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Introduction

(mean—square) Charge radius -- a quantity that characterizes the structure of hadrons.
It represents the spread of the charge distribution.
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Introduction

(mean—square) Charge radius -- a quantity that characterizes the structure of hadrons.

It represents the spread of the charge distribution.

— 6 -L (0 ()| Vil m 00) = (g + pi)uFr (Q7)

dQ2 2 I
Q2=0 electromagnetic Momentum

electromagnetic form factor current: 2transfer -
Vie=D_ Qi ity Q* = —(ps —pi)* >0
f

1/8



3pt function

Int FOd UCtIOn (input from lattice QCD) form factor(output)

(mean-square) charge radius --
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Introduction

3pt function
(input from lattice QCD) form factor(output)

r n
(mean-square) charge radius --

~
a quantity that chfracterizes the structure of hadrons.
It represents the spread of the charge distribution.

publication date [year]
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3pt function

Int rOd UCtIOn (input from lattice QCD) form factor(output)

(mean-square) charge radius --

— 6 5 Fo(Q) T @) Val 7 )] (05 + (@)
dQ Q2%=0 electromagnetic Momentum
electromagnetlc form factor current: transfer :
V=Y Qs Q°=—(pr—pi)* =0
f

03 —— - - - . .
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Introduction

3pt function

(input from lattice QCD)

form factor(output)

(mean-square) charge radius --

a quantity that chfracterizes the structure of hadrons.

It represents the gpread of the charge distribution.

publication date [year]

e 2
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electromagnetlc form factor current: transfer :
V=Y Qs Q* = —(ps —pi)* >0
q ¥ y
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2ol } I Recently : consistent
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Introduction

3pt function

(input from lattice QCD) form factor(output)

(mean-square) charge radius --

a quantity that chfracterizes the structure of hadrons.

It represents the spread of the charge distribution.
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publication date [year]
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Introduction

(input from lattice QCD)

3pt function

form factor(output)

4 )
(mr Cg% gngg%lﬁgsrgse?nr%gﬁ%lur;av(%rpﬁtsers we can - chiaracterizes the structure of hadrons.
3 gpread of the charge distribution.
0.6 B. Brandt, Int.J.Mod.Phys.E 22 (2013) 1330030 V ’ +( )> ( ) F (Q2) ™
S PDG - m " ETMC - e | /s )= + p;
055 L QC%SF/UKQSD ; RBC/UKQ(%D * i H P Pf T Pi)ptis
E JLQCD/TWQCD M = 0.05 A i
~ 0.5 _J JI(?QCS E—re(;éune o MZ?&; 2—007 fﬁ e etic Momentum
) Nguyen et al. - Mainz, ¢ = 0.08 fm + v current: transfer :
- .| | i
8 g “ry | . | Fos Vs Q*=—(ps —pi)? 20
L% o o4y | . \ ¥ Logarithmic behavior . J
g & [ ~N
< 0.35 b o . i
§ e —_—
) 0 0.3 I % ‘ QA_? ; 1 —_—
: A
% g 0.25 r v Physical Point * R S
\5/-‘11 0.2 ] | | | |
— 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
g mZ [GeV?] (pion mass)
-0
5 v" To reproduce the real world, we must use the Chiral ext lati
220 parameters that correspond to our physical » Lniral extrapolation
;3 0 universe.
o v Use chiral extrapolation to obtain values at the
-0.4 physical point.
200> PAVERY) 201D 2020
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3pt function

(m’ By changing theoretical parameters, we can - chipracterizes the structure o|f hadrons.
compute physics in various worlds.

o o O

1
(@) o

relative error of < r,t+2 >

S o
N

(charge radius)

B. Brandt, Int.J.Mod.Phys.E 22 (2013) 1330030 / Earlier lattice QCD Calculations \

0-6 I I I I
PDG  m ETMC -- e
055 | %%DCSDF//%JVI&%SB S Malan{BgiUOK(%%?l S Many simulations were performed
05 | JLQCD ercgime Mainz a =007 fm  + at heavier pion masses
Nguyen et al. - Mainz, ¢ = 0.08 fm v —
o 045 m - ‘
g I : . . . .
= g4 L * N\ X Logarlthmlc behavior |
S I $ ~ —_ T~ We needed to extrapolate these results
~ 035 | * s / ~N to the physical point
sl | EP O / “V § —_ ‘ using chiral extrapolation /
I ’ . . 4 P
025 - = Physical Pomt\ : : * T o
0o LV | A
0 0.05 0.1 0.15 \0 2025 03 035

m2 [GeV?] (plon mass)

v To reproduce the real world, we must use the Chiral lati
parameters that correspond to our physical » Iral extrapolation
universe.

v Use chiral extrapolation to obtain values at the
physical point.
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Introduction

3pt function

(input from lattice QCD)

form factor(output)

2 spread of the charge distribution.
+ _ 2 A
Vu’W (pi))|= (P +pi) = (Q7)
etic Momentum
. . : i current: transfer :
Coarse lattice  Fine lattice (Crggfwgrlf&n) - ) )
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3pt function
(input from lattice QCD)

Introduction

form factor(output)

(mr Lattice calculations discretize spacetime. - chlracterizes the structure of hadrons.
2 gpread of the charge distri
+ _ 2 A
Vu|77 (pz)> = (py + pi)u Fr (Q7)
( By the discretization of space-time \
- - - Continuum
Coarse lattice  Fine lattice (real world) Values chlange depending on the
® local L N B attice spacing
|| m conserved ==Preliqinary 7
e ® |ocal 256° k(O‘) m\ R
0 S 0975 ™ conserved 256°| * ,;'\ —

T + FitA e

o< | X FitB e . . .
WV T N A : We need to calculate at multiple lattice
N g 29 0O \ i /- spacings and then extrapolate

53 = L : Py .

= - O : /,4:(:,’«
Q\i 2 O 0965 l%----,__—i:*;’,ff_. C— =
o - el T ;a-___‘ PACS, PoS LATTICE2023
= © - e e T____] (2024) 276
= -0 : o= -‘..‘_‘__i ----- -
o 0.960- ~ : I
E -0 conl’_cin_l{:lum 0 002 0.‘04f 006 008 o

Imi i H . .
50, | 2lml_(lattice spacing) » Continuum extrapolation

v Continuum extrapolation derives real values from
0.4 discrete data.

200> 2010 201D

publication date [year]

2020
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3pt function

Intr()d UCtIOn (input from lattice QCD) form factor(output)

g N
r _, _
(m Lattice calculations use finite spacetime volume. Chfractenzes the structure of hadrons.

2 spread of the charge distribution.

True size + L 2 )
VM‘W (pi))|= (P + pi)u Fr (Q7)
T\ etic Momentum
cgrrent: transfer :
Oy Q°=—(pr—pi)* =0
- ~
/
0 / —
0 .
A /
T 0 Iy /|
< /
o
5.0
o . Small volume Large volume
B
2-0.. v Finite-volume effects from small volume.
-0.4

> Finite volume effect
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3pt function

Intr()d UCtIOn (input from lattice QCD) form factor(output)
r | 1
r . -
(m Lattice calculations use finite spacetime volume. chfracterlzes the structure of hadrons.
2 spread of the charge distribution.
True size 2 )
Res [ V|t (00))|= (0 + ) Fr (@)
T\ etic Momentum
If the simulation volume is too small transfer :
. Q°=—(ps—pi)* =0
The particle cannot be - )
— fully contained in space J
0 / X
7 (| | -
0 o
A | >~
N:.g 0 Ll /| \
< /
o
S (0
o . Small volume Large volume
B
2-0.. v Finite-volume effects from small volume.
-0.4

> Finite volume effect
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3pt function

Intr()d UCtIOn (input from lattice QCD) form factor(output)
r | 1
r . :
(m Lattice calculations use finite spacetime volume. chfracterlzes the structure of hadrons.
2 spread of the charge distribution.
True size 2 )
VM‘W+(pi)> = (pr + pi) uF=(Q7)
If the volume is large enough otic Momentum
The particle fits well lerrent: transfer :
Py Q*=—(pr —pi)° =0

— s -

0 /

4 /

0 o
A /
T 0 Iy /|
. %
S (0
o . Small volume Large volume
= -
=
©-0.. v Finite-volume effects from small volume.

-0.4

> Finite volume effect
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3pt function

IntrOd UCtIOn (input from lattice QCD) form factor(output)
r ' N
(mf PACS10 configurations - chipracterizes the structure of hadrons.
---Large-volume configurations at physical point - §pread of the charge distribution.

(3 lattice spacings).

+ _ 2
> Chiral extrapolation V"’W (pi» = (py +Pi)ul=(Q7)
At physical point = almost unnecessary - good!! cel}tl'cr:ent' Momentumf |
Hadron masses reproduced within 5% error . ' transfer :
. : Oy Q*=—(pr —pi)° =0
> Continuum extrapolation J

If computed with 3 configurations
— evaluation possible - good!!

0 > Finite volume effect
Large volume sufficiently suppresses effects = good!!

S

Indicator of finite-volume effects
ML >4—good 3< ML <4—>soso M;L < 3— bad

Chiral extrapolation
PACS10 configurations ~ 7 P

Continuum extrapolation
Finite volume effect

1
(@)

relative error of < rn+2 >
1
(e}

1
)

. PACS10 suppresses 3 major systematic errors.

S
~
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3pt function

Int FOd UCtIOn (input from lattice QCD) form factor(output)

(mf Systematic errors from traditional analysis methods  chigracterizes the structure of hadrons.

3-pt functions (lattice QCD) Known function 2 spread of the charge distri

= = —ipx + P — 2 )
s K G i GEOTON ™ (Bt5) e oy ey | V2T PN = (0r + pi)uF(Q7)
(T (Esink, tsink) Va(Z, )7 (0)T) 2Ex(p) etic Momentum
. . current: transfer :
Form factors (desired quantity) 7 2 2
A , _ FUOFYYy Q°=—(pr—pi)° >0
Fr(@ .. Properly combine lattice data and
\%‘ known functions.
0 \\ 5 Input from lattice calculation
‘;ts\ '-..."-. Fﬂ- (Q ) - N
0 Yo Known function
A X
o 0 S 1
R I T O ]
v T tre /M‘”‘; . Fitansatz
G 2\; 1 +ka(@ )"
o Q _ k
S Fit T BV T R VA T
E 0 ) zk: ezt ( = \/4m?r‘§‘@2+\/4m72r)
] 1
2-0 r721_ = —6 — FW(Qz) L 5 [206(w)Q° + 4H (m2, Q% 1i®)]
E < > dQ2 Q2=0 L fz
©-0.. : : :
v The fit ansatz error arises from the choice of the
-0.4 fitting function and the fitting range.

200> FAVERY, ZU1D PAVYAY,

publication date [year] > Fit ansatz 1/8



3pt function

Int rOd UCtlon (input from lattice QCD)

form factor(output)

(mean—square) charge radius -- a quantity that chfracterizes the structure of hadrons.

It represents the spread of the charge distribution.

f

d

re) = =6 g2 I-(@) (7 (o) |Vl 7" (90))| = (s + 1) Fr(Q7)
Q2?=0 electromagnetic Momentum
electromagnetic form factor current: transfer :
V=Y Qs Q°=—(ps—pi)* =0
q ¥ y
0.3 - - — ' |
£ 02 -- | } | . Suppressed with PACS10 configurations
' 0.1} ¥
v 1 11 1 11 -
s o RN
0.1 t | 3 J
S ool % } "> Chiral extrapolation

Avoidable by model-independent method [> Continuum extrapolation

(without fitting) .> Finite volume effect

- Méu\tlahcanon dateﬁeér] - > Fit ansatz
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Outline
v Intreoduction
- Chargeradius
. Mai .
v Qverview of model-independent method

« Reducing contamination using spatial moment

v Application to PACS10 configurations

« Analysis of =™, K*, and K° charge radii using model-independent method

v Summary
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_ _ Fr(Q?)
Overview of model-independent method immion - keows fncion) x (14 1,0 + Q" +-)

3-point function

d
Example: difference d—QzFﬂ(CP) . — —C—— — 1] /Q2 + (Higher-order contamination) (If Qz is sufficiently small)

)\ J
Y |

can be cannot be

request - exactly evaluated exactly evaluated
v' Is there a way to extract the first derivative of the form factor
from the three-point function with less contamination?
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f

Fr(Q?)

(3-point function) = (Known function) x (1+ f1Q* + foQ*+---)

Overview of model-independent method

d PO 3-point function
a2 "

Example: difference - 1] /Q2 + (Higher-order contamination) (1 2 jg sufficiently small)

)\ J
Y |

can be cannot be

Known function)

exactly evaluated exactly evaluated

request :
v Is there a way to extract the first derivative of the form factor

from the three-point function with less contamination?

v Key idea:Calculate spatial moment

U. Aglietti et al., Phys.Lett.B324,85(1994); UKQCD, Nucl.Phys.B444,401(1995) ;
C. Bouchard et al., PoS LATTICE2016,170(2016); PACS, Phys.Rev.D104, 074514(2021) "

> Differentiation of Fourier transform A
dé(p) - d —ipx - 1 2
1?2 = d—pzZC’(x)e ——§Zx C(x)
p2=0 xT p2=0 x
( Ngpgce = o0, a:finite ; L = Ngpgeea = )
infinite volume limit y

|
|
|
i
i
i
i
i
i
]
i
i
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_ _ Fr(Q?)
Overview of model-independent method immion - keows fncion) x (14 1,0 + Q" +-)

_ d i 3-point function
Example: difference @Fﬁ

_ 1] /Q2 + (Higher-order contamination) (If 02 is sufficiently small)

)\ J
1 I

can be cannot be

request - exactly evaluated exactly evaluated
v' Is there a way to extract the first derivative of the form factor
from the three-point function with less contamination?

Known function)

v Key idea:Calculate spatial moment

U. Aglietti et al., Phys.Lett.B324,85(1994); UKQCD, Nucl.Phys.B444,401(1995) ;
C. Bouchard et al., PoS LATTICE2016,170(2016); PACS, Phys.Rev.D104, 074514(2021) "

f

> Differentiation of Fourier transform A
dé(p) - d —ipx - 1 2
p2=0 xT p2=0 x
( Ngpgce = o0, a:finite ; L = Ngpgeea = )
9 infinite volume limit y

We can suppress the contamination at large volume.

sz OBpt(m;t) ~ fl + (fa +f3+--)
T

|
|
|
i
i
i
i
i
i
i
I
i
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Fr(Q?)

Overview of model-independent method immion - keows fncion) x (14 1,0 + Q" +-)

3-point function

d i
Example: difference @FW(QQ) = [

(Known function)
\

_ 1] /Q2 + (Higher-order contamination) (If 02 is sufficiently small)

)\ J

| |
can be

Y
cannot be

request - exactly evaluated exactly evaluated
v' Is there a way to extract the first derivative of the form factor
from the three-point function with less contamination?

v Key idea:Calculate spatial moment

U. Aglietti et al., Phys.Lett.B324,85(1994); UKQCD, Nucl.Phys.B444,401(1995) ;
C. Bouchard et al., PoS LATTICE2016,170(2016); PACS, Phys.Rev.D104, 074514(2021)

r : .. .
> Differentiation of Fourier transform
dé(p) - d —ipx - 1 2
p2=0 xT p2=0 x
( Ngpgce = o0, a:finite ; L = Ngpgeea = )
9 infinite volume limit y

We can suppress the contamination at large volume.

sz OBpt(mat) ~ fl + (fa +f3+--)
T

v Method:Combining x? and x* moments

Xu Feng et al., Phys.Rev.D101,051502(R)(2020)

Za:4 Capt(x,t) ~ fl + (f2 +fa+: )
o

We can cleverly add these higher-order moments to
reduce the contamination.

R(t) = o) (z*moment) + oy (z*moment)

= 352 F%(Q?) gyt st fat)

a;, ay: parameters which set to cancel out the contamination

Our Improvement : K. S. et al., PoS LAT22,122(2022) ; PoS LAT23,312(2023)
-> Effective at small lattice size 3/8




Simulation parameters

PACS, PRD 99, 014504 (2019);

v Gauge configuration ( pAcs, pro 106, 094505 (2022); )
PACS. PRD 109, 094505 (2024)

PACS10 configuration

Nr = 2 + 1 six-stout-smeared non-perturbative
0(a)-improved Wilson action+ Iwasaki gauge action

’ n

B LT [ AN 4ffm]N @ T[GeV] [/me[MeVR| a7k [MeVR | Nognr

2.20 | 256 [ 10.5 | 0.041 4.792 I. 142 t 514 T 20

2.00 | 160* | 10.2 } 0.063 A1y 137 p01 1 20
1.82 | 128* -10.9 /| 0.085 2.316 |« 135 ," N 497 ," 20
N~ " " g

All preliminary results are obtained on ?h‘e 128 an51‘60 lattice

v Measurement parameter

« 20 config., 2304~13824 meas. Per config.
« Periodic + anti-periodic correlation functions in
time direction

J/ 4 4 4
/ 4 4 y4
y 4 4 4 4
//
0.0846 fm - / )
//
Y/
/
//
Lattice size /
128%

> Chiral extrapolation
- Physical point

> Continuum extrapolation

-

> Finite volume effects

- Large volume

T Statistics

- Forward + Backward correlation functions in > Reduce the wrapping-around effect

time direction
|tsink_tsource| = 90, %4, “—128)’ y 20, (L160)

Systematic errors can be evaluated
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Result

v Model-independent method
(without fit ansatz)

R(t) = oy (z*moment) + o (z*moment)

= (1222 F”T (QQ)
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// Extraction including the first excited state \
Result :

q N

v Model-independent method |  /(t:tuu) = gasF+(Q) + A emtmarmmOt g 1B e (o mma) taine—t)
(without fit ansatz) =
150 " I " I " I ! I ' 1 ' I
sz O3pt($at) Nfl‘l‘ (fo+fz+--) 125 N -
- % 1.00 | N
%075 |
o e S g g
0.25
0.00 : ' : ' : '
R(t) = a; (z*moment) + oy (z* ° ? ) "y
a
= 352 Fx(Q?) gry T Fatfat)
7.0 e ¥'_From the plateau, we can see that the
: % : PACS10 configurations reproduce the
80| experimental mass of the first excited
ool state.
I
1.0 ]
: ‘,;i:t:jﬁ -1 v We use experimental value as the mass of
2 T e w0 the first excited state
t/a
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Result

v Model-independent method
(without fit ansatz)

"« Central value : result using all source-sink separations

« Statistic error : Jackknife error of the central value
« Systematic error : Maximum difference between the
central value and each separation

v
R(t) = a; (z’moment) + a5 (z*moment) -
1 - ¥
= szFﬁ(Q )Q2:U+ (fs+fat---) ol |
e
7.0 [ — 5
80 | ]
: 04t E ts|nk=36+42 v ]
g °f teini=36+48 —o—
= : ] ton=42+48 —a—
& ; 3 tink=36+42+48 ——
n: -10-0 L __ 0.40
110 F taink=36 —=— ]
. '-sinkf42 A,
P S T S S S I, . S A
0 5 10 15 20 25 30 35 40 45
t/a
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Result

v Model-independent method
(without fit ansatz)

R(t) = a; (z°moment) + oy (z*moment)

"« Central value : result using all source-sink separations
« Statistic error : Jackknife error of the central value
« Systematic error : Maximum difference between the

_ _d 2

70 [——— T ]
80 ]
s 90} _
3 J
& [ ]
© 100 | .
1.0 | tsink=36 = 7

I '-smkf42 %

120 PP B PR I [P A - lsl"k_48
0 5 10 15 20 25 30 35 40 45

central value and each separation

0.44
(o]
()]
E
/\ 043 | Lor3
t
t-H
vV
0.4,
041 tsink=36+42 v ]
g =36+42+48 —o—
0.40

v Also perform the same calculation
for K mesons and L160 configuration.
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0.48

Preliminary results

v 7 charge radius v KT charge radius v K° charge radius

0.40

: S : 0080 ==
Jasl i 0.38 :___%.-::::::::::::::::%::: ...........  SEEEEEEEE -0.055 |
| ozl | -0.060
— | - I — : _ e
t . B erTT——— E ............... i ------------- E o) ‘“£‘°'°65 E“‘z """"""
& | A ' A 000f | T
~ 042 : ~ 032[ o b
F ! & ' =
v : v : v 007
| 0.30 | |
040 20080k A
0.28
| -0.085
038} ! 026 |
6 0_602 0_604 0_606 0_603 0.01 b 0.602 0_604 0.606 0_608 0.01 0090 6 0.002 0-2604 2 0.006 0.008 0.01
a? [fm?] a? [fm?] a® [fm<]
(v As a preliminary extrapolation, we perform both a constant and a linear fit in a?. A
v We take the constant extrapolation as the central value for z* and k*, and the linear
extrapolation in a? as the central value for K°.
v For the continuum limit values, results agree with PDG within ~2o.
v rt and K° achieve the same level of experimental error, while K* achieves precision
exceeding the experiment.
\_ 6/8)




Preliminary results
v T charge radius

0.40

v Kt charge radius v K° charge radius
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(v As a preliminary extrapolation, we perform both a constant and a linear fit in a?. A
v We take the constant extrapolation as the central value for z* and k*, and the linear
extrapolation in a? as the central value for K°.
v For the continuum limit values, results agree with PDG within ~2o.
v rt and K° achieve the same level of experimental error, while K* achieves precision
exceeding the experiment.
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Summary

v Calculated charge radii of =, K*, and K° on PACS10/L128 and L160
configurations.

Used the model-independent method.

Although preliminary, the results are consistent with the experimental
value(PDG) and the results of the previous lattice calculations.

v Some of our results exceed their precision.
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Summary
Future works :

v Increase statistics for PACS/L160
v Analyze data using conserved currents
v Perform calculations on PACS/L256
=> The precision of our continuous extrapolation will improve.

-0.050

oo KO Expectations for the Experiment:
owor The experimental error for K mesons is large.
T 0085 fod _____--_._...-.-.-.'Z.’.‘.’.—.—.—.— ...... ] )
I M e | v An experiment called AMBER is
b 3 at CERN.
v oorsE T . v Phase 2 plans to conduct a high-precision
oomf + .f measurement of the K meson’s charge radius.
2 We are looking forward to seeing the results of these
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