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| Motivation

® Nucleon structure (leading twist)
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® Parton distributions from first

principles

® Constraining the high- and

low-x regions better

® Fx(g+7),F” x(qg—q)

® Scaling and Power corrections

® Q7 cuts of global QCD
analyses

® Large-x, low-Q*:

® Higher-twist contributions
® 'lTarget mass corrections
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Cottingham, Annals Phys. 25, 424 (1
® J. C. Collins, Nucl. Phys., B149:90-100, (1979
® Cottingham formula:
A ker-Loud, C. E. C n, G. A. Miller, PRL108, 232301 (20
Thomas, R.D. Young PRC91 (2015) 1, 01

SMY = SM + SM™ 4 SME. + SMI" + 51

sub

W A(Q) \i g
V‘ ‘\ SM™> ~ 13;:;2 dQ*T7"(0,Q%) 3‘ 'i

EM self energy is related to
the spin-avg. forward Compton amplitude

Imw

® Subtraction term Tl(O,Qz)

2w? [ Im % (0, 0?
F (0,07 - = J da (@ &)
ToJ a)’(a)'z—a)z—ie)

® dominant uncertainty

® not accessible via experiments



| Motivation | EW Box

® Leading theoretical uncertainty in:

® Weak charge of the proton,
Oy=U0+A4A,+A)(1—-4 sin® @y(0) + Al) P J S——

/
+ Oy + 0%+ 07,

® CKM matrix element extracted from

superallowed f decays,

,  2984.432(3)s

Vial™ = %(1‘ | W
@ x L1},




| Motivation | EW Box

® Box diagrams proportional to an H— g — kK
integral over the whole O range Yo ¢ L 7
00 2
vZIW dQ (3) )
0 | —or (@) () p
0

® Low-0° (non-perturbative) regime
dominates the integral

® F; is experimentally poorly determined
in low Q?

® Lattice approach is ideal for a high-

precision determination of moments



® Forward Compton Amplitude

Feynman-Hellmann Theorem on the Lattice

® Nucleon Structure Functions

® Unpolarised | F; & F,
® Parity-violating | F; & Gross-Llewellyn Smith sum rule

Polarised | g, & Bjorken sum rule



Forward Compton Amplitude




' DIS and the Hadronic Tensor

Deep (Q% > M?) inelastic (W? > M?) scattering (DIS) dg ~ L]ﬂUWLD j =v,2Z,and yZ (neutral) or W (charged)
e e leptonic tensor hadronic tensor
k k' |
_ 4  1q9-z /
Wi = — [ d°2e"pss (p, 8'|[Ju(2), 1 (0)][p 8)
_ 1
q s Pss’ — §5ss’
0\‘?&%6

% \“%,u — (_ 9, | duqv @ Structure Functions
v v 5 | _
= //%\ q
P-q D-q @
P P + q X =+ (p,u 9 CZu) ( 1 5 q,/>

q

N q

P9



| Forward Compton Amplitude

' q- / . 1 W —
T/’”/(p9 Q) — le4Ze 7 s’ <p9S ‘g{JM(Z)Jy(O)} ‘pa S> ,» SPII1 aVE. Pgg’ — —588/ L Q2

2
o VO o 03 9. P-q P-q
Lne L

rens® Compton Structure Functions (SF)

2
iy Ju(q)

N(p) -

W~ |1, 0010 T~ | TU,0 4001 1)

Structure Functions: F,(x, 0?) Compton Structure Functions: & ,(p - ¢, 0?)
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' Nucleon Structure Functions

® we can write down dispersion relations and connect Im o

Compton SFs to DIS SFs: _1
W =X

L07?1(609 Qz) — ‘Ojl(oan)
A r 2x Fy(x, 0%)

Adx——— =~
T e —ie ‘l
1 Fy(x, 0%)

O 2
F (0, =4 | dx———
2( Q ) J 1 — x2m2 — je Compton Amplitude is an
0 analytic function in the

unphysical region |w,| < 1

Re w

11



: Shape of the Compton Amplitude

Structure functions Compton Amplitudes
0.40 1.0
| Q? = 2.0 GeV? —Pp N Q? = 2.0 GeV?
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| 0.8} -
0.30¢ '
] p 3 | —
%)0.25' &\0'6_ ___—
5 0.20} S — 7
= 3 g4l
& 0.15¢ =
0 102- n 5 F 2 1 F 2
0.05 0, B 0 1 —x’w?
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X
High-W: M. Arneodo et al. [NMC],

PLB364, 107-115 (1995), [hep-ph/9509406]
Low-W: M.E. Christy and P.E. Bosted,
PRCS81, 055213 (2010), [0712.3731]

dispersion relation

12



Feynman-Hellmann Theorem
on the Lattice
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\ FH Theorem at 1st order

in Quantum Mechanics:

OE oH H,: perturbed Hamiltonian of the system
—/1 p— <¢ h ‘ —/1 ‘ ¢ /1> Ea: energy eigenvalue of the perturbed system
oA oA da: eigenfunction of the perturbed system

® expectation value of the perturbed system is related to the shift in the energy eigenvalue

in Lattice QCD: energy shifts in the presence of a weak external field

e.g. local bilinear operator

S—>SA) =S +/1 d*x O(x) — GWrq® T, €{L7,75 )

real parameter

@ 1st order
oL 1 1 <() ‘ 0 ‘ O> E, = spectroscopy, 2-pt function Applications:
- — ® 7 - terms
ﬁ/l 2E 1 (01010 = determine 3-pt ® Form factors

14
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Source

=

| Compton amplitude

® 4-pt functions
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Nucleon Structure Functions

F | subtraction term

PHYSICAL REVIEW D 111, 094513 (2025)

Editors' Suggestion

Lattice QCD calculation of the Compton amplitude subtraction function

K.U. Can®,' A. Hannaford-Gunn®,' R. Horsley®,” P. E. L. Rakow®,” T. Schar®,' G. Schierholz®,”
H. Stiiben,” R. D. Young®,' and J. M. Zanotti®'

(QCDSF Collaboration)

1CSSM, Department of Physics, The University of Adelaide, Adelaide South Australia 5005, Australia
*School of Physics and Astronomy, University of Edinburgh, Edinburgh EH9 3JZ, United Kingdom
Theoretical Physics Division, Department of Mathematical Sciences, University of Liverpool,
Liverpool L69 3BX, United Kingdom
*Deutsches Elektronen-Synchrotron DESY, Notkestr. 85, 22607 Hamburg, Germany
5Regionales Rechenzentrum, Universitidt Hamburg, 20146 Hamburg, Germany

® (Received 4 February 2025; accepted 29 April 2025; published 20 May 2025)




| Forward Compton Amplitude

; 4_ 1q- / 1 o= 2p - q
Tup:q) =i |d'ze Ty (p.s'| T{I ()], (0)} p,s) . spin ave. pes = 50,0 i
qﬂq,,) 0 pP-q pP-q F(w, Q%)
= | 8.t 91(w,Q)+(p— q)(p— q
( g o )N ¢ Y] peg

Simplest kinematics to directly isolate &,

]3J3and Q3:O,ﬁ:6

T33(0,q) = F (@ = 0,0%) = T,(0, 0% = 5,(0?)
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| Strategy | Energy shifts

Isolate the 2nd-order energy shift

GP(p: 1) ~ Ay(p)e P

® Extract energy shifts for each |]]

0.0006
0.0051 I Xx=o0.025

= 0.004
Eop) = Eup) 440 ® | R TE® e Bt
NP = BN 07 20 02 2 ool Lil
A=0 A= 0.0

= Ey(p) + AEN(P) + AEN(P)

Construct a ratio of perturbed
to unperturbed 2-pt functions

G (p, DGY)(p, 1)

R,(p.1) = -
(G@(p, 1))
tz(g A,(p) o —2AEN ()

—0.001 ==

X103
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20

® Energy shift is related
to the Amplitude

- 5(0Y

En(p)
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® Flavour decomposition

W
|
I

| Subtraction term S,

® Good agreement with OPE:

me— Continuum OPE 4m2 m Alec Hannaford Gunn Thomas Schar
st 4 O 92 x 6t 0= 0074 SPTH(Q?) A I e 20, visprrs
- uu QO 48%x 96, a = 0.068 fm 1 q 2 S
\

483 x 96, a = 0.058 fm

scalar charge
momentum fraction

Continuum OPE

50l proton Q328 x64,a=0.074 fm
Q48 x 96, a = 0.068 fm
. O 483 x 96, a = 0.058 fm
151 |
\
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® Low- and high-Q? regions are known

® Prospect of constraining the mid-Q?
region using LQCD results
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Nucleon Structure Functions

F, & higher-twist

PHYSICAL REVIEW D 107, 054503 (2023)

Moments and power corrections of longitudinal and transverse proton
structure functions from lattice QCD

M. Batelaan,1 K.U. Canﬁ-;-,1 A. Hannaford-Gunn,1 R. Horsley,2 3@ Nakamura,3 H. Perlt,4
P.E.L. Rakow,” G. Schierholz,® H. Stiiben,” R. D. Young,' and J. M. Zanotti'

(QCDSF/UKQCD/CSSM Collaborations)

‘cssm, Department of Physics, The University of Adelaide, Adelaide, South Australia 5005, Australia
*School of Physics and Astronomy, University of Edinburgh, Edinburgh EH9 3JZ, United Kingdom
RIKEN Center for Computational Science, Kobe, Hyogo 650-0047, Japan
“Institut fiir Theoretische Physik, Universitdt Leipzig, 04103 Leipzig, Germany
>Theoretical Physics Division, Department of Mathematical Sciences, University of Liverpool,
Liverpool L69 3BX, United Kingdom
®Deutsches Elektronen-Synchrotron DESY, Notkestrafie 85, 22607 Hamburg, Germany
7Regionales Rechenzentrum, Universitdt Hamburg, 20146 Hamburg, Germany

® (Received 26 September 2022; revised 6 December 2022; accepted 22 February 2023; published 13 March 2023)




| F 1.2.L Compton Amplitudes

b

@778 483x96, 2+1 flavour
7 |

— o % a = 0.068 fm

Z 1 N | m,, ~ 420 MeV
§ T*' s o Q2 ~ 4.9 GeV?

&
&

0.05F

0.00[

—0.05¢




| F, | Moments

1

(xw)?

® using the Taylor expansion, 1 Z (xw)*" 2, to expand the dispersion relation

n=1

3 407

i 2n— IM(Z)(QZ)

1
F (0, Q%) [ dx x*"*Fy(x, Q)

® Compton structure functions are given in terms of towers of physical Mellin moments

22



| Moments | proton F,

® Unique ability to study the O° dependence of the moments!

0.30 —
B 3 3
gl Ezp. 32° x 64 48 x 96 ® Global PDF-fit cuts ~ 1 — 10 GeV?
4Oy (2) (2) (2 (2) (2 .
- ¥ M,V(QY) & My (QF) 2 M, (Q7) ® Need 0 > 10 GeV? data to directly
.26 :
0.26; | = M?+ P/ access partonic moments
0.24}
«; | ® Power corrections below ~ 3 GeV? ?
S 0.22
=k . . .
SO o ® Naive modelling via
| ~ M(Z)(Qz) — M?) 4+ C(2)/Q2
: 2 2 2
0.18¢
0.16}
: ¥ Exp Mz(z): C.S. Armstrong, R. Ent, C. E. Keppel, S. Liuti, G.
0.14t Niculescu, and I. Niculescu, Phys. Rev. D 63, 094008 (2001),
I S S S arXiv:hep-ph/0104055.

< Q? [GeV?] >

Power corrections Scaling 23



48396, 2+1 flavour
a = 0.068 fm |

""""""
- ——

5)
Q- [GeV]2

6

(0%, am;) =

/'

known (NNLO) leading-twist Wilson coeff

/”
>

>
7777

() u—d
Y This work
B FLAG24 avg.

______
=7

)

2.uu—dd

my

$ 414 MeV
4 360 MeV
¥ 307 MeV
4 266 MeV

’’’’’’

2

H

0{40
135 ~
S
030 =
|2
OP&ES{

120

/15
0.025

(x) _ (u,am?)

Momentum fraction and Higher-twist

Ay=ddy am?)

T

Q2

twist-4 contributions

leading-twist PDF momentum fraction

0.35 \ = Full fit (SU(3) symm.) E4QCD evolution (SU(3) symm.)
- — Full fit (Phys. point)  %*QCD evolution (Phys. point)
©® Our LQCD moments (SU(3) symm.)
— 0.30 - ¥ Our LQCD (@) —_qg (Phys. point)
N@ M FLAG24 (x)y_q
3 0.25
:
~ 3
VEN 0.20 .
.......................... TN NN OO NN\
0.15 :?%}'A?}\%\é\bm%*&’ RO
< 0.25
% N — Power correc. (SU(3) symm.)
< '\-\\\ ------ Power correc. (Phys. point)
S 0.001 é 5 : 5 ............... é ................ ',7 ................ é 910

® Clear indication for quark mass dependence of higher-twist contributions
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Parity-violating Structure Functions

F; & Gross-Llewellyn Smith sum rule

PHYSICAL REVIEW D 111, 114505 (2025)

Gross-Llewellyn Smith sum rule from lattice QCD

K.U. Can®,' J. A. Crawford®,' R. Horsley®,” P.E.L. Rakow®,’ T. G. Schar®,' G. Schierholz®,* H. Stiiben®,’
R.D. Young!f?if,1 and J. M. Zanotti®'

(QCDSF Collaboration)

'cssm, Department of Physics, The University of Adelaide, Adelaide, South Australia 5005, Australia
2School of Physics and Astronomy, University of Edinburgh, Edinburgh EH9 3JZ, United Kingdom
‘Theoretical Physics Division, Department of Mathematical Sciences, University of Liverpool,
Liverpool L69 3BX, United Kingdom
*Deutsches Elektronen-Synchrotron DESY, Notkestrafie 85, 22607 Hamburg, Germany
5Regionales Rechenzentrum, Universitdt Hamburg, 20146 Hamburg, Germany

® (Received 6 March 2025; accepted 15 May 2025; published 10 June 2025)




1 Nucleon Structure Functions | F;

® for U ;é v and p//t — q,u — O, and ﬁ ;é O, we iSOlate, Im o

Pap o=x"
T, (p.q) =ie""——F(w, Q")
2p - q

® we can write down dispersion relations
and connect Compton SFs to DIS SFs:

F3(X, Qz)

1 — x2@?

Re w

Fi(w, Q%) = 4dex

® The 1st moment Compton Amplitude is an

1 Z 2 analytic function in the
M(Q?) =J diFy(x, 02 = XL unphysical region | @y < 1
4w
0

26



F L

--- Parton model
—pQCD (N3LO)

Our results
$ B =5.65 (a = 0.068 fm)
¥ B =5.95 (a = 0.052 fm)

8 10

--- Parton model
—pQCD (N3LO)

Our results
$ B = 5.65 (a = 0.068 fm)
$ B =5.95 (a = 0.052 fm)

8 10

: ---Parton model —pQCD (N3LO) % Exp
3.0' ------------------------------------------------------------------------------- I _____
~ 2.5 g3 _%
«; | = i
a2 |
=
';'U Z.Oj
1.5 Our results Ml(ii;ffclld
j GLS sum rule: uu+dd %8 =5.65(a=0.068fm)
Z A B =5.95 (a = 0.052 fm)
Q? [GeV?]
3 1\
as(Q ) A[-]T

and the GLS sum rule

a = 0.068,0.052 fm
m_ ~ 410 MeV

483x96, 2+1 flavour

1550 =3[1+ )

=1

known (N3LO) Wilson coeff. Higher-twist

27



Polarised Structure
Functions

81
and the

Bjorken sum rule
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| Polarised Structure Functions

 uvap Qo ~ 5 q ~
T[/w](p, q, S) = et p lSﬂ gl(a), QZ) + (S,B — pﬂ) gz(a), QZ)]

P-4 P9
® Similar to the unpolarised case, we can ® g,(x) is twist-3, holds information on
extract g, and g, quark-gluon correlations
® via an OPE analysis: the first moment of ® Wandzura-Wilczek decomposition
. . . 1
g,(x) is related to axial current matrix 0,6, 0%) = — ¢(x. 0Y +J ¢ (5.0 dy + 2,(x. 0%)
elements .
b , .. ® The Buckhardt — Cottingham sum rule
Q) = | g0 dr = (8u-ad) C(a @)
’ = [ 2>(x, 09 dx=0
2 0
where, Cy(a,(Q%) =1 %0 O(a;)
T

29



1 1 2
/ dCIIg(f)(CE, Q2) _ _a(()f) | my ( (f) i 4d(f)
0

4

Our inelastic g, moments pQCD
Bjr sum rule

9Q)?

calculate from

0.30
________ gi?
6
0.95| I N°LO Corrections
& #* Unsubtracted
3 ¢ Elastic subtracted
S 0.20 g
| S i --------------------------------------------------------------------------------------------- :
%: } ¥ | 0 5
< 0.15}
Qi
>
>
S
°0.10 |
Il
%a: 005 . 483x96, 2+1 flavour
. a = 0.068 fm
m, ~ 420 MeV
0.00 1 2 3 4 5 6 7 8

Q* [GeV?]

4

f(f)) %

3-pt matrix elements

| Bjorken sum rule and Higher twist

1{Lattice QCD

estimate
This work —e—
Ji & Melnitchouk;: .

Phys.Rev.D 56 (1997) [, R1

Balla et al.| *
Nucl. Phys. B 510, 327-364

Balitsky et al.| —e—
Phys.Lett.B 242 (1990) 245-250

Stein et al.! e
Phys.Lett.B 353 (1995) 107-113

Phys.Lett.B 333 (1994) 228-232
J1 & Unrau| .

1Experimental fit

1Instanton model

1QCD sum rules

Calculation Method

1QCD sum rules

1{Bag model

—04 —02 0.0

0.2
30



¥ 307 MeV
4 266 MeV

5 ‘ <w>u—d 1L
, ; . Y This work max 40
S / 3 i FLAG24 avg. ~ ¢ 414 MeV
AR ; $ 360 MeV 135

B Physical Compton amplitude, can be matched to OPE

M Can extract moments of DIS structure functions,

M Systematic investigation of power corrections, higher-twist effects and
scaling is within reach,

M A direct calculation of F| subtraction term,

M First look at the mass-dependence of higher-twist contributions from F,, 3"’;‘ """""""""""""""""""""""""""""""""" { """"""""""""""""""" ¥ """
o F; moments, testing GLS sum rule. Pathway to a; and EW box diagrams, ¢ & -7 %
and higher-twist effects, Baof
M g, moments, testing the Bjorken sum rule. Pathway to g4, a,, and ”’é‘ o M
estimating higher-twist matrix elements. TS E =asiufdaniis
B Our approach can be extended to: o l - _
I Deuteron: N. Humphrey et al. (QCDSF), PoS(QCHSC24)083 L 020 : o st
arXiv:2505.03182] S T |
M GPDs: A. Hannaford-Gunn et al. 5 }
Phys.Rev.D 105, 014502 |arXiv:2110.11532|, and |
Phys.Rev.D 110 (2024) 1, 014509 [2405.06256] T S
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I Compton amplitude via the FH relation at 2rd order

® unpolarised Compton Amplitude Ju(a) ® Action modification el BV Curre_nt
rl_" J(2) = 2 €4(2)y,4(2)
_ 4, ,1q-Z : :
T,.(p.q) = Jd ze" V“N(p) | T {J ()], (0)} | N(p)) LN@) ) | S— S =S+ ﬂjd4z (€97 + e7147) ] (7)

® 2ud order derivatives of the 2-pt correlator, Gf)(p; ), in the presence of the external field

2(2) (. 2 2
0 G (P, t) — 0°A, (p) tA(p) O"Ey 4 (p) e En (p)t from spectral decomposition
Y A 12 GYe
A=0 NAP from path integral
® equate the time-enhanced terms: TM " (p,q)
————————
2
0 EN A (p) 1

| = g [ N RITOIOIN D) -

Compton amplitude is related to the second-order energy shift




I Compton amplitude via the FH relation at 2rd order

® relevant contribution comes from the ordering where the currents are sandwiched

_ t
X(@0) J(z1) T(ya) X(0) . ,—Enp) [ dA e~ (Ex®P+ @ —Ex()A (; _ A)

q=2r/L(4,1,0) ,6{

. .
discrete set of states p=2z/L(-1,-1,0)
. 3.5/ ] i\w|=o,59i h
® under the condition |w| < 1, | | : : :
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| Calculation Details | S,

Ny L°xT B K a/fm| m,[MeV| Zy

241 32°x64 550 0.120900 0.074 470  0.86
NP-improved Clover action 2+ 1 48° X 96 5.65 0.122005 0.068 410  0.87
PRD 79, 094507 (2000), arXiv:0901.3302 [hep-lat] 24+ 1 48% x 96 5.80 0.122810 0.058 430  0.88

QCDSF /UKQCD configurations
2+1 flavour (u/d+s)

® Local EM current insertion, J, (x) = Z,,q(x)y,q(x)
B~ et b T A A (valence only)

® 4 Distinct field strengths, 4 = [£0.0125, £ 0.025]

® Up to 0(10*) measurements for each pair of Q% and A

® Connected diagrams only

--------------------------------------

. Unmodified
' QCD background 36



1S | lattice artefacts

® tree-level mass-dependent lattice operator product expansion (LOPE)

‘67/41/ — l/_j}/,uS W(p T Q)}/,},” T l/_j}/I/S W(p o Q)}’,,}/f»
: : 0.0~ —— AST (Imp. LOPE)
with the Wilson quark propagator, | AS (O LODE)
. M(k) — iy, sin(ak),) . o S (FH)
Swik) = . , o
M(k)? + ). , sin*(ak,) free fermion case:
_ _ —0.2- Sff 2\ — A Sff
where M(k) = amy + Z 1 —cos(ak,)|, I,FH(Q ) 1
g —0.3-
® giving the correction massless =
LOPE -
N 4mpczZ‘2,g§Dalre ZP lcos(aqp) — 1] —0.4- |
1 = Zp Sinz(aqp) + M2(my, q) 0.0 0.1 0.2 am(zis 0.4 0.5
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| Calculation Details | F;

QCDSF /UKQCD configurations m., ~ 410 MeV, NSU(S) SYII1.
483 x 96, 2+1 flavour (u/d+s) 6.
_(565) . | 6. ~ [o.068
p = (5.95>, NP-improved Clover action mﬂL [53] a [0.0SZ] fm

PRD 79, 094507 (2009), arXiv:0901.3302 [hep-lat]

® Local EM and axial current insertion,

J /Y Al = Zyia190)y,lyslg(x)
(valence only)

--------------------------------------

® 4 Distinct field strengths, 4 = [£0.0125, £ 0.025]

® Current momenta 0.1 < 0% < 10 GeV?

® Roughly 500 measurements

® Nucleon at rest: p = (0,0,0) thus @ = 0, varying ¢

--------------------------------------

. Unmodified
' QCD background

® Connected 2-pt only, no disconnected since F; is non-singlet
14



® Ratio of perturbed 2-pt functions

| Energy shifts | F,
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| F, | unimproved

- & g035 a = 0.068 fm, V = 483 x 96

: E q053 m.,. ~ 420 MeV
' Q? ~ 5GeV?

t/
F (0, Q%) _ 0 0" Ex(p) "
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F3(@.0%) _ Q* PEy(p)

1 Syst. 1: LPT improvement

- 4l & Raw PRELIMINARY
- | A LPT improved
Q) @ 8/118/12 7.2}
4=0 5 7.0l A(0,3,1)
| o I 0% 11 7 S $0.1.8)
introduces discretisation error due to "o 6.8 K(0,5,3)
broken rotational symmetry S o oL
I 6.6} A0 3.5) - K(0,4,7)
3 | “A(0,7,1)
S0 6.4f 0,1,8)
o o H\ (0’3’ 5) ZS( y L9
® Replace the kinematic factor by 6.0l ¢ A1)
o o T 0,5,3
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1 Syst. 2: Weighted averaging

® Weights: w/ =

7.10¢ = (0,1,3)2n/L
' p=(0,0,0)2m/L -
7.05 10.20
5 7.00
Py
o 6.95 B B B 0.15 @
: g
6.90 %
53, 0.10 =
S on 6.85
K
6.80 10,05
6.75¢ m O el
6 7 8 9 10 11 12 13 14 15 16 17 Y200
tmin/a'

¢ Ja =24 fixed

® Red line (mean): 0 = Z w! 67
f

® Red band (total uncertainty):

SstatO” = Z w/ (6077
f

Ssys0* = ) w/(6/ — 6’
f

56 = \/ SstatO> + OsysO”

pr (0 07)~>
Zf’ pf’(éﬁf/)_z

where p,is the one sided p-value of
the ratio fits

42




