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• Factorization separates structure 
functions extracted from 
experimental processes according to 
energy scales 

• PDFs encode long-distance,  
non-perturbative dynamics

Motivation
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• Precision PDFs required for controlled 
uncertainties in collider processes
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Lattice 
• First-principles approach 
• Provides independent extraction 

of PDF with uncertainties 
• Complementary  region of x
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Non-Local Matrix Elements of Gluonic Operators
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• Matrix elements extracted from non-local gluon operators on boosted hadron states 
 

• Several choices for operator 
 
 

• Avoids finite mixing with other gluonic operators under renormalization 

• Contains non-vanishing vacuum contribution 

• Extract ground-state contribution from ratio of 3- and 2-point functions 

 
R𝒪(ts, τ, t0; P, z) =

C3pt
𝒪 (ts, τ; P, z)
C2pt(ts; P)

t0<τ<ts
4
3 ( m2

4E
− E) M𝒪(ts; P, z)

Mg
μi;νj(P, z) = ⟨N(P) |Fμi(z)W(z,0)Fνj(0)W(0,z) |N(P)⟩

𝒪 ≡
1
2 ∑

i

Fit(x + z ̂z)W(x + z ̂z, x)Fit(x)W(x, x + z ̂z) − ∑
i<j

Fij(x + n ̂k)W(x + z ̂z, x)Fij(x)W(x, x + z ̂z) , i ≠ t ≠ z



Gluon PDFs from Pseudo-Distributions
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• Reduced Ioffe-time distribution constructed from ratio of ground-state matrix elements 
 

• Double-ratio serves as gauge-invariant renormalization 

• May also suppress discretization and higher-twist effects  

• Perturbative matching equation connects lattice matrix elements to light-cone 

• Ioffe-time distribution (ITD) related to PDF by Fourier transform: 

• Employ fitting Ansatz to constrain full -dependencex

Qf(ν, μ2) = ∫
1

0
dx cos(νx) xg(x, μ2)

xg(x) = Nxa(1 − x)b

𝔐g(ν, z2) ≡ ( Mg(ν, z2)
Mg(ν,0) |z=0

)/(
Mg(0,z2) |p=0

Mg(0,0) |p=0,z=0
)

χ2 =
νmax

∑
ν=0

(Qg(ν, μ2) − Qf(ν, μ2))2

σ2
Q(ν, μ2)

Qgq(ν, z2, μ2) = 𝔐g(ν, z2) ⟨x⟩μ
g +

αsNc

2π ∫
1

0
du 𝔐g(uν, z2) ⟨x⟩μ

g{ln( z2μ2e2γE

4 )𝔅gg(u) + L(u)}
+

αsCF

2π
ln( z2μ2e2γE

4 )∫
1

0
du (𝔐S(uν, μ2) − 𝔐S(0,μ2)) 𝔅gq(u)
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• Four ensembles of twisted-clover fermions and Iwasaki improved gluons at greater than physical 
pion mass

Lattice Details
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ℒf = ψ̄′￼2(γμ∂μ + m′￼q + iμγ5τ3)ψ′￼2

m′￼q = mqcos(α), μ = mqsin(α)

• Gluonic quantities are very sensitive (purely disconnected contributions), requiring much higher 
statistics than quark case 

• Momentum smearing applied to P >
2π
L
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• Wilson line and field strength tensor 
smeared independently 

• Tested 25 combinations in (0,20) in 
steps of 5 

• Smearing on field strength tensor 
key to resolving signal
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• Useful to compare smearing for 
individual boosts



• Test separations in  

• Excited-states well controlled across  

• Observe significant increase in noise at 
large  with increasing 

ts = 0.72 − 1.0 fm

ts

P ts

Studies of Systematics—Source-sink separation
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• Choose final systematics 
  and (NF

stout, NW
stout) = (20,10) ts = 9a



• Reduced-ITD appears in integrals, requires interpolation 
• Good agreement between 1-parameter and 2-parameter fits

Reduced-ITD Parameterization
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Light-Cone Matching of ITD
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• Match the ITD to the light-cone at  
• Common Ioffe-time can be averaged over

μ = 2 GeV

xg(x) = Nxa(1 − x)b χ2 =
νmax

∑
ν=0

(Qg(ν, μ2) − Qf(ν, μ2))2

σ2
Q(ν, μ2)



PDF Reconstruction
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• Final PDF normalized by the momentum fraction 
• Find good agreement with global analysis results as well as other lattice



Preliminary Results Follow



• Repeat analysis for three additional 
lattice spacings 

• Compare at level of matched-ITD 
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• No clear monotonicity at individual   

• Perform a “global” fit to parameterize 
discretization effects

ν

χ2 =
νmax

∑
ν=0

(Qg/gq(ν, μ2) + C(ν) a − Qf(ν, μ2))2

σ2
Q(ν, μ2)

C(ν) =

 
 

 

0
c0

c0 + c1 ν
c0 + c1 ν + c2 ν2{



• Use resulting PDFs to understand 
resulting continuum fits 

• Observe little sensitivity to 
discretization effects
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•  result equivalent to global 
average
𝒪(0)



Higher-Order Moments



Accessing Moments from Lattice Data
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• Ultimate goal of understanding full -dependence 

• Large errors obscure tension with phenomenology 

• Reconstruction includes model dependence 

• Moments allow for for study of regions where lattice may be more constraining in a simplified manner 

• PDFs are extracted from non-local operators, moments from local operators 

• Operator Product Expansion (OPE) provides a bridge 

• Separate into short-distance (perturbatively calculable ) and long-distance (non-perturbative) structure 

• ITD serves as a generator of moments 

x

Cn

Fμi(z)W(z,0)Fνj(0)W(0,z) =
∞

∑
n=0

zρ1…zρn

n!
Cn(z2, μ) 𝒪g,(n)

μi;νj,{ρ}(μ)

an(μ) = ∫
1

0
dx xn−1 g(x, μ)

Mg(z, P) = ⟨N(P) |Fμi(z)W(z,0)Fνj(0)W(0,z) |N(P)⟩

M(P, z) =
∞

∑
n=1

(iν)n

n!
Cn(z2, μ) ag

n+2(μ)𝒪g,(n)
μi;νj,{ρ}(μ) = Tr[Fμi(iDρ1

)…(iDρn
)Fνj] ⟨N(P) |𝒪g,(n)

μi;νj,{ρ}(μ) |N(P)⟩ = 2Pρ1…Pρn ag
n+2(μ)

Ig(ν, μ2) = 1/2∫
1

−1
dx eixνxfg(x, μ2) = ∫

1

0
dx

∞

∑
n=0

(ixν)n

n!
xfg(x) 𝔐g(ν, z2) = 1 −

∞

∑
n=2

(iν)n

n!
Cn(z, μ)

⟨xn+1⟩
⟨x⟩



Systematics and RG Invariance
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• Various choices of systematics each have associated error 

• Spatial separation window— Where is our perturbative expansion valid? 

• Truncation order— How many moments do we extract? 

• Mixing with singlet PDF means moments mix as well 

 
 
 

• Study RG-invariance to understand perturbative effects from residual scale

𝔐g(ν, z2) = 1 −
∞

∑
n=2

(iν)n

n!
Cn(z, μ)

⟨xn+1⟩
⟨x⟩

Qgq(ν, z2, μ2) = 𝔐g(ν, z2) ⟨x⟩μ
g +

αsNc

2π ∫
1

0
du 𝔐g(uν, z2) ⟨x⟩μ

g{ln( z2μ2e2γE

4 )𝔅gg(u) + L(u)}
+

αsCF

2π
ln( z2μ2e2γE

4 )∫
1

0
du (𝔐S(uν, μ2) − 𝔐S(0,μ2)) 𝔅gq(u)

d
d ln μ2 (

⟨xN⟩g(μ)

⟨xN⟩Σ(μ)) =
αs(μ)

4π (
γgg(N ) γgq(N )
γqg(N ) γqq(N )) (

⟨xN⟩g(μ)

⟨xN⟩Σ(μ)) + 𝒪(α2
s )

κ ∝ μ2
0



Moments at Fixed Scale
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• Explore truncation order, 
minimum and maximum 
spatial separation in MEs



Moments at Fixed Scale
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• Explore truncation order, 
minimum and maximum 
spatial separation in MEs

• Include phenomenological 
data to address singlet 
contribution



Scale Evolution of Mellin Moments

• Examining the evolution from initial 
scale  establishes uncertainties 
associated with perturbative effects 

• DGLAP carried out with two-loop 
matching (same for  running)

μ0

αs(μ)

19

zmax = 0.558 fm

zmax = 0.465 fm

zmax = 0.372 fm

zmax = 0.279 fm

zmax = 0.186 fm



Scale Evolution of Mellin Moments

• Evolution with singlet mixing more 
complicated

20

d
d ln μ2 (

⟨xN⟩g(μ)

⟨xN⟩Σ(μ)) =
αs(μ)

4π (
γgg(N ) γgq(N )
γqg(N ) γqq(N )) (

⟨xN⟩g(μ)

⟨xN⟩Σ(μ)) + 𝒪(α2
s )
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• Evolution with singlet mixing more 
complicated

20

d
d ln μ2 (

⟨xN⟩g(μ)

⟨xN⟩Σ(μ)) =
αs(μ)

4π (
γgg(N ) γgq(N )
γqg(N ) γqq(N )) (

⟨xN⟩g(μ)

⟨xN⟩Σ(μ)) + 𝒪(α2
s )

• Compare with global analyses: 
 
NNPDF4.0 (Eur. Phys. J. C 82 5, 428 (2022)) 

  and  

       JAM (C. Cocuzza et al., in preparation (2025)) 

          and 

⟨x⟩ = 0.400(3)
⟨x3⟩
⟨x⟩

= 0.0282(11)

⟨x⟩ = 0.400(6)
⟨x3⟩
⟨x⟩

= 0.0217(22)

⟨x3⟩
⟨x⟩

= 0.0231 ± 0.0091+0.0009
−0.0004



Thank You!


