ 程度のDirac位相が発見されたとき sτ と位相 σ の寄与だけでは説明ができない領域で、sτ の寄与を無視すれば∆δ ∼ −5se sin(α− β)という領域に限られる。
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FIG. 1: β = ±π/2付近の Plots of sin δ of the MNS matrix UMNS for a given 1-2 mixing se and phases α,β.

この εに対して Eq. (26)を加法定理だとみなせば、cos εによって εと seについての２次の摂動が自動的に取り入れられる。
sin δ ! cos ε sinβ + cosβ sin ε ! sin(β + ε) . (31)

我々はこの sin(β + ε)が Fig. 1を数値的に良く再現することを実際に確認した。結果の直観的理解としては、次のとおりである。seが十分小さければ位相の変化は小さく、UMNSはPDG表示に近似できるから、
Dirac位相は 13成分 Ue3 = ces13ei(α−β) − c13s23seの偏角となる。よって、ディラック位相のずれは seの摂動による角度のズレと解釈することができる。ここから、δの±π/2からのずれを荷電レプトンの混合角で表すことが可能になる。Eq. (13)と合わせて、

∆δ ≡ δ − ±π

2
= η − χ+ ε ! ±2sτ

√

1− (∆s223)
2

s2τ
− se

(
S23 sin(α− β)

C13S13

)
, (32)

se,τ ! 0.1とすると、η − χによる第 1項は最大 0.2程度なので、10◦程度のずれしかもたらさない。一方、
se を含む項は S23/S13 ∼ 5より最大 0.5程度の大きなずれをもたらす可能性がある。これによって、ごく近い将来に Dirac位相が発見された orされなかったときに、荷電レプトンによって摂動された µ− τ reflection symmetryというシナリオの解釈が可能である。
1. |δ| = 90◦ ∼ 80◦ 程度のDirac位相が発見されたとき accidentalな相殺がなければ、se sin(α−β) ! 0.2という制限がつけられ、sτ の寄与のみで説明が可能である。θ23が精度よく決定されれば、そこから

sτ の大きさにも上限がつく。
2. |δ| = 80◦ ∼ 70◦ 程度のDirac位相が発見されたとき sτ と位相 σ の寄与だけでは説明ができない領域で、sτ の寄与を無視すれば∆δ ∼ −5se sin(α− β)という領域に限られる。

±0.2〜±10° ±0.5〜±30°

Interpretation for the very near future：
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FIG. 1: β = ±π/2付近の Plots of sin δ of the MNS matrix UMNS for a given 1-2 mixing se and phases α,β.

この εに対して Eq. (26)を加法定理だとみなせば、cos εによって εと seについての２次の摂動が自動的に取り入れられる。
sin δ ! cos ε sinβ + cosβ sin ε ! sin(β + ε) . (31)

我々はこの sin(β + ε)が Fig. 1を数値的に良く再現することを実際に確認した。結果の直観的理解としては、次のとおりである。seが十分小さければ位相の変化は小さく、UMNSはPDG表示に近似できるから、
Dirac位相は 13成分 Ue3 = ces13ei(α−β) − c13s23seの偏角となる。よって、ディラック位相のずれは seの摂動による角度のズレと解釈することができる。ここから、δの±π/2からのずれを荷電レプトンの混合角で表すことが可能になる。Eq. (13)と合わせて、

∆δ ≡ δ − ±π

2
= η − χ+ ε ! ±2sτ

√

1− (∆s223)
2

s2τ
− se

(
S23 sin(α− β)

C13S13

)
, (32)

se,τ ! 0.1とすると、η − χによる第 1項は最大 0.2程度なので、10◦程度のずれしかもたらさない。一方、
se を含む項は S23/S13 ∼ 5より最大 0.5程度の大きなずれをもたらす可能性がある。これによって、ごく近い将来に Dirac位相が発見された orされなかったときに、荷電レプトンによって摂動された µ− τ reflection symmetryというシナリオの解釈が可能である。
1. |δ| = 90◦ ∼ 80◦ 程度のDirac位相が発見されたとき accidentalな相殺がなければ、se sin(α−β) ! 0.2という制限がつけられ、sτ の寄与のみで説明が可能である。θ23が精度よく決定されれば、そこから

sτ の大きさにも上限がつく。
2. |δ| = 80◦ ∼ 70◦ 程度のDirac位相が発見されたとき sτ と位相 σ の寄与だけでは説明ができない領域で、sτ の寄与を無視すれば∆δ ∼ −5se sin(α− β)という領域に限られる。
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FIG. 1: β = ±π/2付近の Plots of sin δ of the MNS matrix UMNS for a given 1-2 mixing se and phases α,β.

この εに対して Eq. (26)を加法定理だとみなせば、cos εによって εと seについての２次の摂動が自動的に取り入れられる。
sin δ ! cos ε sinβ + cosβ sin ε ! sin(β + ε) . (31)

我々はこの sin(β + ε)が Fig. 1を数値的に良く再現することを実際に確認した。結果の直観的理解としては、次のとおりである。seが十分小さければ位相の変化は小さく、UMNSはPDG表示に近似できるから、
Dirac位相は 13成分 Ue3 = ces13ei(α−β) − c13s23seの偏角となる。よって、ディラック位相のずれは seの摂動による角度のズレと解釈することができる。ここから、δの±π/2からのずれを荷電レプトンの混合角で表すことが可能になる。Eq. (13)と合わせて、

∆δ ≡ δ − ±π

2
= η − χ+ ε ! ±2sτ

√

1− (∆s223)
2

s2τ
− se

(
S23 sin(α− β)

C13S13

)
, (32)

se,τ ! 0.1とすると、η − χによる第 1項は最大 0.2程度なので、10◦程度のずれしかもたらさない。一方、
se を含む項は S23/S13 ∼ 5より最大 0.5程度の大きなずれをもたらす可能性がある。これによって、ごく近い将来に Dirac位相が発見された orされなかったときに、荷電レプトンによって摂動された µ− τ reflection symmetryというシナリオの解釈が可能である。
1. |δ| = 90◦ ∼ 80◦ 程度のDirac位相が発見されたとき accidentalな相殺がなければ、se sin(α−β) ! 0.2という制限がつけられ、sτ の寄与のみで説明が可能である。θ23が精度よく決定されれば、そこから

sτ の大きさにも上限がつく。
2. |δ| = 80◦ ∼ 70◦ 程度のDirac位相が発見されたとき sτ と位相 σ の寄与だけでは説明ができない領域で、sτ の寄与を無視すれば∆δ ∼ −5se sin(α− β)という領域に限られる。

1. δ= ±90°±10°
⇒ Explained by 1st term, 2nd term is strongly restricted
2. 0.8<|sin δ|<0.95 
⇒ The second term is necessary and se is large, α ~ 0 or π
3. |sin δ|<0.8 (<50°or >130°or …) 
⇒ This scenario is excluded, about DUNE/HK 5 years

±0.2〜±10° ±0.5〜±30°

Interpretation for the very near future：
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Physical understanding:

∣∣∣∣∣∣∣
U0†
e




eiρ 0 0

0 eiσ 0

0 0 e−iσ



U0
ν

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣




C12C13 S12C13 S13e−iδ

−S12C23 − C12S23S13eiδ C12c23 − S12S23S13eiδ S23C13

S12S23 − C12C23S13eiδ −C12S23 − S12C23S13eiδ C23C13





∣∣∣∣∣∣∣
(8)

UMNS ≡ U0†
e




eiρ 0 0

0 eiσ 0

0 0 e−iσ



U0
ν , (9)
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eiθ 0 0

0 1 0

0 0 1








0 0 0

0 M22 M23

0 M23 M33








eiθ 0 0

0 1 0

0 0 1



 = MR (10)

0.0.3 他の質量と誤差
質量が階層的 mD1 $ mD2 $ mD3であれば、
MR = UMdiag

R UT の３つの質量
M1 =

m2
D1

m11
, M2 =

m2
D2m11

(m11m22 −m2
12)

, M3 = m2
D3(m

−1)33 (11)

と U の３つの混合
−mD1

mD2

m12

m11
,

mD1

mD3

(m−1)13
(m−1)33

,
mD2

mD3

(m−1)23
(m−1)33

(12)

誤差は？
(M †

RMR)ik =
∑

j mDi(m−1)†ijm
2
Dj(m

−1)jkmDk,

M †
RMR =

(
m2n

Di m2n+1
Di

m2n+1
Di m2n

Di

)
(13)

固有値方程式は偶数次 ⇒ 固有値 M2
i はmDiの偶数次

NLOはO(m2
Di/m

2
Dj) < 1%

2

1. Dirac phase is roughly -Arg[(Uν)13]
2. 2nd and 3rd gen. (sτ, σ) do not have large effects
3. For 1st gen., large se &ρ〜0 makes smaller δ the most

sν=π/4
δν=±π/2
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Almost general analysis of µ− τ reflection symmetry perturbed by charged
leptons and its testability by DUNE and T2HK

Masaki J. S. Yang1, 2, ∗
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Shimo-okubo, Sakura-ku, Saitama, 338-8570, Japan

2Department of Physics, Graduate School of Engineering Science,
Yokohama National University, Yokohama, 240-8501, Japan

In this letter, we generally analyze the µ − τ reflection symmetry modified by small mixings of
charged leptons and interpret deviations of the mixing angle θ23 and the Dirac CP phase δ. As an
approximaition, the left-handed diagonalization Ue of charged leptons is assumed to have a similar
magnitude as the CKM matrix. In other words, the 1-3 mixing is neglected and the 1-2 and 2-3
mixing are to be about O(0.1). The Dirac CP phase δ of the MNS matrix is evaluated in such
parameter regions.

As a result, since deviations from the predictions sin θ23 = π/4, δ = ±π/2 has information on
the charged lepton sector, the observation of δ gives an indication of the dominant contribution
depending on a magnitude of the deviation. On the other hand, if δ is not observed, such a scenario
is excluded by about 5 years of observation of next-generation experiments.

I. INTRODUCTION

Understanding CP violation (CPV) in the lepton sector is important in studies of grand unified theories
and leptogenesis. Although observations of the Dirac phase δ have been continued by the T2K [1] and the
NOvA experiment [2], the value is rarely determined in the normal mass hierarchy. As next-generation
experiments, Deep Underground Neutrino Experiment (DUNE) [3] and Tokai to Hyper-Kamiokande
(T2HK) [4] are scheduled in the next decade.
Meanwhile, to explain certain Dirac and Majorana phases, there have been a number of literatures of

generalized CP symmetry (GCP) [5–30]. A notable example is the µ−τ reflection symmetry [31–61] that
predicts the maximal 2-3 mixing θ23 = π/4, the maximal Dirac phase δ = ±π/2 and Majolana phases 0
or π/2 [62, 63].

When the Dirac phase is observed in the near future, it is generally expected to deviate from the
maximal value δ = ±π/2. In this letter, we generally analyze how the prediction of µ − τ reflection
symmetry is modified by small mixings of charged leptons and what kind of deviation is expected.

II. µ− τ REFLECTION SYMMETRY AND PERTURBATION BY CHARGED LEPTONS

In this section, we first organize µ − τ reflection symmetry [31, 32] and perturbations by charged
leptons. The µ− τ reflection symmetry for the mass matrix of light majorana neutrinos mν is defined as

Tm∗
νT = mν , T =




1 0 0
0 0 1
0 1 0



 . (1)

This symmetry restricts mν to the following form

mν =




a b+ ic b− ic

b+ ic d+ if g
b− ic g d− if



 , (2)

∗Electronic address: mjsyang@mail.saitama-u.ac.jp
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t |sinδ|
2027 HK (and DUNE?) completed 
2030 1.0 μ-τ reflection symmetry

0.9                                   +perturb. 
2032 0.8 ref.sym+perturb. is up to this point
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t |sinδ|
2027 HK (and DUNE?) completed 
2030 1.0 μ-τ reflection symmetry

0.9                                   +perturb. 
2032 0.8 ref.sym+perturb. is up to this point

(difficult area to take limits?)

2037 0.5 relative phases are more important



58

That’s all. Thank you!
Request:
Since I’m not good at listening English,
It would be nice if you ask me slowly!
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Thus, this approximation is justified in a wide range of parameters.
A similar discussion allows some mention for magnitudes of the 1-2 mixings εfL/δ

f
L.

me1

me2
! 0.005 ! |se12| ! 0.07 !

√
me1

me2
, (12)

mu1

mu2
! 0.002 ! |su12| ! 0.04 !

√
mu1

mu2
. (13)

In subsequent analyses, we consider parameter regions of se,u12 ! 0.1.

2.2 Representation of flavor-mixing matrices

Using this approximation, we organize an almost general representation of the flavor-mixing
matrices. For unitary matrices Uν,e = Φν,e

L U0
ν,eΦ

ν,e
R displayed in the PDG parameterization,

there is relative phases Φe†
L Φν

L = diag (eiρ, eiσ, eiσ
′
) between U0

ν and U0
e . By a redefinition of the

overall phase, we define σ′ ≡ −σ to set the determinant of the 2-3 submatrix to unity. Then the
MNS matrix is written by

UMNS ≡ Φe†
RU0†

e




eiρ 0 0
0 eiσ 0
0 0 e−iσ



U0
νΦ

ν
R, U0†

e ≡




ce −se 0
se ce 0
0 0 1








1 0 0
0 cτ −sτ
0 sτ cτ



 ,

U0
ν ≡




1 0 0
0 cν sν
0 −sν cν








c13 0 s13e−iδν

0 1 0
−s13eiδν 0 c13








c12 s12 0
−s12 c12 0
0 0 1



 . (14)

Here sf ≡ sin f , cf ≡ cos f , sij ≡ sin θij , cij ≡ cos θij . Since the phases Φν,e
R do not affect the

Dirac phase, they are omitted hereafter. The CKM matrix is also defined in the same way.
The approximation eliminates the intrinsic CP phase δu,e associated with Uu,e, because three

generations are no longer involved in flavor-mixing for the more hierarchical fermions. Thus,
in this analysis, there are two sources of CP violation: relative phases between the two unitary
matrices ρ,σ and intrinsic CP phase δd,ν for the less hierarchical fermions.

The two 2-3 mixings are merged to define new arguments χ and η.
(
cτ −sτ
sτ cτ

)(
eiσ 0
0 e−iσ

)(
cν sν
−sν cν

)
=

(
eiσcτ cν + e−iσsτsν eiσcτsν − e−iσsτ cν
eiσsτ cν − e−iσcτsν eiσsτsν + e−iσcτ cν

)
(15)

=

(
cσcν−τ + isσcν+τ cσsν−τ + isσsν+τ

−cσsν−τ + isσsν+τ cσcν−τ − isσcν+τ

)
≡

(
eiχc23 eiηs23

−e−iηs23 e−iχc23

)
. (16)

Relations between these arguments χ, η and parameters σ, ν, τ are

tanχ = tanσ
cν+τ

cν−τ
, tan η = tanσ

sν+τ

sν−τ
. (17)

From this,

UMNS =




ce −se 0
se ce 0
0 0 1








eiρ 0 0
0 eiχc23 eiηs23
0 −e−iηs23 e−iχc23








c13 0 s13e−iδν

0 1 0
−s13eiδν 0 c13








c12 s12 0
−s12 c12 0
0 0 1



 ,

(18)

4
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Furthermore, by multiplying diag (1, 1, ei(χ+η)) from the left and diag (1, 1, ei(χ−η)) from the
right of UMNS and removing an overall phase eiχ, we obtain

UMNS =




ce −se 0
se ce 0
0 0 1








ei(ρ−χ) 0 0

0 c23 s23
0 −s23 c23








c13 0 s13e−i(δν+η−χ)

0 1 0
−s13ei(δν+η−χ) 0 c13








c12 s12 0
−s12 c12 0
0 0 1



 .

(19)

Therefore, the following two phases α and β have physical significance.

α ≡ ρ− χ , β = δν + η − χ . (20)

If sτ is sufficiently small by the chiral symmetry, χ ∼ η ∼ σ and α ∼ ρ− σ , β ∼ δν hold. This
notation is a generalization of the Fritzsch–Xing parameterization [18].

Finally, we discuss sign degrees of freedom for mixing angles. Continuous parameters in
this notation are se, sij and two phases α,β. Similar to the PDG parameterization, phase
redefinitions of six fermions can eliminate five signs. Since the sign of s13 can be absorbed into
the phase e±iβ , the six sij and cij are set to be positive. By multiplying diag (−1,−1, 1) from
the left of Eq. (19), the sign of ce is inverted without changing the sign of sij and cij . As a
result, only the sign of se is physical because the sign of two se cannot be absorbed into the
phase α. Later, we specifically check that the physical sign of the CP violation is sign(cese).

2.3 Constraints on mixing angles

The six continuous parameters (se, sij ,α and β) are constrained by the three observed mixing
angles, resulting in three free parameters α,β, se in the MNS matrix. For this purpose, the
best-fit values of the latest global fit [19] are used as input parameters for the MNS matrix. The
three mixing angles of the normal hierarchy (NH) without Super-Kamiokande (SK) are

sin2 θNH
12 = 0.304 , sin2 θNH

23 = 0.573 , sin2 θNH
13 = 0.0222 . (21)

The reason for using NH without SK is that the values of inverted hierarchy (IH) with or without
SK are close to these values. Although the inclusion of the SK data makes θNH

23 about 0.1 smaller,
the qualitative behavior remains the same in the following discussion.

Three mixing parameters sij are constrained from θNH
ij . Hereafter, the above three input

parameters are denoted as sin θNH
ij ≡ Sij , cos θNH

ij ≡ Cij . First, the 3-3 element of UMNS, which
is the same as the PDG parameterization, determines s23;

c13c23 = C13C23 , s23 =

√

1− C2
13C

2
23

c213
. (22)

Next, |U13|2 is a function of s13 and s23.

U13 = ces13e
i(α−β) − c13s23se , (23)

|U13|2 = c2es
2
13 + c213s

2
23s

2
e − 2c13ces13s23se cos(α− β) . (24)

Substituting the solution of s23 and setting |U13|2 equal to S2
13, we obtain a quadratic equation

for s213.

s413(4c
2
es

2
e cos

2(α− β) + (s2e − c2e)
2) + (s2e(C

2
13C

2
23 − 1) + S2

13)
2

+ s213[2(s
2
e − c2e)(s

2
e(C

2
13C

2
23 − 1) + S2

13) + 4c2es
2
e(C

2
13C

2
23 − 1) cos2(α− β)] = 0 . (25)

5

Fixes mixing angles by comparing the absolute values

⇒

振り子の法則
世界は n次元フーリエモード

f(x) =

∫
dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！
0.0.1 2503学会

U =




eiρL1 0 0

0 eiρL2 0

0 0 eiρL3



UPDG




eiρR1 0 0

0 eiρR2 0

0 0 eiρR3



 (2)

UPDG ≡




1 0 0

0 c23 s23
0 −s23 c23








c13 0 s13e−iδ

0 1 0

−s13eiδ 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (3)

Uν,e = Φν,eL U0
ν,eΦ

ν,e
R

Φe†
L ΦνL = diag (eiρ, eiσ, eiσ

′
)

between U0
ν and U0

e . By a redefinition of the overall phase, we define σ′ ≡ −σ to set the

determinant of the 2-3 submatrix to unity. Then the MNS matrix is written by

UMNS ≡ Φe†
RU0†

e




eiρ 0 0

0 eiσ 0

0 0 e−iσ



U0
νΦ

ν
R, U0†

e ≡




ce −se 0

se ce 0

0 0 1








1 0 0

0 cτ −sτ
0 sτ cτ



 ,

U0
ν ≡




1 0 0

0 cν sν
0 −sν cν








c13 0 s13e−iδν

0 1 0

−s13eiδν 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (4)

現象論的にも、
|Vub| ∼ 0.003 $ |Ue3| ∼ 0.15 (5)

JCKM ∼ 3× 10−5 $ JMNS ∼ 0.03 (6)

Ue ∼ Uu,d

UMNS =




ce −se 0

se ce 0

0 0 1








eiα 0 0

0 c23 s23
0 −s23 c23








c13 0 s13e−iβ

0 1 0

−s13eiβ 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 . (7)

∣∣∣∣∣∣∣




C12C13 S12C13 S13e−iδ

−S12C23 − C12S23S13eiδ C12c23 − S12S23S13eiδ S23C13

S12S23 − C12C23S13eiδ −C12S23 − S12C23S13eiδ C23C13





∣∣∣∣∣∣∣
(8)

1

∣∣∣∣∣∣∣
U0†
e




eiρ 0 0

0 eiσ 0

0 0 e−iσ



U0
ν

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣




C12C13 S12C13 S13e−iδ

−S12C23 − C12S23S13eiδ C12c23 − S12S23S13eiδ S23C13

S12S23 − C12C23S13eiδ −C12S23 − S12C23S13eiδ C23C13





∣∣∣∣∣∣∣
(8)

0.0.2 2403学会
M1 ∼ 10− 1000TeV




eiθ 0 0

0 1 0

0 0 1








0 0 0

0 M22 M23

0 M23 M33








eiθ 0 0

0 1 0

0 0 1



 = MR (9)

0.0.3 他の質量と誤差
質量が階層的 mD1 # mD2 # mD3であれば、
MR = UMdiag

R UT の３つの質量
M1 =

m2
D1

m11
, M2 =

m2
D2m11

(m11m22 −m2
12)

, M3 = m2
D3(m

−1)33 (10)

と U の３つの混合
−mD1

mD2

m12

m11
,

mD1

mD3

(m−1)13
(m−1)33

,
mD2

mD3

(m−1)23
(m−1)33

(11)

誤差は？
(M †
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∑
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−1)jkmDk,
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i はmDiの偶数次
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Di/m

2
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We sequentially eliminate of variables

Furthermore, by multiplying diag (1, 1, ei(χ+η)) from the left and diag (1, 1, ei(χ−η)) from the
right of UMNS and removing an overall phase eiχ, we obtain

UMNS =




ce −se 0
se ce 0
0 0 1








ei(ρ−χ) 0 0

0 c23 s23
0 −s23 c23








c13 0 s13e−i(δν+η−χ)

0 1 0
−s13ei(δν+η−χ) 0 c13








c12 s12 0
−s12 c12 0
0 0 1



 .

(19)

Therefore, the following two phases α and β have physical significance.

α ≡ ρ− χ , β = δν + η − χ . (20)

If sτ is sufficiently small by the chiral symmetry, χ ∼ η ∼ σ and α ∼ ρ− σ , β ∼ δν hold. This
notation is a generalization of the Fritzsch–Xing parameterization [18].

Finally, we discuss sign degrees of freedom for mixing angles. Continuous parameters in
this notation are se, sij and two phases α,β. Similar to the PDG parameterization, phase
redefinitions of six fermions can eliminate five signs. Since the sign of s13 can be absorbed into
the phase e±iβ , the six sij and cij are set to be positive. By multiplying diag (−1,−1, 1) from
the left of Eq. (19), the sign of ce is inverted without changing the sign of sij and cij . As a
result, only the sign of se is physical because the sign of two se cannot be absorbed into the
phase α. Later, we specifically check that the physical sign of the CP violation is sign(cese).

2.3 Constraints on mixing angles

The six continuous parameters (se, sij ,α and β) are constrained by the three observed mixing
angles, resulting in three free parameters α,β, se in the MNS matrix. For this purpose, the
best-fit values of the latest global fit [19] are used as input parameters for the MNS matrix. The
three mixing angles of the normal hierarchy (NH) without Super-Kamiokande (SK) are

sin2 θNH
12 = 0.304 , sin2 θNH

23 = 0.573 , sin2 θNH
13 = 0.0222 . (21)

The reason for using NH without SK is that the values of inverted hierarchy (IH) with or without
SK are close to these values. Although the inclusion of the SK data makes θNH

23 about 0.1 smaller,
the qualitative behavior remains the same in the following discussion.

Three mixing parameters sij are constrained from θNH
ij . Hereafter, the above three input

parameters are denoted as sin θNH
ij ≡ Sij , cos θNH

ij ≡ Cij . First, the 3-3 element of UMNS, which
is the same as the PDG parameterization, determines s23;

c13c23 = C13C23 , s23 =

√

1− C2
13C

2
23

c213
. (22)

Next, |U13|2 is a function of s13 and s23.

U13 = ces13e
i(α−β) − c13s23se , (23)

|U13|2 = c2es
2
13 + c213s

2
23s

2
e − 2c13ces13s23se cos(α− β) . (24)

Substituting the solution of s23 and setting |U13|2 equal to S2
13, we obtain a quadratic equation

for s213.

s413(4c
2
es

2
e cos

2(α− β) + (s2e − c2e)
2) + (s2e(C

2
13C

2
23 − 1) + S2

13)
2

+ s213[2(s
2
e − c2e)(s

2
e(C

2
13C

2
23 − 1) + S2

13) + 4c2es
2
e(C

2
13C

2
23 − 1) cos2(α− β)] = 0 . (25)
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perturbative behavior
For se<<1, 
• s23:dependence is small because α and β is second order

• s13: depends only on the phase α-β

• s12: Dependence of β is second order and small
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In particular, the dependence of β on s12 is small, because it is suppressed by s13se. Thus,
the constraint on s12 is approximately

C2
13S

2
12 ! (c12c23se)

2 + (c13ces12)
2 − 2c12c23sec13ces12 cosα . (32)

Since this constraint has a similar structure to Eq. (24), we choose s212 ! A′ + cosαB′ > 0
as a positive solution that reproduces the matrix elements of UMNS. Here, A′, B′ are functions
of several trigonometric functions. We will not discuss the critical value of s12 because it is
relatively large for both the CKM and MNS matrices.

Imposing the three constraints, we can treat the CP violation in flavor-mixing matrices as a
function of α,β and se. Rough parameter dependences of the three solutions are as follows.

• s23: From Eq. (22), dependences of α,β on s23 are relatively small because these phases
depend on the second order of se and s13.

s23 = S23 +O(s213, ses13, s
2
e) . (33)

• s13: From Eq. (23), s13 depends on α− β. An expansion of s13 for small se is

s13 = S13 + C13S23se cos(α− β) +O(s2e) . (34)

However, se/s13 is often not negligible, and this expansion does not have good accuracy.

• s12: Since dependence of β is suppressed by s13se in Eq. (31), s12 has an almost only α
dependence for a small se. Therefore, the behavior of the solution is

s12 ! S12 + C12C23se cosα . (35)

3 The Jarlskog invariant and its numerical results

In this section, we investigate numerical behaviors of the CP violation after imposing the three
experimental constraints. The Jarlskog invariant J [20] of the unitary matrix UMNS (19) is

J = Im [Uµ2Uτ3U
∗
µ3U

∗
τ2] (36)

= c13c23[c12s12
(
c13s23s13(c

2
e − s2e) sinβ − c213s

2
23cese sinα

)

+ c23(c
2
12 − s212)s23s13cese sin(α− β) + s213cese

(
c223 sinα− s223 sin(α− 2β)

)
] . (37)

To the extent that se, s13 ! 0.1 holds, higher orders of se and s13 are negligible, and the
dominant terms are those proportional to sinα and sinβ. Note that the relative sign between
terms depends only on cese.

From Eqs. (33), (34), and (35), behavour of the Dirac phase δ for small se is

sin δ =
J

C12S12C23S23C2
13S13

(38)

! sinβ + se

(
−S23 cosβ sin(α− β)

S13
+

(1− 2S2
12)C23 cosα sinβ

C12S12

)
. (39)

The term with sin(α−β) is a sum of the term with sinα and a contribution from the expansion
of s13, while the term with cosα is from the expansion of s12. For the MNS matrix, the second
term is dominant over the third term because S23/S13 ! 5 and (1 − 2S2

12)C23/C12S12 ! 1/2
hold. The same is true for the CKM matrix from S23/S13 ! 10.
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Critical angle of s13
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FIG. 1: Geometric explanation of solutions of s13 for given mixing angles s23 and se. If se is below the

critical value, there are two solutions with different signs of cos(α − β). If se is above the critical value,

there are two solutions with different magnitudes for the same cos(α− β).

This value is about 0.2 for the MNS matrix (and 0.09 for the CKM matrix). For larger se > sce,

as can be seen in Fig. 1, the two solutions in Eq. (26equation.2.26) (with different signs before

the root sign) are physically inequivalent.

Finally, we consider the condition on s12. The matrix element U12 is explicitly written as

U12 = −c12c23se + eiαc13ces12 + eiβs12s23s13se . (31)

By substituting the solutions of s23 (22equation.2.22) and s13 (26equation.2.26) to the constraint

|U12|2 = C2
13S

2
12, s

2
12 is similarly obtained by solving a quadratic equation. As in the case of s13,

the sign before the root sign can be absorbed into the term 2c23se(c13ce cosα+ s13s23se cosβ).

In particular, the dependence of β on s12 is small, because it is suppressed by s13se. Thus,

the constraint on s12 is approximately

C2
13S

2
12 " (c12c23se)

2 + (c13ces12)
2 − 2c12c23sec13ces12 cosα . (32)

Since this constraint has a similar structure to Eq. (24equation.2.24), we choose s12 " A′ +

cosαB′ > 0 as a positive solution that reproduces the matrix elements of UMNS. Here, A′, B′

are functions of several trigonometric functions. We will not discuss the critical value of s12

because s12 is relatively large for both the CKM and MNS matrices.

By imposing the three constraints, we can treat CP violation as a function of α,β and se.

The rough parameter dependences of the three solutions are as follows.

Figure 1: Geometric explanation of solutions of s13 for given mixing angles s23 and se. If se is
below the critical value, there are two solutions with different signs of cos(α− β). If se is above
the critical value, there are two solutions with different magnitudes for the same cos(α− β).

The two solutions of s213 are

s213 =
A±B

(c4e + 2c2es
2
e cos 2(α− β) + s4e)

, (26)

A = −c2es
2
e(C

2
13C

2
23 − 1) cos 2(α− β)− C2

13C
2
23s

4
e + c2eS

2
13 − S2

13s
2
e + s4e , (27)

B = 2cese cos(α− β)
√
C2
13S

2
13S

2
23 − c2es

2
e(C

2
13C

2
23 − 1)2 sin2(α− β) . (28)

For sufficiently small s13, the solution A + B is chosen because it reproduces the correct U13.
The other solution corresponds to the dashed line in Fig. 1, because the sign is identified with
the sign of cos(α− β).

From the triangular inequality for Eq. (23), upper and lower bounds exist on s13.

ceS13 − C13S23se ! s13 ! C13S23se + ceS13 . (29)

This result is easy to understand because the mixing matrix of sij is a “reverse rotation by se” of
the PDG representation of Sij . From this, there exists a critical value sce of se such that s13 = 0.

s13 = 0 ⇒ sce
cce

=
S13

C13S23
. (30)

This value is about 0.2 for the MNS matrix (and 0.09 for the CKM matrix). For larger se > sce,
as can be seen in Fig. 1, the two solutions in Eq. (26) are physically inequivalent.

Finally, we consider the condition on s12. The matrix element U12 is explicitly written as

U12 = −c12c23se + eiαc13ces12 + eiβs12s23s13se . (31)

By substituting the solutions of s23 (22) and s13 (26) to the constraint |U12|2 = C2
13S

2
12, s

2
12 is

similarly obtained by solving a quadratic equation. As in the case of s13, the sign before the
root sign can be absorbed into a term 2c23se(c13ce cosα+ s13s23se cosβ).
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Furthermore, by multiplying diag (1, 1, ei(χ+η)) from the left and diag (1, 1, ei(χ−η)) from the
right of UMNS and removing an overall phase eiχ, we obtain

UMNS =




ce −se 0
se ce 0
0 0 1








ei(ρ−χ) 0 0

0 c23 s23
0 −s23 c23








c13 0 s13e−i(δν+η−χ)

0 1 0
−s13ei(δν+η−χ) 0 c13








c12 s12 0
−s12 c12 0
0 0 1



 .

(19)

Therefore, the following two phases α and β have physical significance.

α ≡ ρ− χ , β = δν + η − χ . (20)

If sτ is sufficiently small by the chiral symmetry, χ ∼ η ∼ σ and α ∼ ρ− σ , β ∼ δν hold. This
notation is a generalization of the Fritzsch–Xing parameterization [18].

Finally, we discuss sign degrees of freedom for mixing angles. Continuous parameters in
this notation are se, sij and two phases α,β. Similar to the PDG parameterization, phase
redefinitions of six fermions can eliminate five signs. Since the sign of s13 can be absorbed into
the phase e±iβ , the six sij and cij are set to be positive. By multiplying diag (−1,−1, 1) from
the left of Eq. (19), the sign of ce is inverted without changing the sign of sij and cij . As a
result, only the sign of se is physical because the sign of two se cannot be absorbed into the
phase α. Later, we specifically check that the physical sign of the CP violation is sign(cese).

2.3 Constraints on mixing angles

The six continuous parameters (se, sij ,α and β) are constrained by the three observed mixing
angles, resulting in three free parameters α,β, se in the MNS matrix. For this purpose, the
best-fit values of the latest global fit [19] are used as input parameters for the MNS matrix. The
three mixing angles of the normal hierarchy (NH) without Super-Kamiokande (SK) are
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The reason for using NH without SK is that the values of inverted hierarchy (IH) with or without
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23 about 0.1 smaller,
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For sufficiently small s13, the solution A + B is chosen because it reproduces the correct U13.
The other solution corresponds to the dashed line in Fig. 1, because the sign is identified with
the sign of cos(α− β).

From the triangular inequality for Eq. (23), upper and lower bounds exist on s13.

ceS13 − C13S23se ! s13 ! C13S23se + ceS13 . (29)

This result is easy to understand because the mixing matrix of sij is a “reverse rotation by se” of
the PDG representation of Sij . From this, there exists a critical value sce of se such that s13 = 0.

s13 = 0 ⇒ sce
cce

=
S13

C13S23
. (30)

This value is about 0.2 for the MNS matrix (and 0.09 for the CKM matrix). For larger se > sce,
as can be seen in Fig. 1, the two solutions in Eq. (26) are physically inequivalent.

Finally, we consider the condition on s12. The matrix element U12 is explicitly written as

U12 = −c12c23se + eiαc13ces12 + eiβs12s23s13se . (31)

By substituting the solutions of s23 (22) and s13 (26) to the constraint |U12|2 = C2
13S

2
12, s

2
12 is

similarly obtained by solving a quadratic equation. As in the case of s13, the sign before the
root sign can be absorbed into a term 2c23se(c13ce cosα+ s13s23se cosβ).
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