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Bird’s eye perspective: Core goal for non-perturbative QCD (+QED)
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“Given a set of inputs I (needed to tune the theory),  
reliably and precisely determine the numerical value of target output O”

Six inputs (4 quarks, 2 couplings)… 

Mπ+/MΩ = 0.083 Mπ0/MΩ = 0.081
MK+/MΩ = 0.295 MD+/MΩ = 1.12

α−1
QED = 137 MΩ = 1670 MeV

Many potential outputs
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Bird’s eye perspective: Core goal for non-perturbative QCD (+QED)
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Many potential outputs
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O = F (I) Most ambitious dream = an analytic solution
Next most ambitious dream = a numerical oracle

Six inputs (4 quarks, 2 couplings)… 

“Given a set of inputs I (needed to tune the theory),  
reliably and precisely determine the numerical value of target output O”
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Not all oracles are 
created equal

One scenario is lower cost 
but lest reliable
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Not all oracles are 
created equal

Six inputs (4 quarks, 2 couplings)… 

“Given a set of inputs I (needed to tune the theory),  
reliably and precisely determine the numerical value of target output O”
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Best case would be cheap 
and precise



Numerical lattice QCD (+QED)

5

exp
ens

ive

low co
st 

impre
cis

e,  

unr
elia

ble mach
ine

 

pre
cis

ion

… achieves percent-level predictions for a particular set of observables

mMS
q (µ)

fD
fB

f⇡

fK

mp

mn

gA

(g � 2)HVP

µ

↵MS(µ)
Typically best with 
- single-particle states 
- mesons rather than baryons 
- local quark-anti-quark currents,   e.g. 𝒥μ = ∑

i

q̄iγμqi
- short-distance matrix elements  
       (= no on-shell multi-hadron states) 
       (= no strong-force phases)
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Multi-hadron observables
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Essential for resonances (that decay via QCD) & shallow bound states 
- exotics, XYZs        - Nucleon excited states N(1440)        - Deuteron

B ! K⇤ `` ! K⇡ ``Resonant B decays

are not QCD Hamiltonian eigenstates (not stationary since they decay)
<latexit sha1_base64="2hkUHpoFymlhHuCimjpnFrdOGig="></latexit>

|X(3872)i, |K⇤i, |f0(1710)i
indeed not really states at all, in the sense of the Hilbert space

could enhance
   •   Soni (2017)   •   

f0(1710) �ACP
Various SM predictions give 
a significantly lower value

CP violation in charm

Relevant for eletroweak physics and CP violation

D ! ⇡⇡,KK

   •   LHCb (PRL, 2019)   •   
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A sense of the difficulty
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An indicator of the challenge from the form of known results

electron-positron to hadrons (experiment)

complicated line shape

<latexit sha1_base64="S+WEjBOv0go9vurk8LOcQdqTS/k="></latexit>

R(s) / �(e+e� ! hadrons)

Complicated line shape with peaks and cuts

Associated with complex functions (as in ) with poles, branch points, branchcutsi = −1



Poles and cuts
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Scattering concerns a continuum of states

Leads to branch cuts in 
correlation functions

A trapped quantum mechanical system has discrete quantized energies

Leads to poles in 
correlation functions



S-matrix (and unitarity)
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At low-energies, QCD = hadronic degrees of freedom ⇡ ⇠ ūd, K ⇠ s̄u, p ⇠ uud

Overlaps of multi-hadron asymptotic states → S matrix

0 0

00

0 0

|⇡⇡, ini

h⇡⇡, out|

s = E2
cmdepends on

and angular variables

diagonal in angular momentum

S(s) ⌘

e2i�0(s)

e2i�1(s)

e2i�2(s)

|KK, ini|⇡⇡⇡⇡, iniAn enormous space of information · · ·

M`(s) / e2i�`(s) � 1

<latexit sha1_base64="Gx9uJoOyIYou7lYiS7jVcZd2rI8="></latexit>

[S S†]↵� =
X

�

h↵, out|�, inih�, in|�, outi = I↵�
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Roughly speaking, a bump in:
scattering rate

ImE

ReE

Extend to the 
complex plane

E (GeV)

⇡⇡ ! ⇡⇡IG(JPC) = 1+(1��)
⇢

pions
Protopopescu et al. (1972)

|M`(s)|2 / |e2i�`(s) � 1|2 / sin2 �`(s)
Definition of a resonance

10



resonance

Analytic continuation reveals a complex pole

ER = MR + i�R/2

E (GeV)

⇡⇡ ! ⇡⇡IG(JPC) = 1+(1��)
⇢

pions

EB = MB

bound state

Protopopescu et al. (1972)

scattering rate
|M`(s)|2 / |e2i�`(s) � 1|2 / sin2 �`(s)

11

Definition of a resonance
Roughly speaking, a bump in:

ImE

ReE



Instead of                 → analytically continue the amplitude itself

Analyticity
|M(s)|2

For two-particle energies , what is the analytic structure?(2m)2 < s < (4m)2

⇢(s)|M`(s)|2 = ImM`(s)

⇢(s) =

p
1� 4m2/s

32⇡

The optical theorem tells us…

… where                                    is the two-particle phase space

M`(s) =
1

K`(s)�1 � i⇢(s)Unique solution is…

K matrix (short distance) phase-space cut (long distance)

Key message: The scattering amplitude has a square-root branch cut

12
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M`(s) =
1

K`(s)�1 � i⇢(s)
/ 1

p cot �`(s)� ip
/ e2i�`(s) � 1

Two-to-two scattering

⇢(s) / i
p
s� (2m)2

physical sheet s = E2
cm

sR = (MR + i�R/2)
2

unphysical sheet

resonance poles only on 2nd sheet

Each channel generates a square-root cut → doubles the number of sheets

Details of analyticity = important for quantitative understanding

Possible to separate…
(i) long-distance kinematic singularities 
(ii) short-distance/microscopic physics (depending on interaction details)

Important lessons:

13



14

The finite volume… 
Discretizes the spectrum 
Eliminates the branch cuts and extra sheets 
Hides the resonance poles

Finite-volume Euclidean analytic structure Infinite-volume Minkowski analytic structure
Sheet I

Sheet II

Lattice QCD meets multi-hadron
LQCD evaluates the path-integral in a finite, Euclidean space-time

The Euclidean signature… 
Prevents simple access to timelike momenta
Denies easy access to on-shell particles

14



Finite-volume as a tool (Euclidean signature not “of central importance”)

Spectral function method (finite-volume not “of central importance”)

hOj(⌧)O
†
i (0)i =

X

n

h0|Oj(⌧)|EnihEn|O
†
i (0)|0i =

X

n

e�En(L)⌧Zn,jZ
⇤
n,i

LQCD → Energies and matrix elements

Our task is relate             and                             to experimental observablesEn(L)
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hEm0 |J (0)|Emi
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An answer to the question…   “Can’t you just analytically continue?”

Formally applies for any number of particles / any energy range

Still important challenges and limitations to consider

Applicable only in limited energy range for two- and three-hadron states

Two strategies
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Two-to-two scattering:   2 → 2

Decays with an external current:   

Transitions with an external current:  

Three-to-three scattering:   3 → 3

2 →
𝒥

2

1 →
𝒥

2

Long distance matrix elements

Landscape of amplitudes

0, 1 →
𝒥

X →
𝒥

0, 1

FV method SF method
L

L

L

formalism (E𝖼𝗆 < 4Mπ)

formalism (E𝖼𝗆 < 4Mπ)

formalism (E𝖼𝗆 < 4Mπ)

formalism (E𝖼𝗆 < 4Mπ)

formalism (E𝖼𝗆 < 5Mπ)

numerical maturity = 👍

numerical maturity = 🏆

numerical maturity = 🤷

numerical maturity = 👍

numerical maturity = 👍

formalism

formalism

formalism

formalism

formalism

numerical maturity = 🤷

numerical maturity = 🤷

numerical maturity = 🤷

numerical maturity = 🤷

🏆 👍 🤷
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<latexit sha1_base64="ey1egYc+9SiGyTg3piQUO+bl6mU="></latexit>

E0(L) = 2M⇡ +
4⇡a0
M⇡L3

+O(1/L4)

Finite-volume ground state

   •   Huang, Yang (1958)   •   

Scattering leaves an imprint on finite-volume quantities

E0 = 2M⇡
Infinite-volume threshold

<latexit sha1_base64="D9hUjhRq1ckz+2iQ8DahlZ8FBy4="></latexit>

M`=0(2M⇡) = �32⇡M⇡a0

Finite-volume set-up

L

L

L

E0(L)

E1(L)

E2(L)

cubic, periodic, spatial volume (extent L)

L is large enough to neglect e�M⇡L

~p =
2⇡

L
~n , ~n 2 Z3

scattering length

The finite-volume as a tool

17
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Holds only for two-particle energies(2m)2 < s < (4m)2

Generalized to non-degenerate masses, multiple channels, spinning particles

Neglects e�mL

det[K�1(s) + F (P,L)] = 0 F (P,L) ⌘ Matrix of known 
geometric functions

Encodes angular momentum mixing

E0(L)

E1(L)

E2(L)

M2K2

finite volume unitarity

Huang, Yang (1958)   •   Lüscher (1986, 1989)   •   Rummukainen, Gottlieb (1995) 
Kim, Sachrajda, Sharpe (2005)   •   Christ, Kim, Yamazaki (2005)   •   He, Feng, Liu (2005) 

Beane, Detmold, Savage (2007)   •   Tan (2008)   •   Leskovec, Prelovsek (2012)   •   Bernard et. al. (2012) 
MTH, Sharpe (2012)   •   Briceño, Davoudi (2012)   •   Li, Liu (2013)   •   Briceño (2014) 

General relation



⇡⇡ ! ⇡⇡

   •   Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505   •   

Single-channel case (pions in a p-wave)

K(sn)
�1 = ⇢ cot �(sn) = �F (En, ~P ,L)

19

Using the result
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ϕ

ω ρ

JP = 1�

0.42 0.48 0.54 0.60
a
p

s

0

45

90

135

180

± 1
[± ]

amΩ = 0.4609(16)(14)
gΩºº = 5.69(13)(16)

Leskovec et al. (2017)
Nf=2+1, mπ=316 MeV

IG(JPC) = 1+(1��)
Guo et al. (2016)
Nf=2, mπ=226 MeV

Andersen et al., (2019) 
Nf=2+1, mπ=220 MeV

20

ρ → ππ
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One more recent result

   •     Boyle, Erben, Gülpers, MTH, Joswig, Marshall, Lachini, Portelli: PRL (2406.19194) and PRD (2406.19193)     •   

Physical mass results (but continuum limit still needed)

Essential step towards B → K⋆( → Kπ)ℓ+ℓ−



CP-PACS/PACS-CS 2007, 2011
ETMC 2010
Lang et al. 2011
HadSpec 2012, 2016
Pellisier 2012
RQCD 2015
Guo et al. 2016
Fu et al. 2016
Bulava et al. 2016
Alexandrou et al. 2017
Andersen et al. 2018
Fischer et al. 2020
Erben et al. 2020

⇢ ! ⇡⇡ K⇤ ! K⇡
Lang et al. 2012
Prelovsek et al. 2013
Wilson et al. 2015
RQCD 2015
Brett et al. 2018
Wilson et al. 2019
Rendon et al. 2020

K*(892)

ϕ

ω ρ

κ(700)

σ(500) a0(980)

f0(980)

JP = 1�

JP = 0+

� ! ⇡⇡
Prelovsek et al. 2010
Fu 2013
Wakayama 2015
Howarth and Giedt 2017
Briceño et al. 2017
Guo et al. 2018

See the recent review by 
Briceño, Dudek and Young

 ! K⇡

Dudek et al. 2016

a0(980) ! ⇡⌘,KK

�, f0, f2 ! ⇡⇡,KK, ⌘⌘
Briceño et al. 2017

b1 ! ⇡!,⇡�
Woss et al. 2019

2222

https://inspirehep.net/literature/759221
https://inspirehep.net/literature/944159
https://inspirehep.net/literature/879349
https://inspirehep.net/literature/901738
https://inspirehep.net/literature/1205306
https://inspirehep.net/literature/1382163
http://inspirehep.net/record/1411662?ln=en
https://inspirehep.net/literature/1458955
https://inspirehep.net/literature/1484163
https://inspirehep.net/literature/1449090
https://inspirehep.net/literature/1683416
https://inspirehep.net/literature/1687570
https://inspirehep.net/literature/1802679
https://inspirehep.net/literature/1757265
http://inspirehep.net/record/1122549?ln=en
http://inspirehep.net/record/1241426?ln=en
http://inspirehep.net/record/1326652?ln=en
http://inspirehep.net/record/1411662?ln=en
http://inspirehep.net/record/1654342?ln=en
https://inspirehep.net/literature/1728655
https://inspirehep.net/literature/1802829
http://inspirehep.net/record/854248?ln=en
http://inspirehep.net/record/1222343?ln=en
http://inspirehep.net/record/1618009/references
http://inspirehep.net/record/1389182?ln=en
http://inspirehep.net/record/1477214
https://inspirehep.net/literature/1659102
http://inspirehep.net/record/1606083
http://inspirehep.net/record/1606083
http://inspirehep.net/record/1606083
http://inspirehep.net/record/1421934#
http://inspirehep.net/record/1618009
https://inspirehep.net/literature/1728779
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Two-to-two scattering:   2 → 2

Decays with an external current:   

Transitions with an external current:  

Three-to-three scattering:   3 → 3

2 →
𝒥

2

1 →
𝒥

2

Long distance matrix elements

Landscape of amplitudes

0, 1 →
𝒥

X →
𝒥

0, 1

FV method SF method
L

L

L

formalism (E𝖼𝗆 < 4Mπ)

formalism (E𝖼𝗆 < 4Mπ)

formalism (E𝖼𝗆 < 4Mπ)

formalism (E𝖼𝗆 < 4Mπ)

formalism (E𝖼𝗆 < 5Mπ)

numerical maturity = 👍

numerical maturity = 🏆

numerical maturity = 🤷

numerical maturity = 👍

numerical maturity = 👍

formalism

formalism

formalism

formalism

formalism

numerical maturity = 🤷

numerical maturity = 🤷

numerical maturity = 🤷

numerical maturity = 🤷
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🏆 👍 🤷



1

Two key complications
More degrees of freedom

2 degrees of freedom

12 momentum 
     components

-10 Poincaré generators

8 degrees of freedom

18 momentum 
     components

-10 Poincaré generators

5 degrees of freedom

15 momentum 
     components

-10 Poincaré generators

New kinds of singularities (analytic structure) (= triangle singularities, anomalous thresholds)

complicate analyticity & unitarity
difficult to disentangle kinematic singularities 

from resonance poles

=iM3!3 ⌘ fully connected 
correlator + · · ·+

24



iM3!3 ⌘ fully connected diagrams
w/ PV pole prescription

same degrees of freedom as M3 smooth real function

iKdf,3 + · · ·+�

relation to M3 = known

Two key observations
Can define an intermediate K matrix without these singularities

Kdf,3(p3, p2, p1; k3, k2, k1) = Kiso,0
df,3 +Kiso,1

df,3 �+ · · · � =
s� (3m)2

(3m)2

smooth real function

analogous to effective range expansion gives handle on many degrees of freedom 
(DOFs enter order by order)p cot � = �

1

a
+

1

2
r p2 +O(p4)

This quantity has a systematic low-energy expansion

25



   •   MTH, Sharpe (2014, 2015)   •   

E0(L)

E1(L)

E2(L)

M3

M2

Kdf,3

K2
finite volume unitarity

Initially for 2-to-3, no sub-channel resonance

1723

Nearly general relation between energies and scattering amplitudes

Status

⇡⇡⇡ ! ⇢⇡ ! ! ! ⇢⇡ ! ⇡⇡⇡

Subsequently extended to 2-to-3 scattering + sub-channel resonances + different isospins + non-degenerate + spin

MTH, Sharpe, Briceño, Romero-Lopez, Jackura, Blanton, Dawid (2014-2025)          See also Döring, Mai, Hammer, Pang, Rusetsky
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Matrix of functions depending on kinematics + two-particle dynamics
<latexit sha1_base64="bo6HAF5gcpEpDMBJEbnHhHzL7+Y=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQIYRdDWojBEWxsIhgHpCEMDuZTYbMPpi5K4YlvY2/YmOhiK0/YOffOJuk0MQDwxzOuZd773FCwRVY1reRWlhcWl5Jr2bW1jc2t8ztnZoKIklZlQYikA2HKCa4z6rAQbBGKBnxHMHqzuAi8ev3TCoe+HcwDFnbIz2fu5wS0FLHzLaAPYDj4qvOUf6ygFtOILpq6OkPVwr45gCfdcycVbTGwPPEnpIcmqLSMb9a3YBGHvOBCqJU07ZCaMdEAqeCjTKtSLGQ0AHpsaamPvGYasfjW0Z4Xytd7AZSPx/wWP3dERNPJfvpSo9AX816ifif14zAPW3H3A8jYD6dDHIjgSHASTC4yyWjIIaaECq53hXTPpGEgo4vo0OwZ0+eJ7XDon1cLN2WcuXzaRxptIeyKI9sdILK6BpVUBVR9Iie0St6M56MF+Pd+JiUpoxpzy76A+PzB3W5mMM=</latexit>

F3(E,P , L) =

<latexit sha1_base64="21pxq8vG2MIndeMsdz2PnPVGFeE="></latexit>

F3 =
F

3
+ FK2

⇥
1� (F+G)K2

⇤�1
F

RFT quantization condition

Holds only for three-particle energies

Neglects

Requires sub-threshold continuation of  K2

Scheme-dependent  related to physical amplitude via known on-shell integral equationsKdf,3

(𝗌𝗉𝖾𝖼𝗍𝖺𝗍𝗈𝗋 𝖿𝗅𝖺𝗏𝗈𝗋 𝗌𝗉𝖺𝖼𝖾) ⊗ (𝗌𝗉𝖾𝖼𝗍𝖺𝗍𝗈𝗋 k ∈
2π
L

ℤ3 𝗌𝗉𝖺𝖼𝖾) ⊗ (𝗍𝗐𝗈−𝗉𝖺𝗋𝗍𝗂𝖼𝗅𝖾 ℓm)Matrices on tensor-product space:      

<latexit sha1_base64="1Pgox99whl1U0IZo8lJ6XzBtzIk=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgxbAroh6DXjwoRDAPSNYwO+lNhsw+nJkNhCXf4cWDIl79GG/+jZNkD5pY0FBUddPd5cWCK23b31ZuaXlldS2/XtjY3NreKe7u1VWUSIY1FolINj2qUPAQa5prgc1YIg08gQ1vcD3xG0OUikfhgx7F6Aa0F3KfM6qN5OJjekLuOu2Yk9txp1iyy/YUZJE4GSlBhmqn+NXuRiwJMNRMUKVajh1rN6VScyZwXGgnCmPKBrSHLUNDGqBy0+nRY3JklC7xI2kq1GSq/p5IaaDUKPBMZ0B1X817E/E/r5Vo/9JNeRgnGkM2W+QnguiITBIgXS6RaTEyhDLJza2E9amkTJucCiYEZ/7lRVI/LTvnZef+rFS5yuLIwwEcwjE4cAEVuIEq1IDBEzzDK7xZQ+vFerc+Zq05K5vZhz+wPn8AmKKRVw==</latexit>

e�M⇡L

<latexit sha1_base64="62HG8auWRtWD+/Z9b5KVadmxycc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7APaoWQymTY0k4xJplCGfocbF4q49WPc+Tdm2llo64GQwzn3kpMTJJxp47rfTmltfWNzq7xd2dnd2z+oHh61tUwVoS0iuVTdAGvKmaAtwwyn3URRHAecdoLxXe53JlRpJsWjmSbUj/FQsIgRbKzk9wPJQz2N7YXGg2rNrbtzoFXiFaQGBZqD6lc/lCSNqTCEY617npsYP8PKMMLprNJPNU0wGeMh7VkqcEy1n81Dz9CZVUIUSWWPMGiu/t7IcKzzZHYyxmakl71c/M/rpSa68TMmktRQQRYPRSlHRqK8ARQyRYnhU0swUcxmRWSEFSbG9lSxJXjLX14l7Yu6d1X3Hi5rjduijjKcwCmcgwfX0IB7aEILCDzBM7zCmzNxXpx352MxWnKKnWP4A+fzB881kiA=</latexit>

k
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`m

BOOST!

RFT = relativistic field theory

<latexit sha1_base64="JR87hPac5yPczQ83RX7tv6lsjqo="></latexit>

det
⇥
K�1

df,3(Ecm)� F3(E,P , L)
⇤
= 0

27



E0(L)

E1(L)

E2(L)

M3

M2

Kdf,3

K2
finite volume unitarity

Nf = 2 + 1 as/at = 3.444(6)

lattice details

m⇡ ⇡ 400MeV as ⇡ 0.12fm
Ls/as = 20, 24

as

at

Workflow outline

⇡+⇡+⇡+ ! ⇡+⇡+⇡+

28

MTH, Briceño, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001 for the Hadron Spectrum Collaboration
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E2(L)

M3

M2

Kdf,3

K2
finite volume unitarity

Nf = 2 + 1 as/at = 3.444(6)

lattice details

m⇡ ⇡ 400MeV as ⇡ 0.12fm
Ls/as = 20, 24

as

at

Workflow outline

Determine finite-
volume energy 

spectrum

⇡+⇡+⇡+ ! ⇡+⇡+⇡+

28

MTH, Briceño, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001 for the Hadron Spectrum Collaboration



I = 3 (⇡+⇡+⇡+), P = [000], ⇤ = A�
1 , L/as = 24

29

MTH, Briceño, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001 for the Hadron Spectrum Collaboration



Two-pion energies

30

MTH, Briceño, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001 for the Hadron Spectrum Collaboration



Three-pion energies

31

MTH, Briceño, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001 for the Hadron Spectrum Collaboration



E0(L)

E1(L)

E2(L)

M3

M2

Kdf,3

K2
finite volume unitarity

Nf = 2 + 1 as/at = 3.444(6)

lattice details

m⇡ ⇡ 400MeV as ⇡ 0.12fm
Ls/as = 20, 24

as

at

Workflow outline

Determine finite-
volume energy 

spectrum
Fit to constrain 
two- and three-
body K matrices

⇡+⇡+⇡+ ! ⇡+⇡+⇡+
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MTH, Briceño, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001 for the Hadron Spectrum Collaboration



Cut on the CM 
energy in the fits

Finite-volume formalism relates 
energies to K matrices

One-to-one for  depending 
only on 

Kdf,3

E𝖼𝗆 = E⋆

 is scheme dependent 
(removed upon 

converting to )

Kdf,3

ℳ3

Fit both two and three-body K 
to various polynomials

K matrix fits
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E0(L)

E1(L)

E2(L)

M3

M2

Kdf,3

K2
finite volume unitarity

Nf = 2 + 1 as/at = 3.444(6)

lattice details

m⇡ ⇡ 400MeV as ⇡ 0.12fm
Ls/as = 20, 24

as

at

Workflow outline

Determine finite-
volume energy 

spectrum
Fit to constrain 
two- and three-
body K matrices

Solve integral 
equations to 
extract  

scattering
3 → 3

⇡+⇡+⇡+ ! ⇡+⇡+⇡+
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MTH, Briceño, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001 for the Hadron Spectrum Collaboration



Mun
3 (E?

3 ,p,k) = Dun(E?
3 ,p,k) + Eun(E?

3 ,p)T (E?
3 )Eun(E?

3 ,k)

iM2

iM2

iM2

iM2

iM2
+ + · · ·

Vanishes for Kdf,3 = 0

D(N, ✏) = �M ·G(✏) ·M�M ·G(✏) · P ·D(N, ✏)

p

k

arXiv: 2010.09820

Dun(E?
3 ,p,k) = lim

✏!0
lim

N!1
Dpk(N, ✏)

Integral equations
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MTH, Romero-López Sharpe, JHEP (2020)                 Alotaibi, Briceño, MTH (2024)
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σ

Iπππ = 3 Iπππ = 0
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ρ
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π
π
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I⇡⇡ = 0
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I⇡⇡ = 1
<latexit sha1_base64="Epg+KGmitiWdw7YcCJmGe4+pjkI=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkpSinoRil70VsF+QBvCZrtpl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5gUJZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfhm5nceqVQsFg96klAvwkPBQkawNpJvl+/8rJ8wZGqKrlDNtytO1ZkDrRI3JxXI0fTtr/4gJmlEhSYcK9VznUR7GZaaEU6npX6qaILJGA9pz1CBI6q8bH74FJ0aZYDCWJoSGs3V3xMZjpSaRIHpjLAeqWVvJv7n9VIdXnoZE0mqqSCLRWHKkY7RLAU0YJISzSeGYCKZuRWREZaYaJNVyYTgLr+8Stq1qnterd/XK43rPI4iHMMJnIELF9CAW2hCCwik8Ayv8GY9WS/Wu/WxaC1Y+cwR/IH1+QMvXZIj</latexit>

I⇡⇡ = 2

<latexit sha1_base64="lInage2gqoGowtb5Iext+4TUs+w="></latexit>

1⌦ 1⌦ 1 = (0� 1� 2)⌦ 1 = 1� (0� 1� 2)� (1� 2� 3)

<latexit sha1_base64="c7uyp6L71pHSdmEy8afYOb6ViOY=">AAACFHicbZDLSsNAFIYn9VbrrerSzWARBKUkUtRl0Y3LCvYCTSiTyWk7dDKJMxOxhD6EG1/FjQtF3Lpw59s4TYto64GBj/8/hznn92POlLbtLyu3sLi0vJJfLaytb2xuFbd3GipKJIU6jXgkWz5RwJmAumaaQyuWQEKfQ9MfXI795h1IxSJxo4cxeCHpCdZllGgjdYpHrg89JtI4JFqy+xF2j7GrbhMiIUMQwY/XKZbssp0VngdnCiU0rVqn+OkGEU1CEJpyolTbsWPtpURqRjmMCm6iICZ0QHrQNihICMpLs6NG+MAoAe5G0jyhcab+nkhJqNQw9E2n2a+vZr2x+J/XTnT33EuZiBMNgk4+6iYc6wiPE8IBk0A1HxogVDKzK6Z9IgnVJseCCcGZPXkeGidl57Rcua6UqhfTOPJoD+2jQ+SgM1RFV6iG6oiiB/SEXtCr9Wg9W2/W+6Q1Z01ndtGfsj6+Af3xns0=</latexit>�
⇤
�

<latexit sha1_base64="c7uyp6L71pHSdmEy8afYOb6ViOY=">AAACFHicbZDLSsNAFIYn9VbrrerSzWARBKUkUtRl0Y3LCvYCTSiTyWk7dDKJMxOxhD6EG1/FjQtF3Lpw59s4TYto64GBj/8/hznn92POlLbtLyu3sLi0vJJfLaytb2xuFbd3GipKJIU6jXgkWz5RwJmAumaaQyuWQEKfQ9MfXI795h1IxSJxo4cxeCHpCdZllGgjdYpHrg89JtI4JFqy+xF2j7GrbhMiIUMQwY/XKZbssp0VngdnCiU0rVqn+OkGEU1CEJpyolTbsWPtpURqRjmMCm6iICZ0QHrQNihICMpLs6NG+MAoAe5G0jyhcab+nkhJqNQw9E2n2a+vZr2x+J/XTnT33EuZiBMNgk4+6iYc6wiPE8IBk0A1HxogVDKzK6Z9IgnVJseCCcGZPXkeGidl57Rcua6UqhfTOPJoD+2jQ+SgM1RFV6iG6oiiB/SEXtCr9Wg9W2/W+6Q1Z01ndtGfsj6+Af3xns0=</latexit>�
⇤
�

<latexit sha1_base64="oBhDVkL2k6WE0/TGELIa8akZhGg=">AAACcXicpZFLSwMxEMez66vW1/q4iCihRRGEsitFPRa9eKxga6FbSjadtqHZ7JpkxbL07ufz5pfw4hcwfai19eZA4Md/ZpiZf4KYM6Vd982yFxaXllcyq9m19Y3NLWd7p6qiRFKo0IhHshYQBZwJqGimOdRiCSQMODwEvZth/uEJpGKRuNf9GBoh6QjWZpRoIzWdFz+ADhNpHBIt2fMA++oxIRLwCZ7CL/L9ejHWjX8U/bAhEK3vwU0n7xbcUeB58CaQR5MoN51XvxXRJAShKSdK1T3XTE2J1IxyGGT9REFMaI90oG5QkBBUIx05NsDHRmnhdiTNExqP1OmOlIRK9cPAVJr9umo2NxT/ytUT3b5qpEzEiQZBx4PaCcc6wkP7cYtJoJr3DRAqmdkV0y6RhGrzSVljgjd78jxUzwveRaF4V8yXrid2ZNAByqFT5KFLVEK3qIwqiKJ3a886tI6sD3vfxnZuXGpbk55d9Cvss0/0iLpi</latexit>0

B@
⇤ ⇤ ⇤
⇤ ⇤ ⇤
⇤ ⇤ ⇤

1

CA

<latexit sha1_base64="2x58r1kjCt14SgUadwUj55iEGbE=">AAACNnicbVDLSgNBEJyNrxhfUY9eBoPiKexKUI9BL16ECOYB2SXMznaSIbOz68ysGJZ8lRe/w1suHhTx6ic4eRA0SUFDUdVNd5cfc6a0bQ+tzMrq2vpGdjO3tb2zu5ffP6ipKJEUqjTikWz4RAFnAqqaaQ6NWAIJfQ51v3cz8utPIBWLxIPux+CFpCNYm1GijdTK37k+dJhI45BoyZ4HGGNXPSZEAj6dMddtlmLtLXFMN4hgNt3KF+yiPQZeJM6UFNAUlVb+zQ0imoQgNOVEqaZjm0UpkZpRDoOcmyiICe2RDjQNFSQE5aXjtwf4xCgBbkfSlNB4rP6dSEmoVD/0Tae5r6vmvZG4zGsmun3lpUzEiQZBJ4vaCcc6wqMMccAkUM37hhAqmbkV0y6RhGqTdM6E4My/vEhq50Xnoli6LxXK19M4sugIHaMz5KBLVEa3qIKqiKIXNEQf6NN6td6tL+t70pqxpjOH6B+sn19HYKus</latexit> 
⇤ ⇤
⇤ ⇤

!

<latexit sha1_base64="vDMwcsuMiCoveZrCtCPhouOyHsI=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5KIqBeh6EVvFewHtCFstpt26WYTdjdCCPWvePGgiFd/iDf/jds2B219MPB4b4aZeUHCmdKO822VVlbX1jfKm5Wt7Z3dPXv/oK3iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHwz9TuPVCoWiwedJdSL8FCwkBGsjeTb1Ts/7ycMFTVBV8jx7ZpTd2ZAy8QtSA0KNH37qz+ISRpRoQnHSvVcJ9FejqVmhNNJpZ8qmmAyxkPaM1TgiCovnx0/QcdGGaAwlqaERjP190SOI6WyKDCdEdYjtehNxf+8XqrDSy9nIkk1FWS+KEw50jGaJoEGTFKieWYIJpKZWxEZYYmJNnlVTAju4svLpH1ad8/rZ/dntcZ1EUcZDuEITsCFC2jALTShBQQyeIZXeLOerBfr3fqYt5asYqYKf2B9/gDctJOe</latexit>

I⇡⇡⇡ = 0
<latexit sha1_base64="kRhnysylh5tmGMcHgWK4K4799VQ=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5KIqBeh6EVvFewHtCFstpt26WYTdjdCCPWvePGgiFd/iDf/jds2B219MPB4b4aZeUHCmdKO822VVlbX1jfKm5Wt7Z3dPXv/oK3iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHwz9TuPVCoWiwedJdSL8FCwkBGsjeTb1Ts/7ycMFTVBV8j17ZpTd2ZAy8QtSA0KNH37qz+ISRpRoQnHSvVcJ9FejqVmhNNJpZ8qmmAyxkPaM1TgiCovnx0/QcdGGaAwlqaERjP190SOI6WyKDCdEdYjtehNxf+8XqrDSy9nIkk1FWS+KEw50jGaJoEGTFKieWYIJpKZWxEZYYmJNnlVTAju4svLpH1ad8/rZ/dntcZ1EUcZDuEITsCFC2jALTShBQQyeIZXeLOerBfr3fqYt5asYqYKf2B9/gDeOJOf</latexit>

I⇡⇡⇡ = 1 <latexit sha1_base64="ykIOWqFzEDil9tIUzqiSQr6zFiw=">AAAB/HicbVBNS8NAEJ3Ur1q/qj16WSyCp5KUol6Eohe9VbAf0Iaw2W7apZtN2N0IIdS/4sWDIl79Id78N27bHLT1wcDjvRlm5vkxZ0rb9rdVWFvf2Nwqbpd2dvf2D8qHRx0VJZLQNol4JHs+VpQzQduaaU57saQ49Dnt+pObmd99pFKxSDzoNKZuiEeCBYxgbSSvXLnzskHMUF5TdIXqXrlq1+w50CpxclKFHC2v/DUYRiQJqdCEY6X6jh1rN8NSM8LptDRIFI0xmeAR7RsqcEiVm82Pn6JTowxREElTQqO5+nsiw6FSaeibzhDrsVr2ZuJ/Xj/RwaWbMREnmgqyWBQkHOkIzZJAQyYp0Tw1BBPJzK2IjLHERJu8SiYEZ/nlVdKp15zzWuO+UW1e53EU4RhO4AwcuIAm3EIL2kAghWd4hTfryXqx3q2PRWvBymcq8AfW5w/fvJOg</latexit>

I⇡⇡⇡ = 2
<latexit sha1_base64="emaFNHz4S00teL+oWCKY5IIfmpo=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5JoUS9C0YveKtgPaEPYbDft0s0m7G6EEupf8eJBEa/+EG/+G7dtDtr6YODx3gwz84KEM6Ud59sqrKyurW8UN0tb2zu7e/b+QUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwehm6rcfqVQsFg96nFAvwgPBQkawNpJvl+/8rJcwlNcEXaEz3644VWcGtEzcnFQgR8O3v3r9mKQRFZpwrFTXdRLtZVhqRjidlHqpogkmIzygXUMFjqjystnxE3RslD4KY2lKaDRTf09kOFJqHAWmM8J6qBa9qfif1011eOllTCSppoLMF4UpRzpG0yRQn0lKNB8bgolk5lZEhlhiok1eJROCu/jyMmmdVt3zau2+Vqlf53EU4RCO4ARcuIA63EIDmkBgDM/wCm/Wk/VivVsf89aClc+U4Q+szx/hQJOh</latexit>

I⇡⇡⇡ = 3

<latexit sha1_base64="jqbQ5RbiMHo6pkzD1QViB7F1jQQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHmXtfp9vdK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/poY61</latexit>

(⇢)

<latexit sha1_base64="bYZL0tz+7P8C79YD2KzAfH/B6Ic=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtk1yQpl6Z/w4kERr/4db/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3md56o0iySD2YaU1/gkWQhI9hYqVvtazYS+HxQrrg1dw60SrycVCBHc1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7lkosqPbT+b0zdGaVIQojZUsaNFd/T6RYaD0Vge0U2Iz1speJ/3m9xITXfspknBgqyWJRmHBkIpQ9j4ZMUWL41BJMFLO3IjLGChNjIyrZELzll1dJ+6LmXdbq9/VK4yaPowgncApV8OAKGnAHTWgBAQ7P8ApvzqPz4rw7H4vWgpPPHMMfOJ8/Z4OPkQ==</latexit>

(�)

<latexit sha1_base64="bI/2PRKLirQDX2F0I3FmqZCtFmE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB26Vk02wbmk2WJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5G7ud5+o0kyKRzNNaBDjkWARI9hYya/2E4ZsXQ7qg3LFrbkLoHXi5aQCOVqD8ld/KEkaU2EIx1r7npuYIMPKMMLprNRPNU0wmeAR9S0VOKY6yBYnz9CFVYYoksqWMGih/p7IcKz1NA5tZ4zNWK96c/E/z09NdBNkTCSpoYIsF0UpR0ai+f9oyBQlhk8twUQxeysiY6wwMTalkg3BW315nXTqNe+q1nhoVJq3eRxFOINzqIIH19CEe2hBGwhIeIZXeHOM8+K8Ox/L1oKTz5zCHzifP+X2kF0=</latexit>

(⇡⇡)2

<latexit sha1_base64="bI/2PRKLirQDX2F0I3FmqZCtFmE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB26Vk02wbmk2WJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5G7ud5+o0kyKRzNNaBDjkWARI9hYya/2E4ZsXQ7qg3LFrbkLoHXi5aQCOVqD8ld/KEkaU2EIx1r7npuYIMPKMMLprNRPNU0wmeAR9S0VOKY6yBYnz9CFVYYoksqWMGih/p7IcKz1NA5tZ4zNWK96c/E/z09NdBNkTCSpoYIsF0UpR0ai+f9oyBQlhk8twUQxeysiY6wwMTalkg3BW315nXTqNe+q1nhoVJq3eRxFOINzqIIH19CEe2hBGwhIeIZXeHOM8+K8Ox/L1oKTz5zCHzifP+X2kF0=</latexit>

(⇡⇡)2

<latexit sha1_base64="bI/2PRKLirQDX2F0I3FmqZCtFmE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB26Vk02wbmk2WJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5G7ud5+o0kyKRzNNaBDjkWARI9hYya/2E4ZsXQ7qg3LFrbkLoHXi5aQCOVqD8ld/KEkaU2EIx1r7npuYIMPKMMLprNRPNU0wmeAR9S0VOKY6yBYnz9CFVYYoksqWMGih/p7IcKz1NA5tZ4zNWK96c/E/z09NdBNkTCSpoYIsF0UpR0ai+f9oyBQlhk8twUQxeysiY6wwMTalkg3BW315nXTqNe+q1nhoVJq3eRxFOINzqIIH19CEe2hBGwhIeIZXeHOM8+K8Ox/L1oKTz5zCHzifP+X2kF0=</latexit>

(⇡⇡)2
<latexit sha1_base64="jqbQ5RbiMHo6pkzD1QViB7F1jQQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHmXtfp9vdK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/poY61</latexit>

(⇢)

<latexit sha1_base64="jqbQ5RbiMHo6pkzD1QViB7F1jQQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHmXtfp9vdK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/poY61</latexit>

(⇢)

<latexit sha1_base64="bYZL0tz+7P8C79YD2KzAfH/B6Ic=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtk1yQpl6Z/w4kERr/4db/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3md56o0iySD2YaU1/gkWQhI9hYqVvtazYS+HxQrrg1dw60SrycVCBHc1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7lkosqPbT+b0zdGaVIQojZUsaNFd/T6RYaD0Vge0U2Iz1speJ/3m9xITXfspknBgqyWJRmHBkIpQ9j4ZMUWL41BJMFLO3IjLGChNjIyrZELzll1dJ+6LmXdbq9/VK4yaPowgncApV8OAKGnAHTWgBAQ7P8ApvzqPz4rw7H4vWgpPPHMMfOJ8/Z4OPkQ==</latexit>

(�)
<latexit sha1_base64="jqbQ5RbiMHo6pkzD1QViB7F1jQQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHmXtfp9vdK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/poY61</latexit>

(⇢)
<latexit sha1_base64="bI/2PRKLirQDX2F0I3FmqZCtFmE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB26Vk02wbmk2WJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5G7ud5+o0kyKRzNNaBDjkWARI9hYya/2E4ZsXQ7qg3LFrbkLoHXi5aQCOVqD8ld/KEkaU2EIx1r7npuYIMPKMMLprNRPNU0wmeAR9S0VOKY6yBYnz9CFVYYoksqWMGih/p7IcKz1NA5tZ4zNWK96c/E/z09NdBNkTCSpoYIsF0UpR0ai+f9oyBQlhk8twUQxeysiY6wwMTalkg3BW315nXTqNe+q1nhoVJq3eRxFOINzqIIH19CEe2hBGwhIeIZXeHOM8+K8Ox/L1oKTz5zCHzifP+X2kF0=</latexit>

(⇡⇡)2 <latexit sha1_base64="jqbQ5RbiMHo6pkzD1QViB7F1jQQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHmXtfp9vdK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/poY61</latexit>

(⇢)
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Isospin

Four possible isospin channels for three pions

Four quantization conditions

https://inspirehep.net/literature/1787807


Just out on the arXiv!   … tomorrow

First lattice QCD calculation in the isotensor channel
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Briceño, MTH, Jackura, Edwards, Thomas (tomorrow) for the Hadron Spectrum Collaboration



Just out on the arXiv!   … tomorrow

First lattice QCD calculation in the isotensor channel

LQCD
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Impressive work of other groups

First lattice resonance calculations: ,  , a1(1260) ω(700) π(1300)
Culver, Mai, Brett, Alexandru, Döring (2020)   •   Brett, Culver, Mai, Alexandru, Döring, Lee (2021)   •   Mai, Döring, Culver, Alexandru (2020) 

 •   Mai, Alexandru, Brett, Culver, Döring, Lee, Sadasivan (2021)   •   Yan, Mai, Garofalo, Meißner, Liu, Liu, Urbach (2024)   •    
   •   Yan, Mai, Garofalo, Feng, Döring, Liu, Liu, Meißner, Urbach (2025)   •   

Pions and kaons at the physical point

   •   Blanton, Romero-López, Sharpe (2020)   •   Fischer, Kostrzewa, Liu, Romero-López, Ueding, Urbach (2021)   •    
   •   Dawid, Draper, Hanlon, Hörz, Morningstar, Romero-López, Sharpe, Skinner (2025)   •   



42

Two-to-two scattering:   2 → 2

Decays with an external current:   

Transitions with an external current:  

Three-to-three scattering:   3 → 3
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🏆 👍 🤷



Thanks!…

43

Closing remarks
Lattice QCD is rich with theoretical challenges 
Single-hadron observables are incredibly precise… (but still there’s work to do!)

Reliable multi-hadron observables are possible! 

The finite volume is an essential tool for multi-hadron/long-distance physics
Spectral reconstruction is another essential (and complimentary) tool 

Decades worth of ambitious multi-particle physics ahead
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Three-to-three scattering:   3 → 3

2 →
𝒥

2

1 →
𝒥

2

Long distance matrix elements

Landscape of amplitudes

0, 1 →
𝒥

X →
𝒥

0, 1

FV method SF method
L

L

L

formalism (E𝖼𝗆 < 4Mπ)

formalism (E𝖼𝗆 < 4Mπ)

formalism (E𝖼𝗆 < 4Mπ)

formalism (E𝖼𝗆 < 4Mπ)

formalism (E𝖼𝗆 < 5Mπ)

numerical maturity = 👍

numerical maturity = 🏆

numerical maturity = 🤷

numerical maturity = 👍

numerical maturity = 👍

formalism

formalism

formalism

formalism

formalism

numerical maturity = 🤷

numerical maturity = 🤷

numerical maturity = 🤷

numerical maturity = 🤷

🏆 👍 🤷

44



45

Lattice QCD gives finite-volume Euclidean correlators
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Complete physical information is contained in…
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Detailed choice of f(E) and operators determines the observable

Correlation function to observables
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π π  → π π  amplitude

long-distance and mixing amplitudes

Barata, Fredenhagen (1991)  •  Bulava, MTH (2019)  •  Patella, Tantalo (2025)
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R-ratio D-meson total lifetime

MTH, Meyer, Robaina (2017)Meyer • Bailas, Hashimoto, Ishikawa (2020) 
Bulava et al. (2021) • Alexandrou et al. (2022)
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Gambino, Hashimoto (2020) • Gambino et al. (2022) • 
Frezzotti (2023) • ETMC (2024) • De Santis et al. (2025)
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G(τ) =

∫
dω e−ωτ ρ(ω)

have want
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Linear, model-independent reconstruction (e.g. Backus-Gilbert-like, Chebyshev)

δ is exactly known
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Neural networks

Key idea here… we aim only to construct ρ̂(ω̄) ≡
∫ ∞

−∞
dω δ̂∆(ω̄,ω) ρ(ω)

Maximum Entropy Method (MEM)
Direct fits

See multiple ECT* and CERN workshops, work by  
Aarts, Allton, Amato, Brandt, Burnier, Del Debbio, Francis, 

Giudice, Hands, Harris, Hashimoto, Jäger, Karpie, Liu, 
Meyer, Monahan, Orginos, Robaina, Rothkopf, Ryan, …

Non-linear (not discussed here…)

have want
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Linear reconstruction



Role of the finite volume

Any reconstructed spectral function (≠ forest of deltas) must be smeared (or else L → ∞)

We require…

smearing function covers 
many delta peaks

smearing does not overly 
distort observable

MTH, Meyer, Robaina (2017)
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Monte Carlo test: 1+1d non-linear O(3) sigma model

Bulava, MTH, Hansen, Patella, Tantalo (2021)   using method of    Hansen, Lupo, Tantalo (2019)
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Smeared R ratio

ETMC PRL (2023), 2212.08467


