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Motivation

« Factorization separates structure
functions extracted from
experimental processes according to
energy scales

« PDFs encode long-distance,
non-perturbative dynamics
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« Precision PDFs required for controlled
uncertainties in collider processes
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Lattice
 First-principles approach
« Provides independent extraction
______ . of PDF with uncertainties

« Complementary region of x




Studying x-dependence on the Lattice
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Non-Local Matrix Elements of Gluonic Operators

Matrix elements extracted from non-local gluon operators on boosted hadron states

M. (P,z) = (N(P)| F,()W(z,0)F,(0)W(0,2) | N(P))

Several choices for operator
| n
O = 5 Z F.(x + z22)W(x + 22, ) F (x)W(x, x + z2) — Z F(x + nk)W(x + 22, OF (0)W(x,x + 22), i #1#2
j i<j
« Avoids finite mixing with other gluonic operators under renormalization

« Contains non-vanishing vacuum contribution

Extract ground-state contribution from ratio of 3- and 2-point functions

CP\(t,; P, 7) 4 [ m*
R@(tsa T, t()a Pa Z) — o=ty — L M@(ts’ P’ Z)

C20\(z.; P) >3\ 4E




Gluon PDFs from Pseudo-Distributions

Reduced loffe-time distribution constructed from ratio of ground-state matrix elements

M (v, 72) = M, (v,z°) M (0291,
(20 = <Mg(y,0) =0 )/ <Mg(0’0) [p=0.2=0 )

« Double-ratio serves as gauge-invariant renormalization

« May also suppress discretization and higher-twist effects

Perturbative matching equation connects lattice matrix elements to light-cone

N (! 2,227,
O, (v, 2%, 1) = M (v, 2°) (x)h + a; : L du M (uv, z%) (x)g{ In ( ‘ /44e >23gg(u) + L(u)}
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loffe-time distribution (ITD) related to PDF by Fourier transform: Qf(l/a,uz) = | dx cos(vx) xg(x, u*)
Jo

Employ fitting Ansatz to constrain full x-dependence

boss (Q, (v, 1) — Qv 1*))*
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Lattice Details

* Four ensembles of twisted-clover fermions and Iwasaki improved gluons at greater than physical
pion mass

Ensemble B a [fm] L o<l Ny m, [MeV] Lm, L [fm]
L=y, yH0, +m + iuyst '
r =070, + my + iy 75.3)1//2 cA211.30.32 | 1.726 0.09076(54) 32% x 64 2+14+1 272 0 29
mé = chos(a), U = mqsm(a)
cB211.25.32 | 1.778 0.07948(11) 323 x 64 2+1+1 260 335 o
cC211.20.48 | 1.836 0.06819(14) 48 x 96 2+1+1 250 415 3¢
cD211.17.48 | 1.900 0.05685(09) 48° x 96 2+1+1 250 345 = 0 )

* Gluonic quantities are very sensitive (purely disconnected contributions), requiring much higher
statistics than quark case

2 T Ensemble P |GeV] Neonts Nge Ny, N

. Momentum smearing applied to P > T cA211.30.32 | 0, 0.43, 0.85, 1.28. 1.71 1,134 200 6 1,360,800
¢B211.25.32 | 0, 0.49, 0.97, 1.46, 1.95 914 400 6 2,193,600

cC211.20.48 0, 1.89 733 800 6 3,518,400

cC211.20.48 | 0.37, 0.76, 1.14, 1.51 733 400 6 1,759,200

cD211.17.48 | 0, 0.46, 0.91, 1.37, 1.82 1,133 400 6 2,719,200
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* Four ensembles of twisted-clover fermions and Iwasaki improved gluons at greater than physical
pion mass
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Studies of Systematics—Stout Smearing
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v =20 * Wilson line and field strength tensor
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w
Nstout T O

* Tested 25 combinations in (0,20) in
steps of 5

* Smearing on field strength tensor
key to resolving signal
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Studies of Systematics—Stout Smearing

0.4 # ; p=0 # w00« Wilson line and field strength tensor
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Studies of Systematics—Source-sink separation
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Studies of Systematics—Source-sink separation
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Reduced-ITD Parameterization

N (! 22 0y
Qv 22 1%) = M0, 2) )+ —— L du I (v, 2°) <x>{;{ln(Z — )23gg(u>+L<u>}

g\ 1O-L—0 ® ® -® —L—O ® r —% —L—l=o§~+rN
::; 0.5- —— 2-param f?t
§m — 1-param fit

00! =1 ¢ Lattice data L9 -

1 oh\‘k\; L—l\,\*\
N
2 0.5 : .. - :
=

0.0_ 224 . Z:5 . 226

0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6
(v/2)? (v/2)? (v/2)?

* Reduced-ITD appears in integrals, requires interpolation
* Good agreement between 1-parameter and 2-parameter fits




Reduced-ITD Parameterization

Q. 2%, 1% = M (v, 2°) (x); +

1.0 1
oy , .
X05- —— 2-param !t
§m — 1-param fit

00! =1 ¢ Lattice data L9 -

1 ou%.\}\; H\,\*\
%
2 0.5 : .. : :
=

0.0_ 224 . Z:5 . 226

0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6
(v/2)° (v/2) (v/2)

* Reduced-ITD appears in integrals, requires interpolation
* Good agreement between 1-parameter and 2-parameter fits




Light-Cone Matching of ITD

1.50 -
1.00- + ' ~]

cTeRey pAG % ﬁ# } j [ §09— if\\\

0.75- N
0.50- p=1 EER M,(v,z") | | &0.8- \
P=2 M (v,2?)
0.25- _ — Fit
P75 Qv 2) 0.7 i
0.00- p=4 ¢ Data B,=0
0 1 2 3 4 0 1 2 3 4
1% 124

* Match the ITD to the light-cone at © = 2 GeV

* Common loffe-time can be averaged over

(0, 1) — O/ u?))?
UQ(V p#?)

xg(x) = Nx¥(1 — x)° i




PDF Reconstruction

Final PDF normalized by the momentum fraction
Find good agreement with global analysis results as well as other lattice

4 - — (a),=0.427(92) ETMC (38,,=0)
JAM20
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Preliminary Results Follow



Continuum Limit—Determining Discretization Effects

* Repeat analysis for three additional

Ensemble B a [fm] L <l Ny  mg; [MeV] Lm, L [fm] lattice Spacings
cA211.30.32 | 1.726 0.09076(54) 323 x 64 2+1+1 272 140 99
cB211.25.32 | 1.778 0.07948(11) 323 x 64 2+1+1 260  3.35 2.54 * Compare at level of matched-ITD

cC211.20.48 | 1.836 0.06819(14) 483 x 96 2+1+1 250 4.15  3.27

cD211.17.48 | 1.900 0.05685 48% x 96 2+1+1 250 3.45  2.72




Continuum Limit—Determining Discretization Effects

1.0-
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(v, u*)
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a=0.0795fm
a=0.0682 fm
a = 0.0569 fm

1

Repeat analysis for three additional
lattice spacings

Compare at level of matched-ITD

No clear monotonicity at individual v

Perform a “global” fit to parameterize
discretization effects
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y2 = ymzax (Qg/gq(y,/,ﬂ) + C(v)a — Qf(Vaﬂz))z
v=0 Gé(ya U?)

0
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C(I/) - CO —+ Cl L
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Continuum Limit—Determining Discretization Effects

* Use resulting PDFs to understand

4- O(0) resulting continuum fits
— 0%1)
O(”)z * Observe little sensitivity to
3- o) discretization effects




Continuum Limit—Determining Discretization Effects

* Use resulting PDFs to understand

a- a=0.0907 fm resulting continuum fits
0(0)

—— JAM20

* Observe little sensitivity to
discretization effects

* ((0) result equivalent to global
average

0.0 0.2 0.4 0.6 0.8 1.0




Higher-Order Moments



Accessing Moments from Lattice Data

« Ultimate goal of understanding full x-dependence

« Large errors obscure tension with phenomenology
« Reconstruction includes model dependence

« Moments allow for for study of regions where lattice may be more constraining in a simplified manner

1

a,(p) = J dx x"~! g(x, p)
0

« PDFs are extracted from non-local operators, moments from local operators

« Operator Product Expansion (OPE) provides a bridge

. Separate into short-distance (perturbatively calculable C,) and long-distance (non-perturbative) structure

M,(z, P) = (N(P) | F () W(z,0)F,(O)W(0,2) IN(P))  F(WGEOF, 0W0.2) = ). Co(@* ) 052 ()

n=0

Zpl...zpn

n!

— (iv)"
g,(n) — (i : , g.(n) — PP Pn 18 —
@,ui;vj,{p}(’u) = Tr[Fﬂl(lel)’ : .(len)FD]] —_— (N(P)| @ui;vj,{p}(ﬂ) |N(P)) = 2P"...P an+2(//t) —_— M(P,?z) Z

« ITD serves as a generator of moments
o (ixv)" n o (V)" (x"*1)
dxg:') i) ——— fmg(v,z)—l—n;z R D

—— G af ()
n=1 '

1 1
2\ — IXU 2\
L(v,u”) = 1/2[ 1dxe xfg(x,,u ) = [0




Systematics and RG Invariance

« Various choices of systematics each have associated error
« Spatial separation window— Where is our perturbative expansion valid?

« Truncation order— How many moments do we extract?

00 (ly)n <xn+1>
2y =1 —
M,(v,22) = | z‘; malet Sl e
K X //tg
« Mixing with singlet PDF means moments mix as well /

N 1
O (v, 2%, 1) = M (v, 2°) (x)h + 06;; JO du M (uv, z%) (x)g{ In B, (1) + L(u)}

aSCF 1n< Z2M2627E
4

_|_

1
)J du (sz(ul/nuz) _ mS(Oaﬂz)) ?ng(u)
0

27

« Study RG-invariance to understand perturbative effects from residual scale

d (M a0 (T TN [ ) () )
_ + O(a})
dInp? \ (xMyo () 4 \ VgV VeV |\ (XM ()




Moments at Fixed Scale

Zrin — 0.186 fm Zin = 0.279 tm Zin = 0.372 tm
® =2
« Explore truncation order, 0.06- ion,, =4
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Moments at Fixed Scale

Zrin — 0.186 fm Zin = 0.279 tm Zmin = 0.372 tm
® =2
« Explore truncation order, 0.06- o, -4
minimum and maximum ) I
spatial separation in MEs 0.0517
0.04 - -1
=20.03df
m&g . ‘A % [5 Zni % é - A
~ A
- f )11 2 & (8|44 4 ;i
0.02m L ; » e o ‘ i
 Include phenomenological Rk | "
data to address singlet 0.01-
contribution
0.001_, , 1, . . 1 . .
0.2 0.4 0.3 0.4 0.5 0.4 0.5

“mazx fm “mazx fm “max fm




Scale Evolution of Mellin Moments

« Examining the evolution from initial

scale y, establishes uncertainties
associated with perturbative effects

« DGLAP carried out with two-loop
matching (same for a(4) running)

0.05

0.05

Zin = 0.372 fm

o~
S
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i o B
1

IIIII

m
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L1 I |

1 h h 1 I
1V RN U B (VR () D
1) u

1.00 1.25

K

0.75

1.00 1.25

K

1.00 1.25

K

o = 0.558 fm

.= 0.465 fm

o = 0.372 fm

. =0.279 fm

.= 0.186 fm




Scale Evolution of Mellin Moments

« Evolution with singlet mixing more
complicated

d [ (M), _ o) (TeeN) Teg) (VY () + @ 0.04-
dInp? \ (xN)s(u) 4 \YggWN) YaqN) |\ (x5 () i
0.03-

0.05

< 0.02-

0.01-

0.00-

~0.01 . . . .
0.8 1.0 1.2 1.4




Scale Evolution of Mellin Moments

« Evolution with singlet mixing more

. 0.05
complicated
d (NN ) (V) 17D\ (V) () .+ o 0.04-
dInp? \ (xM)s(u) 4 YasV) YagN) |\ (V) 5(p0) S
0.03-
3 I, " "o
- < 0.02-
« Compare with global analyses: é;
0.01-
NNPDFA4.0 (Eur. Phys. J. C 825, 428 (2022)) )
3 X
X _ +0.0009
(x) = 0.400(3) and << >> = 0.0282(11) 0.00- oy 021 E 0009100004
X
. . —0.01 . . . .
JAM (C. Cocuzza et al., in preparation (2025)) 0.8 1.0 1.2 1.4
(x%) i
(x) = 0.400(6) and = 0.0217(22)

(x)
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