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Nucleon structure (leading twist) 
Parton distributions from first 
principles  
Constraining the high- and 
low-  regions better 

,  

Scaling and Power corrections 
 cuts of global QCD 

analyses 
Large- , low- : 

Higher-twist contributions 
Target mass corrections

x
F2 ∝ (q + q̄) FγZ

3 ∝ (q − q̄)

Q2

x Q2

Motivation
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Subtraction term T1(0,Q2)

ℱ1(ω, Q2) − ℱ1(ω = 0,Q2) =
2ω2

π ∫
∞

1
dω′￼

Im ℱ1(ω′￼, Q2)
ω′￼(ω′￼2 − ω2 − iϵ)

2.3 The Cottingham formula and the Forward Compton Tensor 9
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Figure 2.4: Cottingham self energy for a nucleon with momentum p

2.3 The Cottingham formula and the Forward Comp-

ton Tensor

The Cottingham formula [8] relates the Cottingham self energy to an object known
as the spin-averaged forward Compton tensor (FCT) Tµ⌫ (sometimes referred to as
the forward Compton amplitude)

�m
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i

2M

↵

(2⇡)3

Z
d
4
q

g
µ⌫

q2 + i✏
Tµ⌫(p, q). (2.5)

The FCT arises from an interaction known as forward Compton scattering which
involves a virtual photon scattering from a hadron as seen in right hand diagram of
Figure (2.5). The FCT is given formerly by [9]

Tµ⌫(p, q) = i

Z
d
4
z⇢ss0e

iqż
hp, s

0
|T {Jµ(z)J⌫(0)}|p, s, i, (2.6)

with the following definitions; p and q are the nucleon and virtual photon momentum
respectively, T is the time-ordering operator and Jµ is the electromagnetic current.

p p p p
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Figure 2.5: The two processes associated with the Cottingham formula. The left hand
diagram depicts electromagnetic self interaction of the nucleon. The right hand side shows
the process of forward Compton scattering.

From Figure 2.5 it may be intuitive how the Cottingham self energy and forward
Compton tensor are related. Naively, one can imagine disconnecting the photon

Cottingham formula:

2.3 The Cottingham formula and the Forward Compton Tensor 9

p p

Figure 2.4: Cottingham self energy for a nucleon with momentum p

2.3 The Cottingham formula and the Forward Comp-

ton Tensor

The Cottingham formula [8] relates the Cottingham self energy to an object known
as the spin-averaged forward Compton tensor (FCT) Tµ⌫ (sometimes referred to as
the forward Compton amplitude)

�m
� =

i

2M

↵

(2⇡)3

Z
d
4
q

g
µ⌫

q2 + i✏
Tµ⌫(p, q). (2.5)

The FCT arises from an interaction known as forward Compton scattering which
involves a virtual photon scattering from a hadron as seen in right hand diagram of
Figure (2.5). The FCT is given formerly by [9]

Tµ⌫(p, q) = i

Z
d
4
z⇢ss0e

iqż
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From Figure 2.5 it may be intuitive how the Cottingham self energy and forward
Compton tensor are related. Naively, one can imagine disconnecting the photon

EM self energy is related to  
the spin-avg. forward Compton amplitude Im ω

Re ω

dominant uncertainty 
not accessible via experiments

W.N. Cottingham, Annals Phys. 25, 424 (1963)
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Leading theoretical uncertainty in:  

Weak charge of the proton, 

 

CKM matrix element extracted from 
superallowed  decays, 

   

QW = (1 + Δρ + Δe)(1 − 4 sin2 θW(0) + Δ′￼e)

+ □WW
AA + □ZZ

AA + □γZ
VA

β

|Vud |2 =
2984.432(3) s
ℱt(1 + ΔV

R)

Motivation | EW Box

∝ □γW
VA
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Box diagrams proportional to an 
integral over the whole  range 

 

Low-  (non-perturbative) regime 
dominates the integral 

 is experimentally poorly determined  
in low  
Lattice approach is ideal for a high-
precision determination of moments

Q2

□γZ/W
A ∝ ∫

∞

0

dQ2

Q2
μ(3)

1 (Q2) (…)

Q2

F3
Q2

Motivation | EW Box
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Outline

Forward Compton Amplitude

Feynman-Hellmann Theorem on the Lattice

Nucleon Structure Functions

Unpolarised | F1 & F2

Parity-violating |  & Gross-Llewellyn Smith sum ruleF3

Polarised |  & Bjorken sum ruleg1Credit: D Dominguez / CERN

Motivation



Forward Compton Amplitude
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3.1
Deep Inelastic Scattering
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Figure
3.1: The Feynman diagram

for deep inelastic scattering. As with all Feynman diagrams

in this thesis, time increases left to right.

•
the virtual photon exchanged by the electron and nucleon has momentum

q =
k�k 0.

Given these variables, it is useful to define some Lorentz scalars.

•
⌫ =

P
·q

M , which is the energy transferred to the nucleon in the nucleon’s rest frame:

⌫ =
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k 00
.

•
Q

= p
�q 2, which

is always real, since
q µ

is spacelike.
This is the

momentum

transferred to the nucleon.

•
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Q 2
2P

·q , the ‘Bjorken scaling variable’. In the nucleon’s rest frame, this is propor-

tional to the ratio of momentum
transfer to energy transfer.

•
!
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, the inverse Bjorken

variable.
This variable is particularly

useful for the

OPE.•
M

, the nucleon mass.

•
m
f the mass of a quark of flavour f .
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M

2
X =

(P
+

q) 2, the invariant mass of the outgoing state X.

Physical Region
of Scalars

Now
we will determine what the physically allowed region is for each Lorentz scalar defined

above.First, note that in the nucleon’s rest frame the electron transfers energy to the proton

and hence ⌫ �
0, and since this is a Lorentz scalar it is non-negative in all frames.
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it is [1,1

).

3.1
De
ep

In
ela
sti
c S

ca
tte
rin
g

16

P

k

k
0

q

P
+

q

N

e
�

X

e
�

Fig
ur

e
3.
1:

The
Fe

yn
man

dia
gr

am
for

de
ep

ine
las

tic
sca

tte
rin

g.
As with

all
Fe

yn
man

dia
gr

am
s

in
th

is
th

esi
s,

tim
e inc

rea
ses

lef
t to

rig
ht

.

• th
e vir

tu
al

ph
ot

on
ex

ch
an

ge
d by

th
e ele

ctr
on

an
d nu

cle
on

ha
s mom

en
tu

m
q =

k�k
0 .

Give
n

th
ese

va
ria

ble
s,

it
is

us
efu

l t
o de

fin
e so

me Lo
ren

tz
sca

lar
s.

• ⌫ =
P
·q

M

, w
hic

h
is

th
e en

erg
y tra

ns
fer

red
to

th
e nu

cle
on

in
th

e nu
cle

on
’s

res
t fra

me:

⌫ =
k
0 � k

00 .

• Q
=

p �q2
, whic

h
is

alw
ay

s rea
l,

sin
ce

q
µ

is
sp

ac
eli

ke
.

This
is

th
e

mom
en

tu
m

tra
ns

fer
red

to
th

e nu
cle

on
.

• x =
Q
2

2P
·q
, t

he
‘B

jor
ke

n
sca

lin
g va

ria
ble

’.
In

th
e nu

cle
on

’s
res

t fra
me,

th
is

is
pr

op
or

-

tio
na

l t
o th

e ra
tio

of
mom

en
tu

m
tra

ns
fer

to
en

erg
y tra

ns
fer

.

• !
=

x
�
1 , th

e inv
ers

e Bjor
ke

n
va

ria
ble

.
This

va
ria

ble
is

pa
rti

cu
lar

ly
us

efu
l for

th
e

OPE.

• M
, t

he
nu

cle
on

mas
s.

• m f

th
e mas

s of
a qu

ar
k of

fla
vo

ur
f .

• M
2
X

=
(P

+
q)
2 , t

he
inv

ar
ian

t mas
s of

th
e ou

tg
oin

g sta
te

X
.

Phy
sic

al
Reg

io
n

of
Sc

al
ar

s

Now
we will

de
ter

mine
wha

t th
e ph

ys
ica

lly
all

ow
ed

reg
ion

is
for

ea
ch

Lo
ren

tz
sca

lar
de

fin
ed

ab
ov

e.

Firs
t,

no
te

th
at

in
th

e nu
cle

on
’s

res
t fra

me th
e ele

ctr
on

tra
ns

fer
s en

erg
y to

th
e pr

ot
on

an
d

he
nc

e ⌫ � 0,
an

d
sin

ce
th

is
is

a Lo
ren

tz
sca

lar
it

is
no

n-
ne

ga
tiv

e in
all

fra
mes.

The
n,

sin
ce

q =
k�k

0 an
d k an

d k
0 ar

e fut
ur

e-p
oin

tin
g tim

eli
ke

ve
cto

rs,
we ca

n us
e th

e

inv
ers

e M
ink

ow
sk

i t
ria

ng
le

ine
qu

ali
ty

to
ge

t q
2 =

(k
� k

0 )2
 |k

2 � k
02 | =

m
2
e
�

� m
2
e
�

=
0

(se
e ap

pe
nd

ix
A).

The
ref

or
e,

q is
a sp

ac
eli

ke
ve

cto
r,

an
d he

nc
e �q

2 =
Q
2 � 0.

The
reg

ion

for
ine

las
tic

sca
tte

rin
g sta

rts
at

Q
2 & 2G

eV
2 .

In
ine

las
tic

sca
tte

rin
g,

th
e mom

en
tu

m
tra

ns
fer

to
th

e nu
cle

on
is

ve
ry

lar
ge

, a
nd

he
nc

e

M
2
X

=
(P

+
q)
2 & M

2 . The
ref

or
e,

P
2 +

2P
· q

� Q
2 & P

2

)
2P

· q
& Q

2

)
!

=
2P

· q

Q
2

& 1.

(3
.1)

Hen
ce

th
e ph

ys
ica

l r
eg

ion
of

x
is

[0,
1],

an
d

for
!

it
is

[1,
1).

3.1
Deep Inelastic Scattering

16

P

k

k 0

q

P
+

q

N

e �

X

e �

Figure
3.1: The Feynman diagram

for deep inelastic scattering. As with all Feynman diagrams

in this thesis, time increases left to right.

•
the virtual photon exchanged by the electron and nucleon has momentum

q =
k�k 0.

Given these variables, it is useful to define some Lorentz scalars.
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DIS and the Hadronic Tensor
Forward Compton Amplitude

Deep  inelastic  scattering (DIS)(Q2 ≫ M2) (W2 ≫ M2) dσ ∼ Lμν
j Wj

μν

leptonic tensor hadronic tensor

 (neutral) orW (charged)j = γ, Z, and γZ
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Figure 3.1: The Feynman diagram for deep inelastic scattering. As with all Feynman diagrams

in this thesis, time increases left to right.

• the virtual photon exchanged by the electron and nucleon has momentum q = k�k0.

Given these variables, it is useful to define some Lorentz scalars.

• ⌫ = P ·q

M
, which is the energy transferred to the nucleon in the nucleon’s rest frame:

⌫ = k0 � k00.

• Q =
p

�q2, which is always real, since qµ is spacelike. This is the momentum
transferred to the nucleon.

• x = Q
2

2P ·q
, the ‘Bjorken scaling variable’. In the nucleon’s rest frame, this is propor-

tional to the ratio of momentum transfer to energy transfer.

• ! = x�1, the inverse Bjorken variable. This variable is particularly useful for the
OPE.

• M , the nucleon mass.

• mf the mass of a quark of flavour f .

• M2

X
= (P + q)2, the invariant mass of the outgoing state X.

Physical Region of Scalars

Now we will determine what the physically allowed region is for each Lorentz scalar defined
above.

First, note that in the nucleon’s rest frame the electron transfers energy to the proton
and hence ⌫ � 0, and since this is a Lorentz scalar it is non-negative in all frames.

Then, since q = k�k0 and k and k0 are future-pointing timelike vectors, we can use the
inverse Minkowski triangle inequality to get q2 = (k � k0)2  |k2 � k02| = m2

e�
� m2

e�
= 0

(see appendix A). Therefore, q is a spacelike vector, and hence �q2 = Q2 � 0. The region
for inelastic scattering starts at Q2 & 2GeV2.

In inelastic scattering, the momentum transfer to the nucleon is very large, and hence
M2

X
= (P + q)2 & M2. Therefore,

P 2 + 2P · q � Q2 & P 2 ) 2P · q & Q2 ) ! =
2P · q

Q2
& 1. (3.1)

Hence the physical region of x is [0, 1], and for ! it is [1, 1).

p p

<latexit sha1_base64="zCQ0bWqFBwwCDFOJI+K79x6dk7M="></latexit>

Wµ⌫ =
1

4⇡

Z
d4zeiq·z⇢ss0hp, s0|[Jµ(z), J⌫(0)]|p, si

of higher twist under renormalization, be it in a soft
renormalization scheme like MS or in a cutoff scheme
like the lattice [1,30,31]. On the lattice the result is that the
leading-twist Wilson coefficients diverge as 1=a2 (a being
the lattice constant). This divergence must be canceled with
that of the higher-twist operator matrix element, which
demands a nonperturbative calculation of the Wilson
coefficients. The usefulness of the OPE comes from the
assumption that the nonperturbative physics is contained in
the operator matrix elements, known as factorization, while
the Wilson coefficients are calculable in perturbation
theory. This fundamental property is threatened by the
presence of power divergences. Another shortcoming of
present calculations is that the structure functions at
medium to small Bjorken x are dominated by Regge and
Pomeron exchange, which are peripheral processes that
proceed far off the light-cone [32,33]. Several attempts
have been made to extend the OPE into the Regge regime
[34,35] without much success [36]. TheWilson coefficients
can be computed on the lattice, in principle, as presented in
Refs. [8,37,38]. It should be noted though that the hyper-
cubic lattice can only accommodate operators of spin four
or less, which thwarts any prediction of the Wilson
coefficients for the higher moments on the lattice.
The structure of hadrons relevant for deep-inelastic

scattering are completely characterized by the Compton
amplitude. In the present work, we build upon a recent
paper [12] outlining a procedure to determine nucleon
structure functions from a lattice QCD calculation of the
forward Compton amplitude. By working with the physical
amplitude, this approach overcomes issues of operator
mixing and renormalization, and the restriction to light-
cone operators [32,33]. By working with the physical
amplitude, there is no need to resort to the OPE, facing
problems of factorization and renormalization, nor is the
calculation bound to light cone kinematics. However, if we
were to map the OPE upon the Compton amplitude, as far
as this is possible, we will find Wilson coefficients and
operators being properly renormalized, including mixing
effects. If the Compton amplitude is known sufficiently
accurately, we can expect to obtain nucleon structure
functions in closed form [12], including power corrections.
The strategy is most similar to those considered in
Refs. [7,9,20,39], and shares features with other approaches
to inclusive processes [20,40–44].
Here we establish the theoretical foundation of the

approach and present results for the Compton amplitude
across a range of kinematics. The calculations are per-
formed at the SU(3) flavor symmetric point [45] at an
unphysical pion mass. Results are reported on the lowest
four moments of the unpolarized structure functions of the
nucleon for photon momenta Q2 ranging from approx-
imately 3–7 GeV2. The variation of Q2 demonstrates the
potential to provide a quantitative test of the twist expan-
sion on the lattice for the first time.

In terms of the practical computation, the determination
of the Compton amplitude takes advantage of the Feynman-
Hellmann [46–50] approach to hadron structure—see also
Refs. [51–57]. The use of Feynman-Hellmann provides an
alternative to computing the 3- or 4-point functions. Here
we also present a derivation of the second-order Feynman-
Hellmann theorem necessary for the present work—a
related derivation has been presented in Ref. [58].
This paper is organized as follows: formal definitions of

the Compton amplitude and the structure functions, along
with the connection between the OPE and the dispersion
relation are given in Sec. II. We explicitly derive the second
order Feynman-Hellmann theorem in Sec. III. Our lattice
setup and the implementation details are given in Sec. IV.
Results for the Compton amplitude and the moments of the
structure functions are presented in Sec. V. We summarize
our findings in Sec. VI.

II. FORWARD COMPTON AMPLITUDE
AND THE STRUCTURE FUNCTIONS

A. Notation

At leading order in the electromagnetic interaction, the
general description for the inclusive scattering of a charged
lepton from a hadronic target, e.g., eN → e0X, is encoded
in the hadron tensor. Conventionally, the hadron tensor is
expressed as a matrix element of the commutator of
electromagnetic current operators [59–61],1

Wμνðp; qÞ ¼
1

4π

Z
d4zeiq·zρss0 hp; s0j½J μðzÞ;J νð0Þ%jp; si;

ð1Þ

for a hadron of momentum p and (virtual) photon momen-
tum q. For the present discussion, we will only consider
spin-averaged observables by taking ρss0 ¼ 1

2 δss0 . The cur-
rent operator takes the familiar form as the charge-weighted
sum of the quark vector currents, J μ ¼

P
f QfJ

f
μ, withQf

being the charge of quark flavor f. The flavor decomposition
will be discussed in further detail in a later section.
The spin-averaged nucleon tensor can be decomposed as

Wμνðp;qÞ¼
!
−gμνþ

qμqν
q2

"
F1ðx;Q2Þ

þ
!
pμ−

p ·q
q2

qμ

"!
pν−

p ·q
q2

qν

"
F2ðx;Q2Þ

p ·q
;

ð2Þ

which is defined such that Lorentz-invariant structure
functions, F1;2, match onto their conventional partonic
interpretation in the deep inelastic scaling region. These

1In this section, we work in Minkowski space.
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Tμν(p, q) = i∫ d4z eiq⋅zρss′￼
⟨p, s′￼|𝒯{Jμ(z)Jν(0)} |p, s⟩

= (−gμν +
qμqν

q2 ) ℱ1(ω, Q2) + (pμ −
p ⋅ q
q2

qμ) (pν −
p ⋅ q
q2

qν) ℱ2(ω, Q2)
p ⋅ q

Forward Compton Amplitude
, spin avg. ⇢ss0 =

1

2
�ss0

<latexit sha1_base64="2gLiSuUHGhOyqmbksHycQI0Rn8U="></latexit>

Compton Structure Functions (SF)

ω =
2p ⋅ q

Q2

Same Lorentz 

decom
positio

n as 

the Hadronic 

Tensor

∼
N(p)

J𝜇(q)

2 Im
N(p)

J𝜇(q)
2

Wμν ∼ ∫ d4x⟨p | [Jμ(x), Jν(0)] |p⟩

Structure Functions: F1,2(x, Q2)

Tμν ∼ ∫ d4x⟨p |T{Jμ(x) Jν(0)} |p⟩

Compton Structure Functions: ℱ1,2(p ⋅ q, Q2)

Optical 
theorem

Forward Compton Amplitude
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we can write down dispersion relations and connect  
Compton SFs to DIS SFs:

Nucleon Structure Functions

ℱ2(ω, Q2) = 4ω∫
1

0
dx

F2(x, Q2)
1 − x2ω2 − iϵ

Im ω

ω0 1-1 Re ω

ω = x−1

Compton Amplitude is an 
analytic function in the 
unphysical region |ω0 | < 1

inelastic cut

Forward Compton Amplitude

11

ℱ1(ω, Q2) = ℱ1(0,Q2)

+ 2ω2 ∫
1

0
dx

2x F1(x, Q2)
1 − x2ω2 − iϵ



Shape of the Compton Amplitude

dispersion relation
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Structure functions Compton Amplitudes

ℱ2(ω, Q2)
ω

= 4∫
1

0
dx

F2(x, Q2)
1 − x2ω2

p

n

p

n

High-W: M. Arneodo et al. [NMC],  
            PLB364, 107-115 (1995), [hep-ph/9509406] 
 Low-W: M.E. Christy and P.E. Bosted,  
           PRC81, 055213 (2010), [0712.3731]

Forward Compton Amplitude

12



Feynman-Hellmann Theorem 
on the Lattice

λ



∂Eλ

∂λ
= ⟨ϕλ |

∂Hλ

∂λ
|ϕλ⟩

H𝜆: perturbed Hamiltonian of the system 
E𝜆: energy eigenvalue of the perturbed system 
𝜙𝜆:  eigenfunction of the perturbed system

in Quantum Mechanics:

expectation value of the perturbed system is related to the shift in the energy eigenvalue

S → S(λ) = S + λ∫ d4x 𝒪(x)
e.g. local bilinear operator

q̄(x)Γμq(x) , Γμ ∈ {1, γμ, γ5γμ, …}
real parameter

∂Eλ

∂λ
=

1
2Eλ

⟨0 |𝒪 |0⟩

@ 1st order
E𝜆 → spectroscopy, 2-pt function

<0|𝓞|0> → determine 3-pt 

FH Theorem at 1st order

in Lattice QCD: energy shifts in the presence of a weak external field

Applications: 
 - terms 

Form factors
σ

Feynman-Hellmann Theorem on the Lattice
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Compton amplitude
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J
<latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit><latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit><latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit><latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit>

⌧
<latexit sha1_base64="hZTn5r5kc5EX34Srd003gUPNyXc=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBbBU9jYgvVW8OKxgv2ANpTNdtMu3WzC7kQooX/BiwdFvPqHvPlv3LQRVPTBwOO9GWbmBYkUBgj5cEpr6xubW+Xtys7u3v5B9fCoa+JUM95hsYx1P6CGS6F4BwRI3k80p1EgeS+YXed+755rI2J1B/OE+xGdKBEKRiGXhkDTUbVG3PqVRRMTt0EI8UhBSB17Llmihgq0R9X34ThmacQVMEmNGXgkAT+jGgSTfFEZpoYnlM3ohA8sVTTixs+Wty7wmVXGOIy1LQV4qX6fyGhkzDwKbGdEYWp+e7n4lzdIIWz6mVBJClyx1aIwlRhinD+Ox0JzBnJuCWVa2Fsxm1JNGdh4KjaEr0/x/6R74XrE9W4btVariKOMTtApOkceukQtdIPaqIMYmqIH9ISench5dF6c11VrySlmjtEPOG+fd12OgQ==</latexit><latexit sha1_base64="hZTn5r5kc5EX34Srd003gUPNyXc=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBbBU9jYgvVW8OKxgv2ANpTNdtMu3WzC7kQooX/BiwdFvPqHvPlv3LQRVPTBwOO9GWbmBYkUBgj5cEpr6xubW+Xtys7u3v5B9fCoa+JUM95hsYx1P6CGS6F4BwRI3k80p1EgeS+YXed+755rI2J1B/OE+xGdKBEKRiGXhkDTUbVG3PqVRRMTt0EI8UhBSB17Llmihgq0R9X34ThmacQVMEmNGXgkAT+jGgSTfFEZpoYnlM3ohA8sVTTixs+Wty7wmVXGOIy1LQV4qX6fyGhkzDwKbGdEYWp+e7n4lzdIIWz6mVBJClyx1aIwlRhinD+Ox0JzBnJuCWVa2Fsxm1JNGdh4KjaEr0/x/6R74XrE9W4btVariKOMTtApOkceukQtdIPaqIMYmqIH9ISench5dF6c11VrySlmjtEPOG+fd12OgQ==</latexit><latexit sha1_base64="hZTn5r5kc5EX34Srd003gUPNyXc=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBbBU9jYgvVW8OKxgv2ANpTNdtMu3WzC7kQooX/BiwdFvPqHvPlv3LQRVPTBwOO9GWbmBYkUBgj5cEpr6xubW+Xtys7u3v5B9fCoa+JUM95hsYx1P6CGS6F4BwRI3k80p1EgeS+YXed+755rI2J1B/OE+xGdKBEKRiGXhkDTUbVG3PqVRRMTt0EI8UhBSB17Llmihgq0R9X34ThmacQVMEmNGXgkAT+jGgSTfFEZpoYnlM3ohA8sVTTixs+Wty7wmVXGOIy1LQV4qX6fyGhkzDwKbGdEYWp+e7n4lzdIIWz6mVBJClyx1aIwlRhinD+Ox0JzBnJuCWVa2Fsxm1JNGdh4KjaEr0/x/6R74XrE9W4btVariKOMTtApOkceukQtdIPaqIMYmqIH9ISench5dF6c11VrySlmjtEPOG+fd12OgQ==</latexit><latexit sha1_base64="hZTn5r5kc5EX34Srd003gUPNyXc=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBbBU9jYgvVW8OKxgv2ANpTNdtMu3WzC7kQooX/BiwdFvPqHvPlv3LQRVPTBwOO9GWbmBYkUBgj5cEpr6xubW+Xtys7u3v5B9fCoa+JUM95hsYx1P6CGS6F4BwRI3k80p1EgeS+YXed+755rI2J1B/OE+xGdKBEKRiGXhkDTUbVG3PqVRRMTt0EI8UhBSB17Llmihgq0R9X34ThmacQVMEmNGXgkAT+jGgSTfFEZpoYnlM3ohA8sVTTixs+Wty7wmVXGOIy1LQV4qX6fyGhkzDwKbGdEYWp+e7n4lzdIIWz6mVBJClyx1aIwlRhinD+Ox0JzBnJuCWVa2Fsxm1JNGdh4KjaEr0/x/6R74XrE9W4btVariKOMTtApOkceukQtdIPaqIMYmqIH9ISench5dF6c11VrySlmjtEPOG+fd12OgQ==</latexit>

Compton on the lattice
Sink

Source

t
<latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit>

�J
<latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit><latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit><latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit><latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit>

Sink

Source

Feynman–Hellmann

t � 1

�E
<latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit><latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit><latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit><latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit>

hC4(t, ⌧, t0)i
hC2(t)ihC2(t0)i

/ hN 0|J(⌧E)J |Ni
<latexit sha1_base64="+95Ta/RhAN3L68pHNX7a2HgKIv4="></latexit><latexit sha1_base64="+95Ta/RhAN3L68pHNX7a2HgKIv4="></latexit><latexit sha1_base64="+95Ta/RhAN3L68pHNX7a2HgKIv4="></latexit><latexit sha1_base64="+95Ta/RhAN3L68pHNX7a2HgKIv4="></latexit>

t, t0 � 1

�E
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4-pt functions

t, t′￼ ≫
1

ΔE

Feynman—Hellmann

t ≫
1

ΔE
,

∂2E
∂λ2

λ→0

∝ ⟨N |JJ |N⟩

⟨C4(t, τ, t′￼)⟩
⟨C2(t)⟩⟨C2(t′￼)⟩

∝ ⟨N |J(τE)J |N⟩

∫
∞

0
dτE → ⟨N |JJ |N⟩

Feynman-Hellmann Theorem on the Lattice
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Nucleon Structure Functions  
— 

 subtraction termℱ1



Tμν(p, q) = i∫ d4z eiq⋅zρss′￼
⟨p, s′￼|𝒯{Jμ(z)Jν(0)} |p, s⟩

= (−gμν +
qμqν

q2 ) ℱ1(ω, Q2) + (pμ −
p ⋅ q
q2

qμ) (pν −
p ⋅ q
q2

qν) ℱ2(ω, Q2)
p ⋅ q

Forward Compton Amplitude
, spin avg. ⇢ss0 =

1

2
�ss0

<latexit sha1_base64="2gLiSuUHGhOyqmbksHycQI0Rn8U="></latexit>

ω =
2p ⋅ q

Q2

Simplest kinematics to directly isolate ℱ1

 and , J3 J3 q3 = 0 ⃗p = 0⃗

T33(0⃗, q) = ℱ1(ω = 0, Q2) = T1(0, Q2) ≡ S1(Q2)
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Nucleon Structure Functions

Strategy | Energy shifts
KUC et al. (CSSM/QCDSF/UKQCD) PRD102, 114505 (2020), arXiv:2007.01523 [hep-lat]

Re
λ(p, t) ≡

G(2)
+λ (p, t)G(2)

−λ (p, t)

(G(2)(p, t))2

t≫0 Aλ(p)e−2ΔEe
Nλ

(p)t

Construct a ratio of perturbed  
to unperturbed 2-pt functions

G(2)
λ (p; t) ∼ Aλ(p)e−ENλ

(p)t

ENλ
(p) = EN(p) + λ

∂ENλ
(p)

∂λ
λ=0

+
λ2

2!
∂2ENλ

(p)
∂2λ

λ=0

+ 𝒪(λ3)

= EN(p) + ΔEo
N(p) + ΔEe

N(p)

Isolate the 2nd-order energy shift
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∂2Eλ
N(p)

∂λ2
λ=0

= −
S1(Q2)
EN(p)

Get the 2nd order shift 
∂2Eλ

N(p)
∂λ2

λ=0

Energy shift is related  
to the Amplitude 
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Good agreement with OPE: 
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R. J. Hill and G. Paz PRD95, 094017 (2017)

Low- and high-  regions are known 

Prospect of constraining the mid-  
region using LQCD results
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Nucleon Structure Functions

ω = 2p ⋅ q/Q2

0
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483x96, 2+1 flavour 
 

 
a = 0.068 fm
mπ ∼ 420 MeV
Q2 ∼ 4.9 GeV2

where F1 and F2 are the deep-inelastic structure functions
of the nucleon. Using the OPE, one can express F 1 and F 2

in terms of moments of F1 and F2, which are amenable to
calculation on the Euclidean lattice. Alternatively, F 1 and
F 2 can be written as dispersion integrals over ω, which
leads to the same expressions.
Let us first consider the OPE of F 1 and F 2. After some

simple algebra we obtain [7]

Tμνðp;qÞ¼
X∞

n¼2;4;$$$

!"
δμν−

qμqν
q2

#
4ωn

Z
1

0
dxxn−1F1ðx;q2Þ

þ
"
pμ−

p ·q
q2

qμ

#"
pν−

p ·q
q2

qν

#
8

2p ·q
ωn−1

×
Z

1

0
dxxn−2F2ðx;q2Þ

$
: ð5Þ

The series
P

k∈NðωxÞ2k in Eq. (5) is geometric and sums up
to ½1 − ðωxÞ2'−1, which leads to the alternate expression

Tμνðp; qÞ ¼
"
δμν −

qμqν
q2

#
4ω

Z
1

0
dx

ωx
1 − ðωxÞ2

F1ðx; q2Þ

þ
"
pμ −

p · q
q2

qμ

#"
pν −

p · q
q2

qν

#
8ω

2p · q

×
Z

1

0
dx

1

1 − ðωxÞ2
F2ðx; q2Þ: ð6Þ

In the limit where F1ðx; q2Þ and F2ðx; q2Þ become inde-
pendent of q2 we have the Callan-Gross rela-
tion F2ðxÞ ¼ 2xF1ðxÞ.
Alternatively, we can express F 1 and F 2 directly in

terms of the structure functions F1 and F2, circumventing
the OPE. The amplitudes F 1 and F 2 have cuts at −∞ ≤
ω ≤ −1 and 1 ≤ ω ≤ ∞ with discontinuities (4). This leads
to once subtracted dispersion relations

F 1ðω;q2Þ¼2ω
Z

∞

1
dω̄

"
F1ðω̄;q2Þ
ω̄ðω̄−ωÞ

−
F1ðω̄;q2Þ
ω̄ðω̄þωÞ

#
þF 1ð0;q2Þ;

F 2ðω;q2Þ¼2ω
Z

∞

1
dω̄

"
F2ðω̄;q2Þ
ω̄ðω̄−ωÞ

þF2ðω̄;q2Þ
ω̄ðω̄þωÞ

#
: ð7Þ

While F 2ð0; q2Þ ¼ 0, the subtraction constant F 1ð0; q2Þ
contains information on the magnetic polarizability of the
nucleon and the proton-neutron electromagnetic mass shift
[8]. In the following equations we shall discard it, as it has
no counterpart in F1, nor is it accounted for by the OPE. It
can be computed like any other value of F 1 though and, if
necessary, has to be subtracted from F 1ðω; q2Þ. (So, for
example, from the data underlying Fig. 6.) Substituting ω̄
by 1=x, we finally obtain

F 1ðω; q2Þ ¼ 4ω2

Z
1

0
dxx

F1ðx; q2Þ
1 − ðωxÞ2

;

F 2ðω; q2Þ ¼ 4ω
Z

1

0
dx

F2ðx; q2Þ
1 − ðωxÞ2

; ð8Þ

where we have identified F1ðω̄; q2Þ and F2ðω̄; q2Þ with
F1ðx; q2Þ and F2ðx; q2Þ, respectively. If we insert Eq. (8)
into Eq. (3), we obtain Eq. (6), in agreement with the OPE
resummed. It should be noted that the structure functions
F1ðx; q2Þ and F2ðx; q2Þ include higher twist contributions,
as we have not made any assumptions on F 1 and F 2 other
than on the analytic structure.
To simplify the numerical calculation, we may choose

μ ¼ ν ¼ 3 and p3 ¼ q3 ¼ q4 ¼ 0. We then have

T33ðp; qÞ ¼
X∞

n¼2;4;$$$
4ωn

Z
1

0
dxxn−1F1ðx; q2Þ ð9Þ

and, alternatively,

T33ðp; qÞ ¼ 4ω
Z

1

0
dx

ωx
1 − ðωxÞ2

F1ðx; q2Þ: ð10Þ

For jωj > 1 the principal value has to be taken. The matrix
element T33ðp; qÞ can be computed most efficiently,
including singlet matrix elements, by a simple extension
of existing implementations of the Feynman-Hellmann
technique to lattice QCD [9]. For simplicity, we consider
the local vector current only. The appropriate renormaliza-
tion factor ZV can be computed unambiguously [10]. No
further renormalization is needed. To compute the
Compton amplitude from the Feynman-Hellmann relation,
we introduce the perturbation to the Lagrangian

LðxÞ → LðxÞ þ λJ 3ðxÞ;
J 3ðxÞ ¼ ZV cosðq⃗ · x⃗Þefψ̄fðxÞγ3ψfðxÞ; ð11Þ

where ψf is the quark field of flavor f ¼ u; d; s;… to which
the photon is attached, and ef is its electric charge. Note
that λ has dimension mass. Taking the second derivative
of the nucleon two-point function hNðp⃗; tÞN̄ðp⃗; 0Þiλ ≃
Cλe−Eλðp;qÞt with respect to λ on both sides, we obtain

−2Eλðp; qÞ
∂2

∂λ2 Eλðp; qÞjλ¼0 ¼ T33ðp; qÞ: ð12Þ

The derivation of Eq. (12) would go beyond the scope of this
Letter and will be presented in a separate publication.
Provided we compute at sufficiently large q2, standard
factorization theorems state that the Compton amplitude
will be dominated by the “handbag” diagram shown in the
left panel of Fig. 1. Nevertheless, the amplitude does
encompass all contributions, including the power-suppressed

FIG. 1. The so-called “handbag” diagram (left panel) and cats-
ears diagram (right panel).
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tion factor ZV can be computed unambiguously [10]. No
further renormalization is needed. To compute the
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ω =
2p ⋅ q

Q2

ℱ2(ω, Q2) =
∞

∑
n=1

4ω2n−1 ∫
1

0
dx x2n−2F2(x, Q2)

=
∞

∑
n=1

4ω2n−1 M(2)
2n (Q2)

Compton structure functions are given in terms of towers of physical Mellin moments

using the Taylor expansion, ,  to expand the dispersion relation1
1 − (xω)2

=
∞

∑
n=1

(xω)2n−2
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Moments | proton F2

Global PDF-fit cuts   
Need  data to directly 
access partonic moments 

Power corrections below  ? 
Naive modelling via 

∼ 1 − 10 GeV2

Q2 > 10 GeV2

∼ 3 GeV2

M(2)
2 (Q2) = M(2)

2 + C(2)
2 /Q2

Unique ability to study the  dependence of the moments!Q2

• Exp : C. S. Armstrong, R. Ent, C. E. Keppel, S. Liuti, G. 
Niculescu, and I. Niculescu, Phys. Rev. D 63, 094008 (2001), 
arXiv:hep-ph/0104055.
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Momentum fraction and Higher-twist
partially based on KUC et al. (QCDSF), PoS(QCHSC24)085, arXiv:2505.04033 [hep-lat]Nucleon Structure Functions
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Clear indication for quark mass dependence of higher-twist contributions

known (NNLO) leading-twist Wilson coef leading-twist PDF momentum fraction

twist-4 contributions



Parity-violating Structure Functions  
— 

 & Gross-Llewellyn Smith sum ruleF3



we can write down dispersion relations  
and connect Compton SFs to DIS SFs:

Nucleon Structure Functions | F3
Im ω

ω0 1-1 Re ω

ω = x−1

Compton Amplitude is an 
analytic function in the 
unphysical region |ω0 | < 1

inelastic cut

ℱ3(ω, Q2) = 4ω∫ dx
F3(x, Q2)
1 − x2ω2

for  and , and , we isolate,μ ≠ ν pμ = qμ = 0 β ≠ 0

Tμν(p, q) = i εμναβ
pαqβ

2p ⋅ q
ℱ3(ω, Q2)

26

The 1st moment 

   M(3)
1 (Q2) = ∫

1

0
dxF3(x, Q2) =

ℱ3(ω, Q2)
4ω

ω=0
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uu

dd

 and the GLS sum ruleℱγZ
3

 
 

483x96, 2+1 flavour

a = 0.068, 0.052 fm
mπ ∼ 410 MeV

GLS sum rule: uu + dd

Iinel.
GLS(Q2) = 3 1 +

3

∑
i=1 ( αs(Q2)

π )
i

Ci(nf) +
ΔHT

Q2

known (N3LO) Wilson coeff. Higher-twist

ℱγZ
3

ℱγZ
3

KUC et al. (QCDSF), PRD111 (2025) 114505, arXiv:2502.19704  [hep-lat]Nucleon Structure Functions



Faculty of Sciences, Engineering and Technology

School of Physics, Chemistry and Earth Sciences

Round the Twist:
Exploring Higher Twist Phenomenology
with Lattice Quantum Chromodynamics

Joshua A. Crawford

Supervisors:
Prof. James ZANOTTI
A. Prof. Ross YOUNG
Dr. Kadir Utku CAN

A thesis submitted towards the degree of Doctor of Philosophy

July 2025

Polarised Structure 
Functions  

— 
 

and the 
Bjorken sum rule

g1



Polarised Structure Functions
T[μν](p, q, s) = iεμναβ qα

p ⋅ q [sβ g̃1(ω, Q2) + (sβ −
s ⋅ q
p ⋅ q

pβ) g̃2(ω, Q2)]
Similar to the unpolarised case, we can 
extract  and   
via an OPE analysis: the first moment of 

 is related to axial current matrix 
elements 

 

where,  

 is twist-3, holds information on 
quark-gluon correlations 
Wandzura-Wilczek decomposition 

 

The Buckhardt — Cottingham sum rule 

 

g̃1 g̃2

g1(x)

Γ1(Q2) = ∫
1

0
g(u−d)

1 (x, Q2) dx = (Δu − Δd)
≡gA

C1(αs(Q2))

C1(αs(Q2)) = 1 −
αs(Q2)

π
− 𝒪(α2

s )

g2(x)

g2(x, Q2) = − g1(x, Q2) + ∫
1

x
g1(y, Q2) dy + ḡ2(x, Q2)

∫
1

0
g2(x, Q2) dx = 0
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Bjorken sum rule and Higher twist

483x96, 2+1 flavour 
 a = 0.068 fm

mπ ∼ 420 MeV

30

Our inelastic  momentsg1 pQCD 
Bjr sum rule

calculate from  
3-pt matrix elements

estimate

Phys.Rev.D 56 (1997) 1, R1

Nucl. Phys. B 510, 327–364

Phys.Lett.B 242 (1990) 245-250

Phys.Lett.B 353 (1995) 107-113

Phys.Lett.B 333 (1994) 228-232
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Summary & Outlook
Physical Compton amplitude, can be matched to OPE 
Can extract moments of DIS structure functions, 
Systematic investigation of power corrections, higher-twist effects and 
scaling is within reach, 
A direct calculation of  subtraction term, 
First look at the mass-dependence of higher-twist contributions from , 

 moments, testing GLS sum rule. Pathway to  and EW box diagrams, 
and higher-twist effects, 

 moments, testing the Bjorken sum rule. Pathway to , , and 
estimating higher-twist matrix elements. 

Our approach can be extended to: 
Deuteron: N. Humphrey et al. (QCDSF), PoS(QCHSC24)083 
[arXiv:2505.03182] 
GPDs: A. Hannaford-Gunn et al.  
Phys.Rev.D 105, 014502 [arXiv:2110.11532], and 
Phys.Rev.D 110 (2024) 1, 014509 [2405.06256]
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Tμμ(p, q) = ∫ d4zeiq⋅z⟨N(p) |𝒯{Jμ(z)Jμ(0)} |N(p)⟩ S → S(λ) = S + λ∫ d4z (eiq⋅z + e−iq⋅z) Jμ(z)

Action modification
Jμ(z) = ∑q eqq̄(z)γμq(z)
local EM current

N(p)

J𝜇(q)unpolarised Compton Amplitude

from spectral decomposition 

<latexit sha1_base64="Cy+Lg2/Iv3otJqkzO7/A4uVdP1s="></latexit>

@2G(2)
� (p; t)

@�2

�����
�=0

=
A(p)

2EN (p)
te�EN (p)t

Z
d4z(eiq·z + e�iq·z)hN(p)|T {J (z)J (0)}|N(p)i

from path integral 

2nd order derivatives of the 2-pt correlator, , in the presence of the external fieldG(2)
λ (p; t)

<latexit sha1_base64="1ScOIKq+zI4jTTBBRymyBQt5lWk="></latexit>

@2EN�(p)

@�2

����
�=0

= � 1

2EN (p)

Tµµ(p,q)z }| {Z
d4z(eiq·z + e�iq·z)hN(p)|J (z)J (0)|N(p)i

equate the time-enhanced terms:

Compton amplitude is related to the second-order energy shift

+ (q → − q)

Compton amplitude via the FH relation at 2nd order

KUC et al. (CSSM/QCDSF/UKQCD) PRD102, 114505 (2020), arXiv:2007.01523 [hep-lat]Application of the Feynman-Hellmann Theorem



relevant contribution comes from the ordering where the currents are sandwiched

χ (0)χ(t)
<latexit sha1_base64="EP1xIALsOxPMVHG7Rtub2bgCNwk=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyWRoi4LbkQ3FewD2hAm02k7dDIJM5NCCAU/xI0LRdz6J+78GydtF9p64MLhnHuZMyeIOVPacb6twtr6xuZWcbu0s7u3f2AfHrVUlEhCmyTikewEWFHOBG1qpjntxJLiMOC0HYxvcr89oVKxSDzqNKZeiIeCDRjB2ki+bfdCrEcE8+xuWkn92rlvl52qMwNaJe6ClGGBhm9/9foRSUIqNOFYqa7rxNrLsNSMcDot9RJFY0zGeEi7hgocUuVls+RTdGaUPhpE0ozQaKb+vshwqFQaBmYzz6mWvVz8z+smenDtZUzEiaaCzB8aJBzpCOU1oD6TlGieGoKJZCYrIiMsMdGmrJIpwV3+8ippXVTdy6rzUCvX75/mdRThBE6hAi5cQR1uoQFNIDCBZ3iFNyuzXqx362O+WrAWFR7DH1ifPwObk64=</latexit>

J (y4)
<latexit sha1_base64="R8VkFs8APqwwbjf2Nvz5ZTytQto=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRS1GXBjeimgn1AG8JkOmmHTiZhZlKooeCHuHGhiFv/xJ1/46TtQlsPXDiccy9z5gQJZ0o7zre1srq2vrFZ2Cpu7+zu7dsHh00Vp5LQBol5LNsBVpQzQRuaaU7biaQ4CjhtBcPr3G+NqFQsFg96nFAvwn3BQkawNpJv290I6wHBPLudlB/96plvl5yKMwVaJu6clGCOum9/dXsxSSMqNOFYqY7rJNrLsNSMcDopdlNFE0yGuE87hgocUeVl0+QTdGqUHgpjaUZoNFV/X2Q4UmocBWYzz6kWvVz8z+ukOrzyMiaSVFNBZg+FKUc6RnkNqMckJZqPDcFEMpMVkQGWmGhTVtGU4C5+eZk0zyvuRcW5r5Zqd0+zOgpwDCdQBhcuoQY3UIcGEBjBM7zCm5VZL9a79TFbXbHmFR7BH1ifPwUik68=</latexit>

J (z4) ∼ e−EN(p)t ∫
t
dΔ e−(EX(p + q) − EN(p))Δ (t − Δ)

under the condition , 
,  

so the intermediate states 
cannot go on-shell 

ground state dominance is 
ensured in the large time limit

|ω | < 1
EX(p + nq) ≳ EN(p)

of 2-point correlation functions using spectroscopic tech-
niques. We note that other related background field
methods also offer alternatives to the direct evaluation of
lattice 4-point functions [56,57].
In order to compute the forward Compton amplitude via

the Feynman-Hellmann relation, we introduce the follow-
ing perturbation to the fermion action,

SðλÞ ¼ Sþ λ
Z

d4zðeiq·z þ e−iq·zÞJ μðzÞ; ð22Þ

where λ is the strength of the coupling between the quarks
and the external field, J μðxÞ ¼ ZVq̄ðxÞγμqðxÞ is the
electromagnetic current coupling to the quarks along the
μ direction, q is the external momentum inserted by
the current and ZV is the renormalization constant for
the local electromagnetic current.
The general strategy for deriving Feynman-Hellmann in

a lattice QCD context is to consider the general spectral
decomposition of a correlator in the presence of the
background field. The differentiation of this correlation
function with respect to the external field reveals a distinct
temporal signature for the energy shift. By explicit evalu-
ation of the perturbed correlator, one is able to identify this
signature and hence resolve the desired relationship
between the energy shift and matrix element. Our principal
theoretical result here is that for the perturbed action
described in Eq. (22), the second-order energy shift of
the nucleon is found to be

∂2ENλ
ðpÞ

∂λ2
!!!!
λ¼0

¼ −
Tμμðp; qÞ þ Tμμðp;−qÞ

2ENðpÞ
; ð23Þ

where T is the Compton amplitude defined in Eq. (3), q ¼
ðq; 0Þ is the external momentum encoded by Eq. (22), and
ENλ

ðpÞ is the nucleon energy atmomentump in the presence
of a background field of strength λ. In the following we
sketch the main steps of the derivation, and refer the
interested reader to Appendix B for further details.
In the presence of the external field introduced in

Eq. (22), we define the two-point correlation function
projected to definite momentum as,

Gð2Þ
λ ðp; tÞ≡

Z
d3xe−ip·xΓhΩλjχðx; tÞχ̄ð0ÞjΩλi; ð24Þ

where here and in the following, a trace over Dirac indices
with the spin-parity projection matrix Γ is understood, and
jΩλi is the vacuum in the presence of the external field. The
asymptotic behavior of the correlator at large Euclidean
times takes the familiar form,

Gð2Þ
λ ðp; tÞ ≃ AλðpÞe−ENλ

ðpÞt; ð25Þ

whereENλ
ðpÞ is the energy of the ground state nucleon in the

external field and AλðpÞ the corresponding overlap factor.

For the purpose of current presentation, a nucleon
interpolating operator is assumed for χ. However, the
derivation applies to any ground-state hadron, provided
the ground state in the presence of the external field is
perturbatively close to the free-field state. A simple counter
example could be a Σ baryon in the presence of a
strangeness-changing current, where at λ ¼ 0 the correlator
behaves as e−EΣt but at any finite λ this will eventually be
dominated by e−ENt (kinematics permitting).
It is for a similar physical reason that one must work with

nucleon states that have the least possible kinetic energy
among all states connected to any number of current
insertions. This same condition guarantees the connection
between the Euclidean and Minkowski Compton ampli-
tudes described in the previous section. In the presence of
the background field, the Hamiltonian of the system will
mix momentum states connected by integer multiples of
the momentum transfer q. We hence choose the Fourier
projection of our correlation function, Eq. (24), such that p
corresponds to the lowest energy of all these coupled states
at finite λ. An example is given in Fig. 1, where we show
the single nucleon energy plotted along the direction of q,
E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

N þ ðpþ nqÞ2
p

. In the example plotted, if the
Fourier projection were chosen at n ¼ 1 (i.e., pþ q) the
asymptotic behavior of the correlator would be dominated
by a state near that of the free particle at n ¼ 0 (with an
amplitude suppressed by λ and the elastic form factor).
When there is a degeneracy in the lowest energy states,

this corresponds precisely to Breit-frame kinematics, where
a linear response in λ isolates the elastic form factors, see
Ref. [50]. For the purposes of the kinematics discussed

FIG. 1. The lower curve shows the nucleon energy for momenta
along the direction of q, E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

N þ ðpþ nqÞ2
p

. At finite
external field strength, all momentum states connected by integer
multiples of q will be coupled, these are emphasized by the large
dots for the ground-state nucleon. We choose an example
kinematic point from the numerical results presented in the
following section: p¼ 2π=Lð−1;−1;0Þ and q ¼ 2π=Lð4; 1; 0Þ.
The upper curve shows the (noninteracting) two-particle Nπ
threshold, with the small dots representing the discrete nature of
this two-body “cut” on the lattice.
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niques. We note that other related background field
methods also offer alternatives to the direct evaluation of
lattice 4-point functions [56,57].
In order to compute the forward Compton amplitude via

the Feynman-Hellmann relation, we introduce the follow-
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and the external field, J μðxÞ ¼ ZVq̄ðxÞγμqðxÞ is the
electromagnetic current coupling to the quarks along the
μ direction, q is the external momentum inserted by
the current and ZV is the renormalization constant for
the local electromagnetic current.
The general strategy for deriving Feynman-Hellmann in

a lattice QCD context is to consider the general spectral
decomposition of a correlator in the presence of the
background field. The differentiation of this correlation
function with respect to the external field reveals a distinct
temporal signature for the energy shift. By explicit evalu-
ation of the perturbed correlator, one is able to identify this
signature and hence resolve the desired relationship
between the energy shift and matrix element. Our principal
theoretical result here is that for the perturbed action
described in Eq. (22), the second-order energy shift of
the nucleon is found to be
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Tμμðp; qÞ þ Tμμðp;−qÞ
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; ð23Þ

where T is the Compton amplitude defined in Eq. (3), q ¼
ðq; 0Þ is the external momentum encoded by Eq. (22), and
ENλ

ðpÞ is the nucleon energy atmomentump in the presence
of a background field of strength λ. In the following we
sketch the main steps of the derivation, and refer the
interested reader to Appendix B for further details.
In the presence of the external field introduced in
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where here and in the following, a trace over Dirac indices
with the spin-parity projection matrix Γ is understood, and
jΩλi is the vacuum in the presence of the external field. The
asymptotic behavior of the correlator at large Euclidean
times takes the familiar form,

Gð2Þ
λ ðp; tÞ ≃ AλðpÞe−ENλ

ðpÞt; ð25Þ

whereENλ
ðpÞ is the energy of the ground state nucleon in the

external field and AλðpÞ the corresponding overlap factor.

For the purpose of current presentation, a nucleon
interpolating operator is assumed for χ. However, the
derivation applies to any ground-state hadron, provided
the ground state in the presence of the external field is
perturbatively close to the free-field state. A simple counter
example could be a Σ baryon in the presence of a
strangeness-changing current, where at λ ¼ 0 the correlator
behaves as e−EΣt but at any finite λ this will eventually be
dominated by e−ENt (kinematics permitting).
It is for a similar physical reason that one must work with

nucleon states that have the least possible kinetic energy
among all states connected to any number of current
insertions. This same condition guarantees the connection
between the Euclidean and Minkowski Compton ampli-
tudes described in the previous section. In the presence of
the background field, the Hamiltonian of the system will
mix momentum states connected by integer multiples of
the momentum transfer q. We hence choose the Fourier
projection of our correlation function, Eq. (24), such that p
corresponds to the lowest energy of all these coupled states
at finite λ. An example is given in Fig. 1, where we show
the single nucleon energy plotted along the direction of q,
E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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. In the example plotted, if the
Fourier projection were chosen at n ¼ 1 (i.e., pþ q) the
asymptotic behavior of the correlator would be dominated
by a state near that of the free particle at n ¼ 0 (with an
amplitude suppressed by λ and the elastic form factor).
When there is a degeneracy in the lowest energy states,

this corresponds precisely to Breit-frame kinematics, where
a linear response in λ isolates the elastic form factors, see
Ref. [50]. For the purposes of the kinematics discussed
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. At finite
external field strength, all momentum states connected by integer
multiples of q will be coupled, these are emphasized by the large
dots for the ground-state nucleon. We choose an example
kinematic point from the numerical results presented in the
following section: p¼ 2π=Lð−1;−1;0Þ and q ¼ 2π=Lð4; 1; 0Þ.
The upper curve shows the (noninteracting) two-particle Nπ
threshold, with the small dots representing the discrete nature of
this two-body “cut” on the lattice.
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where λ is the strength of the coupling between the quarks
and the external field, J μðxÞ ¼ ZVq̄ðxÞγμqðxÞ is the
electromagnetic current coupling to the quarks along the
μ direction, q is the external momentum inserted by
the current and ZV is the renormalization constant for
the local electromagnetic current.
The general strategy for deriving Feynman-Hellmann in

a lattice QCD context is to consider the general spectral
decomposition of a correlator in the presence of the
background field. The differentiation of this correlation
function with respect to the external field reveals a distinct
temporal signature for the energy shift. By explicit evalu-
ation of the perturbed correlator, one is able to identify this
signature and hence resolve the desired relationship
between the energy shift and matrix element. Our principal
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of a background field of strength λ. In the following we
sketch the main steps of the derivation, and refer the
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where here and in the following, a trace over Dirac indices
with the spin-parity projection matrix Γ is understood, and
jΩλi is the vacuum in the presence of the external field. The
asymptotic behavior of the correlator at large Euclidean
times takes the familiar form,
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whereENλ
ðpÞ is the energy of the ground state nucleon in the

external field and AλðpÞ the corresponding overlap factor.

For the purpose of current presentation, a nucleon
interpolating operator is assumed for χ. However, the
derivation applies to any ground-state hadron, provided
the ground state in the presence of the external field is
perturbatively close to the free-field state. A simple counter
example could be a Σ baryon in the presence of a
strangeness-changing current, where at λ ¼ 0 the correlator
behaves as e−EΣt but at any finite λ this will eventually be
dominated by e−ENt (kinematics permitting).
It is for a similar physical reason that one must work with

nucleon states that have the least possible kinetic energy
among all states connected to any number of current
insertions. This same condition guarantees the connection
between the Euclidean and Minkowski Compton ampli-
tudes described in the previous section. In the presence of
the background field, the Hamiltonian of the system will
mix momentum states connected by integer multiples of
the momentum transfer q. We hence choose the Fourier
projection of our correlation function, Eq. (24), such that p
corresponds to the lowest energy of all these coupled states
at finite λ. An example is given in Fig. 1, where we show
the single nucleon energy plotted along the direction of q,
E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

N þ ðpþ nqÞ2
p

. In the example plotted, if the
Fourier projection were chosen at n ¼ 1 (i.e., pþ q) the
asymptotic behavior of the correlator would be dominated
by a state near that of the free particle at n ¼ 0 (with an
amplitude suppressed by λ and the elastic form factor).
When there is a degeneracy in the lowest energy states,

this corresponds precisely to Breit-frame kinematics, where
a linear response in λ isolates the elastic form factors, see
Ref. [50]. For the purposes of the kinematics discussed

FIG. 1. The lower curve shows the nucleon energy for momenta
along the direction of q, E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

N þ ðpþ nqÞ2
p

. At finite
external field strength, all momentum states connected by integer
multiples of q will be coupled, these are emphasized by the large
dots for the ground-state nucleon. We choose an example
kinematic point from the numerical results presented in the
following section: p¼ 2π=Lð−1;−1;0Þ and q ¼ 2π=Lð4; 1; 0Þ.
The upper curve shows the (noninteracting) two-particle Nπ
threshold, with the small dots representing the discrete nature of
this two-body “cut” on the lattice.
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|ω | = 0.59
Δ = z4 − y4

 e.g.

Compton amplitude via the FH relation at 2nd order

Application of the Feynman-Hellmann Theorem KUC et al. (CSSM/QCDSF/UKQCD) PRD102, 114505 (2020), arXiv:2007.01523 [hep-lat]



Local EM current insertion,   
(valence only) 

4 Distinct field strengths,   

Up to  measurements for each pair of  and  

Connected diagrams only

Jμ(x) = ZVq̄(x)γμq(x)

λ = [±0.0125, ± 0.025]

𝒪(104) Q2 λ

Calculation Details | S1

Unmodified 
QCD background

QCDSF/UKQCD configurations  
2+1 flavour (u/d+s)  

NP-improved Clover action 
PRD 79, 094507 (2009), arXiv:0901.3302 [hep-lat]

36

Nucleon Structure Functions KUC, …, T. Schar et al. (QCDSF), PRD 111 (2025) 9, 094513, arXiv:2501.08619 [hep-lat]



 | lattice artefactsS1
tree-level mass-dependent lattice operator product expansion (LOPE)
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Syst. 1: LPT improvement
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Syst. 2: Weighted averaging
Red line (mean):  

Red band (total uncertainty): 
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