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Why Electromagnetic Form Factors?

> (Gives us insight into the structure of hadrons. S

electron

> Several experimental results for protons, as it is |
a stable hadronic bound state. Earliest 1956. il o

electron

> Experimentally, it is essentially elastic
scattering of protons with electrons.

(dQ>o (dQ>Mott {( + 7(KkF5) ) + 27(F) + kF5)* tan > ' "
:
> Proton radius puzzle: A longstanding o
discrepancy between different experimental
results for proton radii.
[ ]
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Electromagnetic form factors

> Interested in theoretically probing the
structure of nucleons using lattice QCD.
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Electromagnetic form factors

> Interested in theoretically probing the
structure of nucleons using lattice QCD.

> The nucleon matrix element of for the
electromagnetic current is given by:
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In this formulation the expectation value of an observable (without fermions) is given by:

1
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Continuum limit and lattice setup

> Continuum limit needed to Extrapolate
extract physical values. to the

i> continuum
> We use three ensembles with a-0

Nf=2+1+1 from ETMC.

Keep physical volume (aN)P constant (D=2 above).

Ensemble (2)? x (%) a |fm] my [MeV| m,L
cB211.072.64 64° x 128 0.07957(13) 140.2(2) 3.62
cC211.060.80 80° x 160  0.06821(13)  136.7(2)  3.78

cD211.054.96  96° x 192  0.05692(12)  140.8(2)  3.90

> We use clover improved, twisted-mass fermions (O(a) improved).

> At physical point, no chiral extrapolation needed.



Correlators in lattice QCD

> Two point correlator: (Tssts) /‘\
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Correlators in lattice QCD

> Two point correlator:

C(t) = Z(le(i”s, )X (&0, t0)| Q)
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Correlators in lattice QCD

> Two point correlator: (Zs5ts) m
01 = 3 {OI(E %o, )1 YK:)U
% (1—’0q f())

— ~ ts>>0 — . A
— B, (O)t, v co(0)eBo@)ts

F(), 0 t Cn 0
_-'- I I I =]

1.6 —~ | > Relative Error increases

1af i exponentially
£ 12D -
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Fitting correlators

> Two point correlator:

C(t) = > _(QUx(@s, ts)X(Zo, t0)|2)

—
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Fitting correlators

> Two point correlator:
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Fitting correlators
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Nucleon matrix element on lattice

> We take the two-point and three-point

functions to momentum Space. j/,L (finsa tins)
C(F(),ﬁ, ts) = ch(ﬁ')e—En(ﬁ)ts (fq-tq)m\
n o (5 . lé(}\)' ~- /(B)
Cu(Thy @, ts, tins) = > A (T, q)e ™ Bt tine) = Ey (Dtin: \‘/ (50 1)

1,7

Q]u (Binsy tins)
(:f51ts)m
3

K«-)(f’oat())




Nucleon matrix element on lattice

> We take the two-point and three-point
functions to momentum Space. ]/.1, (fil'ls,ﬂ tins)

C(F()?ﬁa tS) . Z Cn(me—En(ﬁ)ts (fe ts)("-‘\\
n /- Ve

N o . N) -+ % J\\-’)
C/_j, (ij7 q_’; tS) tins) — Z A:’j (ijy q)e_ i(p)(ts—tins)_ j((j)tins \_\‘/_(‘,F t )
o~ L0, ¢0
> We construct the following ratio to get rid of
exponentials and overlaps. i (Dot
.],u, (l'msa ms)

-
Ag:O(FV’ q_) ([5 b)_/‘\_
IL,(T'y;q) = >

A b
X 1'\'/, - \/\ ;’}I/)

\/Co (6)60 ((f) \'\«/ (:f(), t())




Connected contributions

.ju (fin.sw tins)

— t cB211.072.64 cC211.060.80 cD211.054.96

(Zo, to) Neont—T50 Neoni—400 Neoni—500
tofy Tulfm] g tofe Glfm] B bofm  tslim| M
. . . 8 0.64 1 6 0.41 1 8 0.46 1
> For connected contribution, the sink 10 o080 2 8 055 2 10 057 2
: 12 0.96 ) 10 0.69 4 12 0.68 4
momenta is set to 0. 14 1.12 10 12 0.82 10 14 0.80 8
16 1.28 32 14 0.96 22 16 0.91 16
e 18 1.44 112 16 1.10 48 18 1.03 32
> The number _Of SOUI.”CG positions are 5, |5 o 18 124 45 20 114 64
increased for increasing t, to counter 20 137 116 22 125 16
increase in noise. 22 1.51 246 24 1.37 32

26 1.48 64

> Lattice conserved current used, no
renormalization needed.



Disconnected contributions
Qj,u (finsa tins)

('/B 0> t()) Ensemble Rt Moy  Daws

cB211.072.64 750 200 477

> Disconnected contribution is obtained cC211.060.80 400 450 650
cD211.054.96 500 - 480

from correlating high statistics
two-point function with disconnected
quark loop. Alexandrou et. al

[1812.10311]

> Disconnected loop computed using
deflation, hierarchical probing,
dilution.

> Local current used, renormalization
required.



Excited state contamination

> We are interested in the ground state matrix element of nucleons.

> For connected and disconnected, we do a multi-state fit using spectral decomposition.

> Excited state energies are kept separate between two and three-point fns [2104.00329].

» <cB211.072.64 cC211.060.80 ¥ cD211.054.96
o _En 7 ts t .
C(To,p,ts) =Y _cn(p)e Fn@ . iE
n —— > 3
1.5 _V Bl
N y _E e VB (Ve > S e
C,,(Tk, ) ts, tins) = ZALJ (T, §)e~ B¢ (B) (ts —tins) = By (Dtin: §1.4- Wl : =
ivj 513 P :
A%, ) :cj L2
IL,(Iy;q) = £ = i:d e
co(0)co(q) 1.0
—  —

10



Extraction of Form Factors and Model Averaging
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Extraction of Form Factors and Model Averaging

> This is done for each Q? value.

> We vary the ranges for two-point function t, . and three-point functiont_ . and t

S,min S,min ins,min

Ensemble PPl By ROy I g

cB211.072.64 8,10, 12,14 1,2,3 2 3 4
! cC211.060.80 8,10, 12,14 1,2,3,4 2, 3,4
2eol P cD211.054.96 8,10, 12,14 1,2,3, 4,5 2,3, 4

-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
tins — ts/2 [fm]
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Extraction of Form Factors and Model Averaging

> This is done for each Q? value.

> We vary the ranges for two-point function t_ .

. and three-point function t_ .

and t.
mn

ins,min

> Results from all fits are then model averaged[2309.05774].

> For each fit we have y*' and the N', = (N ). Assign weight wi = (-0.5¢*' + N’ ).

data Nparams

> Probability = e" /Y e"

3.60
3.40 i
ol ,:?'n??vTv'g?}‘.ﬁ . | Ensemble Flow3Bt 1 glow.2pt f geink /g
g | e ek | cB211.072.64 8, 10,12, 14 1,2,3 2,3 4
[XXIIXX] ! cC211.060.80 8,10, 12,14 1,2,3,4 2, 3,4
sool P cD211.054.96 8, 10,12, 14 1,2, 3, 4,5 2,3, 4

-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
tins — ts/2 [fm]
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Determination of radius and magnetic moment

> Once we have the parameterization of Q* and a?, the radius can be obtained by:

B qa (.2
() = o ZOT)
Gx(0)  9q

q?=0

> The strange moment is obtained simply by taking the value at Q* = 0:

12



Parameterization of Q2 Dependance and continuum limit

Dipole

2y _ g
G(Q%) <1+%r2>2

g(a?)

(1+ %r2(@)

G(Q2,CL2) i 2

g(a2)=g+a2g,, (rx(a2))=(r)+a2(r2),

13



Parameterization of Q2 Dependance and continuum limit

Dipole z-expansion

kmax

G(Q?) = 9 . G(QY) = (@Y
<1 + 612_227,2) k=0

oy V teut + Q2 — Vicut

G(Q? a?) = g(a?) v teut + Q2 + /Teut

) % 2

(1 + %7«2(@2)) cr(a®) = ero +a’cp 2

Fmax
9(a2>=90+(L292 ) <72<(L2)>:<T>§+0’2<T2>2 G(Qz. (12) = Z (';\.((12):"'((—22)

k=0

13



Parameterization of Q2 Dependance and continuum limit

Dipole

2y _ g
G(Q%) —<1 N %r2>2
g(a?)

G(Q2aa2) : 2
(1+ %r2(@)

g(a2)=g+a2g,, (rx(a2))=(r)+a2(r2),

G(Q%a%) = ) ex(a®)="(Q?)

z-expansion Galster-like

Rmax
. . 2
G(QY) =Y ot (@Y GQ?) = — 44 =
k=0 4m3y + Q*B @\’
' N (1 + 0.71GeV2)
y = V teut + Q2 i Vtcut
V teus + Q2 + Vicut A(CL2) = A() + CLQAQ
2y 2
ci(a”) = cpo +a"cp 2 B(a*) = By + a*B,
Fmax

2

k=0
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Example fits: Proton magnetic form factors

0.4 GeV?
NN W
o w o

2
cut

Gh(Q?) Q

(rj)P [fm?]

b
v
T

(r2)P = 0.576(59) fm?
\Yx WP = 2.66(12)
L _
=L ad
060 02 04 06 08 1.0
Q? [GeV?]
Dlpole qut— 0.4 GeV2
065 _
0.60 P
0ss| i I T 1
050} .
28}
27 |
261 I __
25} i 1

aZ [fm?]

L L L L L s L
0.000 0001 0.002 0.003 0.004 0.005 0.006

1.0 GeV?
NN W
o wm o

2
cut

GL(QY) Q

e
o

36
32
o
=
28
24

- 17 F
~N

—
—

a

=
~ 05

—
w
T

£
=)
T

—~ 09F

(r2)P = 0.768(93) fm?
\ P = 2.88(10)
“}\*&*
!ki%
4!'41;-:.
0?0 0T2 074 OTG 0?8 1.1
Q? [GeV?]
= ]
I& 555
[} ]
a
=
= h e 1
Dipole 7 3 2
kmax

Ensemble

uP

<7"M>

~2

X

cB211.72.64 2.524(67)
cC211.60.80 2.553(37)
cD211.54.96 2.592(49)

0.562(34) 1.016
0.527(17) 2.230

a =0, 1-step 2.66(12)
a =0, 2-step 2.66(12)

0.576(59) 2.326

0.569(60)

[fm
(
(
0.569(24) 2.732
(
(

Qeut[GeVT]  pP  (ry)” [fm?] X
040  2.97(12) 0.98(12) 1.172
050  2.92(12) 0.91(11) 1.007
0.70  2.89(10) 0.80(10) 1.311
0.85  2.86(10) 0.79(10) 1.338
1.00  2.88(10) 0.768(93) 1.282
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Results on Proton and Neutron

[2507.20910]

GR(Q?)
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1 L L
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cut
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oo M (FEH IF MO (F M IFEE ||
oss | W |t SO T T
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- ki | e b e | kel |F b [
S T R U SR R
07 0.8 09075 100 25 3.0 —20 17 08 1.0-025 0.00
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Comparison of results

Final results:

jm| PDG || ETMC'17 | ETMC'19 K| PACS'19 |¥

Mainz'23 |4| Mainz'23 z-exp |o| PACS'23 |®| This work

T

Hop |4 | H—otH ol bo ot
B YIN Bl e . |t | a al
1 t N NRET 1t W v
HoH 1o I o+ f— | A
e ot | I b {F <
e i o el H>—HH |t
. I _ N | [ o |
a7 o8 05 o7 o9 ERET Ss s s os o om
Ve fml VigP tfm) o a Vi im0 (]
(ri)” [fm”] p ()" [fm”] p" (ra)™ [fm”] | (ric)™ [fm?]

[2507.20910] 0.739(64)(39)

2.819(92)(52) 0.756(92)(25)

~1.819(76)(29) 0.83(12)(03)

-0.147(48)
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Why Strange Electromagnetic Form Factors?

> (Gives us insight into the sea quark dynamics and has a very small contribution to
proton and neutron results.

> Experimentally measured through parity violating electron-proton elastic scattering.

> The difference in o, and o, comes from the interference of photon exchange amplitude
with the amplitude of Z, boson exchange.

0L — OR

APV —
or + Og

> Experimental results do not exclude zero value.

> Want to calculate it from first principle lattice calculation.
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Strange electromagnetic matrix element

> Interested in theoretically probing the
structure of nucleons using lattice QCD.

> The nucleon matrix element of for the
electromagnetic current is given by:
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Nucleon strange matrix element on lattice

> We take the two-point and three-point .
functions to momentum space. .]/_L(xil’lsa tins)

D, o 3 :ESvts
C(F07pats)zzcn(ﬁ)e En (P)ts ( , /)_(‘/-l\\

CYIJ (Fk‘a q_; t87 tins) — Z A:Z‘J] (Fki7 @e_Ei (P)(ts—tins) —E; (@) tins

1,J

=)

>
\/
A
/ N\
<

'/s-
W
]!

ijo,to)

Q .]H ‘II’IDCH lll§
Q\)

(Zo, to)
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Nucleon strange matrix element on lattice

> We take the two-point and three-point
functions to momentum space. .]/.L(xil‘lsa tins)

C(F07ﬁa ts) . Z Cn(ﬁ)e_En(ﬁ)ts Lgylg i

—~
8]
¥ Al
o~
¥

: S

:}

2/

\=

238
=
A

s
]

&

To, to)

Q j,u, Lins tins)

\\1

X

CYIJ (Fk‘a q_; t87 tins) — Z A:ZJ] (Fki7 @e_Ei (P)(ts—tins) —E; (@) tins

1,J
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Matrix element in terms of correlators

> We take an appropriate ratio of the two-point
and three-point functions.

> This gives the ground state matrix element in
large time separation limit upto kinematics. Q e
]p.(l'inSa tins)

H,M(Fl/7ﬁ7ﬁ; tS? tz’ns) —

C(Lo,pits — tins)C (Lo, P'; tins)C (Lo, I3 Ls)
C(FOvﬁ; ts — tins)C(F07 _’; tins)C(F07 _);t
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Disconnected contributions
Q j,u, (finsa tins)

(f() ’ t()) Ensemble Nconf Msrc

> Disconnected contribution is obtained cB211.072.64 749 349

from correlating high statistics cC211.060.80 401 650
two-point function with disconnected
quark loop (Alexandrou et. al cD211.054.96 493 368

[1812.10311, 1909.10744]). cE211.044.112 464 311

> Disconnected loop computed using
hierarchical probing, dilution.

> Local current used, renormalization

required. o
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Additional sink momenta

Q j,u (finsa tins)

> Once we obtain the quark loop and two-point functions we can correlate them using
additional sink momenta at no additional cost.

> We thus use p~=2.
> This increases the Q? value to O(300) for each ensemble.

> We make use of Singular Value decomposition in obtaining results for each Q-.
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Excited state contamination

> We are interested in the ground state matrix element of nucleons.
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Excited state contamination

> We are interested in the ground state matrix element of nucleons.

> Given no indication of excited state with the current statistical accuracy we opt
to do a plateau fit to the optimized ratio. Example for E ensemble.

¢ 14 & 16 & 18 & 20 & 22
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R 0005 SB5E% i % = 3
2 i d'r . TQP% + — ]
r:% -0.005 1 1
O
% 007} | | | Egg | 1 0.0184(98) ]
2 0.02} 1535 % VXL % ]
= 003§§%‘L£%%%%9L{§ l X" g
Nc”y 0.08} §§§¥ 1 |
gz 0.13} -
204 —02 0.0 0.2 0.4 0.686 0.882 1.078
tins — ts/2 [fm] ts [fm]
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Strange electric form factors

> The procedure is repeated for all Q* values for case resulting in the following.

> Results are binned into 23 bins.

t B C E D & E

S
= -;-ﬁgg%ﬁ%ﬁﬁ?%

Q*[GeV?]
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Strange electric form factors

> The procedure is repeated for all Q* values for case resulting in the following.

> Results are binned into 23 bins.

> Example of convergence in source-sink separation, t_ on right for E ensemble.

B c 1D 3 E —
5 ﬁﬁﬁﬁg%ﬁg féwZ'ZZii i e
o:ooo ;fr I 0:000_ %Ii ﬂ ¥ {

QzlGeVZI Q%[GeV?]
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Strange magnetic form factors

> The procedure is repeated for all Q* values for case resulting in the following.

> Results are binned into 23 bins.

t B C ¥ D % E

NE i TR

0.0 0.2 0.4 0.6 0.8 1.0
Q*[GeV?]
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Strange magnetic form factors

> The procedure is repeated for all Q* values for case resulting in the following.

> Results are binned into 23 bins.

> Example of convergence in source-sink separation, t_ on right for E ensemble.

i B Cc ¥ D ¥ E 16 & 18 & 20
0.01} ' | ' ' ] 0.01f | ' ' '
~  0.00f ~  0.00F}
Py 55 SR RS | & Tis pitiE Eiﬁ #RY
& 001l f Y;%Iigﬁ B 001} }; % =
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0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Q*[GeV?] Q*[GeV?]
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Strange electric form factors with an example fit

B S > Strange electric form factor with
§ 0.006 | z-expansion fit.
C||> 0.004 -
g > The Dbottom band shows the
0.002 . . .
oy convergence with k__ and prior width
g 0000 | | , | as in [2507.20910].
0.0 0.2 0.4 0.6 0.8 1.0
Q?[GeV?] .
0.00 — . > The blue band is result from one step
e | o e mam Galster-like only for comparison.
- -0.01¢t . . .
0 1 2 3 4 5 6
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Strange magnetic form factors with an example fit

¥ B C ¥ D ¥ E
0.01 ' ' ' ' > Strange magnetic form factor with
z-expansion fit.

=
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< convergence with k__and prior width.
ED% -0.02 1 . . 1
S T > The blue band is result from one step
5/00 _QAeevd , dipole ansaetz only for comparison.
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Q2 variation
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We perform a model average using AIC over
the following:

We vary the cut in Q? used in fit.

We vary over the different ansaetz.
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Results with experimental comparison

95% CL ellipse
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> Strange electric form factor at Q?=0.1 GeV? compared through 95% confidence curves.
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Comparison with previous lattice works
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> We present a comparison of our preliminary results with previous lattice works.
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Summary

> We have results for proton, neutron and nucleon strange electromagnetic form
factors at continuum limit, at physical point.

> Results include disconnected contributions with additional sink momenta.
> Multi-state fits used to ensure ground state convergence.

> Ongoing efforts to increase E ensemble statistics. We acknowledge early access

to jupiter for this.
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Backup

En+my

(Lo, q) = C Gr(Q?),

2mpy

IT'(T, §) = C———Gu(Q?),

2mN

€

II'(Tx,q) = C 5;’;?\: Gu(Q?)

C— 2m3;
En(En +mpy)’



M, o=—iCGx [ (P +Pu) (m (E"+ E+m) — pp,) ]
CGy ; : i
E et [5u0(4"l2 + Q%) (m? +pl,p,) — iEQp),
+2im3(E' - E)(p,, - p,) — iE'Qp,

— imQ(p), + pu)(2m* + Q2+ 20p,)| (A1)

Hu,k = CGE [Guk()p(p:o . pp)(m2 . pérpo)

- iﬁpkpap;pa(El + E) + EuOPGPLPG (p;~ * Pk)]

CGum
e [7n€uk0p(p:; i pp)(2m2 < Q2 : 3 QPZ,PU)
2

+ 2imeurpoP,pe(2m + E' + E + %)

— 2meu0poPpPo (Pk + pk)] ; (A2)

—

where C is a kinematic factor given by

C— m(4m? + Q?)~! [E(E'+m)
~ E(E'+m) E'(E+m)

(A3)



