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Parton picture of hadrons
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Parton picture of hadrons
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CTEQ18 PRD
Proton PDFs one of 
dominant 
uncertainties for 
collider searches

Proton 𝑥	 ∗ 𝑓(𝑥, 𝑄!)



Parton picture of hadrons
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Pion 𝑥	 ∗ 𝑓(𝑥, 𝑄!)

JAM PRL 2021 Much less 
constrained, from 
~old experimental 
data.
Large 𝑥 behavior 
debated 



Lattice QCD

• Wick rotation to Euclidean time: 𝑡 → 𝑖𝑡	 ⇒ 	 𝑒!' →	𝑒)' : statistical system in 4D

• Discretize spacetime 𝑥* → 𝑎 𝑛* , 𝑛* ∈ {1, 2, … , 𝐿*}
lattice spacing 𝑎: UV cutoff

• Multiple ways to choose action 𝑆+,-- = 𝑆./" + 𝒪 𝑎# , # = 1,2, …
such that 𝑆+,-- → 𝑆./" as 𝑎 → 0

• Connect to physical world:
à volume 𝐿1 → ∞
à lattice spacing 𝑎 → 0
à hadron masses e.g. 𝑚2, 𝑚3, … →physical
      (cheaper when heavier)
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quark fields

gluon link fields

High Performance Computing

Perlmutter at NERSC, LBL



PDFs in lattice QCD

• Unpolarized quark PDFs defined via matrix elements of non-local operator
 𝑂(− 4

(
, 4
(
) = 	 F𝑞 − 4

(
𝛾*𝒰 )!",6

!
"
𝑞 + 4

(
, 𝑛 lightlike 4-vector

• Euclidean 𝑡 → 𝑖𝑡 : lightlike separation collapses to a single point

• Proposals to obtain 𝑥-dependence in lattice QCD: 
à hadronic tensor method [Liu Dong hep-ph/9306299]
à auxiliary scalar quark [Aglieti et al hep-ph/9804416]
à auxiliary heavy quark [Detmold Lin hep-lat/0507007]
à auxiliary light quark [Braun Müller 0709.1348]
à quasi-distributions [Ji 1305.1539]
à current-current approach [Ma Qiu 1709.03018]
à pseudo-distributions [Radyuskin 1612.05170]
à OPE-based method [Chambers et al (QCDSF) 1703.01153]
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Huge progress on 𝑥-dependence, 
see e.g talks by Huey-Wen Lin, 
Joshua Miller, Joseph Delmar, 
Pawel Sznajder, Krzysztof Cichy, 
posters by Joseph Torsiello, 
Gabriele Pierini



Mellin moments of PDFs
• Operator product expansion:  𝑂(− 4

(
, 4
(
) → 𝒪*#…*! = 𝑖4)8 F𝜓𝛾{*#𝐷*" …𝐷*!}𝜓 − Traces

• 𝒪*#…*!: à twist-2 local operators
                 à transform irreducibly under Lorentz group

• Matrix elements with respect to hadron ℎ à Mellin moments of PDFs 𝑥4)8 :

• Lattice QCD great at controlled high precision calculations of local operator matrix elements.
           e.g. nucleon axial charge 𝑔; at sub-percent level (Hall Pefkou et al (Callat) 2503.09891)
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ℎ(𝑝) 𝒪'!…'" ℎ(𝑝) = 2 𝑥)*& 𝑝'!𝑝'# …𝑝'"  −Traces
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• Discrete lattice: Lorentz symmetry reduces to hypercubic symmetry
20 irreducible representations named 𝜏&

(&), 𝜏&
(+), …
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≠ (𝑎 lattice spacing)

Mandula Zweig Govaerts 1983
Göckeler et al, hep-lat/9602029

ℎ(𝑝) 𝒪'!…'" ℎ(𝑝) = 2 𝑥)*& 𝑝'!𝑝'# …𝑝'" +⋯ 

Moments of PDFs in lattice QCD
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Moments of PDFs in lattice QCD

Momentum fraction 𝑥  well determined 
by multiple collaborations, e.g.
Flavor-vector (𝑢 − 𝑑): NME 2011.12787
Flavor-singlet (𝑢 + 𝑑, 𝑔): MSU 
2208.00980, χQCD 1808.08677, ETMC 
2003.08486 (no continuum limit for full 
flavor decomposition yet, but underway 
(see poster by Yan Li))
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EINN25 posters by 
Luis Alberto Rodriguez 
Chacon, Christian 
Kummer
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• 𝑛 > 4 : no irrep 
safe from power-
divergent mixing

Kronfeld Photiadis 1985

ETMC 2010.03495,   
2104.02247, 
EINN25 posters by 
Luis Alberto Rodriguez 
Chacon, Christian 
Kummer



Gradient flow to the rescue
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• Introduce fictitious “flow-time” 𝑡 (units of length^2)

• Yang-Mills flow: “flow” the gauge field 𝐴' → 𝐴'(𝑡) in the direction of steepest decent of the YM action:

• It smooths out the field over region ~ 8𝑡

• Lattice QCD formulations, e.g. gradient flow, for gauge link and fermion fields [Lüscher 1006.4518, 1302.5246]

• Flowed gauge field does not need to be renormalized [Lüscher Weisz 1101.0963], quark multiplicatively 

• Flow time 𝑡 [fm!]: regulator for UV singularities à can take 𝑎 → 0 at fixed 𝑡

𝜕$𝐴% 𝑡 = 𝐷& 𝑡 𝐹&% 𝑡
𝐹%& 𝑡 = 𝜕%𝐴& 𝑡 − 𝜕&𝐴% 𝑡 + [𝐴% 𝑡 , 𝐴& 𝑡 ]

𝑎~1/Λ12

𝑡 1/Λ34 𝑡

𝑎

…



Gradient flow for moments of PDFs
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• Proposal: calculate flowed moments from matrix elements of flowed twist-2 operators:
ℎ(𝑝) 𝒪'!…'"(𝑡) ℎ(𝑝)

• Still requires the renormalization of the flowed fermion fields:
      à cancels for ratios of matrix elements with the same quark content
      à Wilson-type fermions: 𝒪(𝑎!) discretization artifacts for ratios (𝑛-independent 𝒪 𝑎𝑚 	cancel)  

• Can normalize ratios using 𝑥  from standard  lattice QCD methods or phenomenology

𝑥)*& (𝜇)
𝑥5*& (𝜇)

=
𝜁5(𝑡, 𝜇)
𝜁)(𝑡, 𝜇)

ℎ(𝑝) 𝒪'!…'" 𝑡 ℎ(𝑝)
ℎ(𝑝) 𝒪'!…'% 𝑡 ℎ(𝑝)

à divergence free! continuum limit well defined
à	No boosting (𝒑 = 0) required when 𝜇" = 4
ℎ(𝑝) 𝒪'!…'" ℎ(𝑝) = 2 𝑥)*& 𝑝'!𝑝'# …𝑝'"  − Traces
à best signal-to-noise properties
	

Shindler 
2311.18704

àMatches flowed quantity to MS
àPerturbatively calculated in short 
flowed time expansion (SFTX)
àNLO by Shindler 2311.18704



𝑡: flow time
𝜏6: sink time
𝜏7: operator insertion time

ℎ 𝒪! 𝑡 ℎ
ℎ 𝒪" 𝑡 ℎ

 from lattice QCD

C'!'#…'"
+89 𝑡6, 𝜏, 𝑡

C'!'#…'%
+89 𝑡6, 𝜏, 𝑡

∝
ℎ 𝒪) 𝑡 ℎ
ℎ 𝒪5 𝑡 ℎ

C'!'#…'"
+89 𝜏6, 𝜏7 , 𝑡 = 	a

),5

Ω|𝜂|𝑛 𝑚|𝜂̅|Ω 𝑒*;"<&*;%(<&*=) 𝑛 𝒪'!…'"(𝑡) 𝑚

C'!'#…'"
+89 𝜏6, 𝜏7 , 𝑡 = a

𝒙,𝒚

𝜒 𝒙, 𝑡6 i𝜓(𝒚, 𝜏, 𝑡)𝛾'!𝐷'# …𝐷'" 𝒚, 𝜏, 𝑡 𝜓	(𝒚, 𝜏, 𝑡)𝜒̅(0)

                                                  

• 3-point correlation function projected to zero momentum
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𝜒̅(𝑥): operator with quantum numbers of hadron state
spectral 
decomposition:

𝑑

"𝑢𝑢

𝑑̅

0𝜏<
t,𝜏=

𝑂

plateaus to ground state for large 𝜏6, 𝜏7

take ratio:



𝑡: flow time
𝜏6: sink time
𝜏7: operator insertion time

ℎ 𝒪! 𝑡 ℎ
ℎ 𝒪" 𝑡 ℎ

 from lattice QCD

C'!'#…'"
+89 𝑡6, 𝜏, 𝑡

C'!'#…'%
+89 𝑡6, 𝜏, 𝑡

∝
ℎ 𝒪) 𝑡 ℎ
ℎ 𝒪5 𝑡 ℎ

C'!'#…'"
+89 𝜏6, 𝜏7 , 𝑡 = 	a

),5

Ω|𝜂|𝑛 𝑚|𝜂̅|Ω 𝑒*;"<&*;%(<&*=) 𝑛 𝒪'!…'"(𝑡) 𝑚

C'!'#…'"
+89 𝜏6, 𝜏7 , 𝑡 = a

𝒙,𝒚

𝜒 𝒙, 𝑡6 i𝜓(𝒚, 𝜏, 𝑡)𝛾'!𝐷'# …𝐷'" 𝒚, 𝜏, 𝑡 𝜓	(𝒚, 𝜏, 𝑡)𝜒̅(0)

                                                  

• 3-point correlation function projected to zero momentum

19

𝜒̅(𝑥): operator with quantum numbers of hadron state
spectral 
decomposition:

𝑑

"𝑢𝑢

𝑑̅

0𝜏<
t,𝜏=

𝑂

plateaus to ground state for large 𝜏6, 𝜏7

take ratio:

Computational challenges:
à no boost for 𝜇" = 4, but still need to subtract traces from 𝒪,…, (3 for 𝑛 = 2, 39 for 𝑛 = 4,  543 for 𝑛 = 6, …)
à each discretized derivative 𝐷'  contains 4 contributions             4)*& for each term 
To address both at once, wrote a depth-first search contraction algorithm that employs symmetries to reduce to 
29@A8BCDE	GHIGJ@K	# 
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…
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…
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…

…

<latexit sha1_base64="/FTGBHQXaNbl28/f2BjYnLZYUJI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqBeh4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6UHd1Prlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5JWrepdVr37i0q9lsdRhBM4hXPw4ArqcAcNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx/HZ41r</latexit>

n = 2
<latexit sha1_base64="0D4NPZjH1kWUGTnXUEeu3UYhRGE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9SIUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWelA3571S2a24M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mp07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbz2M6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdoQvMWXl0mzWvEuK979RblWzeMowDGcwBl4cAU1uIM6NIDBAJ7hFd4c6bw4787HvHXFyWeO4A+czx/I641s</latexit>

n = 3
<latexit sha1_base64="W21zK+aCJRshIlJr/0+HzoBhSrc="></latexit>

Cµ1µ2 =
X

Tr
h
⌃†�5�µ1 S̃µ2

i <latexit sha1_base64="z2m2+FV49WcyF3JJKnh34N6cj48="></latexit>

Cµ1µ2µ3 =
X

Tr
h
⌃†�5�µ1 S̃µ2µ3

i<latexit sha1_base64="NGHBJXlwm23R2jaC7le3EiSddYc=">AAAB/3icbVC7SgNBFL3rM8bXqmBjsxgEq7AbRMUqkMYygnlAsoTZySQZMo9lZlYIawp/xcZCEVt/w86/cTbZQhMPDBzOuZd75kQxo9r4/rezsrq2vrFZ2Cpu7+zu7bsHh00tE4VJA0smVTtCmjAqSMNQw0g7VgTxiJFWNK5lfuuBKE2luDeTmIQcDQUdUIyMlXrucZcjM1I8rUlhFMKZqm+mPbfkl/0ZvGUS5KQEOeo996vblzjhRBjMkNadwI9NmCJlKGZkWuwmmsQIj9GQdCwViBMdprP8U+/MKn1vIJV9wngz9fdGirjWEx7ZySytXvQy8T+vk5jBdZhSESeGCDw/NEiYZ6SXleH1qSLYsIklCCtqs3p4hLIabGVFW0Kw+OVl0qyUg8tycHdRqlbyOgpwAqdwDgFcQRVuoQ4NwPAIz/AKb86T8+K8Ox/z0RUn3zmCP3A+fwDHtZaL</latexit>

Contractions :

<latexit sha1_base64="lIrDCkl0updPT6JPcbAqnwT/XKs=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiRF1GXBjcuK9gFNCJPJpB06MwkzE6XEfIobF4q49Uvc+TdO2yy09cCFwzn3cu89Ycqo0o7zbVXW1jc2t6rbtZ3dvf0Du37YU0kmMenihCVyECJFGBWkq6lmZJBKgnjISD+cXM/8/gORiibiXk9T4nM0EjSmGGkjBXbd05RFJL8rgtzjWSCKwG44TWcOuErckjRAiU5gf3lRgjNOhMYMKTV0nVT7OZKaYkaKmpcpkiI8QSMyNFQgTpSfz08v4KlRIhgn0pTQcK7+nsgRV2rKQ9PJkR6rZW8m/ucNMx1f+TkVaaaJwItFccagTuAsBxhRSbBmU0MQltTcCvEYSYS1SatmQnCXX14lvVbTvWi6t+eNdquMowqOwQk4Ay64BG1wAzqgCzB4BM/gFbxZT9aL9W59LForVjlzBP7A+vwB8keUZg==</latexit>

S̃µn

<latexit sha1_base64="1Emr+BAKOPKQyh9fWBOsE7kS+lU=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAIbixJEXVZcOOyor1AE8JkMm2HzkzCzEQoIeDGV3HjQhG3voQ738ZJm4W2/jDw8Z9zOHP+MGFUacf5tpaWV1bX1isb1c2t7Z1de2+/o+JUYtLGMYtlL0SKMCpIW1PNSC+RBPGQkW44vi7q3QciFY3FvZ4kxOdoKOiAYqSNFdiHnqYsItldHmQeT4NMnLl5ASIP7JpTd6aCi+CWUAOlWoH95UUxTjkRGjOkVN91Eu1nSGqKGcmrXqpIgvAYDUnfoECcKD+b3pDDE+NEcBBL84SGU/f3RIa4UhMemk6O9EjN1wrzv1o/1YMrP6MiSTUReLZokDKoY1gEAiMqCdZsYgBhSc1fIR4hibA2sVVNCO78yYvQadTdi7p7e15rNso4KuAIHINT4IJL0AQ3oAXaAINH8AxewZv1ZL1Y79bHrHXJKmcOwB9Znz+r3Zgh</latexit>

S̃µn�1µn

<latexit sha1_base64="YDM1DyLPbJKuYTBKnrMXh4pI6bA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48t2lpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOl5l2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVa95kWlXsvjKMIJnMI5eHAFdbiFBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPq02MzQ==</latexit>

S

<latexit sha1_base64="NiOFq+nD/UkfAc4e/HUvIScSkdg="></latexit>

if µn 6= 4 : [P1
µn

+ P0
µn

]S

<latexit sha1_base64="DOlfz7/Z2Vz8MpWk9uyyxcE1NMQ=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUoqKIBTcuKxgH9CEMplO2qEzkzAzEUrIxl9x40IRt36GO//GSZuFth64cDjnXu69J4gZVdpxvq3Syura+kZ5s7K1vbO7Z+8fdFSUSEzaOGKR7AVIEUYFaWuqGenFkiAeMNINJre5330kUtFIPOhpTHyORoKGFCNtpIF95HGkx5KnNPTOM+jxZCDgTeN6YFedmjMDXCZuQaqgQGtgf3nDCCecCI0ZUqrvOrH2UyQ1xYxkFS9RJEZ4gkakb6hAnCg/nT2QwVOjDGEYSVNCw5n6eyJFXKkpD0xnfq5a9HLxP6+f6PDKT6mIE00Eni8KEwZ1BPM04JBKgjWbGoKwpOZWiMdIIqxNZhUTgrv48jLp1GvuRc29b1Sb9SKOMjgGJ+AMuOASNMEdaIE2wCADz+AVvFlP1ov1bn3MW0tWMXMI/sD6/AGWeJWx</latexit>

if µn = 4 :

<latexit sha1_base64="D8xrCHXWmNQka3u9bJYR1xTvc3g=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5IUUZcFNy4r2gc0MUymk3bozCTMTIQSs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c8KEUaUd59taWl5ZXVuvbFQ3t7Z3du29/Y6KU4lJG8cslr0QKcKoIG1NNSO9RBLEQ0a64fiq8LsPRCoaizs9SYjP0VDQiGKkjRTYhx5HeoQRy1r5vRtkHk8Dkd8Gds2pO1PAReKWpAZKtAL7yxvEOOVEaMyQUn3XSbSfIakpZiSveqkiCcJjNCR9QwXiRPnZNH8OT4wygFEszRMaTtXfGxniSk14aCaLtGreK8T/vH6qo0s/oyJJNRF4dihKGdQxLMqAAyoJ1mxiCMKSmqwQj5BEWJvKqqYEd/7Li6TTqLvndffmrNZslHVUwBE4BqfABRegCa5BC7QBBo/gGbyCN+vJerHerY/Z6JJV7hyAP7A+fwBRM5Y/</latexit>

P1
µn

S

<latexit sha1_base64="dY21c9SlmNZrP2Zd8I6hLDz4dJc=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5IUUZcFNy4r2gc0MUymk3bozCTMTIQSs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c8KEUaUd59taWl5ZXVuvbFQ3t7Z3du29/Y6KU4lJG8cslr0QKcKoIG1NNSO9RBLEQ0a64fiq8LsPRCoaizs9SYjP0VDQiGKkjRTYhx5HeoQRy1r5vRNkHk8Dkd8Gds2pO1PAReKWpAZKtAL7yxvEOOVEaMyQUn3XSbSfIakpZiSveqkiCcJjNCR9QwXiRPnZNH8OT4wygFEszRMaTtXfGxniSk14aCaLtGreK8T/vH6qo0s/oyJJNRF4dihKGdQxLMqAAyoJ1mxiCMKSmqwQj5BEWJvKqqYEd/7Li6TTqLvndffmrNZslHVUwBE4BqfABRegCa5BC7QBBo/gGbyCN+vJerHerY/Z6JJV7hyAP7A+fwBPppY+</latexit>

P0
µn

S

<latexit sha1_base64="AyCLYukNa6EFAhnNRDuXH1XVHSQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZakFBVBKLhxWcE+oAllMp20Q2cmYWYilBBw46+4caGIW3/CnX/jpO1CWw9cOJxzL/feE8SMKu0431ZhaXllda24XtrY3NresXf3WipKJCZNHLFIdgKkCKOCNDXVjHRiSRAPGGkHo5vcbz8QqWgk7vU4Jj5HA0FDipE2Us8+8DjSQ8lTGmbeKfR40kvFmZtd1656dtmpOBPAReLOSBnM0OjZX14/wgknQmOGlOq6Tqz9FElNMSNZyUsUiREeoQHpGioQJ8pPJz9k8NgofRhG0pTQcKL+nkgRV2rMA9OZX6zmvVz8z+smOrz0UyriRBOBp4vChEEdwTwQ2KeSYM3GhiAsqbkV4iGSCGsTW8mE4M6/vEha1Yp7XnHvauV6dRZHERyCI3ACXHAB6uAWNEATYPAInsEreLOerBfr3fqYthas2cw++APr8wf4O5cF</latexit>

if µn�1 = 4 :

<latexit sha1_base64="AyCLYukNa6EFAhnNRDuXH1XVHSQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZakFBVBKLhxWcE+oAllMp20Q2cmYWYilBBw46+4caGIW3/CnX/jpO1CWw9cOJxzL/feE8SMKu0431ZhaXllda24XtrY3NresXf3WipKJCZNHLFIdgKkCKOCNDXVjHRiSRAPGGkHo5vcbz8QqWgk7vU4Jj5HA0FDipE2Us8+8DjSQ8lTGmbeKfR40kvFmZtd1656dtmpOBPAReLOSBnM0OjZX14/wgknQmOGlOq6Tqz9FElNMSNZyUsUiREeoQHpGioQJ8pPJz9k8NgofRhG0pTQcKL+nkgRV2rMA9OZX6zmvVz8z+smOrz0UyriRBOBp4vChEEdwTwQ2KeSYM3GhiAsqbkV4iGSCGsTW8mE4M6/vEha1Yp7XnHvauV6dRZHERyCI3ACXHAB6uAWNEATYPAInsEreLOerBfr3fqYthas2cw++APr8wf4O5cF</latexit>

if µn�1 = 4 :

<latexit sha1_base64="AyCLYukNa6EFAhnNRDuXH1XVHSQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZakFBVBKLhxWcE+oAllMp20Q2cmYWYilBBw46+4caGIW3/CnX/jpO1CWw9cOJxzL/feE8SMKu0431ZhaXllda24XtrY3NresXf3WipKJCZNHLFIdgKkCKOCNDXVjHRiSRAPGGkHo5vcbz8QqWgk7vU4Jj5HA0FDipE2Us8+8DjSQ8lTGmbeKfR40kvFmZtd1656dtmpOBPAReLOSBnM0OjZX14/wgknQmOGlOq6Tqz9FElNMSNZyUsUiREeoQHpGioQJ8pPJz9k8NgofRhG0pTQcKL+nkgRV2rMA9OZX6zmvVz8z+smOrz0UyriRBOBp4vChEEdwTwQ2KeSYM3GhiAsqbkV4iGSCGsTW8mE4M6/vEha1Yp7XnHvauV6dRZHERyCI3ACXHAB6uAWNEATYPAInsEreLOerBfr3fqYthas2cw++APr8wf4O5cF</latexit>

if µn�1 = 4 :

<latexit sha1_base64="cEjqsYwAdd876iWalR9XMumVapg="></latexit>

if µn�1 6= 4 : [P1
µn�1

+ P0
µn�1

][P1
µn

+ P0
µn

]S

<latexit sha1_base64="t4zFATHcFEatrL8sLrLjq8c6HQE="></latexit>

if µn�1 6= 4 : [P1
µn�1

+ P0
µn�1

]P1
µn

S

<latexit sha1_base64="KfC65B5UxLmm293yoGDFL85nGRU="></latexit>

if µn�1 6= 4 : [P1
µn�1

+ P0
µn�1

]P0
µn

S

<latexit sha1_base64="vrPBUFIH/rMEyIqHF8OvS3diwg8=">AAACNHicbZDLSsNAFIYn9VbrLerSTbAIgliSIuqy4EZwU9FeIIlhMp20QyeTMDMRSshDufFB3IjgQhG3PoOTNmBte2Dg5/vPYc75/ZgSIU3zTSstLa+srpXXKxubW9s7+u5eW0QJR7iFIhrxrg8FpoThliSS4m7MMQx9ijv+8Cr3O4+YCxKxezmKsRvCPiMBQVAq5Ok3TgjlAEGaNrMHy0udMPFSdmplmb3QybKTaW7+cffO06tmzRyXMS+sQlRBUU1Pf3F6EUpCzCSiUAjbMmPpppBLgijOKk4icAzREPaxrSSDIRZuOj46M44U6RlBxNVj0hjT6YkUhkKMQl915guLWS+Hizw7kcGlmxIWJxIzNPkoSKghIyNP0OgRjpGkIyUg4kTtaqAB5BBJlXNFhWDNnjwv2vWadV6zbs+qjXoRRxkcgENwDCxwARrgGjRBCyDwBF7BB/jUnrV37Uv7nrSWtGJmH/wr7ecX176tVw==</latexit>

P1
µn�1

[P1
µn

+ P0
µn

]S
<latexit sha1_base64="pTWQJg9UsKQFdv4+zE8iEcZ5UCE=">AAACNHicbVDLSgMxFM3UV62vqks3wSIIYpkpoi4LbgQ3Fe0DpuOQSTNtaCYzJBmhDPkoN36IGxFcKOLWbzB9CLXtgcDhnHvIvSdIGJXKtt+s3NLyyupafr2wsbm1vVPc3WvIOBWY1HHMYtEKkCSMclJXVDHSSgRBUcBIM+hfDf3mIxGSxvxeDRLiRajLaUgxUkbyizftCKkeRiyr6Qfbz9pR6mf81NHanXacP0frk4UJrb07v1iyy/YIcJ44E1ICE9T84ku7E+M0IlxhhqR0HTtRXoaEopgRXWinkiQI91GXuIZyFBHpZaOjNTwySgeGsTCPKzhSpxMZiqQcRIGZHC4sZ72huMhzUxVeehnlSaoIx+OPwpRBFcNhg7BDBcGKDQxBWFCzK8Q9JBBWpueCKcGZPXmeNCpl57zs3J6VqpVJHXlwAA7BMXDABaiCa1ADdYDBE3gFH+DTerberS/rezyasyaZffAP1s8v1fytVg==</latexit>

P0
µn�1

[P1
µn

+ P0
µn

]S

<latexit sha1_base64="MG8WEpRzMDbuACL8owvajkGQvUI=">AAACGnicbVDLSsNAFJ3UV62vqEs3wSK4sWSKqMuCG5cV7QPaGCbTSTt0ZhJmJkIJ+Q43/oobF4q4Ezf+jZM2C2174MLhnHu5954gZlRp1/2xSiura+sb5c3K1vbO7p69f9BWUSIxaeGIRbIbIEUYFaSlqWakG0uCeMBIJxhf537nkUhFI3GvJzHxOBoKGlKMtJF8G/Y50iOMWNrMHqCf9nnip+IMZtlSI8vufLvq1twpnEUCC1IFBZq+/dUfRDjhRGjMkFI96MbaS5HUFDOSVfqJIjHCYzQkPUMF4kR56fS1zDkxysAJI2lKaGeq/p1IEVdqwgPTmd+r5r1cXOb1Eh1eeSkVcaKJwLNFYcIcHTl5Ts6ASoI1mxiCsKTmVgePkERYmzQrJgQ4//Iiaddr8KIGb8+rjXoRRxkcgWNwCiC4BA1wA5qgBTB4Ai/gDbxbz9ar9WF9zlpLVjFzCP7B+v4F+rCiCg==</latexit>

P1
µn�1

P1
µn

S
<latexit sha1_base64="mdj6fj5a0csepXzhPe669uL5LYs=">AAACGnicbVDLSsNAFJ34rPUVdekmWAQ3lkwRdVlw47KifUAbw2Q6aYfOTMLMRCgh3+HGX3HjQhF34sa/cdJGqK0HLhzOuZd77wliRpV23W9raXlldW29tFHe3Nre2bX39lsqSiQmTRyxSHYCpAijgjQ11Yx0YkkQDxhpB6Or3G8/EKloJO70OCYeRwNBQ4qRNpJvwx5HeogRSxvZveunPZ74qTiFWTZrwF8jy259u+JW3QmcRQILUgEFGr792etHOOFEaMyQUl3oxtpLkdQUM5KVe4kiMcIjNCBdQwXiRHnp5LXMOTZK3wkjaUpoZ6LOTqSIKzXmgenM71XzXi7+53UTHV56KRVxoonA00VhwhwdOXlOTp9KgjUbG4KwpOZWBw+RRFibNMsmBDj/8iJp1arwvApvzir1WhFHCRyCI3ACILgAdXANGqAJMHgEz+AVvFlP1ov1bn1MW5esYuYA/IH19QP5CKIJ</latexit>

P0
µn�1

P1
µn

S

<latexit sha1_base64="S1x+oWqaasKqdDNcX5isypaa9Dw=">AAACGnicbVDLSsNAFJ34rPUVdekmWAQ3lkwRdVlw47KifUAbw2Q6aYfOTMLMRCgh3+HGX3HjQhF34sa/cdJGqK0HLhzOuZd77wliRpV23W9raXlldW29tFHe3Nre2bX39lsqSiQmTRyxSHYCpAijgjQ11Yx0YkkQDxhpB6Or3G8/EKloJO70OCYeRwNBQ4qRNpJvwx5HeogRSxvZPfTTHk/8VJzCLJs13F8jy259u+JW3QmcRQILUgEFGr792etHOOFEaMyQUl3oxtpLkdQUM5KVe4kiMcIjNCBdQwXiRHnp5LXMOTZK3wkjaUpoZ6LOTqSIKzXmgenM71XzXi7+53UTHV56KRVxoonA00VhwhwdOXlOTp9KgjUbG4KwpOZWBw+RRFibNMsmBDj/8iJp1arwvApvzir1WhFHCRyCI3ACILgAdXANGqAJMHgEz+AVvFlP1ov1bn1MW5esYuYA/IH19QP5IaIJ</latexit>

P1
µn�1

P0
µn

S
<latexit sha1_base64="bHk/fguvI+6exEKbHs+QF57RJ6E=">AAACGnicbVDLSsNAFJ3UV62vqEs3wSK4sWSKqMuCG5cV7QPaGCbTSTt0ZhJmJkIJ+Q43/oobF4q4Ezf+jZM2C2174MLhnHu5954gZlRp1/2xSiura+sb5c3K1vbO7p69f9BWUSIxaeGIRbIbIEUYFaSlqWakG0uCeMBIJxhf537nkUhFI3GvJzHxOBoKGlKMtJF8G/Y50iOMWNrMHlw/7fPET8UZzLKlRpbd+XbVrblTOIsEFqQKCjR9+6s/iHDCidCYIaV60I21lyKpKWYkq/QTRWKEx2hIeoYKxIny0ulrmXNilIETRtKU0M5U/TuRIq7UhAemM79XzXu5uMzrJTq88lIq4kQTgWeLwoQ5OnLynJwBlQRrNjEEYUnNrQ4eIYmwNmlWTAhw/uVF0q7X4EUN3p5XG/UijjI4AsfgFEBwCRrgBjRBC2DwBF7AG3i3nq1X68P6nLWWrGLmEPyD9f0L93miCA==</latexit>

P0
µn�1

P0
µn

S

<latexit sha1_base64="0C7/Crm1+4ZH9dZ9T+ngTVzEupY=">AAACCXicbVA9SwNBEN2LXzF+RS1tFoNgFe6CqGVAC8sI5gNy4djbbJIle7vH7pwSjmtt/Cs2ForY+g/s/DfuJSk08cHA470ZZuaFseAGXPfbKaysrq1vFDdLW9s7u3vl/YOWUYmmrEmVULoTEsMEl6wJHATrxJqRKBSsHY6vcr99z7ThSt7BJGa9iAwlH3BKwEpBGae+yn0GvubDERCt1UN6nWVB6kdJILOgXHGr7hR4mXhzUkFzNILyl99XNImYBCqIMV3PjaGXEg2cCpaV/MSwmNAxGbKupZJEzPTS6ScZPrFKHw+UtiUBT9XfEymJjJlEoe2MCIzMopeL/3ndBAaXvZTLOAEm6WzRIBEYFM5jwX2uGQUxsYRQze2tmI6IJhRsOCUbgrf48jJp1areedW7PavUa/M4iugIHaNT5KELVEc3qIGaiKJH9Ixe0Zvz5Lw4787HrLXgzGcO0R84nz+bm5uA</latexit>!
Dµn

<latexit sha1_base64="sgLrEZvX41L3chHU5w+9R6m80B0=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AV3FhmiqjLgi5cVrAX6JSSSdM2NJMMyRmlDPMCbnwVNy4UcevenW9jello64HAx/+fw8n5w1hwA5737eSWlldW1/LrhY3Nre0dd3evblSiKatRJZRuhsQwwSWrAQfBmrFmJAoFa4TDq7HfuGfacCXvYBSzdkT6kvc4JWCljnuUBmrsMwg07w+AaK0e0uss66RBlHRSeepbdoteyZsUXgR/BkU0q2rH/Qq6iiYRk0AFMablezG0U6KBU8GyQpAYFhM6JH3WsihJxEw7nVyT4WOrdHFPafsk4In6eyIlkTGjKLSdEYGBmffG4n9eK4HeZTvlMk6ASTpd1EsEBoXH0eAu14yCGFkgVHP7V0wHRBMKNqCCDcGfP3kR6uWSf17yb8+KlfIsjjw6QIfoBPnoAlXQDaqiGqLoET2jV/TmPDkvzrvzMW3NObOZffSnnM8fbxec/g==</latexit>!
Dµn�1

<latexit sha1_base64="lIz/sVCyPgVNPtBlP1jittnD+2E=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AV3FhmiqjLgi5cVrAX6JSSSdM2NJMMyRmlDPMCbnwVNy4UcevenW9jello64HAx/+fw8n5w1hwA5737eSWlldW1/LrhY3Nre0dd3evblSiKatRJZRuhsQwwSWrAQfBmrFmJAoFa4TDq7HfuGfacCXvYBSzdkT6kvc4JWCljnuUBmrsMwg07w+AaK0e0uss66RBlHRSeVq27Ba9kjcpvAj+DIpoVtWO+xV0FU0iJoEKYkzL92Jop0QDp4JlhSAxLCZ0SPqsZVGSiJl2Orkmw8dW6eKe0vZJwBP190RKImNGUWg7IwIDM++Nxf+8VgK9y3bKZZwAk3S6qJcIDAqPo8FdrhkFMbJAqOb2r5gOiCYUbEAFG4I/f/Ii1Msl/7zk354VK+VZHHl0gA7RCfLRBaqgG1RFNUTRI3pGr+jNeXJenHfnY9qac2Yz++hPOZ8/cJ2c/w==</latexit>!
Dµn�2

Contractions algorithm
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Analysis steps
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• Compute 3-point functions C4
1>- 𝜏<, 𝜏=, 𝑡  of 𝒪4 for increasing flow time 𝑡

• For each 𝑡, form ratio /!
'() ?*,?+,@
/"
'() ?*,?+,@

 to obtain ratio of matrix elements 
ℎ 𝒪4 𝑡 ℎ
ℎ 𝒪AA 𝑡 ℎ

• Extrapolate to 𝑎 → 0 (multiple ensembles needed) at fixed flow time 𝑡

• Multiply by matching factors B"(@,*)B!(@,*)
 perturbatively computed

• Examine any remnant flow-time dependence (e.g. linear from mixing with higher dimensional 
operators that goes to zero at 𝑡 = 0, log from matching factors,…)

• Fit and extrapolate to 𝑡 → 0 to obtain E
!,#(*)
E(*)

 at MS

no advantage from considering different denominators



Test case: Heavy 410 MeV	pion at SU(3) flavor point

°2.0 °1.5 °1.0 °0.5 0.0 0.5 1.0 1.5

ø ° ts/2 [fm]
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bare hxi at a º 0.094 fm

ts
ts = 3.3 fm

ts = 3.8 fm

𝑡 = 0
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𝑢 𝑑̅

• Consider purely connected light-quark contribution 𝑢M
à if 𝑚N = 𝑚O = 𝑚6, corresponds to non-singlet i𝑢𝑢 + 𝑑̅𝑑 − 2𝑠̅𝑠

• Very moderate statistical sample needed:
      𝑎 ≈ 0.12	fm:    𝑁PQR = 850, 	=&

0
∈ 35,40

𝑎 ≈ 0.094	fm: 𝑁PQR = 700, =&
0
∈ 35,40

𝑎	 ≈ 0.077	fm:𝑁PQR = 400, =&
0
∈ 40,42

• 𝑎 ≈ 0.064	fm: 𝑁PQR = 500, =&
0
	 ∈ 40,42

• Measurements up to flow radius 8𝑡 ≈ 0.6	fm, 𝑡/𝑡$ ≈ 2.5

• Stabilized Wilson fermion (SWF) ensembles generated by OpenLat

• Main results:
Francis Fritzsch Harlander Karur Kim Kohnen Pederiva Pefkou Rago Shindler Walker-Loud Zafeiropoulos 2509.02472
Longer paper with details:
Francis Fritzsch Karur Kim Pederiva Pefkou Rago Shindler Walker-Loud Zafeiropoulos 2510.XXXXX



OpenLat Initiative
[https://openlat1.gitlab.io]
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OpenLat: open science initiative. 
Gauges with SWF open to the whole 
community Jangho Kim



Continuum 𝑎 → 0 extrapolation
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Matching and flow time 𝑡 → 0 extrapolation
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Flow time 𝑡 → 0 
extrapolation 

example
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• Perform every linear fit of 
flow time range ~ 0.8

• Take a flat average of all 
with p-value > 0.1

• Add shifts of central values 
from mean as systematic 
error

𝑥!

𝑥 (𝑡)
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JAM: 2108.05822
xFitter: 2002.02902
FANTO: 2505.13594

Comparison with phenomenology

* this work 𝑚, ≈ 410 MeV, SU(3)-
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PDF reconstruction

𝑞. ∝ 𝑥/(1 − 𝑥)0

Non-trivial, use of priors to 
stabilize fit

Difficulties in constraining 𝛼
but large 𝑥 parameter 𝛽~1 across 
all fit variations

Plans to use Gaussian Processes  
(underway by UC Berkeley PhD 
student Rohith Karur) 
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Summary and remarks
• First direct lattice QCD extraction of flavor non-singlet pion PDF moment ratios using novel method 

that employs the gradient flow

• With a modest statistical sample, moments up to 𝑥F  and resulting PDF show good agreement and 
competitive precision with phenomenological extractions

• Resolution to the long-standing problem of unattainable higher moments due to power divergent 
mixing in lattice QCD

• High precision moments offer complementary information on PDFs that can be used in global 
analyses of experimental and/or lattice data

• Future extensions: à chiral extrapolation to physical pion
                                        à proton
                                        à quark singlet + gluon PDFs
                                        à helicity + transversity PDFs
                                        à generalized form factors for GPDs

                                              à higher twist
29
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THANK YOU!


