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The Overlap Operator

e A Dirac operator discretization that preserves chiral symmetry
at finite lattice spacing via the Ginsparg-Wilson (GW) relation [2]:
1
Vsa DY + aD” v = —a D" y;a D™ . (1)
p

e The (dimensionless) massive overlap operator form is:

an amn
oDy = (p+ )1+ (0= ) wsmnlXl @

with X = v5(aD5" — pl), D any doubler-free massless Dirac
operator (the overlap kernel), and dimensionless p € (0, 2).

Computational Challenge: Approximating the matrix sign
function is expensive. For H Hermitian:

sen[H] = H (H?) Y2, 0¢ o(H) . (3)

Our Approach: We attack the problem from two fronts:

Efficient approximation
—

sgn|. . ] X

Better-conditioned kernel
.<_

1. Diagonal Kenney-Laub rational iterates with partial fraction de-
cOmposition

2. Brillouin operator as kernel
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Proof of Concepts Calculations

Comparisons:

e KL rational <— Chebyshev polynomial approximations
e Brillouin +— Wilson kernels

Lattice Setup:

e Lattice: 48 x 24° at SBocp = 6.20, a2 0.066 fm

e (Quenched gauge field configurations, 1 APE step, axpg = 0.72
e p=1, cgy =0 (minimal setup)

Solver Precision:

e [dentical for all methods: CGNE with ecq = 107°
o Method specific: KL eygog < 107°% Chebyshev epanemos = 107
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Figure 6: Plateau PCAC mass vs. bare mass at diagonal KL order n = 5
for both Wilson and Brillouin kernels.

e Plateau PCAC mass values exhibit kernel dependence at finite
bare mass, but converge as the chiral limit is approached. Linear
extrapolation to ampcac = 0 determines the critical bare mass.

The Diagonal Kenney-Laub Method

Kenney-Laub Rational Iterates:

e A rational recursive scheme [3] for approximating sgn|Hl] for ma-
trix H with no purely imaginary eigenvalues:

sgn[]H[] = k]l_)ﬂél() H; , with Hjp = fmn(Hk) : (4)

Hy = H and, f,,, the (m,n) Kenney-Laub (KL) rational iterates.

The Diagonal KL Rational Approximation:

In this work, we use the diagonal (m = n) KL family of iterates

with explicit form:

b — i oo () (Y
S () (H2)

(5)

Key Properties:

e Global convergence: No matrix rescaling with eigenvalue
bounds required

e Monotonic behavior: Systematic improvement with n

— sgn(A) 1-5f

n=1 i
1.0}

—-n=2
--n=3 0.5

— n=4

—0.5!'i

A0
Ly

-15!L

Figure 1: Scalar diagonal KL rational iterates (n = 1,2, 3,4).

e Numerically convenient partial fraction decomposi-
tion:

fon(H) = H <c0 + f: Hi U@) | (6)

with coefficients and shifts determined by simple trigonometric ex-
pressions depending only on the approximation order n.

Chiral Symmetry Breaking Metrics

Metric 1: Ginsparg-Wilson Violation

Massless (m = 0) overlap, a D, satisties GW relation Eq. 1] exactly.
Approximations to the matrix sign function introduce deviations.
Quantity GW deviation on random vectors n as:

dew = || Acun|*/1Inl]” - (7)
with (p = 1): Aqw = vaD” + aD* 5 — aD"ysaD.

Metric 2: Critical Bare Mass

The PCAC mass is calculated from axial-vector and pseudoscalar
correlation functions (cgy = 0):

_ EZ:E<84A4(£7 t)P<O)> (8)
2 Yx(P(Z,t)P(0))

Plateau values of ampcac are extracted at various bare masses am

and extrapolated to ampcac = 0 (see Fig. [6). The resulting bare

mass, termed the critical bare mass, represents the additive mass

shift of the operator. For a perfectly chiral operator, mtica = (.

bare
deviations from zero quantity residual chiral symmetry breaking.

ampcac(t)

Results: GW Violation

Wilson Kernel Brillouin Kernel

K2 =
16718.68
1193.69
1151.19
859.71
602.94
410.69
242.25
216.49
198.28
180.08
121.26
29.66

K2 =
2754271.64
156159.87
57950.94
57495.01
24341.64
20872.44
15688.09
13781.38
11400.57
8615.61
7766.90
534.66
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Figure 3: Ginsparg-Wilson violation vs. diagonal KL order (n =1,...,20)
for Wilson (left) and Brillouin (right) kernels across 12 configurations with
condition numbers K2 from 102 to 107

e The diagonal KL method exhibits monotonic convergence for all
configurations, with the Brillouin kernel achieving lower violation
at lower order n due to improved conditioning.

Results: Critical Bare Mass
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Figure 7: Critical bare mass magnitude vs. diagonal KL order (left) and
vs. computational cost (right) for Wilson and Brillouin kernels.

e Both kernels show exponential improvement with increasing or-
der n, with Brillouin achieving a lower critical bare mass at re-
duced cost, though the advantage diminishes at higher n.

Wilson Kernel Brillouin Kernel
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Figure 8: Critical bare mass vs. computational cost for Wilson (left) and
Brillouin (right) kernels, comparing KL, and Chebyshev methods.

e The KL method exhibits predictable monotonic convergence,
while Chebyshev displays oscillatory behavior, making KL more

controllable for targeting specific |am | precision levels.

The Brillouin Operator

A parameter-tfree improved Wilson-Dirac operator designed to re-
duce rotational symmetry breaking near the Brillouin zone edges [1].
It employs extended stencils: 64-point for the covariant derivative
and 81-point for the Laplacian (vs. Wilson’s 2-point and 9-point).

Key Properties:

e Better conditioning: Reduced maximum eigenvalue (Ag5™ <

Y

(2 — p)? vs. Wilson’s (8 — p)?) lowers condition number, compen-
sating for 3-4x higher application cost per site.

e Eigenvalues spectrum closer to ideal GW form

4D’ L'“:-I }: L=E’ ﬂ:1 1 4D: NG:S. Xl=1 | JE,’-:SB L=61 T=E |Q|=D C SW=1
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Figure 2: Typical eigenvalue spectra for Wilson (left) and Brillouin (right),
illustrating Brillouin’s closer approach to the ideal GW form (black line).

Results: PCAC and Pion Effective Mass

Brillouin Kernel, am = 0.02 Brillouin Kernel, am = 0.02
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Figure 4: PCAC mass ampcac(t) (left) and pion effective mass amg (t)
(right) for Brillouin kernel at am = 0.02 with increasing diagonal KL order.

Results: Plateau PCAC Mass

Wilson Kernel, am=0.05

® KL ] B KL
Chebyshev 5 Chebyshev

Brillouin Kernel, am=0.05
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Figure 5: Plateau PCAC mass vs. computational cost at am = 0.05 for
Wilson (left) and Brillouin (right) kernels, comparing KL and Chebyshev
methods. Error bars represent jackknife-estimated uncertainties.

e The KLL method demonstrates monotonic convergence for both
kernels, while Chebyshev exhibits oscillatory behavior before stabi-
lization. The Brillouin kernel achieves tfaster stabilization at lower
computational cost with both methods.

Conclusions

e Diagonal KL Method expressed via partial fraction decom-
position provides a practical alternative for the overlap procedure:
no spectral input required, monotonic convergence, minimal pa-
rameter tuning, efficient Multi-Shift CG implementation

e KL-Brillouin Combination leverages improved condition-
ing for faster convergence, achieving computational performance
comparable to Chebyshev-Wilson with indications of potential
cost reduction.
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