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5.1.12 Hadronic Higher Order Contributions

At next-to-leading (NLO) order, O(↵3), there are several classes of hadronic con-
tributions with typical diagrams shown in Fig. 5.40. They have been estimated first
in [100]. Classes (a) to (c) involve leading HVP insertions and may be treated us-
ing DRs together with experimental e+e�–annihilation data. Class (d) involves lead-
ing QED corrections of the charged hadrons and related problems were discussed
at the end of Sect. 5.1.7 on p. 345, already. The last class (e) is a new class of
non–perturbative contributions, the hadronic light–by–light scattering which is con-
strained by experimental data only for one exceptional line of phase space. The eval-
uation of this contribution is particularly di�cult and it will be discussed in the next
section.

The O(↵3) hadronic contributions from classes (a), (b) and (c) may be evaluated
without particular problems as described in the following.
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Fig. 5.40: Hadronic higher order contributions: a)-c) involving LO vacuum polariza-
tion, d) involving HO vacuum polarization and e) involving light-by-light scattering

At the three–loop level all diagrams of Fig. 4.3 which involve closed muon–loops
are contributing to the hadronic corrections when at least one muon–loop is replaced
by a quark–loop dressed by strong interactions mediated by virtual gluons.
Class (a) consists of a subset of 12 diagrams of Fig. 4.3: diagrams 7) to 18) plus
2 diagrams obtained from diagram 22) by replacing one muon–loop by a hadronic
“bubble”, and yields a contribution of the type
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where K[(a)](s/m2
µ) is a QED function which was obtained analytically by Barbieri

and Remiddi [180]. The kernel function is the contribution to aµ of the 14 two–loop
diagrams obtained from diagrams 1) to 7) of Fig. 4.2 by replacing one of the two
photons by a “heavy photon” of mass

p
s. The convolution (5.96) then provides the

insertion of a photon self–energy part into the photon line represented by the “heavy
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Lattice HVP

Hadronic Vacuum Polarisation
computed from vector-vector
correlator
Time-momentum representation
[Bernecker & Meyer ’11]

aLO-HVP
� = �2

Z 1

0
K (t)C(t)dt

K (t) depends on Muon mass
Need to match dimensionless
simulations onto physical units

Result goes like square of scale
To get aLO-HVP� to 0.5%, need
scale to around 0.25%

� �

�
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Lattice HVP
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Introduction HLbL HVP Conclusions dispersive lattice

The different contributions Figure from Borsanyi et al. Nature 2021

2 | Nature | www.nature.com

Article

(up, down, strange and charm), in a lattice formulation that takes  
into account all dynamical effects. We also consider the tiny contribu-
tions of the bottom and top quarks, as discussed in Supplementary  
Information.

We compute aµ
LO HVP�  in the so-called time–momentum representa-

tion8, which relies on the following two-point function with zero 
three-momentum in Euclidean time t:
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quark fields, respectively, and the angle brackets stand for the 
QCD + QED expectation value to order e2. It is convenient to decompose 
G(t) into light, strange, charm and disconnected components, which 
have very different statistical and systematic uncertainties. Integrating 
the one-photon-irreducible part of the two-point function (equa-
tion (1)), G1γI, yields the LO-HVP contribution to the magnetic moment 
of the muon8–11:
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and where ω r r r r r r( ) = [ + 2 % ( + 4) ] / ( + 4)2 , α is the fine-structure 
constant in the Thomson limit and mµ is the muon mass. Because we 
consider only the LO-HVP contribution, for brevity we drop the super-
script and multiply the result by 1010, that is, aµ stands for �a ( 10µ

LO HVP 10 
in the following.

The subpercent precision that we are aiming for represents a huge 
challenge for lattice QCD. To reach that goal, we must address four 
critical issues: scale determination; noise reduction; QED and strong–
isospin symmetry breaking; and infinite-volume and continuum extrap-
olations. We discuss these one by one.

The first issue is scale determination. The quantity aµ depends 
on the muon mass. When computing equation (2) on the lattice, mµ 
must be converted into lattice units, amµ, where a is the lattice spac-
ing. A relative error of the lattice spacing propagates into about a 
twice-as-large relative error on aµ, so that a must be determined with a 
precision of few parts per thousand. We use the mass of the Ω baryon, 
MΩ = 1,672.45(29) MeV, from ref. 1 to set the lattice spacing, where the 
uncertainty in the parentheses denotes one standard deviation. We 
also use a scale based on the gradient flow from ref. 12, denoted as w0, 
to define an isospin decomposition of our observables. Although w0 
can be determined with sub-per-thousand precision on the lattice, it 
is inaccessible experimentally. In this work we determine the physical 
value of w0 by including QED and strong–isospin symmetry-breaking 
effects: w0 = 0.17236(29)stat(63)syst(70)tot fm, where the first error is 
statistical, the second is systematic and the third is the total error. 
In total, we reach a relative accuracy of 4‰, which is better than the 
error of the previous best determination13, the value of which agrees 
with ours. There the pion decay constant was used as experimental 

Strong–isospin breaking

Connected light Connected strange Connected charm Disconnected

633.7(2.1)stat(4.2)syst 53.393(89)stat(68)syst –13.36(1.18)stat(1.36)syst

0.11(4)tot

Bottom; higher-order;
perturbative

Other

Finite-size effects

Disconnected

–4.67(54)stat(69)syst

aP
LO-HVP (×1010) = 707.5(2.3)stat(5.0)syst(5.5)tot

QED isospin breaking: valence 

Isospin-symmetric

Connected Disconnected

Connected Disconnected

Connected

DisconnectedConnected

–0.55(15)stat(10)syst

–0.040(33)stat(21)syst

0.011(24)stat(14)syst

–1.23(40)stat(31)syst

–0.0093(86)stat(95)syst

0.37(21)stat(24)syst

6.60(63)stat(53)syst

QED isospin breaking: sea

QED isospin breaking: mixed

Isospin-symmetric

Isospin-breaking

18.7(2.5)tot

0.0(0.1)tot

14.6(0)stat(1)syst

Fig. 1 | Contributions to aµ, including examples of the corresponding 
Feynman diagrams. Solid lines are quarks and curly lines are photons. Gluons 
are not shown explicitly, and internal quark loops are shown only if they are 
attached to photons. Dots represent coordinates in position space, boxes 
denote the mass insertion relevant for strong–isospin symmetry breaking.  
The numbers give our result for each contribution; they correspond to our 

‘reference’ system size defined by Lref = 6.272 fm spatial and Tref = 9.408 fm 
temporal lattice extents. We also explicitly compute the finite-size corrections 
that must be added to these results, which are given separately in the lower 
right panel. The first error is the statistical and the second is the systematic 
uncertainty, except for the contributions for which only a single, total error is 
given. Central values are medians; errors are s.e.m.
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Figure 10. Compilation of results for the leading-order hadronic vacuum polarization contribution,
including isospin-breaking effects, combined with the remaining contributions to aµ as summarized in
the 2020 White Paper [1]. Our result quoted in eq. (3.21) is shown in green. Different discretizations of
the quark action are denoted by circles (Wilson fermions) [35, 96], triangles (staggered fermions) [14, 15,
17, 97], squares (domain wall fermions) [27] and diamonds (twisted-mass Wilson fermions) [98, 99]. The
data-driven estimate from the 2020 White Paper [1] and the current experimental average [12, 13, 111]
are represented by the red and grey vertical bands, respectively. The recent estimate by BMW-
DMZ [25] is based on a combination of lattice and data-driven evaluations.
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)LD
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(
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+
(
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)ID

Figure 11. Squared uncertainty of our final estimate for ahvpµ in eq. (3.21). Each of the three
contributions can be divided into statistical (dark colours) and systematic uncertainties (light colours)
that are displayed in the inner circle.

– 29 –

Status of HVP from the
BMW/DMZ collaboration

[arXiv:2407.10913v2]

Finn M. Stokes
Bocalletti, Borsanyi, Davier, Fodor, Frech, Géradin, Giusti, Kotov, Lellouch, Lippert,

Lupo, Malaescu, Mutzel, Portelli, Risch, Sjö, Stokes, Szabo, Toth, Wang, Zhang

T�� M����/CLS ������ ��� ahvpµ

700 710 720 730 740 750
1010 aHVP,LO

µ

RBC/UKQCD-24+18

Mainz/CLS-24

BMW-20

Just below 1% precision for ahvpµ

[Djukanovic et al., ����.�����].

We observe a rather strong scheme
dependence, Mainz-f⇡ vs. WP��,
for (ahvpµ )

LD.

Tensions in the long-distance regime
need to be understood.
�Conservative averaging procedure
in the White Paper.
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dark: statistics
light: systematics

Error budget dominated by:

LD: statistical uncertainty.

LD: continuum extrapolation.

LD: finite-volume correction.

Isospin-breaking e�ects.

� Work on all of them to improve significantly.

� / �
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5.1.12 Hadronic Higher Order Contributions

At next-to-leading (NLO) order, O(↵3), there are several classes of hadronic con-
tributions with typical diagrams shown in Fig. 5.40. They have been estimated first
in [100]. Classes (a) to (c) involve leading HVP insertions and may be treated us-
ing DRs together with experimental e+e�–annihilation data. Class (d) involves lead-
ing QED corrections of the charged hadrons and related problems were discussed
at the end of Sect. 5.1.7 on p. 345, already. The last class (e) is a new class of
non–perturbative contributions, the hadronic light–by–light scattering which is con-
strained by experimental data only for one exceptional line of phase space. The eval-
uation of this contribution is particularly di�cult and it will be discussed in the next
section.

The O(↵3) hadronic contributions from classes (a), (b) and (c) may be evaluated
without particular problems as described in the following.

h e h h h
µ

�

h

a) b) c)

d) e)
h

Fig. 5.40: Hadronic higher order contributions: a)-c) involving LO vacuum polariza-
tion, d) involving HO vacuum polarization and e) involving light-by-light scattering

At the three–loop level all diagrams of Fig. 4.3 which involve closed muon–loops
are contributing to the hadronic corrections when at least one muon–loop is replaced
by a quark–loop dressed by strong interactions mediated by virtual gluons.
Class (a) consists of a subset of 12 diagrams of Fig. 4.3: diagrams 7) to 18) plus
2 diagrams obtained from diagram 22) by replacing one muon–loop by a hadronic
“bubble”, and yields a contribution of the type

a(6) had[(a)]
µ =

✓↵
⇡

◆3 2
3

1Z

4m2
⇡

ds
s

R(s) K[(a)]
⇣
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(5.96)

where K[(a)](s/m2
µ) is a QED function which was obtained analytically by Barbieri

and Remiddi [180]. The kernel function is the contribution to aµ of the 14 two–loop
diagrams obtained from diagrams 1) to 7) of Fig. 4.2 by replacing one of the two
photons by a “heavy photon” of mass

p
s. The convolution (5.96) then provides the

insertion of a photon self–energy part into the photon line represented by the “heavy
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Forward light-by-light scattering and electromagnetic
correction to hadronic vacuum polarization
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Abstract: Lattice QCD calculations of the hadronic vacuum polarization (HVP) have
reached a precision where the electromagnetic (e.m.) correction can no longer be neglected.
This correction is both computationally challenging and hard to validate, as it leads to ul-
traviolet (UV) divergences and to sizeable infrared (IR) effects associated with the massless
photon. While we precisely determine the UV divergence using the operator-product ex-
pansion, we propose to introduce a separation scale Λ ∼ 400 MeV into the internal photon
propagator, whereby the calculation splits into a short-distance part, regulated in the UV
by the lattice and in the IR by the scale Λ, and a UV-finite long-distance part to be treated
with coordinate-space methods, thereby avoiding power-law finite-size effects altogether.
In order to predict the long-distance part, we express the UV-regulated e.m. correction
to the HVP via the forward hadronic light-by-light (HLbL) scattering amplitude and re-
late the latter via a dispersive sum rule to γ∗γ∗ fusion cross-sections. Having tested the
relation by reproducing the two-loop QED vacuum polarization (VP) from the tree-level

Open Access, c⃝ The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP03(2023)194
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Figure 2. Cottingham-like formula for QCD LbL amplitude.

52], as shown in figure 2. As has been noted [52], the connection between the forward
HLbL amplitude and the e.m. correction to the HVP bears a strong resemblance with the
Cottingham formula [53–57], which expresses e.m. mass splittings in terms of the forward
Compton scattering amplitude. The analogy becomes apparent if one views light-by-light
(LbL) scattering as Compton scattering off a photon.

However, not much practical use has so far emerged from this connection. Perhaps
the main reason is that the insertion of two standard q̄qγ vertices leads to a divergence,
requiring the insertion of O(e2) counterterms to cancel it. From the standpoint of the HLbL
amplitude, the divergence appears due to the forward HLbL falling off too slowly (as 1/k2)
for one of the incoming photon momenta becoming large. However, the first term on the
right-hand side of eq. (1.1) amounts to a UV-regularization of the photon propagator, and
in this case the integral over the forward HLbL amplitude yielding an e.m. correction to the
HVP becomes finite. Therefore, with sufficient knowledge of the forward HLbL amplitude,
obtained either by using the dispersive sum rules [58] or direct lattice calculations [59], one
can make a definite prediction for this correction. The comparison can even be done in
a more differential way, at the integrand level, as we shall illustrate. Also, accumulated
knowledge on the HLbL amplitudes, for example concerning the relative importance of the
different quark Wick-contraction topologies [60, 61], can be usefully applied to the leading
QED corrections to the HVP.

The rest of this paper is organized as follows. We start in the continuum, deriving
in section 2 the relation between the forward HLbL amplitude and the e.m. correction
to the HVP. In section 3, this relation is tested against known results in a pure QED
setting. Section 4 contains a derivation of the divergence that develops when the UV-
cutoff Λ is sent to infinity and indicates in which flavor combinations the divergence partly
cancels. In section 5, we then come to the prediction for the π0 exchange in the forward
HLbL amplitude, and thereby to its contribution in the e.m. correction to the HVP and
ultimately in the muon (g−2). We then formulate a computational strategy in section 6 for
computing the leading isospin-breaking effects to the HVP in lattice QCD. The section also
discusses aspects of the coordinate-space method and presents the integrand corresponding
to the π0 exchange contribution. Finally, section 7 summarizes our findings and offers an
outlook into further possible applications of this work.

– 3 –

Comparison between lattice calculations : intermediate window

↭ Light quark contribution > 85% of the intermediate window contribution

→ Many lattice calculations (8 lattice groups)

→ Excellent agreement (also for other flavors)

→ But significant tension between lattice and dispersive

↭ Suggests that the discrepancy lies in the ω+ω→ channel at low energies

↭ ω+ω→ contribution 600 MeV ↑
↓

s ↑ 900 MeV (around the rho-resonance) :

→ 55%-60% on both full HVP and the intermediate window !

↭ Analysis can be improved by looking at di!erent windows, or linear combination of windows, that are sensitive to
di!erent region of the R-ratio. (BMW + DHMZ collaboration)

Antoine Gérardin 23 Muon anomalous magnetic moment (g ↔ 2)
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Timelike vs. Spacelike?

γ0
γ0

[Hoid et al., EPJC (2020)]

a(γ0μ)
δ (timelike) = 4.38(6) − 10≈10 a(γ0μ)

δ (spacelike) → 0.37 − 10≈10
[Blokland et al., PRL (2002)]

- data-driven evaluation: - simple VMD-based model

one order discrepancy!

• corresponds to the lattice QCD computation

•  interference terms from hadronic channels reconcile the discrepancy∂(αem)

cause large cancellations!
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δ (timelike) = 4.38(6) − 10≈10 a(γ0μ)

δ (spacelike) → 0.37 − 10≈10
[Blokland et al., PRL (2002)]

- data-driven evaluation: - simple VMD-based model

one order discrepancy!

• corresponds to the lattice QCD computation

•  interference terms from hadronic channels reconcile the discrepancy∂(αem)

cause large cancellations!

Biloshytskyi et al, 2509.08115 [hep-ph]

https://arxiv.org/abs/2509.08115
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Affects the isospin-breaking in  decays?τ
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HVP from Tau data ?

↭ Use ω data as an independent and precise measurement to clarify the situation in dominant εε channel ?
[R. Alemany, M. Davier, and A Hocker ’98]

I = 0,1 I = 1

γ τ
W

ντ

e
+

e
−

• Ulike to e
+
e
→ : good consistency is observed among the

experiments for ω → ϑε
0
ε

• Use isospin symmetry to connect e
+
e
→ cross sections to

vector ω spectral function.

• Requires IB corrections from ε
±
ε
0 to ε

+
ε
→ : model de-

pendent

• First-principle determination of IB using Lattice QCD.

Talk by M. Bruno - 8th Plenary Workshop of the Muon g ↑2

Talks by Z. Zhang, M. Cottini and G. Lopez Castro tomorrow morning

Antoine Gérardin 15 Muon anomalous magnetic moment (g ↑ 2)
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R. Aliberti, T. Aoyama, E. Balzani et al. Physics Reports 1143 (2025) 1–158

Fig. 83. Summary of the current SM prediction for aµ in comparison to experiment (red band and data points). The final WP25 prediction is denoted
in black and via the blue band, it derives from the LO HVP result defined by the lattice-QCD ‘‘Avg. 1’’ shown in blue, see Eq. (3.37). The gray band
indicates the WP20 result, based on the e+e→ experiments above the first dashed line. These experimental ranges, as well as the ones for SND20
and CMD-3 that appeared after WP20, are produced as in Fig. 27; they are meant to illustrate the current situation, but cannot be interpreted as
uncertainties with a proper statistical meaning. The ω point refers to Eq. (2.23), the numerical results are collected in Table 5. In all cases except
for the gray WP20 band the LO HVP results are combined with WP25 values for the remaining contributions, as summarized in Table 1. The figure
has been updated after the announcement of the final results from the Fermilab experiment, including the corrections to the previous experimental
points as detailed in Ref. [8].

The role of aµ as a sensitive probe of the SM continues to evolve. We stress that, even though a consistent picture has
emerged regarding lattice calculations of HVP, the case for a continued assessment of the situation remains very strong
in view of the observed tensions among data-driven evaluations. New and existing data on e+e→ hadronic cross sections
from the main collaborations in the field, as well as new measurements of hadronic ω decays that will be performed at
Belle II, will be crucial not only for resolving the situation but also for pushing the precision of the SM prediction for aµ

to that of the direct measurement. This must be complemented by new experimental efforts with completely different
systematics, such as the MUonE experiment, aimed at measuring the LO HVP contribution, as well as an independent direct
measurement of aµ, which is the goal of the E34 experiment at J-PARC. The interplay of all these approaches, various
experimental techniques and theoretical methods, may yield profound insights in the future, both regarding improved
precision in the SM prediction and the potential role of physics beyond the SM. Finally, the subtleties in the evaluation
of the SM prediction for aµ will also become relevant for the anomalous magnetic moment of the electron, once the
experimental tensions in the determination of the fine-structure constant are resolved.

In this second-edition White Paper, WP25, the Muon g → 2 Theory Initiative is presenting their new SM prediction for
aµ, which constitutes a major change from WP20. For the future, the Theory Initiative remains dedicated to continuing
to support the wide-ranging efforts and to compile updated predictions.
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Hadronic light-by-light (HLbL)

8

Hadronic light-by-light scattering

↭ Enters at O(ω3) : contribution almost two orders of magnitude smaller compared to HVP

↭ Until 2016 : mostly based on model estimates
a

HLbL
µ = 105(26) → 10↑11 [Prades, de Rafael, Vainshtein ’09]

a
HLbL
µ = 116(39) → 10↑11 [Jegerlehner, Ny!eler ’09]

↭ Challenging

↓ hadronic light-by-light tensor !µωεϑ(p1, p2, p3) =
∫
x,y,z !µωεϑ(x, y, z)e↑i(q1x+q2y+q3z)

↓ 4pt correlation function - complex analytic structure - multi-scale system

↭ Target precision (10%) has been reached in 2025
Antoine Gérardin 28 Muon anomalous magnetic moment (g ↑ 2)

Hadronic light-by-light scattering : status
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1011

⇥ a
HLbL
µ

WP25

WP20

WP25 (lattice)

BMW-24

RBC/UKQCD-23

Mainz/CLS-21+22

RBC/UKQCD-19

WP25 (phenomenology)

HSZ-24

WP20 (phenomenology)

↭ Three independent lattice determinations (→= actions) :
↑ Mainz group, RBC/UKQCD and BMW collaborations

↭ Dispersive and Lattice results with comparable precision - good agreement
↭ Combination phenomenology and lattice :

a
HLbL
µ = 112.6(9.6) ↓ 10→11

↑ ωa
HLbL
µ = 9.6 ↓ 10→11 to be compared with ωa

exp
µ = 14.5 ↓ 10→11.
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Hadronic light-by-light scattering from first principles

↭ Hadronic contribution : low-energy physics → non-perturbative methods

aHLbLµ =
→ + + · · ·

ω0, ε, ε→ ω

Lattice QCD Dispersion relations

aHLbL
µ =

mµe6

3

∫

x,y
L[ω,ε],µϑϖ(x, y) i!̂ω;µϑϖε(x, y)

↭ L[ω,ε],µϑϖ : QED weight function.

→ computed in continuum / infinite volume
→ Mainz group - RBC/UKQCD

↭ Hadronic correlation function

i!̂ω;µϑϖε(x, y) = ↑

∫
d4z zω↓jµ(x)jϑ(y)jε(z)jϖ(0)↔

→ computed on the lattice

Not defined via a single observable (↗= HVP)

Dispersive framework (’21) aµ ↘ 1011

ω
0, ε, ε

→ 93.8 ± 4

pion/kaon loops ↑16.4 ± 0.2

S-wave ωω ↑8 ± 1

axial vector 6 ± 6

scalar + tensor ↑1 ± 3

q-loops / short. dist. cstr 15 ± 10

charm + heavy quarks 3 ± 1

sum 92 ± 19

↭ Use cut singularities / pole to identify contributions
↭ input : form factors

F
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Muon anomalous magnetic moment (g → 2)
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Universal dispersive formula: 
Schwinger Sum Rule

10

σLT inclusive cross section of 
polarized photo-absorption 
on muon: 

{ =
m2

⇡2↵

Z 1

⌫0

d⌫


�LT (⌫, Q2)

Q

�

Q2=0

muon mass m

photon lab-frame energy 𝜈  

and virtuality Q2 = -q2

photo-absorption threshold ν0
fine-structure  

constant 𝛼 ≈ 1/137
longitudinal-transverse 

photo-absorption  
cross section σLT

γ∗

N

X

J. S. Schwinger, Proc. Nat. Acad. Sci. 72, 1 (1975); ibid. 72, 1559 (1975). 
A. M. Harun ar-Rashid, Nuovo Cim. A 33, 447 (1976).

=𝛾𝜇, π0𝜇, …

anomalous  
magnetic moment  
a=½(g−2)

𝜇

a
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HVP from Schwinger sum rule 

11
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hadrons

{HVP =
↵

⇡2

Z 1

4m2
⇡

ds

s
Im⇧had(s)

Z
1

0

dx
x2(1� x)

x2 + (1� x)(s/m2)
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kernel function: 

reproduces the HVP standard dispersion formula

for Mx=0, we find K(0)=1/2, and therefore 
the Schwinger term: a(1) = 𝛼/2π 

a

a

Hagelstein & VP,  PRL 120, 072002 (2018). 
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{ =
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⇡2↵

Z 1

⌫0

d⌫


�LT (⌫, Q2)

Q
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Q2=0

= lim
Q2!0

8m2

Q2

Z x0

0
dx [ḡ1 + ḡ2](x,Q

2)
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muon spin structure functions 
g1 and g2

e-

𝛾*

e-

𝜇

hadrons

Expression in terms of  
spin structure functions

a
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Prospects for neutral-pion production 
measurement 

(Along the MUonE experiment)

13
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Current situation — disappointing?

14

Fermilab Muon g-2 final result

Result

I results blinded by unknown o!set in calorimeter DAQ sampling frequency
I collaboration approved result before unblinding on 20 May 2025
I BNL, FNAL Run 1 & 2/3 R→

—(Tr ), !
→
p(Tr ) converted to spherical water sample at Tr = 25 °C

I FNAL Run 1 & 2/3 results revised

I experimental results on R→
—(Tr ) have been combined (100% correlated systematics for FNAL measurements)

I PRL 135 (2025) 101802PRL 135 (2025) 101802PRL 135 (2025) 101802PRL 135 (2025) 101802PRL 135 (2025) 101802PRL 135 (2025) 101802PRL 135 (2025) 101802PRL 135 (2025) 101802PRL 135 (2025) 101802PRL 135 (2025) 101802PRL 135 (2025) 101802PRL 135 (2025) 101802PRL 135 (2025) 101802PRL 135 (2025) 101802PRL 135 (2025) 101802PRL 135 (2025) 101802PRL 135 (2025) 101802

prediction BNL 2006
WP 2020

BMW 2021

WP 2025

BNL 2006 [2025]

FNAL Run 4+5+6

FNAL Run 1 [2025]
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Experiment

Theory - Lattice 
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00 R→
—(Tr )

uncertainty
stat. syst. total
[ppb] [ppb] [ppb]

Run-1 434 159* 462
Run-2/3 201 78* 216
Run-4/5/6 114 76 137
Run-1-6 98 78 125

*revised
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Standard Model 
Electroweak   QCD

presently the best theory of (nearly) everything
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What’s next?

17

• Reach the experimental precision  

• data-driven HVP: the discrepancy, IB in  decays 

• lattice HVP: IB effects (via LbL and Cottingham formula) 

• data-driven LbL:  Schwinger sum rule 

• lattice LbL: nearly there 

• Look for a theory superseding the SM 

τ
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Backup

18
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Spin structure functions

19
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muon spin structure functions 
g1 and g2
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Spin-dependent forward doubly-virtual Compton scattering: 

Im ∝
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Optical theorem:
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Verifying the Schwinger sum rule in QED

20

F2(0)=a a(1) = 𝛼/2πa(0)=0
Schwinger term —  
the leading QED result
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Input:

Schwinger sum rule:

tree-level QED 
Compton scattering

q’2 =0q2 = -Q2

with s = m2 + 2mν − Q2
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hadrons

q2 = -Q2

Cross section of hadron production through timelike Compton scattering:
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Timelike Compton scattering cross section:

s = m2 + 2m⌫
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q’2 = Mx2 +  crossed diagram

HVP from Schwinger sum rule
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Reproducing the leading QED result
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F2(0)=a a(1) = 𝛼/2π

Input: longitudinal-transverse photo-absorption cross section
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Summary and Conclusions
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1. Schwinger sum rule — dispersive formula applying equally to 
HVP and HLbL 

2. Reproduces 𝛼/2π and HVP formula: 
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3. Splits contributions into hadron production and e.m. (LbL) channels
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measurable

spin structure functions

LQCD ?

4. Partial calculation of PS-meson contributions: a factor of 2 to 3 larger 
than the conventional model calculations.

direct LbL scattering (ATLAS)
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The Cross section σLT
Example: tree-level QED Compton scattering cross section

with conserved helicity:

d��0
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µ���µ = (2⇡)4�(4)(pf � pi)
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longitudinal-transverse photo-absorption cross section:
𝛾*(𝜆𝛾=0) + 𝜇(𝜆𝜇=-1/2) → 𝛾(𝜆’𝛾=1) + 𝜇(𝜆’𝜇=1/2)

𝜆𝛾=0

𝜆𝜇=-1/2

𝜆’𝛾=1

𝜆’𝜇=1/2
spin flip

helicity difference photo-absorption cross section:
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Timelike CS mechanism
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(a) (b)
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phase space of the 
final state

initial flux factor 

I2=(p·q)2 - p2 q2

ρ𝜇𝜈: squared matrix 

element of timelike CS

𝛬𝜈: virtual-photon 

decay vertex

Virtual-photon decay width into hadronic state X:

Im ΠX: contribution of state X to the VP
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Final factorized cross section:

Combine into:


